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H.B. AMHpxaHoB, 3.K. ~CMeAaptuma,: E.X. XpHCTOBa 

OITHCAHHE TPORHHX CTORKHOBEHHA 

B TEOPHH CHRbHOR CBH3H KAHAROB 

Harrpaaneao B "~ypaan TeopeTnqecKofi 
H MaTeMaTHqeCKOfi ¢H3HKH" 



B B e Jl e H. II e· 

.S Jl8HHOii pa6oTe paCCM8TpiiB810TCH peaKUIIII C TpeMH CB060JlHhiMII 

qacTIIUBMII B aaqane IInii B Koaue npouecca 

A+B+C ... A+B +C,. 
... D+ E + F 

... N + M I 

; -----

II 

B nocneJlHee. · apeMsr ciinhfiO B03poc IIHTepec K TaKIIM peaKuiisrM, oco-

/1/ /2/ 
fleHHO B CBH3II C II3yq~HII9M tPII3IIKII nna3Mbl , I"830BOI"O pa3pHJl8 

II T.Jl; TeopeTIIqecKoe IIccneJloaaaiie aepaaaoaecaoii nna3Mhi, a TBK)IW 

IIHTepnpeT8UIIH 3KCnepiiM9HT8nbHbiX. pe3ynbT8TOB Tpe6yiOT 3HaHIIH xapaK

TepiiCTIIK :aneMeaTapHbiX npoueccoa, B nepByiO oqepeJlb - ceqeHIIii pa3nnqHhiX 

l1 
' /3/ 

peaKUIIiie 3-38 CnO:lKHOCTII 3KCll9piiM9HT8 3TII ceqeHIIH qaCTO MOI"yT 

6hiTb n(myqeHbi TonbKo pacq~THbiM nyTeM. · TpyJlnocTII, KOTOphxe B03HIIKaiOT 

llfJII 3TOM, CBH38Hbl C Heo6XOJliiMOCTb.IO yq~Ta CnO:lKHOH B38HMOCBH3II pa3-

niiqHbiX npouecCOB. TaK, CTOnKHOB9HIIe B nna3Me Bb!COKOH nnOTHOCTII Hen_?-

3H cqiiT8Tb napHbiM: IIM99T M9CTO OJlHOBpeMeHHOe B38IIMOJl9HCTBII9 Tpex' 

II 6onee qacTIIU. 
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MHorne npstMhie peaKUHH1 TaKne KaK cphiB H pasBan neAToaa B stn-
141 . 151 

pax , peaKUHH BhiOHBBHlfst ( p, 2 p) ( n, 2 n ) ' 
16/ , . 

, 0o,MeH H HOHH-
111 , 

saunst B aToMax . MO)KHO oTHecTH K npoueccaM Tnna II , Jlng Bh!SICH9HHSI .' .. 
MexaHHsMa npstMhiX peaKuHA 6onhwoit HHTepec npencTaBnsteT nocTpoeHne 

sl}ll}leKTHBHoro peweunst TaKHX npoueccoB, 

rnaBHast oco6eHHOCTb paCCMOTp9HHSI peaKUifit THna I I II o6ycnoB

neHa TeM1 'ITO nonuast sHeprnst cHcTeMhi HenpephiBHhiM oopasoM pacnpenene~ 

Ha no HeKoTOphiM cTeneHstM cBo6oJlhi ( rionpo6uo- B TpeTbeM pasnene), · Kpo-
18 91 ' 

Me Toro, B03IIHKaeT pstn npo6neM 1 
1 Korna. B peaKuHstx yqacTByJOT sa-

pst)KeHHhie 'IaCTHUhi, 

Ecnn Mhi HcnonhsyeM nnst peweJmst sanaq :rnna I ,II HHTerpanh-
1101 

Hhl9 ypaBHeHHSI · 1 TO lf3B9CTH01 'ITO stnpa STHX ypaBHeJ_mfi o6naaaJOT pst-

aoM ocooeHHocTeit, oo'hstCUsteMhiX Hann•meM noporoB nnst pasnH'IHhiX npo

ueccoB. Hannqne CHHrynstpHocTeit B stnpax ypaBHeHHA cHnbHo ycno)I{HsteT. 

pacqeThi ( Tpe6yeTcst 6onbwoa oo'heM naMstTH. Bhi'IHcnnTenbHoil: MaWHHhi), 

Jlng 'IHCneHHhiX pac'IeTOB ·Ha. 3BM oonee yao6Hh!M ( SKOHOMHe~ lfCl'IOnh-. 

syeTCSI onepaTHBHast naMstTb MaWH.Hhl) stBnH9TCst paCCMOTpeHHe 38Jla'IIf Ha 
. · I 111 

OCHOBe MHOrOKaHanbHOrO I}JopManH3Ma , 0JlHaKO H9B03~0)KHOCTb OITHCa-

' HHSI npoUeCCOB C nepepacnpeneneHH9M qacTHU, TpyaHOCTif•YnOBI!9TBOp9Hifst 

rpaHH'IHhiM ycnoBHstM B KaHanax, Korna Bee· TIJH qacTHUhi. cao6oJlHhi, nenana 

MHOrOKaHanbllbiiJ: I}JopManHSM HeKoppeKTHhiM MaTeJI.1!lTH'I9.CKH If O'I9Hb orpa.;. 

Hlf'I911HhlM C TO'IKH 3p9HHSI I}JH3H'I9CKHX npHnO)K9Hifit, 
. I 121 . 

