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BB9Jl9HH9 

KBa3HnoTeHUHanbHhii1: MeTOJl Jlnfl CHCTeMhi JlBYX penSITHBHCTCKHX 'Iac

/1/ 
THU, pa3BHThlll noryHOBhiM H TaBXenHJl3e , ycneniHO Hcnonb30BancSI npH 

06'bSICH9HHH cneKTpa Mace, CBSI3aHHhiX COCTOSIHHll, npH HCCneJlOBaHHH aHa-

/2/ 
<nHTH'I9CKHX H aCHMUTOTH'IeCKHX CBOllCTB aMnmiTyJl pacceSIHHSI < < 1 npH 

JlOCTHNWHHH 9JlHHOI"O OUHCaHHSI BbiCOK09HepreTH'IeCKOI"O UOBeJl9HHSI aMnnHTy-

/3/ 
Jlhl < pacceSIHHSI Ha Manhie H 6onbll1He yrnhi , nocTOHHCTBO KBa3HUOT9H-

UHanbHOI"O MeTOJla onpe)lenSieTCSI TeM, 'ITO B OTnH'III9 OT <!JopManH3Ma Ee:

Te-ConnHTepa B HeM OTCyTCTByeT nHilleHHOe <!JH3H'IeCKOI"O CMbiCna H BHO

CSIIll99 MaTeMaTH'I9CKIIe TpyJlHOCTH OTHOCHTenbHOe BpeMSI, 

< B CBSI3H < c aTHM npeJlCTaBnSieT« onpeJleneHHhii1: HHTepec !iCKmO'IHTb oT

HOCHTenbHhie Bp9M9Ha B penSITHBHCTCKOll 3a)la'Ie TpeX Ten, 3Ta npo6neMa 

/4-6/ 
paccMaTpHBanacb B <paanH'IHhi;'C noJlXOJlaX pSIJlOM aBTopoB B pa6o-

n; < < 

Te 6hinll BhiB9JleHbl <penSITHBHCTCKH-KOBapHaHTHbie ypaBHeHHSI JlnSI BOn-

HOBOll <!JyHKUHH Tpex 'IaCTHU Ha OCHOB9 KBa3HUOTeHUHanbHOI"O MeTOJla KBaH

TOBOll TeOpHH nonSI, 'Ho TaM He 6hin0 < )laHO SIBHOe pa3)leneHHe < BCeB03MO)!{-

< HhlX TpeX'IaCTH'IHhiX. npoueCCOB 1 BCneJlCTBII9 'Iei"O IIHTerpanbHhle ypaBH9HHSI1 



ld 

Bbin!IC8HHbl9 B STOii pa5oTe, He IIM9IOT OllH03H8'IHOt'o pemeH!ISI, f1 OSTOMY 

.npellCT8BJ15I9T IIHTepeC np!I Bb!B0ll9 KB83!InOT9HUii8JlbHbiX ypaBHeHJ.Iii )lJ15I 

Tpex ttacTnu nonb30BaThCSI MeTOll8Mii pa3aeneHiiSI npoueccoB, npnMeHSieMbi

Mii paaee li np1IBOll5I!llliMii K ypaBH9Hii5IM Tlina ctl8llll99B8 li naBJI9C8, 

B aacToSimeii pa5oTe pa3BiiT TpexMepHbiii <jJopMann3M anSI penSITiiBiiCT

CKoii 38ll8'IIi TpeX 'I8CTiiU Ha OCHOBe llBYXBpeMeHHOii <jJyHKil.liH fpliH8, f1oKa-

38HO,_ 'ITO B npn5JI1i)K9Hiili, 8H8Jl~I'Ii'IHO~ napHOMY B381iMOll9iiCTBiiiO, 5Illp8 

nony'IeHHbiX ypaBH9Hiiii C0ll9p)K8T TOJlbKO KB831inOTeHUii8JlbHbie B9Jlli'IHHbi, 

B nocneaaee BpeMSI noaBepraiOTCSI nHTeHCHBHOMY TeopeTn.tteCKOMY 

nc~nenoBaHniO npouecchi pacceSIHiiSI aapoaoB npn BbicoKnx aaeprnSix,. OcaoB

Hbie SKCnepliM9HT8JlbHbl9 38KOIIOMepHOCTii pacceSIHHSI "18CTiiU Bb!COKiiX SHep...; 

I'liii n03BOJ15IIOT npHBJ19'Ib K HX on~C8Hii!O M9TO)lbl 0 5JI1i3Kiie aiiKOH8JlbHOMY 

5 
. . . ~ - /8/ 

npn Jlli)K~HiiiO, 1i3B9CTHOMY B HepenSITiiBiiCTCKOii KB8HTOBOii M9X8HiiK9 , 

ITpeACT8BJ19Hiie Tnna rnay5epa AJISI ABYX'I8CTii'IHbiX aMnJIIiTYA lllHpOKO: o5cy)K-. 

