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l.BBeJJ.eHne 

Opo6neMa rpauuqHbiX yc.rioBHii B Teopun uepaBHOBeCHbiX npoueccoB 
l 

HMeeT MHoro o6mero c .y)Ke xopomo usyqeuuoii: rrpo6neMoii rpauuqnhiX yc-

.noBuii JJ.nH ypaBH8HHll MaTeMaTuqeCKOll tjJH3HKH, oco6eHHO B KB8HTOBOii: .TeQ-:

. pHH CTOnKHOB8HHll, OoaTOMy B pa3JJ.ene. 2 KpaTKO HaiiOMHH88TCH IlpHHUIIII 

rrpeJJ.enbHOr'O ITOr'nOII18HHg JJ.nH BOnHOBOr'O ypaBHeHHH. 3aTeM .B pa3JJ.ene 3 

H3nar'a!OTCH OCHOBHbl8 HJl8H Bb!60pa r'paHHqHbiX ycnOBHll B KB8HTOB0ll TeO-:-

pHH CTOnKHOB8HHll B TaKOll tjJOpMe, KOTOpag Hau6onee yJJ.o6ua JlnH o6o6-

III8HHH Ha TeOpH!O HepaBHOB8CHbiX IIp0_ll8,CCOB, qeMy IIOCBHIII8H pa3JJ.en 4, 

¢opMynHpOBK8 r'paHHqHbiX ycnOBHll TeOpHH CTOnKHOB8Hlill B, KB8HTOB0ll 

M8X8HHK8 H B T80pliii H.epaBHOB8CHbiX IIpOUeCCOB B C~~:'HCTH~8CKOll. ~eXaHH

Ke CBH3aHa c ueycToiiqHBOCThiO-·peiiieHuii ypaBHeHHH illpeJJ.HHfepa ( unu ypa~ 
' ' • l ' ~ ' • 

HeHUH nuyBunng) OTHOCHTenbHO 6ecKOHequo ManbiX B03MYIII8HHii_, . Hapyiiiaro-

IIIHX HX CHMM8TpH!O ITO ,OTHOIII8Hli!O K IIpeo6pa30BaHH!O 0Tpa)K8HHH Bp8M8HII, 

· 11. Ta u JJ.pyraH saJJ.aqa, KaK 6yJJ.eT rroKasauo .JJ.anee, peiiiaeTCH c noMOIIIhiO 

BB8JJ.8HHH "Kaa3HCpe JJ.HHX" 0 KOTOpbl8 XOpOIIIO H3B8CTHbl B 3a)laqax paBHOBeC-. 

/1,2/ 
HOii: CT8THCTHqeCKOll M8X8HHKH 
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C ornacao Hllee · H.H. Boromo6oaa o KBaai!CpellHHX, 6ecKoa~qao Manble 

B03MYIU9HHSI . MOI'YT OK83b!Ba Tb CyiUeCTB9HH09 BnHSIHHe 118 CHCTSMY 1 ecnH . . 
OHH HapymaioT KaKyiO-nH60 CHMM9TpH10 1 CHHM8SI Bblp0lKil9HHe, TaKHe B03My-

Ill9HHSI MOI'YT ll8Tb .KOfleqHbiH a<iJ<iJeKT, ecnu HX ycTpeMnSITb K Hynro nocne 

TepMOilHH8MHqecKOI'O npeAenhHOI'O nepeXOAa, l1AeH 0 KB83HCp9AHHX HM910T 
. /3/ 

rny6oKyiO CBSI3b C TeopeMOH fonACTOyHa 0 "HapymeHHOH CHMMeTpHH" 

H oqeflb none3Hbi B TeOpHH <lJa30BblX nepeXOAOB1 HaUpHMep, B TeOpHH CBepX;.. 

UpOBOAHMOCTH, CBepXTeKyqeCTH, 4JeppOM8I'H9TH3Ma H aHTH<iJeppOM8I'H9TH3-

/1,2,4,5/ 
Ma 

B pa3Aene 4 Mbi noKaJKeM, qTo HepaauoaecHbie cTaTHCTuqecKHe one.;. 
. . ... . ' . . /6/ 

paTOpbl B ABYX paanuqflbiX <iJopMaX (npellnOJK9HHbl9 KaK B pa6oTaX aBTOpa 

171 
TaK H B pa6oTe B.n. KanamHHKOBa H aaTopa ) MOI'YT. 6hiTb oqenb 

npocTo nonyqeflhi, ecnu c<iJopMynupoaaTh rpauuqflbie · ycnoBHSI K ypaaueHHIO 

JluyaunnSI c noMOIUbiO 6ecKoaeqao Manoro HCToqauKa, aapymaromero. CHM

MeTpHIO ypaBH9HHSI JluyBHnnSI OTHOCHT9nbHO OTpaJKeHHSI BpeMeHH, ToqfiQ Ta

KaSI JKe npoueAypa nponenhiBaeTCSI u c ypaaHeHHeM llJpeAHHrepa B KBaHTo

aoMexaauqecKofi TeopHH CTOnKHOBeHHH npu <lJopMynupoaKe rpaanqflbiX ycno

BHH kM.· paaAen. 3). 