B pa6oTe · Ohm npenno*eH Me Toll ycetieHHhiX acHMITTdTHK (MY A) 
~ 

nosBonstJOWHil: o6oitT~ TpyllHOCTb onncaHHst peaKUHil: c nepepacnpeneneHneM 

" ' 1131 
qacTHU, KOTOpbiH IT03JlH99 yCOB9pW9HCTBOB8H B paooTaX , 0CHOBHast 

Hll9st STOrO M9TO}la saKnJOqaeTCSI B TOM, 'ITO lf3. no·nHofi I}JyHKUifH IJI Bj>I'IHTa"" 

eTCst BCITOMOraTenbHast I}JyHKUHst ¢ , lf3BeCTHast C TO'IHOCTbiO llO KOHCT811Tbl ' 

( napunanbHhiX aMnnHTyll). HecMoTpsz Ha To, 'ITO. MYA B pstae cnyqaeB o'IeHb 

Yll009H npH. npaKTif'I9CKHX paC'IeTax, CKOpOCTb ero cxonHMOCTH M0)!{9T cy

wecTB9HHO 3aBHC9Tb OT I}JyHKUHiJ: ¢ 
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B Jl8HHOil: pa6oTe Mbi npellnaraeM cnoco6 perneHHSI peaKUHil: THna 

H II 1 · KOI'Jl8 H8 0JlHH8IWBb!X OCHOB8!'HSIX paCCM9TpHB810TCSI BCP. B03-

MO)I{Hbl9 pas6HeHHSI CHCTeMbl H8 HeB38HMOJl9HCTBYIOII!He ilOJli"pynnbio B nep

BOM p83)lene .. npHBOJlHTCSI MOJlHqJHK8UHSI MeTOJl8 MHOI"OK8H8nbHOil: CBSI3H 1 

KOTOpaH ycTp8HH9T Bb!llieynoMHHYTb!e TpyJlHOCTH. npH 9TOM miny'IaeTCSI 

CHCTeMa HHTei"pO-JlH<fJ<jlepeHUH8nbHb!X ypaBHeHHH, il03BOnSIIOII!8SI OilHCb!k8Tb 

BceB03MO)I{Hbie ynpyrne H Heynpyrne KaHanbi B peaKUHSIX H II • Bo 
- . . . /14/ 

BTOpOM p83Jlene ilpH HCilOnbSOB8HHH pesynbT8TOB pa60T npeJln8I"89TCSI 

MeTOJl perneHHH nony'IeHHbiX ypaBHeHHil:. B TpeTbeM pasJlene c noMOII!biO 

nonyqeHHhiX ypaBHeHHil: pernaeTCSI MOJlenbHaH saJla'Ia. PacceSIHHe sapSI

)KeHHbiX qacTHU paccMaTpHBaeTCSI B qeTBepTOM pasJlene. · B saKniO'IeHHe 

o6cy~Jl8eTCH BOITpOC 0 BOSMO)KHOCTH HCilOnb30B8HHH.p83BHBaeMOI"O <jlopMa

nHSMB JlnH OilHC8HHH KB83HCT8UHOH8pHb!X COCTOSIHHil:. 

1. MOJlH<jJHK8UHH MeTOJl8 MHOI"OKaHanbHOil: CBHSH 

nocKonbKy.no'ITH Bee TPYJlHOCTH, YK838HHbie BO BBe)le~nH,BCTpeqa

IOTCH y)Ke B · saJla'Ie Tpex Ten, TO JlnH npocTOTbi paccMoTpHM aToT cl!yqail:. 

06o6meHHe JlnH cno)I{Hb!X npoueccoB npHBeJleHo B npnno)KeHHH I 

YpaBHeHHe lllpeJlHHrepa, JlnH cncTeMbi Tpex qacTnu, BSaHMOJleil:cTBYIO

. II!HX Me)I<Jly co6oil: napHbiM. f!OTeHUHanoM, HMeeT cneJlyiOII!Hil: BHJl: 

II 'I'== E 'I' , 

+I v11 
t<l 
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n: T I-. onep'aTop KliH9TH'I9CKOli: .aa'eprim 'laCTHUbl c HOMepdM I • 'vii 

aa,naeT B3aHMO.Qeli:CTBH9 'laCTHU i H j 

. PaccMoTpn:M paccesmn:e, Korna oTKpbiTbi cne.nyiOmHe Kananhi: 

(2 +3)+ l ... (2 +3) + l I 
) 

... (l .t3)+2 I II 

... (1 +2) +3 I' III 

... 1+2+3 . w 

(3} 

3,necb CK06KH 06'be.QHHSIIOT .'laCTHUbi1 o6pa3yiOinH9 CBSI3aHHYlO CHCTeMy . 
• ' - • J 

( cnomHaSI qacTHUa) • 3aMeTHM1 'ITO BXO.QHbiM M0)!{9T 6biTb ni060it H3 . Kalla.;. 

noB npaBOli: '18CTH ( 3) ( B 3aBHCHMOCTH OT rpaHH'IHbiX y~nOBHit 3a.Qa~H) • . 
KpoMe TOro, cnomHbie '!iaCTHUbl MoryT HM9Tb B036ym.neHHbl9 COCTOSIHHSI, 

noaToMy Kamabitl: n:a Kananos I , II , III HMeeT no.nKananbi neynpyroro. 

pacceSIHHSI. 

HaM Heo6xo.nn:Mo pernHTb ypasnenite ( l);c rpaHH'IHbiMH ycn;osHSIMn:, cD9T

seTCTByromHMH peaKUHH ( 3) • 

.llnSI aToro . nepenn:rneM ypasneHn:e ( 1) B Koopnn:naT.ax . .HKo6Ii (( R 1 , p Jk ), 

i f, j f, k ==1, 2, 3 ) • Torna nocne n:cKriro'leHn:SI nsn:meHHSI · ueHTpa Mace ono 

ITpHMeT BH.Q 

rne 

'/ ii 2 • • 
[--to. ... +h

1
k +~ 1 -E]'P,.,O, tf,Jf,k=l,2,3 1 ' 2M I kl 

,{2 
h =[---!-. ... +V ], jf,k=l,2,3 

jk ' 2 p jk 
fllk jk 

.QBYX'IaCTH'IHhie raMHnbTOHHaHbl H 
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'i;6j~k=1,2,3. 

