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B B e ll e H u e 

3aaaqa o pacceRHHH npoToHa Ha aToMe soaopona 

p + H(ls) ... H(ls)+p (1). 

RBnReTCR npocTeil:IIHIM npHMepoM. pacceHHHR B CMCTeMe 3-x Ten, B38MMO

Jleil:CTByromMX no aaKoHy Kyn~Ha. PeaKUMR (1) npeacTaBnReT caMOCTORTen&-

Hb!H MHTepec, HO noMMMO STOro Ha ee npHMepe MO;>KHO npocneJlMTb OC0-
/1/ 6eHHOCTH 6onee o6mux aaaaq noao6uoro Tnna 

llpM BbiqHcneHIIH CeqeHHil: · JlnR npouecca ( 1 r Harr6onee nocneJloBa-
. /2 3 4/ 

TenbHb!M RBnReTCR MeTOJl napuuanbHb!X BOnH ' ' , KOTOpb!H oco6eHHO 

xopom npu ManbiX aueprHRX CTonKHOBeHnil:, Koraa qucno aonu, aaromux 

BKnaa B ceqeuue, cpaBHHTen&Ho HeaenHKo. B paMKax aToro npu6nH;>KeHMR 

napuuan&Hbie aMnnnTyllbi H !jlaabi BbiqucnHroT o6blqHo no !jlopMynaM KBaau-
/5,6/ 

KnaccHKH . , nu6o ;>Ke, ecnu !jlaabi Manbl, ucnon&ayroT 6opHoBcKoe npu-
17/ 

6nu;>Keuue • 

B 6onee paHHHx pa6oTax ucnon&aosanu TaK;>Ke MeTon npuuen&Horo 
/2,8/ 

napaMeTpa • llpu ecTecTaeun.biX oroaopKax o6a MeToaa naroT paayM-

Hoe npu6nu;>KeHne, He onpeaenRH, OllHaKo, ero rpauuu. 
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Dpn Me.oneHHbiX cTonKHOBeHH51X Him6onee nocne.ooBaTenbHOfi peannsa-' 

UHefi MeTO.Il8 napUH8nbHbiX BOnH 51Bn5leTC51 MeTO.Il B03MymeHHbiX CT8UHOH8p

u (B C C )/2,3/ HbiX COCT051HHH a o o t KOppeKTHOe npHMeHeHHe KOTOpOrO .[ln51 npo-

UeCCOB THna ( 1) CTano B03MO)KHbiM nocne TO'iHOrO pemeHH51 38.1l8'ili .llBYX 

. /9,10,16/ B . 
ueHTpoB • .oaHHoii pa6oTe B paMKax MeTo.oa B.c.c. 6es KaKHX-

nn6o .oanbHeiimnx npn6nn)KeHHH Bhi'iHcnelibi ¢asbi H ceqeHHSI .on5l peaKUHH 

·" ( 1). Dpn Bhi'iHcneHHSIX ncnonb30BBH MeTO.Il ¢asOBbiX ¢yHKUHii, paspa6oTaH-

HbiH Cp8BHHTenbHO He.ll8BH0o 3TOT MeTO.Il HHTeHCHBHO p83BHB8eTCH, eMy 

/11,12/ . 
nOCB5lmeHbi y)Ke .[lBe MOHOrpa<jJHH t O.llH8K0 1 B npaKTH'ieCKHX pacq~-

T8X OH npHMeHSieTCSI nOK8 cpaBHHTen~HO pe.OKOo 

MeTO.Il B03MymeHHbiX CT8UHOHBpHbiX COCTOSIHHH 

B sa.oaqe Tpex Ten, BsanMo.oeiicTByiOmnx no saKoHy KynoHa, nepe

MeHHbie B ypaBHeHHH llJpe.OHHrepa nonHOCTbiO pas.oenSIIOTC51 B KOOp.llHHaTBX 

' . 11,14/ ' .HK06H 
1 

'iTO n03BOn5leT Bbi.[len.HTb .llBJi)KeHHe ueHTpa HHepUHH CHCTeMloi 

KaK uenoro1 oTHOCHTenbHoe .llBH)KeHne. SI.oep M 1 n: . M 2 ( BeKTop R 
H .llBJi)KeHHe TpeTbeH 'i8CTHUbi M3 (aneKTpOHa)' OTHOCHTenbHO ueHTpa TSI-

-> 

JKeCTH SI.[lep Mt ·n: M2 .(BeKTOp f ) • Docne OT.[leneHHSI .llBJi)KeHHSI 

ueHTpa nHepun:n B MeTo.oe B.c.c. BonHoBa51 ¢yHKUH51 

... ... 
IJI(R,r)= :£ 

In I 

... 
X (R) cf>· (R; ;) 

n n· 

( 2) 

pasnaraeTCSI no nonHOH CHCTe_Me In I co6CTBeHHbiX <jlyHKUHH cf> n ( R ; r ) 
sa.oaqn: .llBYX neHTpoB1 T.e. sa.oaqn: o .llBH)KeHHH qacTHUhi M 3 .B none 

.llBYX HenO.IlBH)KHbiX SI.[lep M 
1 

H M 
2 1 y.oaneHHhiX Ha paccTOSIHn:e · R 

B cnyqae CHMMeTpH'iHOH nepesap51.1lKH npH ManbiX SHeprH51X CTOnKHOBeHH51 

4 

\.\ ' J .• 

I 

I 
~f 
i 

~ 
l 

\ 
: \ 

pesoHaHCHhiii xapaKTep nponec· 

npn6nn)KeHneM1 T.e. B cyMMe 

cncTeMhi H! 1 s a (gerade ) 

B STHX npe.onono)KeHH.SIX ' 

/314/ 
.PopMyne : 

r.oe 

H 

a· (k)=I. a·0 (k)=-
e" f=O L . 

a· f ( k ) - napnnanbHbie 

8 f - napnnanbHbie <jla:: 
u 

· ypaBHeHHH 

d2 

dR
2 xe (R)+ [k~ 

q, u 

3.oe.cb k 2 =2ME 

e . 
V (R)=2M[\V (R)-W 

q
1

u q,u, g,u 

1 
M 

1 
M 

1 

+ 
1 

Mz 



Han6onee nocnenoBaTenbHOfi peannaa-

SIBnSJeTCSI MeTon B03MymeHHbiX CTaUHOHap

KOppeKTHOe npnMeHeHne KOToporo nnSJ npo

nocne ToqHoro pemeHHSJ aanaqn nByx 

oTe s paMKax MeTona B.c.c. 6ea KaKHX

BbxqncneHbi !flaabi H ceqeHHSJ nnSJ peaKUHH 

BaH MeTon !flaaOBbiX !flyHKUHft1 paapa60T8H

T MeTon HHT9HCHBHO pa3BHB89TCR1 eMy 
I 11,121 

, onHaKo, B npaKTHqecKHX pacq~-

BHHTen~HO penKOo 

CTaUHOHBpHbiX COCTOSIHHft 

MoneftcTBYIDillHX no aaKoHy KynoHa, nepe

nonHoCTblO paanenSJlOTCSJ B KoopnnHaTax 

I. 
n I 

nBH)K9HHe U9HTpa HHepUHH CHCT9Miol 

M 1 H M 2 ( BeKTop R 
(aneKTpoHa)" OTHOCHTenbHO U9HTpa TSJ-

-+ 

r ). ITocne oTneneHHSJ nBn)KeHHSJ 

!flyHKUHSJ 

.... .... 
x (R)¢(R;r) 

n n 
( 2) 

co6cTB9HHbiX !flyHKUHft ¢ n ( R ; ; ) 

o nBH)KeHnn qacTRUbi M 
3 

. B none 

M 2 , ynaneHHbiX Ha paccTOSJHHe R 

PSJnKH DpH ManbiX aHeprHSJX CTOnKHOB9HHSI 

4 

peaoHaHCHbift xapaKTep npouecca noaBonSJeT orpaHnqHTbCSJ nByxypoaHeBhlM 

npn6nH)K9HH9M1 To9o B cyMM9 (2) 

cncTeMbi H! 1 s a (gerade ) 

OCTaBHTb TOnbKO nBa HH)KHHX COCTOSIHHSI 
. /15/ 

n 2p a ( ungerade) 
~ . 