- /3,8-11/ 
ll89TC5I B nOCJ19)lHee BpeMSI B paMK8X KB8HTOBOII TeOpliH nOJISI , 

ITpeacTaBnSieT naTepec nonytteane aaanornttHbiX npeacTaBneHnii nn£. Maoro-

'I8CTll'IHbiX aMnJIHTyJJ., 

H!I)K9 0 Ha OCHOBe nony'IeHHb!X H8Mii ypaBH9Hiiii, Bb!BOAIITCSI <jJopMyna 

Tlina fnay5epa JJ.J15I penSITiiBIICTCKOI'O paCC95IHii5I aneMeHTapHOii 'I8CTIIUbl Ha 

CBSI38HHOM COCTOSIHiiH, COBn8}J.810!ll8SI B HepeJISITiiBiiCTCKOM npenene C 

/13/ 
T8TOM , nonytteHHb!M .B p8MK8X ypaBH9Hii5I ctl8AA99B8, 

B § 1 naeTCSI BbiBOA ypaBHeHHSI JJ.JISI JJ.BYXBpeMeHHoii Tpex"'aCTII'IHoii 

<jJyHKUiili fp!IH8, 

8 §2-' BBOJJ.SITCSI onepaTOpbi, KOTOpbie, 5yay'IIi ycpeJJ.HeHbV no' OAHOBpe

MeHHbiM peJISITIIBIICTCKIIM BOJIHOBblM <iJY:HKUiiSIM, H8 M8CCOBOii noBepXHOCTII · 

COBn8)l810T C <jlli31i'I9CKiiMii T -MaTpHU8Mii · BCeB03MO)KHbiX TpexttaCTii'IHbiX . t 

nepeXOAOB, 

B §3 paccMaTp!IBaeTCSI BbiCOKoaaepreTH'IecKoe ynpyroe pacceSiane 

aa Manhie yrnhi aa cna6ocBSI3aaaoii CHCTeMe n nonytteaa <jJopMyna THna 

rnay5epa. 

4 
. ' 



§ 1. --YpaB!I9HH9 AnSI nsyxspeMeHHOH dJYHKUHH

fpHHa 

/12/ 
BhmHweM o6osHa'leHHSI1 HcnonbsosaHHhie B pa6oTe 

m i . - Macca 1 -oii qacTHUhi, 

xi - ~-KoopnHHaTa 

p - 4-HMnynhc 
i 

-oii _qaCTHUhli 

l -OH _;qaCTHUhi. 

Tol'na KoopnHHaThi -OH CHCT9Mhl .RK06H HM9JOT BHA: 

. -· ~ 

X 

X 
1 

-. : " 
i 

m X +ffi X + fin Xn 
i i k lc L L 

M 

- X 
i 

( 1.1) 

I'ne M = m. +ffi2+m3, mke=mlc +me ,(i,k,e)npencTaBnSieT 'leTHYJO 

nepecTaH,OBKY OT (1 ,2 ,3). 

CooTseTcTBYJOWHe conpSI*eHHhie 4-HMnynhchi o6osaa'IHM qepes 

P,pi ,pi 

X = 
i 

( 1.2) 

PaccMoTpHM ypaBHeHHe Be~e-Co~nHTepa ~n~ Tpex'laCTH'lHOH ~yHKUHH fpHHa 

G(x,y)=-.iO 1 T('l' (x) 'I' (x) 'l'(x) .P(:y)\f(y.)qi{;3)!0>• sanHcaHHoe B onepaTopaoii 
1 1 2 2 3 :! 1 J 2 2 3 .. -

~OpMe 

G ( 1.3) 

5 



G0 -~YHKUHg pacnpocTpaHeHug'Tpex HeB3~HMO~eacTBy~mux ~aCTHU. 

K ,.. cyMMa .acex Henpuao~HMbiX Tpex~acTH~HbiX ~uarpaMM. BbiBe~eM· 

ypaaHeHne ~ng ~ayxapeMeHHoa ~YHKUHH fpuHa G , onpe~eneHHoa cne-. 

~Y~WHM o6pa30M: 

..:;:::: : __ ':.J,_ : ~ ·--. - ,, ' .. '~ 

, . 
G (X-Y; ·X. x; ·yy) = G(X-Y; x x; YY )_ 0 - 0 =;a"' ;~ = 0 

(1.4) 
y =y ·-

B ~anbHeAweM 3Ha~OK "' 6y~eT oaHa~aTb onepauu~ npupaBHHBSHHg BpeMeH 
\ . . 

'yKa3aHHbiM B paaeHCTBe ( 1.4) cnoco6oM. 

Bae~eM ~ypbe-o6pa3bi ~YHKUHH fpnHa: 

' I [P(X-Y)+·p~+;;"-;;'y-";iy.) 
. .... - '-'- - 12 . 
G(X-Y;x,x;y,y;)=(2rr) fe · (dp)(dq)G(Pppqq), 

., 

_,..., ............ ~ ....... J ,, ( 1.5) 
., -+.,. _.,..,. ![P (X-Y)-px -P';"+q'y+qYJ - __.__. __.__. 

- - - - -12 . ... ... ~ ,_; - - - -G (X-Y; x, x; y y )=(2rr) Je (dp)(dq).G(P pp qq ) . : 
!' 