2, npHHUHU npenenbHOI'O UOI'~OW9HHSI 

3aBHC~MOCTb peweHHH AH~<iJepeHUHanbHbiX ypaBHSHHii B qaCTHblX npOH3-

BOJlHbiX OT 6e~Koueq.Ho ManbiX aoaMyiU~HHH - xopowo uaaecTHbiH <PaKT ua 

" - .!, /8/ TeOpHH ypaBH9HHn M8T9M8THqeCKOH ~H3HKH 

Peweaue aonaoaoro ypaaHeHHSI 

t1 U + k 2 
U + f( X) = 0 , k z > 0 ( 1 ) 
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.He et:(lfHCTBeHHo;. ecmt He H8l!Q)KI!Tb.llOITOl!HliTel!bHbi'x YCliOBllil: ITOBelleHIISl 

. peiiieHIHI Ha oeCKOHe'IHOCTH, flpome BCei"O STO CllellaTb, ll008BliS1S1 B ( 1) 

oeCKOHe'IHO M8llhlil: IICTO'IHHK - ITOliO~HTellbHOe HliH OTpiiUaTellbHOe ITOI"liO

IIIeHIIe 

/). U + (k 
2 

+ j £) U . + f ( X ) = 0 . 
£ £ (2) 

STo ypaBHeHHe y~e IIMeeT B xnacce o6o6meHHbi'x lPYHKUHil: MeaneHHoro 

/8/ 
pocTa eanHCTBeHHoe peiiieHne u £ , KOTopoe np11 E ... +0 aaeT aanaallbi-

BaiOIUHe, ·a npn E ... - () onepe~aiOIUIIe peiiieHH SI ypaaHeHIISl ( 1 ) ,· T·,e, o6~ 

ero lPYHllaMeHT8llbHbiX peiiieHHSI: 

u = lim·' uE , 

E ... +o 
u = lim u 

( {3) 

· · Tax oil: peuenT oT6opa peiiiemril: BOliHOBoro ypaBHeHHSl Ha3biBaeTCS1 

/8/ 6
ITPHHUHITOM npeaenbHoro nornomeHHS1 6 

\ 3, fpaHH'!Hbie ycl!OBIISl KB8HTOBOil: TeOpHH pacCeSlHIISl 

II KB83HcpegHHe 

B KBaHTOBOMexaHHtlecKoil: TeopHH CTOliKHoBeHHil: oToHpaiOTCSl TaKHe pe

IIIe~HSl ypaBHeHHSl llJpelliiHI"epa, KOTOpbie npH t = -oo npellCT8BJIS110T COOOil: 

cBoooaHoe llBn~eHHe · '!aCTHU. PaccMaTpHBaiOT 

l 
--HII'(t)=O, 

ih {4) 

rae H =H0 *Y '· II 0 - raMHllbTOHHaH HeB03MyiUeHHoro, cao6oaHoro llBH~eHHSl 

'18CTHU1 V - onepaTOp B38HMOJleil:CTBHS11 paCCMaTpHBaeMOI"O KaK B03MyiUe-

HHe, 

5 



· J1erKo ~a liTH ljlopMallbHO~ pememre ypaBHeHHSI illpeJtn:Hrepa ( 4) . , ':i' 

IJ1 ( t) ~ U ( t, t 0 ) 'P ( t 0 ), . . 
(5) 

f'Jle IJI ( t 
0

) - BOIIHOB8SI cpyHKUHS! B H8'181IbHblli MOMeHT BpeMeHH tO 1 U ( t; t0 )-, 

O!JepaTop 9BOIIIOUn:n:, YllOBlleTBOpSIIOIUHli ypaBHeHHIO 

aU(t,to) __ 1_ HU(t,t
0

) 

---- "h ·' -at 1 
(6) 

c H8;'1~1lbHbiM YCIIOBHeM Y. (to, t 0) ~1. 0JlH8K~. noJlOOH()e. ljl~p~allbHOe peme~ 

iiHe, Booome roBopSI, He yJtoBneTBOpSieT aeoo~OilHMhiM rpaHH'IHbiM ycnoBHSIM 

TeOpHH CTOIIKHOBeHn:li, 

lfTOObl HaliTH npaBHllbHOe pemeHHe 38Jl8'1H 0 CTOIIKHOBeHHH 1 3aMeTHM1 

'ITO ypaBHeHHe illpeJlHHI'epa (4) HHBapn:aHTHO OTHOCHTellbHO npeoopa30B8HHSI . 

OTpa:~KeHHSI BpeMeHH 1 T,e •. OTHOCHTellbHO 3~MeHbl t-> - t 1 i ~- i H Oopame

HHSI 3HaKa Mai'HHTHoro nonSI. KpoMe.Toro, pemeaue ypaBHeHn:SI (4) 'lyBcT

BHTenbHO K BBeJteHHIO oeCKOHe'IHO M8,1IOI'O HCTO'IHHK8 1 HapyruaiOIUei'O 9TY 

CHMMeTpHIO, 

fpaHH'IHbie yc1IOBHSI1 ,oTOHp8IOIUHe 38ll83JlbiB8IOIUHe pemeHHSI ypaBHeHHSI 

illpeJtHHI'epa cpopM81IbHOli TeOpHH paCCeSIHHSI B BapHaHTe fenn-MaHHa-fOIIJlOep-
/9/ . . . 

rep a MO:IKHO llOIIY'IHTb 1 eCIIH BBeCTH B ( 4) npH t ~ 0 oeCKOHe'IHO M81Iblli 

HCTO'IHHK; uapymaiOIUHH CH~MeTpHIO ypaBHeHHSI WpeAHHI'epa oT'ao~n:TellbHO 

OTpa:1KeHHSI BpeMeJIH, 

~ 'P c <..!_:__ _ _1__ H 'P ( ( t ) ~ - c ( 'P c ( t ) - 1> ( t ) ) • 

at i h 
(7) 

f'Jle f-> + 0 nocne CTpeMlleHHSI OO'beMa CHCTeMbl K 08CKOHe'IHOCTH, ¢ ( t) -

aonaoBaSI ljlyuKun:SI c8o6oniioro ABn::~KeHHSI <lacTHU c raMHllbTOHHaHoM H 0 • 
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BecKoHe'IHO Manhiii n:cTO'IHHK B (7)' BBelieH TaK, 'ITOobi OH obm· paBeH 

HynJO npu IJ1 ( l} = <fl ( l ~ T.e, B OTCYTCTBH9 B3a~iMOA9HCTBH.II, 0H neiiCTBH- . 