B aTnx npennono)KeHnsrx ceqeHHe npouecca ( 1) BbxqncnsreTCSI no 

/3,4/ 
.PopMyne : 

00 

a 0 ( k) = _::_2 . I. ( u + l) sin 
2 

(a f 
L k f ·. g 

u (k)= I. 
ex f=O 

a e ) , 
u 

rne a· f ( k ) - napunanbHbie ceqeHHSI peaoHaHcHoft _nepeaapSinKn, a 

( 3) 

f 
0 

g 

II Be 
u 

- napunanbHbte !fla3bl pacceSJHHSI1 KOTOpbie onpe.nenSI.lOTCSI na 

· ypaBH9HHft 

2 . 
d e 2 e e --x (R)+[k·-V u(R)lx (R)=O .. dR2 g,u g, g,u 

3.necb k 2 = 2ME 

e . · · · e (f ·+ 1 ) 
V (R)=2M[\V (R)-W (oo)l+[K (R)-K (oo)]+--

g, u g,u g,u g,u g,u 

1 
M 

1 1 
-+-

. Mt . Mz 
1 
m 

1" 1" 
-- + 

M3 M I+ M2 

5 

R 

(4) 

(5a) 



W q ( R ) 11 W u ( R) - TepMbi aa,lla'IH .llBYX ueHTpos · B CHCTeMe 9.1lHHHU 

'tt "'e "'m "'1 . 

K ( R ) "' f d r cfo ( R ; f) ( - Ll _,)[ cfo ( R ; ?) 
g,u g,u. R g.u 

.llHaroHanbHbie· MaTpH'IHbie sneMeHTbi onepaTopa Sl.llepHoro .llBH»<:eHHSI no 
. ~ /10 16/ 

, BOnHOBbiM !jlyHKUHSIM 38.1la'IH .llBYX U9HTpOB 1 

AcHMnToTHKa noTeHuHanos V(R) npH 

npH R _, 

f v 
q 

(R) = 2M -~ + 
f(f+l) 

R2 R 

f 
Vu (R), 2M+ 2+f(f+l) 

R R 2 

V (R) , fU+'l) 
Rz 

9M 
-~· 

MeTO.Il pac'I€!Ta 

R_,O 

(55) 

(58' 

llpH Bbi'IHCneHHII napunanbHbiX !jla30BbiX C.llBRI'OB 0 f ncnonb30B8H 
/12 13/ · . q,u · 

M9TO.Il !jla30BbiX !jlyHKUIIit 1 
1 KOTOpbiit .fi03BOnSieT nnHeilHoe ypaBH9HIIe 

sToporo nopSI.IlKa ( 4) .llJISI sonHosoit !jlyHKUnn X ( R) cs_ecTH K HennHeit-

HoMy ypasHeHniO nepsoro nopSI.IlKa .llnSI !jlaaosoit !jlyaKunH o ( R) 

6 

~ 

l 

\ 
f.i 

li 

i 
I 

~ c/ ( R) , - _1_ V y_ ( R) sin 2 
[ k I 

d R q,u k q,u . · 

c Ha'lanbHbiMH ycnoBHSIMH npn R _, 0 , 1 

(6) c y'leToM acnMnToTIIKII noTeHunanos 

nnSI 

of (R) ,kR(a+b 
q 

. -
< 2 s+1 > +v4 

a=-
2S 

b=..: 
M ( 

. 2, 
. 1 +a J 

1+(l+a) 

s= ru+1) 

£ 
0 u ( R) B paano»<:eHIIII ( 7) HYX<HO ' 

S=f<f+ 1) .... S=2+ f 

J1 CK0Mbl9 !jla3bl pacceSIHHSI 
0 y_ 

q, u 
onpe 

of = or ( 00 ) + 
q,u g,u 
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3a~aqH ~Byx.ueHTpOB B CHCTeMe e~HHHU 

(R; f) (-AR")[¢q.u (R;f) 

eHTbi onepaTopa Sl~epHoro ~BH}I(eHHSl no 

I 10,16/ 
~BYX ueHTpOB 0 

+ 

R 

< e +·1) 
R~ 

V(R) np~r R ... 0 

f(f+l) 
R2 

2+f<f+l) 
·2 

R 

9M 
-~· 

MeTo~ pacq4!!Ta 

e 
<f!B30Bb!X C~BHrOB 0 

q,u 

(56) 

{5s·) 

Hcnonb3oBaH 

nHHefiHoe ypaBHeHHe 

X (R) CBeCTH K HenRHefi-

~nSl ¢a3oBofi ¢yHKUHR o ( R) 

6 

r 

d 

dR 

e 1 e 2 e . o (R) =--V (R)sin [kR+ o · (R) J 
q,u k g,u q,u 

( 6) 

c HaqanbHbiMH ycnoBHSIMII npH R ... 0 , KoTopbre nonyqaroTCSl H3 ypaBHeHHSl 

( 6) C yqeTOM BCHMUTOTHKH llOTeHUHBnOB ( B6) 

of (R) =kR(a+bR). 
q 

a=-
( 2 S+l) +v4S-l 

2S 

b =..: M ( 1 +a 
2

) 

l+(l+a)S 

s= eu+t). 
e 

llnH o u < R > B pasno}l(eHHH ( 7) HY}I(HO cnenaTb 3aMeHy 

S=f<f+ 1) ... S=2+ e (f + 1). 

l1CKOMbie <f!aGbi pacceSlHHSl o e 
q, u 

onpe~enSliOTCSl COOTHOilleHHeM 

e e 
0 =0 (oo)+ 

TTf 

2 q,u q,u. 

7 
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YpaBHeHnR (6} nHTerpnpoBanncb B HHTepBane aHeprnA 

oco6~HHocTn BhlqncneHnA o6cy*aaroTCR B Tipnno*eHnn. 

06cy~eHne pesynhTSTOB 

1. Ha P~.9.· 1 n 2 npeacTaBneHbi c!Ja3bi pacceRHHR 

. . 5 
E ... 10- -+5 aB, 

8 £ 
q ll 8£ 

u 

npn pasnnqHblX aHeprllRX CTOnKHOBeHllHo 3TO rnaaKne cPYHKUllll 1 noao6Hble 
/3 17/ 

TeM 1 KOTOpbie o6cy*aaroTCR B pa60T8X 1 
• Tipn ManbiX SHeprllRX CTOnK-. £ . . 

HoBeHnA ( E < O, 1 aB} c!Jasa 8 = 8 ( £) cTaHOBllTCR paspbiBHOH cPYHK-
- q q 

uneA op6nTanbHoro MoMeHTa £ : OT cBoero nepBoHaqanhHoro· sHaqeHHR 
o x/ 

8 "' 18 77 C pOCTOM £ OHa yMeHbiiiaeTCR ao HynR CKaqKaMll 1 q 

paBHbiMll k 77 1 npnqeM k .,· 01 1. 

TipnqnHy TaKoro noBeaeHnR 8 (£) nerKo noHRTb1 ecnn Bocnonb
q 

30B8TbCR aCllMITTOTllqeCKllMll. pasno*eHHRMll cP83 paccesi:HHSI 8 f ll.nR 

noTeHunana V ( R) = 

CeSIHHSI} 

f(£+1) a 

R -~ 
/317/ 

( a - .o.nHHa pac-

npn £=0 

k 1 
ctg i a=--

a 

npH £ .J 0 

k 2 ctg 8£ 

a k 
2 

+~k-+-~k 2 ln 
3 a 2 3 a 16 

(2£+ 3)(2£+1)(2£-1) 

11a 

x/ . /12 13/ 
TipH £ =0 H k =0 no TeopeMe fleBHHCOHS · 

1 _8 9 
0 - 'lllCnO CBSI3aHHbiX COCTOSIHHA+ aneKTpoHa B noTeHunane 

cnMMeTpnqHoro TepMa cncTeMhi H 2 n "' 18. 