PemeHne ypaBHeHnfi ~nH sa~aqn ~Byx Ten: 

if. j~ k=1,2,3, ( 6) 

6y~eM C'IHTaTb H3BeCTHbiMo 

ITycTh rroTeHunanhr V 11 TaKoBbi1 'ITO Kam~aH rrapa qacTnu MomeT 

o6pa30BaTb nHllib KOHe•moe 'IHCnO CBH3aHHbiX COCTOHHHH a k 

BbiMH qncnaMI! nk , rAe nk =1,2, .. ,ak , i~j ~ k =1,2,3 

C KBaHTO-

' BKmo'!eHbi ace KBaHTOBbre qncna, xapaKTepnsyJOrune cncTeMy ~Byx 

PemeHne y~o6Ho ncKaTh B cne~yJOrueM Bn~e: 

OTMeTnM, 'ITO BhrpameHne ( 7) He HBn~eTCH pasnomeHneM rro rronHhiM 

HaoopaM. T.aKoe rrpe~cTaaneHne aonHoaofi 4>YHKunn rrosaonHeT nerKo y~oB-

neTBop~Th rpaHll'IHhiM ycnoanHM sa~aqn. ITpn'IeM rpaHn'IHbre ycnoBnH B Ka7 
' 4 

· Hanax .· I , II , III : 6y~eM HanaraTb cooTBeTcTBeHHO .Ha 4>YHKunn Xn (R 1 ) . . . I 

( ( n1 = 1, 2, ... , a; ) , i =1, 2 , 3 ) , a rpaHll'IHbre ycnoBI:IH B KaHane IV 
+ ·- ' ..... • .... ; ._,~ 

Ha 4>YHKUHJO X (R 1 , PJk )( i ~ j ~ k =1,2,3 ). B o6meM cnyqae ~ns:I KaHana IV 

(KaHan pasaana) ace Ha6opbr Koop~nHaT ((R1 ·,p1
k) f. j~ k =1,2,3) 

'SKBllBaneHTHblo. 
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ITo.ncTaBmiSI ( 7) B ( 4), yMHO)!{aSI cJieBa Ha <jlyHKUHIO cp 01 , HHTer

pnpysr no COOTB9TCTBYIOIUHM nepeMeHHhiM, nony'IHM CHCTeMy sauenneHHbiX 
. ~ 

HHTerpO-.QH<jl<jlepeHUHanbHhlX ypaBH9HHil: .nnsr H9H3B9CTHhiX <jlyHKUHfi. )( (R I ) 
-> DJ 

H X (R
3 

·, p12 ) 

~ ~ 

Ln1 Xn
1
(Ri)= Jn1 (R 1), n 1 =1,2, .. ,a 1 ,i=l,2,3, 

4 ·_,: .. .. ) 
LX(R 3 ,p12 }=J(R 3 ,P,2 • 

( 8) 

rne 

[ 
2 1 2 2 M1 ( ) • L =~ ... +k ,k

0
=-:l:2E-E 0 ,n =l,2,~·:•a 1 ,I=l,2,3 1 nl u 1 n1 I h- I I 

( 9). 

[ .112 ( · 2 ) t.2 ( 2 )
1 

2 2M3 (. ) 2. 2p. 1 ~ 
L "' -- ~ .. + k + -- ~ ~ + k ' k = -- E- E ' k = -.:-:;-- E ' 

. 21\t R3 .1 2JL p 2 t t 2 ·2 h 2 
3 . 12 12 

H 

~ ~ 

J (R )=- fdp 
n 1 I lk 

M a, ~ 

¢:_<Pjk)l V.o1.1; x, (R )¢, </ ) + 
' n I =1 n I I n I lk 

aj 
+~ cp 
nl =1· nl 

(
.. M1 
p ) [-- L 

ll 1\tl nl 

M1 
1 

... 
fli.oll )(nl (Rl)+ 

ak . 
~ . M1 M1 ... 

+ . ~ .¢ .n ( p ll } [-M L nk .,.. T2 .ol k 1 X nk ( R k ) + 
nk=l k k h ~ 

(10) 

Ml . ... ... . 
+' y [ L - .ol 123 1 X ( R 

3 
, p 12 ) I , n 1 = l, 2, .. , a (' 1 = 1, 2, 3 , 

4 _. __,. 3 at _. M 1
/\ __,. 

J(R3 •Pt2 ),qt23X (R ,p )+ ~ ~. ¢ (p k )~[Ln -.o1.1 1xn (R 1 ), 3 12 l=lnl=l. n1 l h2 I • 1· 

.o1. = (V + V +V ), 
123 12 13 23 

8 



Pa3liOlKIIM X. nl of I). J nl ( R I ) •. X ( R 3 I Pljn J (R3 lp~2) ITO c¢epn

qeCKIIM rapMOHIIKaM: 

(11) 

.... 
. J (R )= 

n 1 I 
~ 

L I Ml 

( 12) 

.... 
R 

I 
J (R.I ) I 

nl 
i =l 1213 1 

rne L 1 M 1 - MOMeHThi !lBHJKemm i -Toil qacTHUhi OTHocnTellbHO ueHTpa · 
v· 

Mace , ·{ npyr:nx !lBYX (j k) qacTnu ( i;6 j ;6 k = l 1 2 1 3). 

·· IloncTaBliSISI ( 11) n ( 12) B ( 8) • rronyqaeM: 

F . X. . ( R l ) =IN ( Rl ) I i"" l I 2 I 3 I 
N I N 1 I 

( 14) 

F' r/1; (R 'p )=I 
N N 3 I 12 

4 4 
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H 

FN 
I 

d 2 
II 

[-:r+ k· 
dR1 · n;l 

L, ( L I +1~]. 
R2 

I 

··t 2 d 2 
2 

F = [ -· - ( -- + k 1 
N4 2Ma dRl 

_ L 3 (L3 +1)+ _j~ (_£_-+k2 
R : 2/l t2 d p ~ 2 2 

''2 "2 

e 12(e 12 +0 )] .· 
p 1

2
2 

N
1 

=(n
1

,L
1

,M
1

), i=l,2,3_,N4 ··=(L 3 ,M 3 ,~ 12 ~m 12 ).· 

( 15) 

TaKHM o6pa3oM, Mbi nonyqnnn HHTerpo-lln<!J<jlepeaunanbHbie ypanneHHSI 

( 14) JlnSI ei!eTeMbl Tpex Ten, OllHebiB8IOIIIH9 paeeeSIHHe e Y'l~TOM Be ex K8-

H8nOBo Tenepb paee.MoTpHM npii6nn:IKeHHbiil: MeTOil pemeHHR T8KHX ypaBHe

HHfi. 