_Tor~a onepauug npup~BHHBSHHg speMeH B HMnynbCHOM npoCTpaHCTBe 6y~eT 
. . 

03Ha~STb HHTei'pHpOBSHHe no OTHOCHTenbHbiM 9HeprugM1 T.e.: 

. :G (P p,p; -q,q) =_JG (P; p ,p; q,q) dp: d·p
0 

dq
0 
dq

0 
0.6) 

r 
TipuMeHHM sTy onepauu~ 'K ypa~HeHH~ (1.3): 

! 

-
"' G "' G 

0 +~ (1.7) 

"' d 

Ecnu onpe~enuM onepaTop K paaeHCTBOM 

6 



.,. 

~= : 
=G K G 

0 

ll.ll!il G m:>ny'mM ypaBHeHHe 

G 

KaK H3BecTHo, Hapo K rrpeacTaBHMO B BHae 

K = K +K . + K + K 
1 3 T 

(1.8) 

(.1,9 ). 

(1,10) 

rae K1 ecTb CYJ'1Ma Bcex .HerrpaBoaHMhiX HeCBSI3HhiX aHarpaMM, Koraa , 

-aSI 'laCTHUa rrpoxoaaT CBo6oaHo, K T - cyMMa Be ex nerrpHBoaHMhiX 

/13/ ' 
CB513HhiX a!larpaMM , TaKIIM o6paaoM, 

. ·-] ( 2) 

Kt (xl ,xk,xf ;yt,yk, Yc)=S.t ("'-Yt) Kl (xk,xf;yk •Ye ), 

S ( ) K 
(2) 

rae 
1 

X 
1 

-Y 
1 

..,rrporraraTOp -oil: '18CTHUhl 1 1 
- !il.llPO ypaBHeHII51 

EeTe-ConrrnTepa ang aayx'laCTH'IHOll <!JyHKUllll pacrrpocTpaHeHHSI G3 (xl! xe; Y~o 'y e) 

'18CTHU k H e .[lng yao6CTBB BBeaeM 0603Ha'le.H!Ie : 

(1,11) 

' 
HeTpyaHo y6eaHTbCSI B TOM 1 'ITO aHanorn'IHO COOTHOllieHHID (1,9) 6yaeM 

HM9Tb 

"' ·K "' K 
I 

= 
+K 

3 

( 1.1.2) 

rae K 
1 

orrpeaengeTCSI p£!BeHCTBOM 

7 



G1 Go+GoK1G1 (1.13) 

I1cnonb3YSI onpeAeileHHe ( 1.8) AnSI npeACTaBneHHSI K B BHAe HTepauHoH-

HOI"O PSIA8 no K 1 MO>KHO nei"KO noKa3aTb 1 'ITO K1· COA9p>KHT BC9 'lne-. 

Hh11 BXOASIIUH9 B l< H 'coxpaHSIIOIUHe HMnynbc i : -.oii 'laCTHUhi, K TOMY 

>Ke. HH>Ke 6yAeT noKa3aHo, 'ITO K 1 MO>KHO Bblp83HTb 'lepe3 ABYX'I8CTH'IHblii 

KB83HITOT9HUIIan B381IMOA9HCTBIISI k -oii II f, -oii '18CTIIU, fiCH0 1 'ITO B. 

npii6n1IX<eHIIII napnoro B3aiiMOAeiiCTBHSI ~ 1 K + K + K 1 noaToMy npii6nii-
"' "' "' "' · I 2 . 3 

>KeHIIe K = K + K + K B AanbHeiimeM 6yAeM Ha3hiBa Tb KB831InapHhiM, 
I 2 3 . -· "' "' . 

Tenepb BhmiimeM -CBSI3b Beiiii'IIIH . G 1 , K 1 II T 1 c KBa31InoTeH-

UIIanbHhiMII, .Qng 9TOI"O ITOH8A06SITCSI cneAyJOIUII9 0603H8'19HIISI: 

::t -> 

G (2) X - y ; . X 'y ) 1 \ 1 1 1· 1 G C2l (X -Y 1 ; x1 ,y 1) ~o = ;!J = o 
I 

1 
1 1 

.--" ... ..... . 
K (2) ( P ; :-p , q ) - ABYX'IaCTII'IHhiii KBa31InOTeHUIIan B381IMOAeticTBIISI k -oii 

I 1 1 1 _(
2
) _-> ~ 

II e -oii '18CTIIU. T 1 (P1 ; ·p1,qJ- ABYX'I8CTII'IH8SI KBa31IITOT9HUIIanbHaSI 

MaTpiiua pacceSIHIISI, 

TorJla Ji:eTpyJlHO .BHJl9Tb 1 'ITO 

G (P;~ ~; i i' )=o(t ~~) fdp 0 S (3..P-p )G~21 (~P+p ·; ~ ij ).(1,14) 
l 1 I 1 I 1 1. 11M I . M 1 1 l 

' J 

I1a onpe)leneHHH JlnSI K 1 IIMeeM (eM, npHnci>KeHIIe A) 

..... ... .... -+ ..... .... ... .... ..... ....,. 
,... - ~ - ~ - . ""-! - - - -