8 

(9a} 

(96} 

n 11 , rae 
V .. nnSI 

q 

@ 

L 
! 

I 
1\ 
;I 
II 
l\ 
! 
\. 
\i 

-~ 
0 

c.o'""l § \ \(_! - \ \ I I '\. 

0 ~ ~ ·~ ~ 

..... 
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B HHTepBane 9HeprH~ -5 E = 10 -+5 aB, 

pe3ynbT8TOB 

o e 
g cpa3bi paccesrHHsr 11 o e. 

u .... 
•n•nmReHH~. 8To rnallKHe cpyHKUHH, noao6Hbie 

/3 17/ 
pa6oTax ' • flp11 ManbiX SHeprnsrx CTOnK-

f . 
0 = 0 (f) CT8HOBHTCSl pa3pbiBHO~ cpyHK-g g 

oT cBoero nepBoHaqanbHoro·3Ha'!eHHsr 

OHa yMeHblliaeTCSl llO Hynsr CK8'IK8MH
1 

0 (f) nerKO UOHSlTb1 ecnH BOCUOnbg 

pacce5i:HHsr 8 l .nnsr 

/3,7/ 
( a - llnHHa pac-

2 
2a k21 ak +- 0---, 
la · 16 

+ 3)(2e+l)(U-l) 

rra 

. I 12,13/ TeopeMe neBHHCOHa· Og 
~+aneKTpoHa B noTeHunane 
H 2 n = 18. 

/8 

(9a} 

( 96} 

n" , rae 
V . Llnsr g 

~r-

@ 
f5 

g 

~ 

~I 
\: ,I 
t 

~ 

. ~ 
0 

Co<)-, g. \ \'-1 - \ \ I 1\ I J 
~ ~ e e ·~ s ~ ti 

9 

I 
E-
= . Ill 

I o 
0.:1: 
(JJ Ill = E(1) () 

i<~ 
::a~oo 

~GO 
= r:: 
[!) 
Ill tJ; o.= = = :.: o,:I: 
1::. >. 

-& 
(JJ 
r:: Ill 
Ill (I) 

= .C!l-
:0: • 

0 

~VI 
0 
~~ 
:(JJ 

::r 
Ill a 
_t:: .... 
-t.J 

"' 
GOo::: 

= 
o:;~ = Ill 0 
:I: 0 E
tJ; :I: Ill 
(JJ :.: ::r () r:: :I: 
() 0 (JJ 
Ill E- 1:: o.ui:' 
:a ~ () 
[!) tJ; tJ; 

: E u . .... . 
() 

= 0.. 



l<r-~ . 
::s·Q 

t.O 

ll) 

~ 
·~ 

~ 
@ 

0 
'1 ~ 

I 

10 

0::: 
:a 
:X: .a • 

~t::...., 
- Q) 
,Q E-
li: :s: ~ 
:r iE :a 
:s: 0 t:: 
t:: t:: Ill 
(I) 0 ::E g_t:: 
::0: ~ ~ 
c.,.l:l·u t:: \0 Ill 

<1l t:: 
Q) t:::\0 
t:: () 0 
Ill = l!l Ill 
:.d 0 o; 

::E t ~ 
0~ Q) = <1l e- a 

oQ) :s: Q) 
:r c.. ::E 
~ t:: () 
l!l • 

~·-' ..... 
- --e:..l :~::s:. ~ 

__.::;:GO 
,tr: 

GO :g •::0: 
0 :s: 

o; :X: = 
::0: :.d :.d = t:: = o; 0 >. 
Q)E--& 
() () 

() ~ ::E 
<1l o; >. 
c..::;:::E 
- ~ 8 
,Q c.. :.d 
(I) Q) Ill' 

: i§ ::E 

c-i . 
() 
:s: 

0.. 

11a ( 95) cnellyeT, "'TO npu k ... 0 ella: 

'I i 1 Toni:>KO aHa'leHHH, KpaTHhi& rr • C Jlpyroii cT 

ll 

o5meMy npaBHny a . ( f ) -> 0 • 05a 9TH Tpe5, 
q ' 

nHllib B TOM cny'lae, ecnn, H8'lHH8SI C H9KOTO 

, Jl9nSieTCSI o5naCTblO npHM9HHMOCTH clJopMynhi 

yM9Hblli8TbCSI CK8'lK8MH 1 KpaTHbiMH 1T , . 
Eme pea'le aTa TeHJleHUHSI aaMe.THa Ha 

nocKonbKY B IJyneBoM npn5nn>KeHHH clJaaoBhie. 

roT pacceSIHHIO Ha aKcnoHeHunanbHO y5hmarom 

TliThi Bhi'lHcneHnii npn E = 10::-3 aB npnE 

2. fpaciJHKH a u (f) · npH pa3nH'lHblX 

oco5eHHOCTH Jlpyroro Tnna, KOTOpbie onpeueJ 

V ( R) . 
u 

AHTHCHMMeTpH'lHblll TepM · V ( u 

TanKnBaTenbHhiii xapaKTep -- aa ncKniO'l_eHne~ 

R 
0 

= 12,55 rny5nHoii D = 6;079. 10-
5 

a.e. 

C 9THM ¢a3hl a ( f ) npH ManhiX f 01 
u 

5onbmnx 

HUH k 

Opu E 

£ nMeiOT cna5hiii nono>KnTenbHhi 

9TOT M8KCIIMYM noBbllliaeTCSI H Cll 
-5 0 . 

10 9B a = 3, 748. CornacE 
u 

03H8'l89T
1 

"'TO B aHTHCHMMeTpll'lHOM COCTOSI 
+ 

TOHa BOilOPOila H 
2 

cymecTByeT cna5ocBSI: 

lliHX paCCTOSIHUSIX M9>KilY Sl/lpaMHo 3TOT clJaK' 

KaM II paHblli9j no-BHilHMOMY1 H9 OTM9'lanCJ 

Mope~ aHepruH cBSI3H J aToro ypoBHSI pt 

x/ ·. 
CBSI3b Me>Kily 3HaKOM ¢a3hl a ll 

BllllH8 ll3 ypaBH9HHSI ( 6) o 

xx/ • 3TOT ypoB9Hb MeTaCT85HneH1 nOCKC 

KOB035y>Kil9HHbl9 Kone5aTenbHbl9 ypoBHil CII 

cunhHO aaTpyllHeH ua;...aa Manoro nepeKpbiB, 

ro JlBU>KeHIIH. OpellcTaBnSieTCSI UHTepecHhiM 

B 5nonorll'l9CKHX MoneKynaX1 JlnSI CTpyKTY~ 

nopHJlOK. 11 
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10. 

0:::: 
:ll = .a • 

~~ .... 
:<i·foo = :s: ~ 
l!' lE -:s: 0 ..<:1 
1:; 1:; 1:; 
(!) 0 co 
co t:: ::;; 
0. 

:s: ~ ~ 
0. ..<:1 '() 
t:: 10 co co 1:; 
(]) J:::\0 
J:: u-o 
co = Ill 
~0 tJ; 

::;; t ~ 
0~ (]) = co 
foo s :(]) :s: (]) 
l!' 0. ::;; 
~ t:: () 
Ill • 

~-,..., -""' >::::. " 
- :S: GO 

"= 
GO ~ •:S: 

0 :s: 
tJ; = ::r :s: :.: :.: = 1:; = tJ; 0 >. 
(])foo-& 
() () 

() >< ::;; 
co tJ; >. 
O.::;::::!l 
- ~ § 
..<:1 0. :.: 
(!) (]) co : ~::;; 

c-i 

u 
:s: 
0. 