2. MeTOil pernemm eneTeMbi HnTerpo-llH<iJ<!JepeaunanbHbiX 

ypaBnennil: 

YpannennH ( 14) npelleTaBn.IIIOT eo6oii: eneunanbHbiit BHil eneTeMbi 

HHTerpO-IlH<jl<jlepeHUHanbHbiX ypaBH9HHfi1 B KOTOpb!9 IlOil 3H8KOM HHTerpana . ... ... 
BXOJlHT onepaTOpbl llH<!J<jlepeHUllpOB8HHSI no R I • p rk ( i (. k I= .i = l; 2. 3 ) ... ... 
oT neM3BeeTHbiX ¢yHKlmil: Xn

1 
(R1 ) n X (R 3 ,j/23 ) (eM. (13), (10)). 

noaTOMy JlnH T8KOH GlleTeMbl He06XOilHMO 6bin0 pa3pa60T8Tb eneuHanbHbifi 

'IHeneHHbifi MeTOil perneHHSI ( H3BeeTHbl9 fl8M MeT.Oilbl npeJleTaBnHIOTeH ·ue

npHrOilHhiMH) • 

Mo:IKHO Boenonh30B8Tbe.ll TeM, 'ITO <!JyHKUHH IN 
1 

( R 1 ) H I N (R 3 • p t 2) 
4 

o6nall8IOT OllfiHM B8:lKHblM eBoiieTBf?M1 8 l!MOHH0 1 SIBnHIOTeSI, KB8Jlp8TH'IHO 

HHTerpHpyiOIIIHMH <jlyHKUHSIMH eBOIIX apryMeHTOB R I II R a • p 12 (eM. 

10 
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nptmo>KeHHe II ) • 3To noa·aonSieT nepett<ru_ OT cno>KHott cHcTeMhi ( 14) K ao

aon&ao npocTofi CHCTeMe anre6paHqecKHX ypaaaeaHtt. OpHqeM anSI aToro 

aocTaToqao aano>KHTb Ton&Ko cnea yro:iuee orpaaHqeaHe aa noTeH:uHanbi: 

00 

0 f p II I v II I . d p II . < 00 ' i 1- j .;. 1 ' 2 ' 3 • (16) 

noaToMy cnpaaeanHBO paano>KeHHe' IN 
' . I 

H I N 'a o6o6meHHhifi pSia 
4 

cl>ypbe: 

N I 
IN (. R I. ) = ~ A{). <I> (3 ( R I ) ' i = 1 '2' 3 ' 

I (3
1 

. fJ I I 

( 17) . 

rae 

fdR1 <1l~(f{JIN (R 1 ), j,1,2,3, 
. fJ I. I 

( 18) 

a <I> fJI (}', V) . SIBnSI,IO'l_:CSI nonHbiMH _Ha6opaMH H3B9CTHblX tPYHKUHfi. 

EcnH nepenHC8Tb CHCTeMy (14) B HHTerpanbHOH $opMe: 

Nl Nl Nl (+) 

f 1 ( R I)+ c 2 f 2 ( R i ) +· f dR: G (R I 'R i )I N I ( R: ) ' 

( 19) 

11 



. N4 N4 . N4 
tfrfN/R3 ,p12 )=fdrC 1(r,E)f 1, (R

3
,k

1
)f

1 
.(p

12
·,k

2
)+JdrC

2
(r,E)f

2 
(R

3
,k

1
)"' 

N4 . (+) 

xf2 (p12 ,k2 )+ ffdR;dp; 2 G (R 3 ,p
12

;R;;p;
2

HN (R
3

,p
12

).- (19) 
~ 

r.ne 

( :+- ) 
Nl N I 

f 1 ( R 1) f 2 ( R; ') npn R/ > ,R1 

G ( H
1 

R; ) :" 

R 1 > R; , 
N1 N 

f (R ')f 1 (R ) npn 
2 I 2 I 

( 20) 

.(+) l 00 (+) -(+) 

G · ( R , p ; R ' , p ' ) ,. - '-- f d r G ( R3 , R; ) G r ( p , p ' ) 1-; 
3 12 3 12 + 217 j _. 

00 
E -£ 12 I 2 

/16/ 
<fJyHKUHSI fpHHa t T0 0 HCfiOnh3YSI pa3nOlli9HHSI ( 17) t nony'IHM pelll9HHe 

CHCT9Mbi ( 14) B BH.ll9 

X (R 
N1 I 

Nl , Nl ., Nl • 
) = X 0 ( R ) + ::£ A {3 X {3 ( R ) , .1 = l , 2 , 3 , 

' I {31 I I I ( 21) 

N4 ., N 4 

tfr N { R 3 • P t 2 ) = 1!/J o + ::£ A yv 1/1 yv ( R 3 • P 12) • 
4 . J:::ll 

12 



3.necb 

( 22)' 

H3BeCTHb!e tPYHKUHH H ' 

C
NI Nl 

+ 2 f 2 

( 23) 
N4 N4 · N4 N 

(R )f 1 (p 12 )+ JdcC 2 (c,E)f 2 (R)f 2 tPrt· 

Nf N4 
nocTOSIHHbie. c 1(2) (i = 1., 2' 3) H tPYHKUHH c 1(2) ( ('E) orrpeuenSiroT-

CSI H3 rpaHH~HOrO ycnOBHSI1 KOTOpOMy .ltOn~Ha Y.ltOBneTBOpSITb BOnHOB8SI 

tPYHKUHSI K8~.ltoro K8H81ia. T ~K K8K IIOK8 HaC He HHTepecyiOT KOHKpeTHbie 

rpaHH~Hb!e ycnOBHSI 1 TO B .lt8nbHefiweM 9TH IIO.CTOSIHHbie 6yueM C~HT8Tb 

H3BeCTHb!MH. 

HTaK, Mbi rrony~nnn peweHne ypaBHeHHSI ( 14) B <flopMe ( 21) ~epea 
. . N N 

HeH3BeCTHbie Koa<fJ<P~:uneHTbi A {3,1 
n A yv4 

• CncTeMa anre6paH~ecKHX 

ypaBHeHHfi .rtnSI 9THX K08rptPHUHeHTOB rrony~~eTCSI rryTeM IIOL1CT8HOBKH 

· ( 13) ( 10) (21) B ( 18). Dony~eHHyiO 6ecKOHe~HYIO CHCTeMy MO~HO pe-
l ' .' 

W8Tb MeTO.ltOM pe.nyKUHH ( 38MeHofi 6eCKOHe~HOfi CHCTeMbl KOHe~Hofi) • Kop-
. . /15/ 

peKTHOCTb T8KOl1 rrpoue.nypbi . 6bma paCCMOTpeHa B pa6oTe . • noucTaB-

-
nSISI Hall.neHHbie Koa<fl<flnuneHTbi A {3 

1 
n A yv B · ( 21) 1 HallueM 

13 



BOn!IOBbie tPYHKUHH B K8:IK):IOM KaHane H TeM C8Mb!M peruea:n:e IIOCTaBnea:a:dl: 

aaJla'!n: paccesrmrsr c y'IeToM Bcex ( I 1 II 1 III 1 IV ) Kaa:anoB. 