Tenb~O HapymaeT CHMM9:x'PHIO ypaBH9HH.II llJpeAHHI'epa OTHOCHTenbHO OTpaMe

Hii.II BpeMeHu, T.K~ npn: STOM npeo6paaoBaHun: neBa.II 'IaCTb ypaBHeHn:.II (7) 

M9H.II9T 3HaK, a' npaBa.II - . OCTaeTC.II H9Ii3M9HHOii. 3HaK t: Bb!OpaH TaK, 

'ITOObi nony'In:Tb aana3JlbiBaromn:e, a He onepeMaromn:e pemeHH.II. 

3anumeM ypaBHeHue· (7) B BHJle 

I'Jle 

Ht 

-Th" 'P ( ) e t: t ..•. 

<P(t,t) 

HirTei'pupy.H (8) B npeAenax oT -oo 110 t , 6yJleM uMeTb 

t 

J 
-oo 

0 
= ( J 

-oo 

((tl- t) 
e e 

E"t' _..!!£"! 
e e ih <P(t+t')dt' 

(8) 

(Sa) 

(9) 

Tionai'a.II B .(9) t =, 0 , nony'IHM I'paHn:'IHOe ycnoBne Teopllu pacce.HHH.II B 

,iflopJi,ie fenn-MaHHa-fonJloepi'epa: 

Ht 

'P ( ( 0) = (, l e~ t e--rr;- <P ( l) d l 

-oo 
( 10) 
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BepoHTHOCTb · ToPo, . "'TO cucTe~a, onuc~IBaeMaSI · rionaoBoil: ljlyHKuueil: 

lJI . ( t ) , K MOM9HTy 
l ( HBXOAHTCSI B COCTOSIHHH <lJ l ( t ) , paBH8 

wE (t)=!(<ll*•(t),'P (t))!
2
/('P*·(t); 'Pl~ (t)), 

I j I l f · jf < 
( 11 ) 

1'):{9 COI'JlBCHO (9) 

Ht 0 

'PiE (t) = e "ih E J 
-oo 

, 1 ' , 
ft - -(H-Ej)t 

e e Ih <ll l d t' , 
(12) 

H 0 <ll l , Ei <ll l •. 

,UuljlljlepeHUIIBJlbHOe aljlljleKTHBHOe Ce"'eHJie aIl nep~XO):{a j ... i (i;i j ) paBHO 

CKOpOCTH H3M9H9HHSI 'B9p05ITHOCTH nepeXO):{a (11) B 9AHHHUY BpeMeHH, Ae

'3 
neaaoit na noToK vI L , l'Ae v -oTHOCHTenbHast cKopocTb cTaJIKJIBaiO-

a 
lliHXCSI cucTeM, L - oo'beM CHCTeMhi 

a = lim 
lj 

E ... +o 
lim 

L ... oo 

HJlH C y"'eTOM (12) 

a . = lim lim 
IJ 

~~.2_ __ La 

d t v 

2 ( ' 
----- I< <ll* v '¥,( <o>> 1

2 

E ... + 0 L ... oo l 2 2 I 
h:r(Ej- E I) +£ • 

. /9/ 
(noapoOHOCTII CM, B ) , 

(13) 

La 

v 
( 14) 

TipJI Bbi"'HCJleHHH AHijlljlepeHUH8JlbHOI'O aljlljleKTIIBHOI'O Ce"'eliHSI f ... + 0 

HO nocne ycTpeMJieHHSI OO'beMa CJICT9Mbl K 09CKOH9"1HOCTH, "'TO TIIITH"'IIO 

):{JlSI KB83HCpeAHHX, T,e, ( 13), ( 14) - KB83HCpeAHHe; l13JI0)1{9HHhiH Bblllie Me

TO):{ ITOCTpoeHHSI I'pa}IH"'HbiX YCJIOBHH npJIBeAeH KBK npJIMep BBe):{el!JISI KB83H

cpeAHIIX B KBBHTOBOH MeXaHJIKe, B CJl9AYIOili9M paaaene OH Oy):{eT OOOOI1I9H 

Ha cnyqafi HepaBHOBeCHOH CT8TJICTII"'9CKOH M9X8HHKH, 

8 



4, fpaHHtlHb!e' ycnOBHSI AnSI CT8THCTH'19CKHX onepaTOpOB 
' I 

B TeOpHH HepaB~OBeCHbl~ npOU9CCOB II MeTOJJ. KB83HCp9JJ.HHX 
.. . 

B :· TeopHH aepaBH.OBec!HhiX npoueccoB, paccMaTpHBaiOTCSI pemeHHH KBaH-. 
I \ • . $ ' " ? • • ' , . 

TQBOPO~ypaBHeHHSI:nHyBHnnf JJ.nll.Ct~THCTH,eCKOPO onepaTOpa p 
' - ';; .\/' 

8p · 1 . . I 
--- + -- [ p .:H] = 0 , 

8t ihj ' : 
( 15) : l 

HnH KnaccHtJecKorb YP?BHe~HSI 
I ! . i 

Jar 

pacnpeneneaHs:r 

--+ a t f' ~" ( 16) c • 

t 
I 

I··:·, ... ' KnaCCU'IeCKaSI CK06Ka DyciCCOHa. nanee Mbl 6yneM o6cy)l(-' 

JJ.8Tb 
I 

rp'aHH'lJHbie y~cnoa"ng nUillb .llnSI KB8HTOBOI"O . Clly:aSI, T.K. KnaCCIPi9CKHfi 

I : I 
I : , 

o<ieHb npocT'o HaM Til :<PopManbHOe P9J¥9,HHe; ypaBHeHHSI nHyBHnns:r ( 15): ~ . 