IT 

I! 

f J1a ( 96) CJie.llyeT1 'ITO II pH k -+ Q lf!aaa 8 ( f ') MO>KeT IIpHHHM8Tb 
g 

T01IbKO 3Ha'leHHH1 KpaTHbl& 1T • C Jlpyroti CTOpOHbi1 Ilpll f -+ 00 IIO 

o6meMy Ilp8BIInY 8 - ( f ) -+ Q • 06a 3TH Tpe6oB8HHH MO>KHO COBM9CTHTb 
g . 

JIHIUb B TOM cnyqae, ecnn, H8'1HH8H c HeKOTOporo e = L ( KOTopoe onpe-

·JlenHeTCH o6nacTbJO npnMeHnMocTn lflopMynhi ( 96) ) , cpaaa 8 (f) 6y.lleT 
g 

yMeHbiU8TbCH CK8'1K8MH 1 Kp8THbiMH 1T 1 o 

Eme peaqe 3Ta TeHJleHUHH 38M9.TH8 Ha rpalf!nKe /). e = 8 g ( e ) - 8 u (£) ' 

IIOCK01IbKY B HyneBOM IIpH61IH>KeHHH lf!aaOBbie, CllBHrH /). f 'coOTBeTCTBy

JOT. pacceHHHJO Ha 3KCIIOHeHUH81IbHO y6biB8JOIU9M IIOTeHUiiane.-·Peaynb-

-3 
TliThi Bbi'IHcneHnti rrpn E = 10- aB npnBelleHbi B Ta6nnue 1. 

2. fpalf!nKn 8 u (f) npn paann'IHbiX k o6Hapy>KHB81QT xapaKTepHbie 

OC06eHHOCTH Jlpyroro THII8 1 KOTOpbie OIIpelleJIHJOTCH BllllOM· IIOTeHUH8118 

V ( R) . 
u 

AHTHCIIMMeTpH'IHbiti TepM V u ( R) IIO'ITH Be3Jl9 HOCHT OT-

T81IKHBaTenbHbiti xapaKTep -. 38 HCKniO'leHHeM cna6oro MHHHMyMa Ilpll 

R 5 D -5 -3 
0 

= 12,5 rny6nHoti = 6;079. 10 a.e. = 1,6 10 aa. B cooTBeTCTBHH 

xl 
C 3THM lflaabi 8 ( f ) Ilpll M81IbiX f OTpllU8Te1IbHbl 1 HO B o6naCTH 

u 

6onhliiHX e HMeiOT cna6biti II01IO>KIITenbHb!ti M8KCIIMyM. ITpn yMeHbliie-

Hllll k 

I1pn E 
3TOT M8KCHMYM IIOBbllii8eTCSI ll CllBIIraeTCSI B o6nacTb M81Ib!X f. 

-5 0 8 . 
10 3B 8 = 3, 74 • CornaCHO TeopeMe neBHHCOHa, 3TO 

u 

03H8'18eT, 'ITO B 8HTHCHMMeTpii'IHOM COCTOSIHHH 2 p a. MOneKynSipHOrO 

+ 
TOHa BOilOPOila H 2 cymecTByeT cna6ocBSI38HHoe cocTOHHne npn 6onh-

1IIHX p8CCTOSIHHSIX Me>KilY SIJlp8MH. 3TOT lf!aKT- MO>KeT 6b!Tb HHTepeceH XHMH

' 
K8M H paHbliiej IIO-BllllllMOMy1 He OTMe'I81ICSI. 8 npn6nn>KeHHH IIOTeHUHana 

, . xx! . 
~opca 3HeprHSI CBSI3ll 1 3TOrO ypOBHSI paBHa 

xl ·. -
CBH3b Me>Kily 3HaKoM lflaabi 8 v xopo11Io ll 3H8KOM IIOTeHUH8118 

BlillH8 ll3 ypaBHeHHSI (6). 

xx/ 
3TOT_ ypoBeHb MeT8CTa6nneH1 IIOCK01IbKY nepefOil C Hero Ha Bb!CO-

KOB036y>KJleHHb!9 Kone6aTe1IbHbie ypoBHH CHCTeMbl H 2 B COCTOSIHHll 1 Sa· 

. Cli1IbHO 38Tpy.llH9H ll3-38 Manoro nepeKpbiB8HllSI B01IHOBb!X lf!yHKUHti SIJlepHO

ro .llBH>KeHnSI. ITpe.llcTaBnSieTcSI nHTepecHbiM BbiHCHIITb ponb aToro ypoBHSI 

B 6nonorH'leCKHX M0119Kynax, Jl11Sl CTpyKTypbl KOTOpb!X xapaKTepeH Jl81IbHHti 

IIOpHJlOK. 
11 
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Pnc. 3. <llyHKUHH 6. f = o ~ - o ~ . 0T"li:\TnnBo Bnnen cTyneH"!aTbiH 

xapaKTep rPYHKUHll npn Manb!X 9HeprHSIX CTOnKHOB9HllHo 

"'------=.......,·==~·-.. ;_-----'-'----- . ··- - - -

Ta6JIHUa I 

c--t l st b .· . . . 
~-L-~--- __ _.. ___ 1_ ___ ~-L~L ___ l __ ~------'-
0 181T" + 1,1J2 -0,721 - 19 r - 1,28s 42,9 

1 19'tr - 0,841 0,519 191i - 1,360 134 

2 19 'il - ·a,oaa 1,413 19'1i - 1,501 2J2 

J 19'ii + 6,222 'ii- 1,228 
I 18 'T + 1,450. J21 

4 19 'iT +. o ,on 'li- 1,276 
1~Y + 1,2s6 J89 

5 181r + 1,404 1,077 
18 "'f + o,J27 52,6 

6 1811" + 0' ,15 o,51J 
18.1i + o,oo2 o,oo2 

-· 7 1711 + o,301 0,297 
171r + o,oo4 o,oo9 

"c.> 

n. .. n A 17 ·i + 10-5 "" l0-
6 



P 3 "' " e e n:c. • '<'YHKUn:n: u e = 0 g - 0 u · 0T'Ii:\TJIIIBO BR.r:teH CTYII91I'I8Th!M 

xapat<Tep tPYHKUIIII Ilpn: MaJlbiX 8H9pi'RSIX CTOJlKHOBeHn:ii. \. 

Taclmrua I 

("e . . e. . . . . 

~_j ___ o~ ___ l __ s~--J----~~~-1---~~------l----~~ ----------------·-
0 181T" + 1,132 -0,721 19 r - 1,288 42,9 

1 19'1r .:. 0,841 o,519 19 Tr - 1,J60 1J4 

2 19 ·;.- - o,oa8 1,413 1911 - 1,501 2J2 

J 19ii' + 0,222 ·r.- 1,228 18 T + 1,450. J21 

4 19'ir + o,ou '7- 1,276 1~:U + 1,286 J89 

5 18'1r + 1,404 1,077 18 "'f + o, J27 52,6 

6 181T_ + 0' .515 o,51J 18.1f + 0,002 o,oo2 

c;; 7 17'ii'" + o,J01 0,297 171T" + o, 004 0,009 

8 1711 + 0,194 0,194 . 11 r + 1o-5 N 10-6 

9 1711 + o,D5 0,1J5 171i' + 10-6 
,'V 10-8 

lo 16'ii' + 0,099 0,099 0,095 16 ,11 + 10-6 "V' 10-8 

11 1611 + 0,074 o,o74 0,072 161T + 10-6 ,N 10-8 

12 15'ii + 0,058 o,058 o,o56 . 1511 + 10-7 'V 1o•11 

. . 3 
PesynbTaTH BHqHcneuHn·rrpH 3HeprHH CTORKHOB9HHn E = 10- ~. 