TipeJlnaraeMbiit MeTOJl a:ocn:T o6run:it xapaKTep n: MO>KeT 6biTb rrp~Menea: · 

rrpn: peruenn:n: 'Jlpyrn:x cn:cTeM n:nTerpo-Jln<jl<jlepenun:anb!IhiX ypamiea:n:it n:nn: 

CHCTeMbl HJITerpanb!IbiX ypaBa:ea:n:it. 

B 38KniD'Iea:n:e 9TOI'O p83Jlena 38MeTHM1 'ITO OIIHC8!I!Ihlll. IIOJlXOJl MO>K

!IO o6o6run:Tb a:a · cny'!ait 1 KOI'Jla B paccesra:n:n: y'In:ThiBaeTcsr 6onbrue Tpex 

Ten (eM, rrpn:nomenn:e I). KpoMe Toro. rronyqea:a:bie ypaBa:ea:n:sr ( 14) n: · ( 19) . "-

CIIpaBeJlnHBbl H JlnR 38Jl8'IH Ha CBSI38!I!Ibie COCTOSI!IHSI Tpex H 6onee Ten, 
) ~ 

llnsr 9TOI'O COOTBeTCTBYIDillHM o6pa30M H8Jl0 Bb!6paTb ll:OCTOSI!I!Ibi.e C j '. 

CNI 
2 ) 'ITO CBSI38HO C I'paJIH'I!Ib!MH ycnOBHSIMH 38Jl8'IH, Tipn: · 9TOM Bb!Be-

Jle!I!Ihle ypaB!IeHHSI OK83b!B8IDTCSI ·yJl06HbiMH JlnSI OIIHC8HHSI pa3nH'!HbiX Knac

TOplib!X COCTOSIHHH 9THX CHCTeM, 

3.Mollenba:asr. ·aaaaqa 

3JleCb Mbl y6eJlHMCSI B s<jl<jleKTIIBHOCTH IIpeJlnO>Ke!IHOI'O MeTOJla Ha 

KOHKpeTHoit aaJla'!e pac'!eTa KaTann:Tn:qecKoro ycKopean:sr peaKun:it cnn:sra:n:sr 

qacTnu •. PaccMoTpn:M aaJla'!y B KoopJln:a:aTax HKo6n ( R , p ) • 

Ca:aqana oiMeTn:M Bama:yiD oTnn:'In:TenbHYID oco6ea:aocTb aaaaqn: c Tpe

MR II8Jl8IDillHMH '!8CTHU8MH: n:M;eeTCSI 9!IepreTII'!eCKOe paciipeaenea:n:e Me:IK):ly 

CTeiieHSIMH R n: p • Ecnn: JlBn:mea:n:ID no p COOTBercTByeT-9!Iepi'HSI·E, 

a JlBn:mea:n:ID no R - ( E -e ) 1 I'Jle · E - rrona:aSI sa:eprn:sr cn:cTeMbi1 TO IIaJla-

IDillaH BOnHa HMeeT CH9JlYIOillHll BHJl ( CMo 23): • 

N4 N4 N · 
11' =fd·c C (c,E)f 

1 
(R

3
,k

1
)f

1
4 (p

12
k

2 
), (24) 

C I . 

I'lle C1 (e,E) xapaKTepn:ayeT saepreTn:qecKoe pacJ;JpeJlenean:e B rraJlaiD-

meit Bona:e. 

14 



EcTecTaeHHo, qTo perneHne ypaaHeHHH. (14) 6yneT aaanceTb OT anna 

ct (E' () • OnHaKo pa3aHTbiH B rrpenbinyrunx rraparpac}lax c}lopManH3M II03BO- . 

nHeT IIonyqaTb perueHHH ( 14) II pH IIpOH3BOnbHbiX C t (E, f ) , He IIOBTOpHH 

cnO)KH~IX pacq~TOB.' .Ueno a TOM1 qTQ MaTpHUa CHCTeMbl anre6panqecKHX 

ypaaHeHHH He 38aHCHT OT IIapaMeTpOB II81l8IO~eii: BOnHbl H BbiqncnHeTCH 

rrpn aanaHHbiX E n V ennHcTaeHHbiM o6paaoM. Torna He cocTaBnHeT 

6onblliOI'O Tpyna pelliHTb 38Jlaqy II~H IIpOH3aOnbHbiX C 1 (E, f ) 

MeTon rrpnMeT 6onee yHnnepcanbHYIO c}lopMy, ecnn paano)KHTb KBall-

paTnqHQ HHTerpnpyeMyiO cPYHKUHIO cl ( E, ( n pHil <Pypbe : 

C 
1 

(E , ( ) = I d g ( () , 
1 I I ( 25) 

rne g1 ( £)- IIOnHbiH Ha6op H3aecTHbiX cPYHI<UHi!:. 3allaBaH KOHKpeTHb!il: BHn 

C 1(£., E ) ~ Mbi acerna Mo)KeM Hai!:Tn Koac}lc}lnuneHTbi paano)KeHHH d 1 

Torna pemeHne rronyqaeTCH B anne cyMMbi qepea Henaa·ecTHbie Koac}lc}lnunea-

n paccMoTpeHne paannqHbiX pacrrpeneneHnH: cnonnTcH K rroncTaHoBKe 

B 9TH pellieHHH COOTaeTCTBYIOlliHX K09cPcPHUHeHTOB d I • 

PaccMoTpHM MoneKynbi Tnrra a n 

Me)Kny co6oi!: C IIOMOIIlbiO IIOTeHUHanoB V ab 

b 1 KOTOpbie a38HMOileHC.TByiOT 

v aa H v bb • MoneKyna b 

nrpaeT ponb KaTannaaTopa. CpaaHHM cnenyromne peaKunn: 

6es KaTannaaTopa 

a+a+a-> a+ a+ a 

II 

n c KaTannaaTopoM 

a+ a+b ->a +a + b Ul 

15 



3aecb (a +a ) 03H8'189T CnO)KHYIO MOneKyny, KOTOp8S1 B03HHKaeT 

n':lcne peaKUHHo 

flpe.llCTaBnHeT HHTepec H3y'JeHHe pasnH'IHbiX 4JaKTOpOB0 KOTOpbl~ BnH

HioT H8 C9'19HHe o6pa30B8HHSI cnO)KHOii MOneKynbi (a +a ) K8K B npH-. 

cyTCTBHH KaTanH38TOpa, T8K H 6es Hero. floCKOnbKy CKOpOCTb peaKUHfi 
. /16/ . . 

cBSisaHa c ce'IeHneM aneMeHTapHoro aKTa pacceHHHH , TO B aanbHeli-

weM Mbi 6yaeM cpaBHHBBTb ce'IeHHH. npoueccoB ( II H IV ) • 

floTeHunanbi V "" H V ab Bbi6npanncb B anae, nso6pa)KeH-

HOM H8 pncyHK9o 

~Q ~g 

~ ·-·-·-·-

-.. 