eMy aaanorH'IeH, 

(17) 

I , 
rn.e p (t 0 ) npOH3BOnbHhlll CT8THCTH'IeCKHll onepaTOp B Ji:aqanbHhlll MOM9HT 

. ~ I . . .· 
BpeMeHu 0 , .u(:t, tcf. on~paTop aBoniOIIHH (6)~ OnaaKo <!JopManbaoe pe-

;' , '! 

llleHHe (·17) MO)I(eT 5biTb nbne3HO nH.lllb B TOM cnyqae, ecnu XOpOluO Bhi6..; 
' • • ~· f. • 

paa .· cTaTHCTH'IeCKHil: onepa.Top B H~'lanhHhlil:. MOMeHT BpeMeHH p ( t
0

) , H a_i 

npHMep, . ecn11 COCTOSIHHe 6im3Ko K f,cTaTHCTnttec~u paBHOBecHoMy, TO B Teo~ 
; /10/ { ! l . i 

·pHil Ky6o Bhi6Hpa
0
IOT f'o =- oo H:P (Too) B BHJJ.e paBHOBecaoro cTaTncTn-

'I~CKoro onepaTopa. B, o6n{eM )l(e ~nyttae. <!JopManhaoe pemea~~ ( 17) TaK 
• I 

)l(e Manci npnronao nng on~caHUSJ HepaBHOBecaoro npouecca, KaK 11 ( 5) 

nn~ onu~a~HSI npo~ec~J c;~nKHOBe~:~~~. CnenoBaienbHO, OCHOBH8Sl npo5neMa ; ' 
I • ~ I ' .~~ . 

HepaBHOBeCHOll CT8THCTH'IeCKOll M9X8HHKH - He H8XO)I(JJ.eHHe <!JopManbHhlX 

TO'IHhiX pemeHHll ;paB!~eHH5,1 nnyBHhns:r, a Bhi6op: JJ.nH Hero npaBHnbHhiX rpa~! 
l 

I 

•· 



. '• 

lUPIHhiX yc:noBHH H IIOCTpOeHiie pellleHHH, B CMbiCne KB83HCpe.QH!tX1 KaK It 

B KBaHTOBOH TeOpHH CTOnKHOB9HHH, 

3~~eTiiM, tJTO •mcno IIapaMe'TpOB, HeOOXO.QifMhiX .Qnf! OIIHCaHHSl HepaB

HOBeCHOl'O COCTO.SlHHSl ·CitCTeMhi, 38BHCHT OT HHTepeCyiOlll9l'O HaC MaClllTaoa 

BpeMeHH, 4eM OOnbllle 9TOT MaCiuTa6 BpeMeHH, TeM M9Hbnie •mcno HeOO

XO.QHMb!X rrapaMeTpoB, H arrp~tMep, l'H.QpO.QHHaMH1:f.ecKaS1 cTa.QHSl HepaBHOBec- . 

HOrO !!pOUeCCa·xapaKTepH3yeTCS1 TeM, '!TO .QnSl ee O!IHC8HHS1 .QOCT8T01:f.HO 

3a.QaHRS1 cpe.QHHX rrnOTHOCTeH 9HeprHR1 HMIIynhCa H '!Rena 1:f.aCTHU, 3Ta H.Q9Sl 

. . 
0 COKpameHHH B OIIHCaHHH HepaBHOBe'CHhiX !!pOUeCCOB ne)I{HT B OCHOBe IIO"l-

TH Be ex TeOpHH HepaBHOBeCHhiX rrpoueccoB, QI!a 6hma rronm1<eHa H .H, Eo

roni060BhiM B ocHOBY ero TeopHH HepaBIIOBeCHhiX npoueccoB B raaax cpea-: 

u /111 
Hell IlnOTHOCTH 

Hac HHTepecyiOT pellleHHSl ypaBlleHHSl flHyBHnng anSI He cnHlllKOM Ma

nbiX M8ClllTa6oB i3peMeHH, KOr.Qa anSI orrHcaHHSl l!epaBHOBecfioro cocTOSlHHSl 

.QOCTaTO"!HO Ha6opa orrepaTopOB p m , r.Q e 'm -HH.QeKC, KOTOpb!H M0)1{9T !!pH

HHMaTb KaK .QHCKpeTHhie, TaK. H Herrpepb!BHhie 3Ha1:f.9HHS1, 

Ey.QeM HCK8Tb T8KHe pellleHHH ypaBH9HHS1 flnyBnnnSl, KOTOpb!e 38BHCS1T· OT Bpe

M9HH nHlllb. "!epea Cpe.QHHe 3H81:f.9HI!SI 9THX orrepaTOpOB ,IWil OT COIIpSI)I{eHHb!X 

HM rrapaMeTpoB Fm ( t) , CMhiCn KOTOphiX 6y.QeT BhiHCHeH HH)I{e, B aaBHCH

MOCTH OT Bhi6opa orrepaTOpOB ·p m T8KOH !IO.QXO.Q B03MO)I{eH K8K B rH.QpO

.QHH8MH1:f.9C~OH1 TaK H B KHH9TH1:f.eCKOH CT8.QH~. nnH O!IHC8HHS1 rnapODHH8MH-

qecKOH cTa.QHH nepaBHOBecHoro npouecca B Ka"leCTBe onepaTopoB P m 

MQ)I{HQ BhlopaTb orrepaTOpbl IInOTHOCTH aHeprHH, HMIIynhCa H 1:f.HCna 1:f.aCTHU 

ll(x), p(x) n ( x) • nnSl OIIHC8HHSI KHHSTH"!e?KOH CTa.QHH B Ka"!eCTBe 

p MQ)I{HQ Bh!OpaTb 1:f.HCna 38!IOnHeHHH O.QH01:f.8CTH1:f.Hb!X COCTOSlHHH, 
m 

CocTOSlHHe c 3a.QaHHbiMH cpe.QHHMH 3Ha1:f.eHHSIMH <P m > MO)I{HQ OIIHCaTb 

KB83HpaBHOBeCHbiM CTaTHCTH1:f.9CKHM onepaTOpOM , 

p e = exp. I - <11 - :'£. P m F m ( t ) l = exp I - s ( t , o ) l , 
m . 