EopHOBCKa.H <Pasa Dg BHqHcneua no <Po!l!Yne (96). . 1 
IIapuHci.nbHble ceqeuHn: O.e ,!l;aHH B ecTeCTBeuublx e.mruHuax nnoJJI,a;IUifJ. }~= 02.8·1.0-j~~-. . \?t 11./"} I ' 



-5 J "' 1,5 10 a.e, 4,10-4 SB, (to) 

3, Ha puc, 4-8 rrpe)lcTaBneHbl rpalflnKII rrapunanbHbiX ceqeHHli a e ( k) 

npn pa3nH"lllhiX 3Ha"leHHHX k . H 3 HIIX cne)lyeT, "'TO B o6meM cnyqae 

cymecTnyiOT llBe o6nacTn £ 1 B KOTOpblX a f ( k ) 3aBllCllT OT f 

cymecTBeHHO pa3nH"'HhiM o6paaoM, Opii e < r o 9TO CTyiieH"laTaH 

tPYHKUllH, HMeiOIIlBSI 18 MaKCllMYMOB, IIpll e > e o - rnaJlKaSI !flyHKUHH 1 

liMeromaH MBKCHMYM n xapaKTepHhtli crraJl, DnH k < 3 BTopaH o6nacTb · 

BhiiJOX(JlaeTcSI, a rrpii JlanbHelillleM yMeHblltellliii k yMeHb!llaeTCH TBKme 

"'IICno MaKCHMyMOB cTyrreH"laToll: tPYHKUIIll. B rrpeJlene k .... 0 coxpaHIITCH 

e)lHHCTBeHHOe rrapUHanbHOe ceqeHne a 0 ( k ) , ll Mbl IlpiiJleM K "lllCTOMY 

s -pacceHHHIO. 

Hao6opoT, c pocToM k yBenH"'HBaeTCH BKnaJl rrapuuanbHhiX ceqeHnll: 

a f 0<) OT o6naCTH f ~ f 
0 

• 0JlHOBpeMeHH? C.· 9TllM B o6naCTll f < f 0 

CKa"'K~ lflyHK~llii a f ( k) yrropHJlO"lllBaiOTCH II Ha"'HHaiOT 6onbllle IlOXOJliiTb 

ua rrepnOJlll"leCKYIO tPYHKUHI0 1 qeM Ha rncTorpaMMY ( pnc, 8), 

DpnneJleHHhte rpa$HKH rroanonHIOT HarnHJlHO rrpocneJlHTb oco6eHHOCTll 

rrepeXO)la OT ManhiX 9Heprllfi CTOnKHOBeHIIH K 6onblllllMo 113 HllX1 B qaCTHOCTll, 

cneJlyeT, "'TO rrpli. E >5 sB rronHoe ce"leHHe a ( k ) MCimHo oueHHTb cne-

JlYIOIIlllM o6paaoM: 

a ( k)"' 
1T ( f + 1 )

2 

0 

2k 
2 

+ f 
fo 

af de • 
( 11) 

T,e. ycpeJlHSUl IIO o6naCTll 0 :s e :s e 0 H llHTerpnpyst no o6naCTll . e > e . 
/56/ 

0 

B rrpemHIIX pa6oTax TaK ll rrocTyrrann • • Ilpll"leM a e Bht"lllCnstnll MeTO.·~ 

JlOM B.K.E.· 

14 

l 

I 

\ 

l 
i 
,\ 

\ 
) 

\ 

"\ 

~ 
0 
() 

a-
• 
~ 

0 
G 

'"' o' 
I 
~ 

(O<w . ,r~~~--a·· ..,. I I 
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a.e. 
-4 

4.10 sa. ( 10) 

rpaqmKn napunanbHhiX ceqeHnfi a ( k) e 
HIIX cnenyeT, 'ITO B o6rueM cnyqae 

)2 

a r ( k) 38BIICIIT OT f 

f < f 0 9TO CTyneH'I8TaSI 

f > £ 
0 

- rnaJlK8SI tjJyHKUIISI 1 

llnSI k < 3 BTopaSI o6nacTb 

yMeHblliaeTCSI TBKllie 

B npenene k ... 0 coxpaHIITCSI 

II Mbi npiiJl9M K "'IICTOMy 

..-' 

naeTcSI' nKna:U napunanbHhiX ceqennfi 

BpeMeimo' C 9TIIM B o6naCTII f < f 
• 0 

+ 

6onbrue noxonnTb 

HarnSIJlHO npocnCJlliTb OC069HHOCTII 

SI K 6onblliliMo l13 HIIX1 B 'I8CTHOCTII
1

. 

a ( k ) MbmHo oueHIITb cne-

00 

( 11) f 
eo 

ae de 

H HHTerpnpyg no o6naCTII f > f . 
6/ 0 

1 npnqeM a f Bbi'IIICnSinii MeTo .. :.. 

14 

•J 

J 
I 

-
l.!)ew 

l 

~ 
0 
() 

c:r 
• 

I4.J 

-

L-

0 
G 
w 
o'. 
I 
~ 

8 • 

~ 
• 

. 
- Cl) 

= ··= Cl) 
12' 
Cl) 
0 

Cl) 
.0 = t: 
0 
t: 

: .-- ' IQ 

-b 

..... ocs: 
= = Cl) 
12' . Cl) 
0 """ -
~ c. :a = f< 
.a 0 
t: 
111 111 
Ill = = co Q. 
111 I 
t: """ )( • 
:a 0 = = Q. 
12' = Cl) 
t: = .... .. , (') = 111 Cl) 
c. ~ 
1:1: 
111 >. 
t: 0 
lol \0 

lXI 0 

• 
""" . 
0 = D. . .. 

0 

·I I -I () 
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TipH E = 1 aB o6a cnaraeMbiX B ¢opMyne ( 11) naiOT npHMepHo 

onHHaKOBbiA BKnan B ceqeHHe a ( k), onHBKOt npH E > 1 aB BKnan 

OT o6naCTH f > f 0 Ha'IHHaeT npeo6nanaTbo 

4. Ha pHc. 9 npencTaBneHa saeHCHMOCTb nonHoro ceqeHHSI a ( k ) 

oT aHeprHH oTHOCHTenbHoro nBH*eHHSI E • Pacxo*neHHe Me~y HawH-. 
/6/ 

MH pesynbT8T8MH H THOH'IHbiMH 3H8'19HHSIMH llanrapHO H 5JnaBa pasyM-

Hbi
1 

ecnH OpHHSITb BO BHHM8HHe npH6nH*eHHSI 1 npHHSITbie B HX pa6oTe ··' 

( ycpenHeHHe npH ManbiX f 1 
KB83HKn8CCH'IeCKOe Bbi'IHCneHH9 ¢a3 1 

K 
u 

) . 
OT6paCbiB8HHe M8TpH'IHbiX aneMeHTOB K 

g 
H 

TipH'IHH8 OTnH'IHSI TeopeT~'IeCKHX paC'I~TOB OT 9KCnepHM9HT8nbHhlX 

/18/ . /5/ 
naHHbiX o6cy*naeTCSI B pa6oTax • 

06paTHM BHHMBHHe 1 'ITO npH aHepi'HH 
E = 0,1 ae xapaKTep saBH-

CHMOCTH a ( k) OT aHeprHH CTOnKHOBeHHSI M9HSieTCSio 8TOT aclJciJeKT 
ex 

Bbi3B8H H3MeHeHHeM xapaKTepa ¢yHKUHH 1:1 f : npH · E < 0,1 9B oHa cTa-

HOBHTCSI CTyneH'I8TOH H onHoBpeMeHHO C 9THM HC'IesaeX BTopaSI o6naCTb 

f > f 
0 

B napuHanbHbiX ceqeHHSIX a·e ( k) (eM~ puc. 3 u 4-8). 

OnHaK~ na*e npH sHeprHH E= 10-
5 

se ( T ,.ol K) o6nacTb 

'IHCTOI'O S - pacceSIHHSI ewe He nocTHraeTCSI 1 OOCKOnbKY npH 9TOH 

sneprHH BKnan B ceqeHHe naiOT qeTbipe ¢a3bi ( f = 0,1, 2.3). Tipu 

E > 0, 1 se ynoeneTeopHTenbHO BbmonnsreTcSI ¢opMyna 

a e J k ) "' A + B lg E , 
( 12) 

/8 19/ 
KoTopasr Y*e o6cy~anacb B nHTepaType ' • 0TM9THM 1 'ITO npH k ... 0 

ciJopMyna (12) necnpaeennHB8 1 OOCKOnbKY H3 COOTHOW9HHSI (9a) cnenyeT1 

'ITO npH sToM a ( k ) -+ const . 