0~ ' ..,.... .,.... ~ 0 Rt ~ 

--Vz.IL ----

-Vi 

B noTeHun~ne' V,.,. HM99TCSI ITO KpafiHefi Mepe O,llHO CBSI38HH09 

COCTOSIHHe ansi CHCT9Mbl ( a+a ) • 0-:-TanKHBEIIOWHil: 6apbep B v "" 
saTpy.llHSieT coeanHeHne qacTHU B peaKUHH II 
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KaTanRTH~ecKoe ~eficTBRe ~acTRUhl b B peaKUHR IV 38KniO~aeTCSI 

·'B TOM1 ~TO npH CTOnKHOBeHRH Tpex ~8CTHU (KOI'~&. BCe ~8CTHUbi OK83biB8-

IOTCSI pSI~OM) ilpRTSII'RB8IOII!Hfi llOTeHURan V ab 

eT OTHOCRTenhHYIO SHeprRIO. CTOnKHOBeHHSI ~BYX ~8CTRU a o 3TO ~OmKHO 

o6ner~RTh npeo~oneHne 6apbepa. '4To6br ~acTnua b He BXo~nna B coc.;. 

TaB npo~yKTOB peaKunfi, B noTeHunane v ab He ~OmKHO ObiTh CBSI38HHhiX 

COCTOSIHRfi ~nSI CRCT(!Mbi (a+ b), 

• Tipn KOHKpeTHhiX pac~~Tax noTeuunan V ,.,: BhrqnpancSI TaK, ~T~ohr 

.. HMenCSI nHIIJb O~RH ypoBeHb B CRCTeMe (a·+ a ) • llnSI ilpOCTOTbi pac~~TOB 

Mhi paccMoTpem'! cnyqafi ( L = 0, e =0) •. '4ncnen1Io npoBepSinR cxo~HMi:>CTb 

pasno)Kef!RSI ( 17), HeKOTOpbie pesynhT8Tbi npRBe~eUbi B Taonnue • 

Ta6nnua 

N 4 5 6 

v 39,3 6,89 7,83 

, 3~ecb V = a
1
v / au• r~e a rv '·' R,. a II - COOTBeTCTBeHHO Ce'!eHRSI cnapiiBa-

c KaTannsaTopoM H 6es KaTanii38TOp81 N - ~ncno ~nenoB 

B 'pa3nO)K9HRR (17), V1 =50, 
' 9 

R R 0 =. 5. 10 CM. 

4,2, E =laB, 

Pac~~Thi noKaSbiBaiOT1 'ITO ~nSI ~anHofi sa~a~n B pasno)Kenrrn ( 17) 

. MO)KHO OCTaBRTh 5-6 ~neHOB ( C pOCTOM N pesynhTBT Mano M8HSI8TCSI) • 

4. · PacceSIHRe sapSIJK8HHhiX ~acTIIU 

TipR .QllRCBHIIR CTOnKHOB8HRfi' sapSIJK8HH~IX ~BCTRU BCTpe~aiOTCSI Tpy~
/8/ 

' . HOCTR KBK B RUTerpanbHOM llO~XO~e · 1 · TBK R B MHOI'OKaHanbH.OM <jlopMa-
/9/ 

nnsMe PaccMoTpenubrfi B nepBhiX ~Byx pas~enax MeTo~. ocTaeTcSI cnpa-
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BeJlnHBbiMt KOI'Jl8 B paCC~SIHHH yqaCTByeT He 6onee" .llBYX .sapSimeHHhiX 'laC-

THUt B llPYI'HX cnyqaSIX He. SICHO, K8K YllOBneTBOpHTb l'p8HH'IHhiM ycnoB~SIM 

H8 6eCKOHe'IHOCTH ( B KOOpJlHH8T8X .HKo6H) 1 T.e. BOSHHKaeT. npo6ne~a 8CHMO

TOTH~eCKOI'O OOB9Jl9HHSI BOnHOBOH ¢yHKUHHo ACHMOTOTH'IeCK8SI ¢opMa JlnSI 

npOHBBOnbHOI'O KOnH'!eCTB8 38pSimeHHbiX '18CTHU 6btna HCdneJlOB8H8 B pa6o-

/9/ . 
Te 

YpaBHeHHe WpeJlHHrepa JlnSI c~cTeMhi N 

TeMe ueHTpa Mace Momao 3anucaTb B ¢opMe 

sapSimeHHhiX qacTHU B cue-

rne 

[ l a n a to* 2V(n) 2 -n--a (p -a )+ --
2 
---+K ]\II (p O) .. o p p p p I I 

V(n) .. ~ 
t>l 

z,z 1 

..!lj (0) 

k~ · k2 
n 

K =v-+··· + --
m1 · m. 

n 

p 

. 2 2 
p =vm.tr ,+ ... +mn·rn 

( 27) 

( 28) 

u to* - yrnoBaSI qacTb onepaTopa nannaca B 3 N -. MepHoM npocTpaH-

CTBe, 0 - COBOKyOHOCTb n =3N - 4 nepeMeHHhiX ( yrnoB), onpenenSIIO-

IUMX HanpaBneHMSI B :J '>J -MepHOM OpOCTpaHCTBeo 

PeiUeHHS ( 27) 6yJleM MCK8Tb B cneJlyiOIUeM BHJle: 

\{1 =fU(k) cp (klpiO )dk I 
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rae ¢ - gBnHeTCH pemeaneM ypaBaeaHH 

I , 

[ 1 -a n a ~* 2Z 2 
--;;- -(p -)+ ~_;, --+ k 1¢ =0. 
P ap ap P P 

(30) 

/9/ 
KaK noKasaao B pa5oTe , pemeane (30) Momao npeacTaBHTb B BH-

ne 

( 31) 

rne 

(32) 

~ ;, - co5cTBeaaaH ljlyaKUHH onepaTopa ~ * n F - BbipomneaaaH 

rnnepreoMeTpuqecKaH ljlyHKUMH. 