( 18) 
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l 
. ! 

I 

' I 

i . 
~ 

i 
'J 

t . 

r'Jle 

·. 
<II = In Sp exp I - "E P F ( t ) I 

m m m . (19) 

!jlyHKUIHI Macbe-ITnaHKa, F m ( t)- napaMeTphi, corrpmKe_HHhie cpeJlHHM 3Ha'le

HHSIM 

< p m > ; = Sp ( P e p m) • (20) 

OnepaTop S( t, 0) MO)KHO aaaBaTb 8 onepaTopoM aHTpomm .. , T,K, ero ·cpeJl-

Hee 3Ha'!eHHe eCTb SHTpOITHSI, 

.. ,s = < ·s < t , o ) > te =- Sp < p e In p e) 

(21) 

KaaaapaBHOBeCHbiH CT8THCTH'leCKHH onepaTOp (18) COOTBeTCTByeT SKCTpe-
. . 

S = - Sp ( p In p ) 
u (22) 

· npa aa.tiaHHhiX cpeJlHll:X < P > n npn coxpaHeHnn HOpMnpoBKn, B tiaCTHOM 
m . 

cnytiae rnJlpOJl~HaMH'l_ecKoro pe)KHMa nMeeM 

. F
0 

(x,t) =:f3 (x,t), 

F
1 

(x,t) =-/3 (x,t) ~(x,t·), 

P 
0 

( x) = H (x ) , 

P
1
(x)=p(x), 

·m 2 .. 
F 

2 
( x, t ) =- {3 ( x, t ) ( /!( x, t)- 2- v ( x, t ) ) , P 

2 
( x) ~ n ( x ) , 

ltl 

(23) 

', 

,· 

., 
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-1( ) ) ... . 
I'.lle {3 X,t -TeMiiepaTypa, Jl(x,t - XHMH'leCKifll. IlOTeHUH8Jl 1 v(x,-t);...Mac-

COB8H CKOpOCTh, 

KBa3HpaBHOBeCHhlil cTaTHCTH'leCKHH orrepaTop (18) b6ecrre'!HBaeT y.noB

neTBOpeHHe TepMOLlHHaMH'leCKHX paBeHCTB nnn ei'o rrapaMeTpoB . cil , F m(t), 

S x/: 

ociJ --<P 
-----~- m 

·8 F ( t) 
m 

t 
> e 

as 
o< P >t 

m e 

F ( t), 
m 

(24) 

t 
T,e, rrapaMeTpbi F m ( t) H <Pm >eneilcTBHTenhHO TepMOJlHHaMH'lecKH corrpH)Ke-

Hbi, OnHaKo cTaTHCTH'!ecimll: orrepaTop ( 18) He y,noBneTBopsieT ypaBHeumo 

nHyBHJlJlH If He OilHCbiBaeT ueo6paTHMbiX rrpoueccoB, H Qi' KaK Mbl y6emiM-

CH lllf)Ke 1 BI'O MQ)KHQ HCilOJlh30B8 Tb JlJlH tjlOpMyJIHpOBKll I'pallll'lllb!X YCJIOBII!f 

K ypaBl!BH~IlO JlH~BHJlJlH ( 15) 1 Il0Jl06l!O TOMy, K8K BOJ1HOB8H tjlyl!KUHH CB0-

'60Jll!OI'O ABH)KSHHH 'l8CTHU HCITOJlb3YBTCSI JlJlH tjlOpMynHpOBKH I'pal!H'!Hb!X yc

JlOBHll K ypaBl!BHHIO llJpe,nHHI'epa ( 4) B KB8liTOBOll· TeOpHH paCCSSIHHH 

( CM, p83Jl8Jl 3), 

KBaHTOBOe ypaaHeHHe JlHyBHJlJIH ( 15) 1 KaK H KJiaCCH'lecKoe ( 16), CHM

MeTpH'IHO 'OTHOCHTeJlhHO rrpeo6pa30B8HHH ~Tpa)KS~HSI BpeMSHH ( B KJ18CCH'lec,.. 

KOM cnyttae 9,TO 03ll8"l8BT 3.8MBHy t -+ - t ; o6pameHne HMIIyJlbCOB BCSX 'l8C

THU n uarrpaBneHHSI Mai'l!HTH.OI'O rronn). O.naaKo pemeune ypaBHBHHH JlHyBnn

nn HBYCTOH'lllBO OTHOCHTBJlhHO M8Jlb!X B03MymeHHll 1 HapymaiOmHX STY BI'O 

CHMMSTpHIO, 

BBBJlBM B ypaBHel!He JlnyBHJlJlH 6ecKOHS'lHO M8Jlblll HCTO'IHHK 1 YAOB~eT

BOp SIIOmHfi cne,nyiOmHM Tpe60B8HHSIM! 