Kl (P1; PI ,pi; '\• ql) = o (p1-q1) I Go (P p p) o ( Pt-q1) 

-[fdp0 s (~P-p )G 1212 (K121Gc 21 >( ~P +P 
· 1 I M 1 IOn 1 I 0 M 1 

8 

.:!.:! -1 

pI q1 ) ] ; I 
(1,15) 



3necb non Bhipa)KeH!IeM [ •• ·• ] -:-I noH!IMaeTCH H.llPO orrepaTopa 1 o6paTHOI'o 

TOMY onepaTopy 1 SI,llpO KOTOpOI'O 38Kn!O'IeHO B KB8.llp8THble CK06KII, 

OrrepaTop T1 1 orrpeneneHHhiH paaeHCTBOM 

( L16) 

CBSI38H C 
-,2) 
T 

1 
cnenyiOIUIIM o6paaoM: 

.T1 
(P '"'p~_p ..... q~q:!) ·a(p~ q:t) G-1(P ~ i )I fdp-'oS (-tMm P -P ) x 

1 ·1 1 1 = 1- 1 0 - . 1 1 . .1 1 1 

.... .... .... 

- m ,p 1) T 121(~ P+p. ( 1.17) ><G (2) ( __Jt p +PI p 1 q1 ) X 
to. . M 1 M 1 • 

X G121 m .... .. .... ... -I 
(-Jk_p +P ,q ) l G (P ' q ,q 

10 M 1 1 0 1 

' >, n O,ll06HO TpeX'18CTII'IHhiM ypaBHeHIISIM ct>a.ll,lleeBa B KB83!InapHOM I1p!I6n!I)Ke-

HIIII MOI'YT 6hiTb IIOCTpOeHhl ypaBHeHIISI1 B SI,llpa KOTOpbiX 6y.llyT- BXO,lliiTb 

- 121 T- 121 · 
He K 

1 1 a. 
1 

.• KaK BIIt;IHO II3 cpaaHeHIIH __ Bhipa)KeHIIH (1.15) II 

'( 1.17) I • 3BBIICIIMOCTb .TaKIIX ypaBHeHIIH OT T 121 esyneT rr.po~el 'I eM 38BII-
. 1 

CIIMOCTb ypaaHeHIISI ( 1.8) OT K ( 21 • 3amnueM cooTHOllleH!Ie ( 1.8) B KBa-
1 

. 31IIIapHOM IIp!I6n!I}KeHIIII: 

3 

G G + !. G K1 G 
0 0 

(1.18) 

.:. 1= l 

Ecn!I BBeCTII o6oaHa'leH!Ie g1 = G 
0 

K G I TO 
1 

"' 
.. .. 3 

G G + !. gl 

(1.19) 

1=1 

9. 



.11cnonbsysr onpe/leneHae (1.12), ypaBHeHHe (1.19) MO>KHO npeo6pasoaaTb · 

K BHilY 

G G1 + G1 I K k G . kh ( 1.20) 

Tor/la 

.I 

g1 = G K 1 G 1 + G K1 G 1 I Kk G 
0 0 k=/1 

( 1.21 ) 

.113 CpaBHeHHSI Bbipa>KeHHfi (1.12) H (1,16) BH/lHO, 'ITO 

Go '1'1 Go Go K1 G1 ( 1,22) 

.11cnonb3YSI paBeHCTBO ( 1.22) B COOTHOllleHHH ( 1.21), nony"'HM HCKOMOe 

ypaBHeHHe: 

...... .... ..... .... ~ :::::: ::::: -+ ..... ...... .... 

gi(PI ;p1P1;q1q) =GoTt Go(P;·,p1p;·q1q1) + 

• :::::s .... .... .... .... .... .... .... .... • .... .... 

+I {G
0 

T1 ( P; p p;"i{ k ) dk dk g k (P; k1 k1; q
1
q1 ) . 

k;f 1 . 1 1 1 1 . 1 1 
( 1.23) 

Jlnsr Harnst/lHOCTH ypaBHeHHe ( 1,23) 38ITHlii9M B MaTpH"'HOfi QJOpMe: 

"" 

g') G ( ~· )G +G 
0 T 

i· \ / :_) "' 
.. I 

g2 = T 0 I ( 1.24) 
0 2 0 0 2 2 

"" . "" "" 
g3 T T T 0 J \ g3 3 3 3 

B cnyqae CKansrpHbiX tiacTHU 171 
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( 1.25) 

r.ne E = y p 2 + m 2 
_ aHeprusr i -ofi 'IJaCTHUhi, 

l l I . 

noneaHo OTMeTHTh, 'IJTO ecnn, HanpaMep, Ha~anbHhie HMnynbChi ne)l(aT 

Ha MBCCOBOfi noaepXHOCTH . 

( 1,26) 

TO 
..... ..... _,. -+ 

-') ... .... .... .... .... ~ 

Tl (P;·pi~; qlql)=o(pl-q.l)-
1 

El(pl) 
1T 

... 
E(pp)+E(pq) .. ... 