IToncTaBnHH (29) B (27), nonyqaeM 

2 · 2 ee · ee 
(k -K ) U(k)= f ( ~,, Q I Q 2 )U(k')dk', 

(33) 
ee 

rne 

·ee 
Q =2 fd n u * <n) [ v en l-Z 1 u <nl 

t e e ' 
(34) 

( 35) 

• 19 



YpaBHeHHe. (33) MO)KHO saMeHHTb HHTerpanbHbiM ypaBHeHHeM 

~ Q ~e' ' 
' 1 ee U(k):::A8(k-K)-+ ee J Q U(k')dk ~ 

· k2-K2 2 
( 36) 

HnH 

U(k):::A8(k-K)+ 

~ ~Q ee' B ee (k) 
ee 1 

--::2--2~· 

k - K 

( 37) 

r.ue 

Bee (k)=J Qee (k,k' )U(k')dk ', 
2 

( 38) 

HHTerpami THIIa (38) H. (35) nccne.noeanncb B pa6oT/
81

• Oco6:bifi 

cny'lafi IIp9.llCTaBmi9T HHTerpan THIIa ( 34) • .Ueno B TOM, 'ITO II pH H9KOTOpb!X 

3Ha'I9HHSIX yrnoB <iJyHKUHSI v ( 0 ) HM99T oco6eHHOCTH ( CM. rrpHnO)K9HH9 III). 

J1oaToMy B .nanbH9lllU9M BM9CTO .V (0 ) 6y,lleM HCIIOnb30BaTb IIpH6nH)K9H-

Hy!O <iJyHKUHIO 

-· 
V(O).= ~· 

t>l 

z,z~(O) 
2 . • 

-J. lj < n ) + ( 
( 39) 

VW) ... v (0 ). 
E->0 

3Ta <fJyHKUHSI COBIIa,llaeT C V ( 0) B93,lle 1 KpOM9 TO'I9K 1 r.ne V (0) HM99T 

oco6eHHOCTb1 H IIOSTOMY HHTerpan B (34) cyruecTByeT H Mbl rrony'la9M Qee.~ 
1 

Tio.ncTaBnsrsr ( 37) B ( 38), rrony'laeM. " "' . 
-e e 

e e ' ' · e e ' ~, ~·-, Q , '' ''' 
B (k) .. AJQe; {k,k')8 {k~K)dk'+JQ 2 (kk')e ~· Bee {k), 

. k2 -K2 (40) 

20 



ee 

PemaSI aTo. ypaaaeHlte ( 40), Mbi aaii.neM B (k), TeM caMbiM us 

( 37) aaii.QeM U ( k) , a H3 ( 29)- 'P. · , 'ITO H Tpe6oaanocb. 

Ha "ocaoaaHHH BbiUleHsnomeaaoro Mbi ·~.10meM o6o6IIIHTb <jlopManusM, 

npnae.neHHbiH B nepBbiX .nayx pas.nenax, .nnSI pacceSIHHSI ~apSimeHHhiX qac-

THU 1 KOI"'.Qa OTKpb!Tbl . BCe KaHan hi ( I II ,III IV ) • .UJISI 9TOI"'O .QO-

CTaTO'lliO BMeCTO (7) HCK8Tb pemeHHe B BH.Qe 

(41) 

H llOBTOpHTb BbiKna.QKH npe.Qbi.Qyiiiero H 9TOI"'O pasaena. 

5. 3aMe'laaue H TpexqacTH'lHOM KBasuypoaae 

Hccne.noaaane .QByxnpoToaaoro pacna.na - npo6neMa aecKonbKO 6onee 

cnomaaSI, qeM uccne.noaaaue TpUBHanbaoro O.QHonpoToaaoro pacna.na. .Ueno 

B TOM
1 

'ITO .QByXllpOTOHHaSI pa.QH08KTHBHOCTb SIBnSieTCSI Sa.Qaqefi Tpex Ten. 

8neMeHTap·aoe TeopeTH'leCKoe onucaaue .nayxnpoToHHbiX pacna.noa 6bmo 
/17/ 

.Q8110 B· 

TipHBe.QeHHbiH B .nepBblX .QByX pas.Qenax HaCTOSIIIIefi pa60Tbl ljJOpManHSM 

_ TaKme MomHo ucnonbsoaaTb .QnSI onncaHHSI TaKoro copTa pacnaaoa. 

TiycTb cnomuaSI, qacTnua (A*) -( SI.Qpo) pacna.naeTcSI no cne.QyiOIIIHM 

KaHanaM: 

(,;. *) ... F·+ E 

->B +C + D 

,-+ -- ---

8 ypaBH9HHH ( 14) llOnllyiO aaeprHIO CHCT9Mbl H8.QO C.QenaTb KOMllneKCHblM .1\ 
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I' 

.. 

II sanaqy peiiJaTb TOnhKO C YXOllS!llJIIMII BOnHaMII. npii 9TOM ace ,KaHanbi 

pacrra)la '6ynyT CBSI3aHbl llpyr C llPYI'OM 1 II y Hac eCTb B03MO)KHOCTb SIBHO 

BbilleniiTb Tpex"!aCTII"'Hb!H KBasiiypoaeHb ( pacrran Ha Tpii "!aCTIIUbl OllHO

apeMeHHo). 