20 

0 
ll) 

"' ~ 
(!) 

0 
~ 

a 
It) 



raeMbiX B cfJopMyne ( 11) ll8JOT IIpHMepHO 

u ( k ) , onH.BKO, rrpn E > 1 sa BKnan 

rrpeo6nanaTb. 

38BHCHMOCTb IIOnHOI'O Ce'leHHSI u ( k ) 

E • Pacxo)KneHne Me)Klly Hawn-. 
/6/ 

.Hnaaa paayM-

K 
u 

). 

OT SKCIIepHMeHTSnbHbiX 

E = 0,1 SB xapaKTep aaan-

3ToT scfJcfJeKT 

~ e : II pH . E < o, 1 SB OHa CTa

STHM ncqeaaex BTopaSI o5nacTb 

a·e (k) (eM~ pnc. 3 n 4-8). 

E= 10-
5 

sa ( T .. ol K) o5nacTi:. 

e llOCTHraeTCSI1 IIOCKOnbKY IIpH STOa 

_'leTbipe cP83bi ( f = 0,11 213). npn 

BbiiiOnHSieTCSI cPOpMyna 

) ,. A+ B lg E, ( 12) 

/8 19/ 0 .,.,.,..,.nftType 1 
• 0TMeTHM

1 
'ITO IIpH k -o 

IIOCKDnbKy H3 COO~HOWeHHSI (9a) cnenyeT, 

/20 

0 
ll') 

<I) 

Iii 
(!) 

0 
-~ 

t!> 

Q 
·n 0 

~ 

'21 
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5. Ce'leHue nepesapHJlKH u ( k), ceqegue ynpyroro pacceHHHH 
ex /4 5/ . 

u· 
dir 

'( k) H nonHoe ce'leHue u· ( k) ' 

u(k)=u (k)+·u (k) 
ex dlr 

__ , 

=~ 
k2 

I. ( U + 1 ) ( sin 2 
8 f 

f g 

• 2 f 
+SID 8 

u 

(13) 

nonHoCTb~ onpenenH~ npouecc pacceH8HH (1) 6es y'l~Ta cTaTHCTHKH 

npOT~HOBe 

Ope· Man:t.IX aHepreHX cTonKHoaeHHit Heo6xonuMo Y'lHTbiBSTb cnHHOBbie 

cocTOHHRH npoToHoa. B cooTaeTcTBHH c STHM noganH~TCH naa nonHhlX 

C8'18HHH U ( k) H . U ( k) JlnH CHHrneTHOrO H TpHnneTHOrO COCTO-s,s 
1351

s,a 

HHHA JlByX npOTOHOB ' 

u·s s(k)·= ~~ ·~·(2f+l)sin 2 8f +I. (2f+l)sin 2 8f I 
' · k 'lell'o g Hell. u 

u· (k) _ 4" 
s,a - --{ k2 

I. (2f+ l) sin 2 8 f + I. ( U+ l) sin 2 
8 f I • 

Hello g 'leT. u 

/3 5/ 
B onbiTax usMepH~T nHmb nonHoe ceqeHHe, ' 

u{k);,._l u {k)+..!.u (k), 
s 4 . s,s 4 s,a 

22 

(15a) 

( 156) 

(16) 

ycpenHeHHOe no Ha'lan&HbiM H npocyMMHpoaam 

cocTQHHHHM o6onx npoToHoa •. B npaKTH'IeCKHX 
/3/ 

TaK~e TpaHcnopTHoe ce'leHne 

TT 

u = 2 rr f u ( 8 ) (1 -cos 8 ) sin 8 
0 

KOTopoe nocne pa3no~eHHH no rrapunanbHbiM B 

HHMaeT BHJl 

u (k) =~I (~ I. + -1- I.)( 
t k 4 'leT. 4 Hell• 

3 . 1 . . 
+<- k +- k )(f+l) 

4 Hell. 4 'leT. 

Ha pnc. 9 rrpuseneHbi HeKoTopbie ns aTH 

9HeprHH CTOnKHOBeHHH, a B Ta6nnue 2 - . HX 'l 

BHJlHO, 'ITO ITpH E > 1 as yqeT cTaTHCTHKH 

HOI'O ce'leHHSio 

3aKniO'le 

B sana'lax rrono6Horo Tnrra cymecTB~IOT 

rrpn Bbi6ope Ha'lanbHoro.rrpn6nu~eHHSI n rrpn E 

rrpHHSIToro rrpu6nn~eHHSI. B naHHOit pa6oTe yn 

23. 



a (k), ceqeHHe ynpyroro pacceHHHH 

u·tk) /4,5/ 

(k)+"C7 (k) 
ex dlr (13) 

" 2 

2 ~ 2 ~ 
l: ( U + 1 ) ( sin 8 + sin 8 
f g u 

..... 

npouecc pacceHnHH (1) 6es yq~Ta cTaTHCTHKH 

CTOnKHOBeHHii He06XOJlHMO yqHTbiBaT& CllHHOBbie 

COOTBeTCTBHH C STHM llOSIBnHIOTCH JlB8 nonHbiX 

JlnH CHHrneTHOrO H TpHnneTHOrO COCTO-

· (2f+ l) sin 2 8 f + l: (2f + l) sin 2 8 f I 
q He'l. u 

(15a) 

l: u~ f + l) sin 2 
8 f I . ( 156) 

'le'l'o 
. u 

. /3 5/ 
nonaoe ceqeHHe. • 

1 . 3 (k) - u (k) +- C1 ' 4 _ s,a . 4 s,a 

( 16) 

ycpeJIHeHHOe no Haqan&Hb!M H npocyMMHpOB8HHOe no KOHeqHbiM CnHHOBbiM 

COCTOHHllHM o60HX npOTOHOB. B npaKTnqeCKllX npnMeHeHHHX BCTpeqaeTCH 
/3/ 

TaKme TpaHcnopTHoe ceqeHne 

1T 

u = 2" f a ( (} ) (1 -cos (} ) sin (} d (} , . ( 17) 
0 

KOTopoe nocne pasnomeang no napunan&HbiM sonaaM n cnMMeTpnsaunn npn-

HHMaeT BllJl 

a (k) = ..±_;.-, (]._ l: + 
t k 4 qeT. 

!.._ l: ) (f + 1 ) sin 2 (Be - 8 f+ 1 

4 Heq. u g 

3 + (_ I. + l: · . e f+ 1 
><e+l)sto 2 (o -8- >1 

4 neq. 

1 
4 qeT. g u 

) + 

( 18) 

Ha pnc. 9 npnBeJleHbi HeKoTopbre ns STHX ceqeHnii KaK tlJyaKunn 

sHeprnn cTonKHOBeHnH, a i3 Ta6nnue 2 - · nx qncneHHbre sHaqeHnH. lis Hll;'C 

BllJlHO, qTo npH E > 1 sB yqeT cTaTHCTHKH npoTOHOB He nsMeHHeT non-

Horo ce'IeHnH. 