1) J.1CTO'IHHK HapymaeT CHMMeTpHIO ypaBHBHHH JlHyBHJlJlH OTHOCHTenh-

HO OTpa;>KeHHSI BpeMeHH 1 llJlli 1 Jlpyr'HMH CJ10B8Mll 1 IlOJlHYIO H30JlSIUHJ0 CHCTe

Mb!, · KpoMe TOI'o, ou cTpeMHTCSI K HyniO rrpH- £ ... 0 , rrpH'leM STOT rrpenenb-

X/E . 0 0 

. CJlli HHABKCbl m IlpHHHM8IOT .llliCKpeTHblH PSI.U 3H8'!9Hllll 1 · TO B8pli8UHOH-

Hble IlpOH3BOAHbl9 B (24) nepeXO)lSIT B 06biKliOBSl!HbiS 'l8CTHble IlpOH3BOAHbie, 
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... 

libill: nepexo.n coaepruaeTC.II nocne TepMOAHliaMil'IecKoro .npe.ne.nbHOPO ne-

pexo.na • 

. 2) I1CTO'IHHK OT6HpaeT 3aiTa3.t:{biBaiOIIIHe perueHH.II ypaBHeHH.II JluyBHnn.H, 
. ' . ;· 

OTO. yCnOBHe onpeaen.HeT 3HaK. f 1 T,e,, ecm:1 BBeCTH HCTO'IHHK, KaK B 

(7), TO c>O H f-++0. Onepe)KaJOIUHe perueHH.H aanH 6hi He a·oapacTaHHe, 

. 6' /6/. 
a y biBal!He 8HTpOITHH 

3) I1CTO'IliHK o6paruaeTC.II B Hynh llpH p 1 paBl!OM KBa3HpaBHOBecno-

l-.!Y CTaTHCTH'IeCKOMY on epa Topy p e ( 18). B qacTHOM. c;:nyqae cor: a THCTH-
' .. 

'IeCKOPO paBliOB9CH.II HCTO'IliHK AOn)l{el! OTCYTCTBOBaTb, 

MoJKHO npeanO)I{HTb .nna cnoco6a nne.neHH.H B ypanHeHHe, J1IIyBIInn.H 

' ' 
5eCKOHetJHO ManOPO HCTO'IHHKa, YJlOBneTBOp.HIOIIIePO 8TH~ Tpe60BaHH.IIM, 

TI e p B bl Jl: CIT 0 C 0 6 C 0 C T 0 H T B T 0 M 1 'I T 0 .6 e C K 0 He tt H 0 

Man bl Jl: H C T 0 q H H K B B 0 Jl H T C .II B IT p a,B y 10 q aCT b y p a B He H l\H 

Jlnynu'nn.H . (15) 

l +--
i h p ' f 

Ill"'- c(pc-p e), (25) 

rae c ->+0 nocne TepMOAHHaMII'IecKoro npeaenbHOPo nepexoaa npii Bhi'IHcne

HIIH cpeJlHHX, YpaBHeHIIe (25) aHanOPH'IHO ypaBHeHHIO (7 )' KBaHTOBOll: Teo-
.. . ... 

pHH cTonKHoneJiull:. 3To eaHHCTBeHlia.H cjlopMa, yaonneTBOp.HIOIIIa.H, KpoMe yc

nonull: 1-3, Tp.e6onaHHIO nHnell:nocTH HCTO'IHHKa no p f • BecKoHe'IHO ManbJll: 

HCTO'IHIIK a (25) .nell:cTBHTenbHO napyruaeT CHMMeTp~IO ypanHeHH.H ( 15) oT-· 

HOCHTenb.HO OTpa)l{eHH.II BpeMenH; T;K, llpH 8TOM npeo5pa30BaHIIH neBa.H 

'IaCTb ypasHeHHSl (25) MeH.HeT 3HaK,, a npaBaSI - ocTaeTCSl HeH3Mennoll:, 

. 3aiTHIIIeM ypaBHeHHe (25) B BHJle 

· ~-- ( e'0 p ( t, t)) "' f eft p 
0 

( t, t ) , 
. d t .( ' . L · (26) 

13 



p (t,t) 
( 

U+(t,O)p '(t,O)U(t,O), 
( 

p (t,t) =Ui-(t,O)p (t,O)U(t,O), e . c 
'> ' ,I 

u·(t,O) exp I J!!__ l 
ih 

( H He 3llBHCHT oT apeMeHH) H · aaeneHhi o6oaHa"'eHHSI: 

p(=p((t,O), Pc =Pc(t,O)-: 

HHTe~pHpySI ypaaHeHHe (26) B npenenax oT 

~aSI, 'ITO lim eft p ( t, t) =·o, nony"'HM 
t-+-00 

t 

p((t,d=f J ((t1-t)p (t t )dt 
e C 1 ' 1 1 

-oo 

= £ J eft' p C ( t+ t ', t + t ') d t ' • 
-oo 

(27) 

(28) 

no. t H npennona-

(29) 

Cne}:lOBaTenbHQ, HCKOMbiH HepaBHOBeCHbiH CTaTHCTH"'eCKHH onepaTop 

HMeeT BHll 

~ Jo ft' (t~t',t')dt', p ( t, 0 ) =f e P C 
c ' -00 

'(30) P =p (t,O) 
( ( 

~ne'qepTa CBepxy 03Ha"'aeT onepaUHID B3SITHSI KB83HHHBapHaHTHOH "'aCTH, 

CTaTHCTH"'eCKHfi onepaTop (30) 6hm nony"'eH paHe·e H3 npy~HX coo6paJKeHHi1: 
171 H . " - . " 

B, pa6oTe B.n. KanalliHHKOBa H aaTopa • epaBHOBeC~biH CT8THCTH"'eCKHH 

onepaTop (30) C llOMOillbiD HHTe~pHpOBaHHSI no qa~TSIM yno6HO 38llHC8Tb B 
I /71 

aane 

' 

' . 

14 '· 
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.i 
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' 

') 



p£ =p + f d t'eo~ j dre -rs(t+t',t')S(t+t',t') e<r-1) S(t+t',t') 
e -~ o (31 > 

rne 

a S(t, o) 1 -[ S(t,O), II] 
j h . 

S(t,O) ----- + 

(32) 
+ . 