B, saKmoqemre aaTopbi 6naronapSIT B.H.3axapbeaa, A•l1.TIIToaa, 

o.nxarae, JO.n.cl>eHIIHa, B.fl.lllMoHIIJ;Ia sa rronesHbie nucKyccn:u, caSI

saHHbie C TeMOH naHHOH p'a6oTblo 

npn:nomeHn:e 

3neCb Mbl CXeMaTir"'eCKII llOKameM, KaK MO)KHO cjlopManbHO, 0606IIJIITb 

pesynhTaTbi rrepBbiX nayx pasnenoa Ha cnyqafi CIICTeMbi us "!eTbipex qac-
' ' 

TIIU ( llnSI 60'nbiiJero "'IrCna "'8CTirU - aHaJIOI'lr"'HO) • 

npn: peiiJeHirir sanaqn: rpex Ten llpenrronaranii, "'TO peiiJeHIIe 38ll8"'Ir 

nayx Ten HaM usaecTHo ( xoTSI 6bi rrpu6numeuuo), Terre ph ·rrpenrronaraeM, 

"'TO HaM n:saecTHo peiiJeHIIe sanaqn: nayx n: Tpex Ten, T.e. Mbi sHaeM 

peiiJeHIIe cneny'IOIIJMX ypaBHeHIIfi: 

h II> 
ll 

{ II> 
nil nil 

~ j =1,2,3,4' 
nlj 

H. 
ljk 

¢ 
m 

Ilk 
£milk cpm 

ljk 
i ~ j ~ k = l '2' 3,4 . 

nycTb h ll fiMeeT a 11 CBSI3aHHbiX COCTOSIHirfi lr H Ilk 

{3 ljk CBSI38HHbiX COCTOSIHMH. 

(I. l) 

MMeeT 

PaccMoTpiiM pacceSIHMe, Korna oTKpb!Tbi cnenyiOIIJIIe KaHanbi. 
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{i+j)+(k+.e ... (i+j)+(k+e) 

_,. ____ --

II 
.... -~--.---
... (i+j )+k +e III 

-t-----:---· 
.:. i+j +k+e IV 

3neeb exo6KH o6'heJlHIHIIoT '18eTHUbi, o6p83YIOIIIHe_ eBSJ38HHyro erieTeMy. 

B o6meM eny'l8e BXOJlHbiM K8H8rioM Mo.:>KeT OK838'rb.CSJ nro6oli H3 'K8H8noB 

ITp8BOH '18eTH ('ITo 38BHeHT o:r I'p8HH'!HbiX ycnoBHH) .. 

Torn8 peweHHe yp8BH9HHSJ IllpenHHrep8 yno6Ho HeK8Tb a· BHJle 

r8Tb 

6 

+ ~ 
p=l 

fp8Hii'IHb!e 

~p ~ p 

n II n ke 

p p 

~ 
n 

II 
X 

n lj 
+ y 

yenoBHSJ B K8H8n8X ( I 

eooTBe_TeTBeHHO H8 .tPYHKUHH 
p 

X n
11 

+ 

,II 

nke 

fiOBTOpSISI Bee BbiKn8llKH, npoaen8HHbie B 

f31lk 

~ 
m =I 
·ljk 

,III • 
xp 

mIlk 

X r> 

mIlk 

IV ) 

x:u 

cpP + 
mljk 

( I 0 2) 

6yaeM H8na,.. 

H·y 

nepBbiX paaaenax, .Mo:>KHo 

nony'IHTb yp8BHeHHSJ ,o:ng 9THX HeH3BeeTHhiX !flyHKUHH H nepeHTH K 8nre6p8H-

'!eeKHM yp8BHeHHSJM, 

38MeTHM, 'ITO e yBeiJH'IeHHeM '1Hen8 '18eTHU0 O'leHb 6breTpO p8eTeT 'IHelTO 

BeeB03MO:>KHb!X p836HeHHH .eHeTeMbi H8 HeB38HMOJleHeTByiOIIIIre nonrpy.ITITbi 

( H8 p83nH'IHbre Kn8eTepbr). Ho> e npyroli eTopoHbi, He Bee p8a6HeHnSJ 

H He Bee K8H8nbi ll8IOT BKn8Jl ITpH paeeMOTpeHHir KOHKpeTHbiX 38.({8'1 p8eee-
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SIHIISI, 009TOMY npii pOC"'~TaX C CaMoro Ha"'ana MO)KHO IICKniO"'II'I:b 9TII 

' paa6IIeHIISI II KaHanhi II nony"'IITb 6onee npocTbie ypaBHeHIISI. 

Opiino)KeHIIe . II 
L

1
M 

KBa.upaTII"'HaSI IIHTerpiipyeMocTb cpyHKUIIH I n 1 ( R 1) o6ecne"'IIBa-

eTCSI ycnOBIIeM ( 16) II TeM 1 ~TO cpn1 (plk ) HBnSieTCSI cp.yHKUIIefi CBSI3aH-

HOrO cocToHHIISI, Opii paccMoTpeHIIII IN 4 ( R 3 , p 12 ) nocnetlHIIfi cpaKTop He 

IIMeeT MecTa, TaK leaK B 9TOM cny"'ae II no cTeneHSIM cBo6o.Uhi R 3 · II no 
I -- . ' • . I :" I 

p 
12 

"'aCTIIUbi Haxo.UHTCH B HenpephiBHOM cneKT.pe. Ho aaTo IIMeeTcSI nmn-

Hee IIHTerpiipoBaHI!e no E 1 "'TO II o6ecne"'HBaeT KBa.opaTH"'HYIO HHTe~-

pHpyeMOCTb cpyHKUHH N (R3•P12). 
4 

OpiinO)Keime Ill 

B ypaBHeHHe (27) KynoHoBcKaH noTeHuHanbHaSI aHeprHH 6bma 3aniica

Ha B BH.Ue 

~ ..!:.J_~- = V(n) = _!_ ~ -~· 
1>1 j?• ->r \ P p 1>1 ~ (0) 

I- I II 

(111,1) 

u /18/ 
Oony"'IIB SIBHbiii BH.ll ( Ill ,1) 1 BCer.ua MO)KHO HaHTH HanpaBneHHSI 1 

/9/ 
B.UOnb KOTOpb!X ,J..Il (!}) = 0. HnH V (Q) = t_"" , 3TO COOTBeTCTByeT 

o6paaoBaHHIO cBHaaHHhiX cocToSIHnfi HnH coBMecTHOMY .UBH)KeHIJIO oaHHaKoBo 

aapSI)KeHHhiX "'aCTIIU. nocne.uHee He HMeeT npaKTH"'ecKoro aHa"'eHHH npii Bhi

"'HcneHHH noToKa Ha 6ecKoHe."'HOCTH 1 TaK KaK BepoHTHOCTb pacceSIHHSI B oK

pecTHOCTH TaKHX HanpaBneHHfi O"'eHb Mana, II no9TOMY B .npH6nH)KeHJ!biX 

pac"'~Tax V(!l) MO)KHO aaMeHIITb Ha V(n) (eM, 39). 
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