E ( p, q ) 
X 

... ... ... .... 
~ 

+ E~ (p ~dP q) q 
r(2) : = 

X ( PI ' PI ,q ~ ) -+= -t::t. < .... .:t. ~.;t I 
E

1
(pq )+EJpq)+E/i>P) +Ek(p P ) 

{1,27) 

3.necb P 0 

Po 
- 2 2 -v P + m 

PI 
I ( 1.28' m ~ ... kJ .... p 1{ .. ---·P + 

M 
Pa3yMeeTCSI1 aHanOPII'IJHOe. COOTHOllieHHe HMeeTCSI H B cny'IJae,·ecnn KOHe'IJ

-> ... 
Hhie nMnynhChi ne)l(aT Ha Maccoaofi nosepxHoCTH P = E ( p q ) • Ec.nn 

0 I I 

)l(e II Ha'IJanbHhie, ll KOlte'IJHhie HMnynbChl Y.UOBneTBOpSIIOT COOTHOllieHHIO 

(1,26) 1 TO paBeHC:TBO ( 1.27) npHHHMaeT BII.U 

11 

i. 



_.~ _.... -.. ...... • -+ 
T (P ~ - ~.- ) ( ~ ~ ) 1 2 -2 

1 1 p1p1;,q1q1 "' 8 Pt-q1 - V mr +P1 
7T . 

:...... ......... 
T 1 21 

.. ( P p ii ) · 
1 1 1 1 ( 1.29) 

§2. OrrepaTophi rrepexona H aMII1IHTYilhi 

pacceSIHHSI 

. /13/ 
B pa6oTe · HCC1IeJlyiOTCSI orr epa TOphi M ab , ttepea KOTOphie Bhi-

pa)KaJOTCSI MaTpHttHhie :3119M9HThi S -MaTpHUhi Jl1ISI pa31IH'IHhiX TpeX:ttaCTH'IHhiX 

rrpoueccoB. MaTpHttHhiEl aneMeHThi · aMrrnHTYilhi · paccesrnusr HMeiOT BHil 

T = r 'l'+(a(x ~X) M (X-Y; X;; y-b;\'·'li'l~)y y y\(dx) (diy') (2.1) 
ab . a a a}.}. , a a 11.. \ b "r1 . · , 

rne 'l'(a)(X .~ x ) - BonHoBasr ¢ynKUHSI cocTOSIHHSI (a ) • BBeneM. orrepa-
a a _. _.., _. _.. . 

TOphi Mab(X-Y; XaX.j•Yb Yb) C IlOMOIUb!O COOTHOIU9HHSI 

~ 
Ga MabGb 

::::::: ::::::: ::::::: 

Ga Mab Gb 

B aToM cnyttae, KaK rroKasano B rrpH1IO)KeHHH B, Be11HttHHa 

(~.2) . 

. 
Tab"'J;p+(a)(X~aia)dX diadij1ab{X-Y; ~;d ib~jdY dfb d~3l(YybyJ~.3) 

coBrranae:r. na MaccoBon. rroBepXHOCTH c Tab ·, T.e. c !jJH3HttecKOll aMII1IHTy

non pacceSIHHSI. 

3nech 

12 



,l 

(2.4) 

·;..:.. 

·Y. (x ) - KB831UIOTeHUH8nbH8SI BOnHOBaSI ti>YHKUHSr CBSI38HHOI"O COCTOSIHIISI 
a a 

-llBYX '18CTHU, 

/13/ . 
H pa6oTe noKaaaHo, 'ITO 

(2,5) 

TorJla, Hcnonbayg (2,2), HMeeM 

"' "' "'-1 "'-J 
G ~~ G G b - G b . (2.6) 

Mab=(K -KJ +(K -K) G (K -Kb (2.7) 

0TCJOJla B KBaaHnapHoM npH6nH;>KeHHH JlnSI G HeTpyJlHO nonytJHTb cneJlylO-

. ruee ypanHeHHe: 

.... .... .... .... (2.8) ...................... 

+ ~ fillam (P;p p ; :k k ) dk dk G K (P; k k; q q ) 
m~b a a m m m m m m m m b .. b 

KaK 6hinO YK838HO BbiiUe 1 Bbii"OJlHee HMeTb ypaBHeHHSI, B KOTOpb!e 

"' /(4/ . K i SIBHO He BXOJlSIT, 'nosToMy, cneJlySI pa6oTe , BBeJleM HOBbie one-

paTOpbi Aa~ , onpeJleneHHbie: paBeHCTBOM 

13 



., 
G 8 ab Gb + G~ Aab Gb (2 .• 9) 

Ha cpaaHeHJiSI cjlopMyn (2.6) li (2.9) BHilHO,.'ITo (W, X ··~ )=(w ,M w) 
a ab a ·a ab b 

A ab MO)KHO nocTpOHTb Ha MSCCOBOH noaepXHOCTH. C llPYI'OH CTOpOHbi, JlnSI 

ff . . . /10/. 
ypaBHeHHSI0 B KOTOpble 1\! SIBHO He BXOJlSIT : 

:: :!. ::! :! ~- 1 :! ~ ~ ~ 

Abd (P ; ·pb pb; ·q q ) = ( 1- 8 b ) Go · ( P' pb pb q q ) + 
a a a _ a a 

_.._.....,...., 4 ..... 