3 a K n·IO 'I e H n e 

B saaaqax noJio6Horo Tuna cymecTB~IOT JlBa ncTO'IHHKa norpernaocTefi: 

npn Bbr6ope Ha'Ian&aoro .rrpn6nnmeHnH n rrpn BbrqncneHnn ceqeHufi B paMKax 

npnHHToro npn6nnmeHnH. B JlaHHofi pa6oTe yJianoc& ns6emaT& rrorpern-

23 
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HocTeu BToporo Tuna, nocKonbKY a paMKax MeToA 

AnSI npouecca ( 1) Bhl'IHcneHbl C 38A8HHOH TO'IHOC1 

nonHHTenbHhiX npn6nn)KeHnu. TiosToMy nony'IeHHbie 

ncnonb3oBaTb AnSI oueHKH norpelliHOCTeu Apyrnx, 1 

Bhi'IncneHHSI ljla3 n ce'IeHnu npouecca CIIMMeTpH'IHc 

BbinonHenHoe nccneAoBaane npeAcTaBnSieT a 

HHTepec 1 ITOCKOnbKy Upll ManhiX SHeprl!SIX CTOnKHO 

npaBHno, H8XOAHTCSI He B 8TOMapHOM, a B MoneKy 

H8KO 3T8 KnaCCI!'IeCK8Sl 38A8'18 TeOpl!H paCCeSIHIHI 

aaTb o6lllne oco6eHHOCTII npoueccoa pacceSIHIISI a 

a3anMoAeficTByiO.lUIIX no 3aKoHy KynoHa. 

Oco6o cneAyeT oTMeTHTb AOKa3aTenbCTBo cy 
+ 

coCTOSIHHSI cncTeMbi H 2 npn 6onblliiiX Me)K"hSIAE 

flonb3YSICb cnyqaeM 1 npiiHOCIIM 6naroAapHOC1 

rO"<JHCneHHbie KOHCynbT8UIIII no MeTOAy ljla30Bh!X ljl~ 

38 IIHTepec K pa6oTe H o6Cy)I{AeHIISI II T .M • fliiKY1 

MY. HaM Ta6nHUhl TepMOB. 

Tipnno)KeHne I 

flpH npaKTH"<JeCKOM Bhi'IIICneHIIII ljla3 H3 ypaBJ 

cneunljln'IeCKHe TPYAHOCTII1 . KOTOpbie 3AeCb He06XOl 

Tipe)I{Ae acero cneAyeT oTMeTHTb1 'ITO ypaBH 

unu 6onee ecTeCTBeHHo 3anncaTb :B cnenyiOmeM BI 

d 
dR 

'1 e = - _l U ( R) [ j o ( k R) cos '1 e ( R) -
g, u k . q,u L q,u 
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HocTeii sToporo Tnrra, rrocKonbKY B paMKax 'MeToJla B.c.c. ce'leHnSI n <jla3bi 

JlnSI rrpouecca ( 1) Bbi'lHcneHbi c 3BJlaHHoit TO'lHOCTbJO 6e3 KaKnx-nn6o JlO

rronmtTenbHbiX rrpn6nn:>KeHnii, TiosToMy rrony'leHHbJe pe3ynbTaTbi MO:>KHO 

HCIIOnb30B8Tb Jln.H OUeHKH ITOI"peWHOCTeii Jlpyi"IIX1 IIpH6nH:>KeHHbiX MeTOJlOB 

BbJ'lHCneHHSI <jla3 II Ce'leHHii IIpOUeCCa CIIMMeTpH'lHOii IIepe3apSIJlKli, 

BbJIIOnHeHHOe IICCneJlOB8HHe npeJlcTaBnSieT B OCHOBHOM M9TOJlli'l9CKliii 

liHTepec, IIOCKOnbKY IIpli ManhlX 3HeprHSIX CTOnKHOB9Hliii BOJlOpOJl1 KBK 

npaBHno, HBXOJlHTCSI He B 8TOM8pHOM 1 a B MOneKynSipHOM COCTOSIHIIH, 0Jl

H8KO 9T8 KnaCCII'leCKaSI 38Jl8'l8 TeOpiiii pacceSIHHSI II03BOnSieT IIO'lYBCTBO

B8Tb o6mne oco6eHHOCTli npoueccoB pacceSIHHSI B ClfCTeMe Tpex qacTnu, 

B3aiiMOJleiicTByromnx no 3aKoHy KynoHa. 

Oco6o cneJ:tyeT OTMeTliTb JlOKa3aTenbcTBo cymecTBOBaHliSI CBSI3BHHoro 
+ 

cocToSIHHSI cncTeMbi H 2 · npn 6onbmnx Me:>K'bSIJlepHhiX p~ccToSIHIISIX • 

Tionb3YSICb cnyqaeM, npnHoCliM 6naroJlapHOCTb B.B.Ba6nKoBy 38 MHo

roqncneHHbie KOHCynbTBUHli no MeTOJly <jla30BbiX <jlyHKUliii, C,C,_ fepmTeiiHy. 

38 liHTepec K. pa6oTe n o6cy:>KlleHliSI n T.M. TinKy;nro6e3Ho npeJlocTaBname

My. HBM Ta6nHUbl TepMOB, 

Tipnno:>KeHne I 

Tipn IIpBKTH'leCKOM Bbi'IliCneHliH lP83 li3 ypaBH9HHSI ( 6) B03HHK810T 

cneunlflnqecKUe TpyJlHOCTII 1 KOTOpb!e 3Jl9Cb He06XOJlliMO IIOJl'l9pKHyTb, 

Tipe)I(Jle BCero cneJlyeT OTM9TliTb1 'ITO ypaBH9HHe Jln.H lPB30BbiX lPYHK-

. 112 13/ 
unii 6onee ecTecTBeHHo 3amicaTb B cneJ:tyromeM BliJle ' 

d 
dR 

e 1 e · 2 
TJ =--Ug u (R) [j .(kR)cos TJ (R)-n 0 (kR)sinTJ (R)](n.l) 

g, u k ' l. q.u L g,u 
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r.oe 

,.,., 

U g, u ( R ) = V gf J R ) _ f U + 1 ) 
, R 

0 f f 
7J 

q,u q,u 
( oO ) , 

< n.2) 

. (kR) (kR) . /l.2,13/ J e. H n e . . - <jlyHKUHH Eeccemr, onpe.oeneHHbie B • a 

¢a3bi 7J f ( R) npu R ... 0 sa.oaiOTcsr pasno>KeHH~MH 
g,u 

(kR)2C+I 2M 1 4M R 
---[ ~ ], 

(2r+ 2) (2C+1)(2r+3) 
e tR)=-

111
2 7J g ~ [ (2r+ l) .. 

a = 

7Je (R)=- (kR)2C+I 
[(2 e + 1 ) !! l 2. (a+. b R), u 

- y + v y 2
- 16 

4 

2 

b =..: 
2M ( 1 + a) 

(1 +a) + ( 2f + 2)( 2 e + 1 ) 

r=4+(2C+1)
2

• 

( n.3) 

e 
HsaecTHo, 'ITO <jlasoBbie <jlyHKUIIH 7J ( R) npu HanH'IHU cesrsaHHhiX 

g.u /12 13/ 
COCTOSIHUH ilpH k ->. 0 UM9IOT CTyneH'I8TbiH xapaKTep 1 

• 3TO C03-

26 

.oaeT 3Ka'IHTen&Hbie TpyllHOCTH np:u; HHTe 

BbiHY>Kll89T BMeCTO HHX HHTerpHpOB~Tb :y 

ua HHTerpupoaaHHsr ·. R, cymecTBeHHo c 
. 0 

R . . e 
. • 0KOH'I8TenbHO <jla3bl . 0 Bbi g,u 

o e 
g,u 

( R )+~+he( 
0 2 . 

o e 
g,u 

r.oe nonpaBKa 

e 1 "" · 1 h(R
0 
)=-- f V(R)dR--

2k R O ·· (2k) 

- 1 v' (2k)
3 

(R o ) cos 2(~ 

V(R)=- CU+1) 9M 
2 - --' l 

R 2R 4 

Y'IHTbiBaeT .oo6aBKY K <jlasaM 
oe 

0~ 
g,u 

onpe.oensreTCsr U3 ycnoBHSI CXOllHMOCTH ~ 

npu .oononHHTenbHOM ycnoBHH 

o~ (R 
0 

) < 10- 2 
• · 
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f (R)=V (R)-_f<f+l) 
u g,u R 

. f 
0 

f 
1J 

g,u q,u 

( oO ) , 

< n.2) 