S(t,t')= U (t',O)S(t,O)U(t', 0) 

- orrepaTOp 11pOH3BOllCTB8 3HTp011HH, 

ITapaMeTphi ·F' ( t) , BXOllSIIliHe B BhipalKeHHe J:WSI onepaTopa aHTporrHH, 
m 

Bhi6HpaeM HG ycnOBHSl, 'lT06hi cpellHHe BenH'lH!Ihl p m J BhPIHCneHHhle c He~ 

paBHOB8CHhiM .CT8THCTH'l8.CKHM orrepaTOpOM (30) 1 • COBI18ll8nH C HX CpellliHMH 

110 KB83Hp8BHOB8CHOMY CTaTHCTH'l8CKOMY orrepaTopy (18), 

rAe 

< ... > t lim 
(->+0 

' (33) 

Sp ( p ••• ) • 
. ( (34). 

Torna <P >t H F ( t) cTaHOBSITCSI conpniKeHHhiMH napaMeTpaMH, T,K, 
m .m 

B<P -----
8 F ( t) 

= - < p ' > t =-< p > t 
m e m 

' ' (35) 
.. ' 

m 

C !10MOillbiD H8p8BHOB8CHOI'O CT8THCTH'18CKOI'O orrepaTOpa (30) MOlKHO · 

BhittHcnHTh cpellHee 3Ha'leHHe · nro6oro onepaTopa A 

15 



':\ 

<A > = lim Sp ( p ( A.) =..(A)- (36) 
£->+ 0 

/1 2/ 
TaKrre cpenHrre, .. no Tepr-:mHonorrrrr H.H.BoromoooBa, ' Ha3hiBaroTcsr ~"KBa-

srrcpenHrrMrr". EcriH nprrMeHITTb onepaurrro ycpenHeHrrsr (3'6) .K onepaTopaM 

P , TO c y~eToM (33) nony~rrM ypaBHeHrre nepeHoca· 
m . . . ' 

.a 

. at 
< P > t = < P >t = lim 

m e m 
€->+0 

Sp ( P p ) = .( p ~ .. 
( m m 

~ 

(37) 

CnenoBaTehbHo, ypaBHeHHSI nepeHoca ecTb ypaBHeHrrsr nn'sr KBasrrcpenHrrx, 

BTopoil: cnoco6 BBeneHHSI .OeCKOHe~HO M~nbiX HCTO'IHH-

'·"! 

. ' 
~· 

., 
l .. 

1• 

' .. 
I 

l 
l 

KOB OCHOB8H Ha TOM, ~TO norapnlj;JM CT8THCTH~ecK'oro 'one- •: 

' 
. paT o p a, y noB neT Bop srro Iller o y p a B He H rr 10 

·~no~neTBOpSieT ypaBHeHHIO nrryBrrnnsr 

a In p l '[ ] --- + --- In p , H = 0 , 
at i h 

n rr y B rr n n sr, 'i a K JK e 
1 

(38) 

.C 

" "' n ! 1 ~TO CBSI3aHO CO CBOHCTB8Mii CKOuOK yaccoH'a KaK KBaHTOBhiX 1 TaK IT Knac- • 

' ' < ' crr~ecKrrx, C n en o B a Ten b H o, 5 e c K o He~ H o ·Man hi e 'rr c T o ~ H rr K rr :M o JK-

. \ \ 
' HO BB!JllllTb He TOnbKO B (15), HO IT B (38), ~ 

Ecnrr noTpeooBaTb, ~TOOhl oeCKOHe~HO ManbiH HCTO~HHK ynoBneTBOpsrn 

ycnOBHSIM 1)- 3) rr, KpoMe Taro, ~TOOhi on ohm nHHeeH oTnocrrTenbHO En p , . I 
.. 
i 

· nony~rrM: 
·, 

a In p ( 
·~----.+ 

a t 

.I 

___ I_ (In p, 11] =-f(lnpf-lnpcl, 
i 1i f 

- (39) 

rne 'f ->+ 0 nocne TepMOllHHaMrr'IeCKOI'O npenenbHOI'O nepexona, lleHCTBH- I . . . . . I 
TenbH0 1 HCTO~HHK B (39) HapymaeT" CHMMeTpll!O ,ypaBHeHHSI (38) OTHOCHTenb- ' 

HO OTpaJKeHHSI BpeMeHH IT cornacyeTCSI C npyi'HMH ycnOBllSIMll 1-3. 3anHllieM 

~paBHeHrre (39) B Brrne ! 
,· 
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I 
I 

d ( (t (t 
- e I n p ( t , t )) ~ c e . In p 0 ( t, t ) • · 
d t ( L 

I1HTei'pllpySI (40) B .npe}lenaX OT -oo JlO t , nony'II!M!. 

In p c ( t, t) = c 
t (( t 1- t ) ' 
J e · In p f ( t 

1
, t

1 
) d t 

1 

0 

=( J 
( t' 

e 

-oo 

In p e ( t + t ' , t + t ' ) d t ' 

(40)' 

( 41) 

11 1 cne}lOB8Tenbll0 1 I!CKOMb!H UepaBUOBeCUb!H CT8TI!CTI!'IeCKI!H onepaTop 

I!MeeT Bllll! 

p £ = Pc (t,O) 

0 

= exp I - c J 
-oo 

~ 
exp I In p e ( t, o ) I 

d t' (t 
e.' In p f ( t + t ' , t · ') I , 

(42) 

I'Jle c-+ + 0 nocne TepMonnnaMn'leCKOI'o npenenbHoi'o nepexona npn. Bhi'Incne

nnil cpennnx; 

· · HepaBUOBecnhiii cTaTncTn'lecKnii onepaTop ·( 42) 6hxn nony'leH panee 
. 6 /6/ 