+ l: ( 1 - 8 ) ( A (P ; · p P,; k k ) dk dk X (2.10) 
TJ O'fJ. b'f/ bb TJTJ 

- .... _, .... _, - :::;;: - - - -
X G T (P. k k .. q q 

0 TJ 'TJ TJ' TJ TJ 

§3. BhiCOKOSHepreTH'IecKoe pacceSIHHe Ha 

CBSI38HHOM COCTOSIHHH 

B Ka'leCTBe npHMeHeHHSI onucaHHoro Bbillie MeTOJla paccMOTpHM Bhico

KOSHepreTH'IeCKoe ynpyroe pacceSIHHe Ha Manhie yrnhi sneMeHTapHoii: 'lac

THUhi Ha cna60CBSI38HHOH CHCTeMe llBYX '18CTHU. nnSI onpeJleneHHOCTH JlO

nyCTHM0 'ITO 'laCTHUa 3 pacceuaaeTCSI Ha CBSI38HHOM COCTOSIHHH '18CTHU 1 

H 2. 

11TepupySI ypaaHeHue (2.10) ao 'lneHoa, y'IHThiBaromux llByKpaTHoe 

pacceSIHHe, 6yJleM HM9Tb 

., ., 
A T 

33 I 

., 
+T 

2 

., 
+Tl 

. 
:::::s ~ ==:::: :::;;: :::,: 

G · T + T G T. 
0 2 . 2 0 . _I 

(3.1) 

14 



BBe.QeM o6osaaqeane: 

(3.2) 

B cuny COOTIIOllleHHSI ( 1,29) 

F· 
1 

....... 
1\ (~ ; ' pi q1 ,, 

ecnu IIB'!BnbHble H KOHe'JHble HMnynbCbl 'J8CTHll ne)l(aT liB MBCCOBOit llOBepx-

IIOCTH, 

BonHOBble tPYIIKllHH OTHOCHTenbHOf'O .QBH)I(eHHSI Tpex 'JBCTHll .QO H noc-

ne paccestHHSI COOTBeTCTBeHHO HMeiOT BH.Q: 

(3.4) 

Y Cpe.QUSISI Bbipa)l(eHH~ ( 3,1) no STHM tPYIIKllliSIM, .Qng OT.QenbHbiX cnaraeMbiX 

6y.QeM HMeTb 

...... - -+ . ..... 'f "" . , "+ - i - m 
1 

... m .- m n ... 
di T. I i > == f<JJ (p ) -E F (P;-p --kf; --?p3·+ -m-.:..:·2::_m_ kf ; 

l · 
3 

" 
1
· 

1 
• 

3 
mL2 m32 ·12 · 32 

(3.5) 
m ... " 

3 ---p-
m 3 

32 

-!.. m ... 
) &' (p -_I (k 

3 m 1 
I 2 

... 
-k ) ) d p 

f 3 



' 1 

,. 

. -+ ;:- ::: i ... m m ... . m M 
<fiT 11>=(4> (p)dp -E F (P.;p·--2t< ;-_Jp--·--1 -lt 2 · 3 3rr 2 2 ·3m· t m3· m m 

,, J2 31 ,,13'12 

... 
m3 -· m3 m., ...... .... ..... :! m . _.. 

k - k ) qJ ( p + - 2 (k 
(3.6) 

... 
- k ) ) -- p + 

m31 3 .m31m2l f . I · 3 m
1 2 

I f 

:::: ,~ =:s ;..+ .... -+ · ... m m ~ 

<f IT G T I i > = r 4> (P ) d p F (P ; -P --1k ; --3 
p +, 1 a 2 3 · 3 1 3 m t m· 3. 12 32' 

m
2
M 

m m 
J 2 32 

k 
f ' 

... ... .2 ... ... ..., (§.7) 
m m ... 1 "' -.. - --. m ... - m ... m -

-k +-zk +--2p + 
3 m 1 m 3 

12 23 ' 
- 2-· _J k )- E G (P q q) E F (P; k --2 k ; 

m m t 172 1 o 3 3 2 2. 3 m 1 
32 ' 12 't2 

.:: m ,.. m ... m m . m ... m M · ·"'!.. - ... 
-p - -l k + ---1. k - -1......-.2... k ; - .-'l k - ___.J__ k ) dk qJ (I( ) 

3 m t m 3 m m 1 m 3 m m. 1· 3 3 
12 I 3 13 12 . 31 13 21 

(3.8) 

.... _.. .... .... M 
,"' • . '-+ - - - m2 ... m - m, ... · 

<fiT G
0

f 1•>=(4> (p )dp F (P,p --k1 ;--
3 p ---k 1 .; 

2 1 · 3 3 2 3 mz1 m.~1 3 m, 3 m1z. 

• 2. -= ... ... ' . ... 
'!11 m2 ... ( 1) · "' . - · - m 1 .... 
--k

1 
)--E2 G0

(P q3q) E.F 1(P,-k3--k1 , 
~ mt... ml ~ 

-k --k + --p- m 2 m 13 12 1T 12 
3 m 1 m· 3 

J 2 I 3 

_.., m ·'7 m ::! m m ... m ::! m M ... J ~ ~ 
-P + _2_k r + -· _2_ k + 2 l k '- _3 k + 2 .k dk. ¢(k ·). 