B pa oTax aBTopa npn ncnonh30Bannn npyi'HX coo6pa*eHnii. EI'o yno6-

Ho nocne nnTei'pnpoBannst no 'laCTSIM aanncaTb B Blllle 

"""""' pc .. := exp I -'- S ( i, 0 ) I = 

exp I - S ( t ·, 0) + f d t ' e c t' S( t + t ·.', t ' ) I . 
. (43) 

napaMeTpbl F m ( t) ' BXOJlSillll!e B Bblpa*ellnSI nn~ 'onepaTOpa Sl!Tponnn 

S( t, 0) 11 npo.II3BO/lCTBa saTponnn S( t: 0) , onpenenstiOTcst, KaK 11 panee, 113 

ycnOBI!H ( 33) , 
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.• 

HepaBHOBeCHbifi·cTaTHCTH'IeCKHH onepaTop (42) COOTBeTCTByeT 9K~Tpe

MYMY · HH<fJopMaiiHOHHofi 9HTponH~ (22) npH aononHHTenbHbiX ycnoBHSIX, · 'ITO 

<PH.KCHpOBBHbl < p m ( tl) > t= Sp (ppm< lt)). anSI mo6o~o nponmor'O MOMeHTa Bpe

/12/ 
MeHH -oc<t <0 

- 1 -
H npH COXpaHeHHH HOpMHpOBKH 

CTaTHCTH'IeCKHti onepaTOp ( 42) HMeeT cxoaCTBO CO CT8THCTH'IeCKHM .. 

. . /13/ 
onepaTopoM MaK-lleHHaHa • f1ocneaHHil Mo>KeT 6biTb no~yqeH H3 (42) 

npH Bbi6ope onepaTopoB p · B BHae (23) nocne. HHTer'pHpoaaHHSI no qac-m . . 

TSIM C yqeTOM 3aKOHOB COXpaHeHHSI H OT6paCbiB8HHSI HHTer'panOB no noBepX• 

.0 ffll . 
HOCTH, Tna•me MeToaa OT MeToaa MaK-JleHHaHa COCTOHT B TOM, 'ITO 

ffll. . . . . . 
B paCCMaTpHB810TCSI 6eCKOH9'1HO M8Hble. B03MyllleHHSI' ypaBHeHHSI Jlay~Hn-

nSI aiiSI <fJOpMynHpOBKH .K HeMy r'paHHqHbiX ycnOBHil, a He KOHeqHbl9 1 peanhHb!e 

B03MymeHHSI, Bbi3biBaeMbie TepMocTaToM, KaK 9TO aenaeT Mai-lleHHaH, Mo>K

Ho CKa3aTb 0 qTo BBeaeHHe r'paHHqHbiX ycnOBHll K ypaBHeHHIO JlHyBHnnSr eCTb : 

HaeanH3HpOBaHHbiti, ycnOBHblll yqeT Bn!iSIHHSI TepMOCTaTa, 

· H epaBHOBeCHbiil: cTaTHCTH'IeCKHil:' onepaTop ( 42) npHMeHSincSI paanHqHbi

MH i:IBTOpaMH anSI noCTpOeHHSI ypaBHeHHll r'HapOAHH8MHKH, penaKC8UHOHHbiX 

ypaBHeHHil:, KHHeTHqecKHX ypaBHeHHil: H ypaBHeHHti THna ¢OKKepa-f1.i:iaH

/6,12,14-28/ 
Ka . . , 

Jle!'KO noKa38Tb, qTo B HH3lllHX npH6nH>KeHHSIX no ManOCTH B38HMO.[lefi

CTBHSI HnH HO ManOCTH TepMoaHH8MH'I9,CKHX CHn o6a HepaBHOBeCHbiX' CT8THC

TH'I9CKHX onepaTopa, KaK ( 30), TBK H ( 42) 1 npHBOASIT K OAHHaKOBbiM ypaB.: 

171 
HeHHSIM nepeHoca • OaHaKo aonpoc o TOM, 9KBHBaneHTHbi nH 9TH one-

paTopbi, a eCnH 9KBHBarie.HTHbl1 . TO B K8KOM CMbiCnej eme. He paapemeH, . . . 
l1ano>KeHHbifi MeToa Bbi6opa !'paHH'IHbiX ycnoBHil K ypaaHeHHIO liHyBHn-;

nSI C nOMOlllb!O KB83HCpeAHHX MO>KeT 6biTb HCnOnb30B8H ,nnS! CpaBH9HHSI paa

nH'IHblX MeTOaOB nOCTpOeHHSI HepaBHOBeCHbiX CT8THCTH'IeCKHX onepaTOpOB, 
/6 7 13 29-34/ .. . . 

HaiTpHMe_P, onHC8HHbiX B ' 
1 1 

1 H BbiSICH9H!iSI o6naCTII HX I1pHM9HIIMOCTH, 

· fny6oKaSI aHanOI'HSI Me>K,ny TeOpHeil: HepaBHOBeCHbiX npOUeCCOB H KBBH

TOBOH TeOpHeti CTOnKHOBeHHil: H HX CBSI3b C . MeTOAOM KB83HCpeaHHX MO>KeT 
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llOCJlY)KHTb ·ocHOBOfi 'JlJlSI nepeHeCeHHH. HJlefi H MeTOJlOB, KBaHTOBOfi TeOpHH . . 
CTOJlKHOB9HHfi B TeOpHIO HepaBHOBeClibiX npoUeCCOB~ 8TO. OC05eHliO Ba)Kl!O 

llOTOMy, .'ITO KBaliTOBaSI TeOpHSI CTOJlKliOBeliHfi - .. xppOIIIO :pasp_a50Taliliblfi 

pasJleJI TeopeTHtJecKofi ~HSHKH,. a, o5mast Teopng HepaBlioneclibiX npoueccon ( . . 

eme TOJlbKO Ua'IHliaeT paSBHBaTbCSI .. 
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