3m m 3m m 1m 3m m I 3 3 
12 23 23 12.. 32 12 32 

B npn:6mrmemm cna6oii CBSI3H MOlliHO C'IHTaTb 1 'ITO Macca CBSI3aHHOr'C' 

COCTOSIHHSI pasHa npocTO CYMMe Mace ttaCTHU ( 1) H (:.!) • Tor.r:ta Ha Macco

·soii nosepXHOCTn:t 

2 
p =yk 

() I 

2 
+m . 3 + v k 

2 

I 

2 
+m 12 

k 2 2 k'2 2 
= v ·+ m + v + m 

f 3 f 12 (3.9) 

B aTOM cny"'ae HeTpy.r:tHO noKa3aTb, "'TO y Kam.r:toii F 1 , sxo.r:tSIIUeii B 

(3.5-3.8), nn:60 Ha"'anbHbJe 1 nn:6o KOH9"'Hbl9 HMnynbCbl C TO"'HOCTb!O .C(O ... ... 

KBa.r:tp8TOB I{ 
3 

nemaT Ha Maccosoii nosepxHocTn:. TioaToMy, y"'n:-n: p3 

Tb!B8SI
1 

"'TO 8Hepr'HSI OTHOCHTenbHOPO . .C(Blllli9HIISI "'aCTHU 1 H 2 B cna60CBSI-
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38HHOM COCTO.HHHH 3H8':1HTenbHO M9HbWe 9Hepi"HH IT81l8lOIU9H ':laCTHUbi1 B 

~opMynax (3,5-3,8) MO)KHO: F1 aaMeHHTh .Ha i\ (.P1 , ~ ~1 ) •. 
. I 

HeTpy/l.HO BHileTh, ':ITO 

,2 "' 

-
1 E G E 

2 I 0 2 
1T 

(3.10)' 

0 y':leTOM ManOCTH ~ 3 , R" 
3 

H ( ){ 1 - k f .,i Bb!pa)Ke.HHe ( 3,10) B <jlopMy;_ 

nax (3,7) H (3,8) ITpHHHMaeT COOTBeTCTB9HHO BHil 

l 2 . 2 

2 yk + m 12 ... : .... 

-:::::::::::::=--;::;;:::==;::.. [ k 1 ( k 3 - p 3 

vk 2 + m 2 + v k 2 + . m 2 
12 3 

-+ -+ 

m 
t--1 
·m 

12 

.... -1 
6.)+ic], 

_!_v k2 + m 2 
2 12 

.... - - m .... -1 
[ k (k -p + - 1 6. ) - icJ , 

1 3 3 m 
12 

(3.11) 

( 3,12) 

I'lle k 2 
= k2 

~ 
k 2 

• .Un.H nony':leHH.H OKOH':IaTenhaoro peaynhTaTa Mbi 
f . 

npe/liTOnO)KHM 1 ':ITO .lCBaSHITOTeHUHanb.Hbie M8~!JH)lbl pacce.HHH.Il BHe M8CCOBOH 

ITOBepXHOCTH 38BHC5lT TOnhKO OT pa3HOCTH p - f , flO)lCTaBn.H.Il Bblpa)Ke.HH.Il 

(3,l1) H (3,12) B paBeHCTBa (3,6), (3,8) H )lena.H B HHX 38MeHy nepeMeH-
-> 

.HOM HHTel"pHpOB8Hli5l k =p +;;, ITOny':IHM 
' . 3 3 ---' . 

.... · m · m .... 'n .... 
T (P., 6.) =.!_ .:..____._ vlt +'m 2 Q(- ~6.) T (r ,6.) + 

3 3 o . 17 , m . 12 . m 23 a 
12 12 . • 

i m 2 
+ -- ___2.._ v k 

" m 12 

+ m
2 Q ( ~ ~) T ( P , K) + 

. 12 m 
12 

13 o (3.13) 

----
vk2+m2 ..... m ·.,. " 

.'. ... m 
-t rri. r Q (q) T (P ,q .....:---2 6.) T (P 'q + ---1 ~ ) X 

p '. 23 0 -m·· 13 . 0 m-

0 12 12 

o· ( q l{lfdq ... 
X 
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l"'ae K = k1 - k t 
. ....... -...' ... _,.- :_,. ...... 
Q(q)=J~(p+q)~(p) dp .. < 

T 31 -MaTpnua pacceHHHH 'laCTHUbi3 Ha i -qii 'lacTnue •.. 

ITepBbie ana qneHa B tiJopMyne (3.13) onnchiE\~;,T oti~oKpaTH;;e paccenHne, 

.a TpeTnii npeacTa~nneT BKnaa OT npouecca, B KOTopoM naaaroman 'laCTHUa 

CT~nKRBaeTCR C 009HMH '18CTHU8MH 1 . COCTaBnRIDIIIliMH CBR3aHHOe ··coCTORHlle, 

B aaKniD'IeHRe an Tophi Bbipa)l{aiDT ·RcKpeHHIDID 6nal"'oaapHocTb A.H. Tan-,; 

xennaae aa nocTaHOBKY aaaa'IH H nHTepec· K paooTe, a TaK)I{e B.A. MaTne-

eny, B.P. fapcenaHHIIIBHnn n ·n.A. Cnen'leHKo aa ueHHbie · o6cy)l{aeHan. 

ITpHnO)I{eHHe A 

BbiBeaeM tiJopMyny (1.15}, Hcxoan H3 onpeaeneHHn (1.12),'KoTopoe 

MO)I{HO 38UHCaTb B tiJopMe 

Kt 
"'-1 

Go 
"'-1 
Gt 

KaK H3B9CTHOj KBa3MUOT9HURan yaonneTBOpneT COOTH01119HliiD 

- (2) '- (2) -I '- (2) 
G = (G -K 

1 . -to ' 1 

Hcnonbayn paneHCTBa (A1); (A2), (1.14), nony'IRM ¢opMyny (1.15). 

ITpHno)l{eHHe B · 

(A 1) 

(A2) 

.llOK8)1{9M1 'ITO BBeaeHHbie .HaMH MaTpHUhl (2,3) Ha MaCCOBOll: UOBepx

HOCTH COBnaaaiDT C tPH3li'I9CKliMH aMnnRTyllaMR paccenHRR. Bo H309)1{aHR9 

I"'poMoaaxocTn aanHCH onpeaeneHHe (2,2) nepenHIIIeM ~ BRae 
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. J G ~(X-Y; ·~a;d Y aYJ '} dY dy df MaJY Y~ Ya } I~ 
xo =ill =o 

a a 

... ... ... ... ... ..... ... ... 
=JGa (X-Y;·ia;ctYaYa}dllydyMab (Y ~ Ya} ,· 

. /15/ 
. Kax HaaecTHo , npH a f, 0 · 

ip (x .-Y )HP (X -Y ) 
dp-,.:d,R: .e.~· a a._ a, ~ a a 

Ga( X-.Y j K ;; • yy);,J a · -~-
2 

X . 

. p: '-ffi 
2 

+it" 
.-·~-a a 

: • 2 2 
p-0. -vP . +!i a a a 

(B. I) 

(B.2) 

. 0 2 2 ; 
.rile R (Pa0 

) -WHKUH.H, peryngpHa.H npH Pa =:"v'P.,· +~ta • TioJlCTaan~R Bbi-

P~*eHKe (B.2) B COOTHOWeHHe (B.I) H Y'IHTbiBa.H, 'ITO wa (X X X) , = 

... -~d p~:~ .:t '~- :a ~£;;"(X~ ) /no~.ne ~eCJIO)I(Hbi'X_ npeo5paaOB8HHfi. 5yJleM HMQTb 

X~ab (Yy~ Ya) "' 
·, .......... 

. ...! ; ;' + tP X 
. . e_- . a a -

•r . 
'p2 -ni2 +it" 

a a 

xdY dit d~ Mab (Y ff) ~ Ya , Y a a a 

,"1·_; 

(B.S) 

19 



'8binHCbiB8SI COOTBeTCTByrouree paBeHCTBO JlnSI ¢ypbe-o6pa30B H HCnOnb3YSI 

o6oaHa'leHHe " 

+· "' - -. - - - . ~ 
'lf a ( Y Y Y ) dY dy dy Mab( Y YaY a) =Tab {P Pa ••; ) , ' 

• =:1 ... _, -+ _,. ~ .......... ::::: ..., 

'II (Y y y) dY dy· dy M b(Y yy ) = T (P p- . ; ; ·) , , ' 
a a a a· ab a .~ 

(8.4) 

. nonyttHM cireJlyrouree COOTHOIIIeHHe: 

. d-0 
f pa l 

mbep o+ -o , . mb ... +R (P
0

)JT ·(P "' M P -v-~~+'··p-)2 .2 a ab . · P ... )= 
. a M r-- + a a lla 

. m ,_;· 2 · 2 
(~P...;p ) -m M a a 

(8.5) 

· dp 0 1 . ·. = . :! 
= J ' a . [ + R (Pao. ) ] Ta~ ( p p • ; • ). 

rna . -' .2 2_. mbe' 0 ~ 0. . . mbe:·-- .... '2 . 2 ' . . a 
(- P -P ) - m -·· P +P -v(-P+p \+IL M .a a M a M·. r/ _a 

:Ha nocneJlHei'o cneJlyeT, 'ITO Ha MaccoBOH noaepXHOCTH Tab ( P P' ... ) H 
. c::c . _. . , . a . 

. T h ( P p .• .-) coana.ctaroT. H eTpy .ctHo BHJle Tb, 'ITO .ctnSI a= 0 J)y.cteM HMeTb 
a . a 

J G
0 

(P p
1 
~) dp

1 
dp

1 
Tab (P ~ p~ 

. . 

(8.6) 

_, _, ·~ ....... 
= G (P p p ) T (P p .p . ; . ) 

Q 1 1 · ab 1 1 
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