..-"'~ 

/12,13/ 
- ¢yHKUUU Eeccemr, orrpeneneHHbie B , a 

R ... 0 

R)2 f+ I 

) !! ] 2 

aanaroTcn paanoMeHunMu 

2M 1 4M R 
---[- ], 

(2e+ 2) (2r+l)(2e+3) 

R)=- (kR)2f+I 
[( 2 f + 1 ) ! ! ] 2 . ( a +. b R ) , 

- 16 2 
2M ( 1 + a) b = ...: 

(1 +a) + ( 2e + 2)( 2 e + 1 ) 

Y=4+(2f+l) 2
, 

( n.3) 

e 
OBbie ¢YHKuuu 1J ( R) rrpu Hanu'IUII csnaaHHbiX 

g.u /12 13/ 0 
IIMeroT CTyrreH'!aTpiH xapaKTep ' • 3To coa-
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. naeT 3Ka'IHTenLHbie TpyllHOCTU IIpll llHTerpllpOB8HHU ypaBHeHUfi ( n;l) ll 

BbiHy*llaeT BMeCTO -HHX HHTerpllpOB8Tb ypaBHeHUR •( 6) • llpu STOM rpaHH

ua'HHTerpupOBaHUR "R,
0 

cymeCTBeHHO OTOllBHraeTCR ~ o6naCTb 6onbWHX 

-R - f 
. 0 0KOH'I8TenbHO <f>a3bi . 0 Bbl'IUCnnnUCb ITO- <f>opMyne 

g,u 

0 f 
g,u 

(R )+~+hf(R 0 ), 
0 2 

cn.4) o e 
g,u 

rne rrorrpaBKa 

e 1 
00 

· h(R )=-- f V(R)dR- _l_ V(R )sin2(kR
0 

+8
0
)-

0 2k R 0 (2k/ 0 

1 . I 

_ -- V (R 
0

) cos 2(k R
0 

+ o 
0

) 

(2k) 3 

V(R) =- f <f+l) 9M 
R 2 

- 2R 4 0 
0 

o(R 0 ) 

Y'IUTbiBaeT no6aBKY K ¢aaaM oe OT o6naCTH 
g,u 

orrpenenneTcn na ycnosun cxonuMocTu paanoMeHun 

IIpH llOITOnHHTenbHOM ycnOBHH 

l("R
0
)<10- 2

•· 
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.. . .;..2 
oTR YCJIOBR.II o6ecne'!RB8IOT. 38Jl8HHYIO TO'IHOCTb E <( 10 npn Bbl-

f . -3 -
'IHCJISHHH OTJlSJibHbiX 4la3 8 g,u H TO'IHOCTb E ~ 10 npn Bbl'IHCJISHHH 

6, f , . IJpn HHTerpHpOB8HHR B o6naCTH R ~20 ncnonb3oBaHhi Ta6nnUbi 

/11/ 
I1HK8 JlJI.II TepMOB .W (R)u W (R) 

q . u ·. 

/16/ 
Ir Ta6nHUhl XaaTepa·n llP• 

JlJist MaTpH'!HbiX aneMeHTOB K ( R) n K ( R) . 
g /21/ u 

ncnOJib30B8Ha 8CHMnTOTHK8 TepMOB 

~ ..... i 

W (R)=E (R) ;_!_
2 

4E(R) 
q,u 0 

B o6nacTH R >20 

(I1.7) 

E ( R) = _ _2_, _ ~ _ ~ _ · 7755 
64R

8 0 4R 4 2R 6 4R 7 
. 

1773 86049 < rr.8) 
-~-16R10 

3923 L\ E ( R) = ..±._ R e -R [ 1 + _1_ -~ - 131 - -·-
e 2R 8R2 48R3 384 R 4 

( I1.9) 

145399 5219189 509102915 - 377495399118 ]. - . - : 7 

3.840 R 
5 6 

·46080R 645120 R 10321920 R 

C pocToM aaeprnn cTonKaoseanii: E npn Bbi'!ncneann a ( k) npnxo-

JlHTcst cyMMHpOB8Tb 60Jiblll08 'IHCJIO napUH8JibHblX CS'ISHHH a f ( k) ( CMo 

puc. 4-8) o IJpaKTH'ISCKH B .PopMyne ( 3) cyMMHpyeTCst JIHlllb KOHS'IHOS 'IHCJIO 

napUHaJibHbiX CS'ISHUH 

L 

a(k),; :S af(k)+L.\a(k), 
f=o · 

(I1.10) 

28 

· rJle L onpeJlensteTcst H3 ycnonnst 

L L L 
B = B = B 

g u B 

L 
a 6opaoscKast .Pa3a B 8 3aJlaeTc.s~ .Por 

B o6naCTH L < e < 00 aCHMnTOTH'l e -
pacceSIHHst B g, u y)Ke xopolllo Bbmonm 

nonHOS CS'ISHHS U ( k ) MO)KHO OUSHHTb 

L\ ·a ( k ) = . f a r ( k )'d e TT 

L 

a= 
9M 
2 

-3 
3ToT BKnaJl npeae6pe:lKHMO Man ( "' 10 

IlpH 9HeprHstX. CTOJIKHOBeHHH 

OUSHHTb no .PopMynaM 

E >to""' 

L "'2 e "' 30 k 
2 

I1pHB8Jl8HHbl9 OUSHKH onp9JlSJistiOT T! 

B paMKaX MSTOJl8 B.C.C. B.JlByxypOBHSBC 

HHS pa3yMHO npu M8Jlb1X 9HeprH.IIX CTOJIKJ 
+ 

ypoBHstMH cncTeMhi H 
2

. · sennKH no cp1 
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. -2 
saJlaHHYIO TOqHOCTb { < 10 npn Bbl~ 

~ f .. H TOqHOCTb { < . 10-S ~pH BbJqHC.li9HIUf. 
u q,u -

8 o6nacTH R ~ 20 HCIIO.llb30BaHbi Ta6nHilbi 

.w ( R) H w u( R ) H Ta6.1IHilbl XaHTepa H Jlp/ 
161 

q . ·. 

K ( R) H K ( R) • B o6nacTH R > 20 
. . q /21/ u 

TepMOB 

_ ... 
. . 1 

= E
0 
(R) + Z A. E (R ) (11.7) 

. 7755 213 1773 86049 < n.s) 
-~-16R10 --4R7 - 64R

8 

1 25 131 3923 +·----- - -·-
.2R 8R2 

· 48R3 
384 R 4 

( f1.9) 

5219189 509102915 - 377495399118 .]. 
6 

. -
; 7 46080 R . .645120 R 10321920 R 

CTOl!KHOBeHHii: E npn Bbiqn:cneHn:H a( k) npnxo-

moe · qn:cno . napun:anbHbiX ceqeHnii: a f ( k) (eM. 

B cpopMyne ( 3) CYMMHpyeTCSI liHIIlb KOHeqHoe qn:cno 

u (k) 
L· 

.~·a (k)+t':ia(k), 
0 f . . 
L==O 

28 

( fl.IO) 

rJle L. onpe)l9l!SI9TCSI H3 yCl!OBHSI 

L L L 
8 = 8 = 8 

g u B 
< n.11) 

L 

a 6opHOBCK8SI cpa3a 8 B 38Jl89TCSI cpopMynoii: ( 96) ( CM. Ta6l!Hily 1) • 

B o6nacTn L < f < oo acnMnToTn:qecKaSI .cpopMyna ( 96) Jll!SI cpa3 e - . 
paCC9SIHHSI 8 q, u y)l(e XOpOIIlO BbinO.liHSI9TCSI1 H BKl!aJl t'J. a ( k) B 

nonHoe ceqeHne a ( k ) MO)I(HO oueHHTb aaann:Tn:qecKn: 

3 a 2 k 2 

!J."a(k) = J ue (k)d e"' 1T 

( f1.12) • L 32L
4 

9M 
a=-

2 

-3 
3TOT BKl!a)l npeHeope)IO{MO Man ( = 10 OT IIOl!HOro ceqeHHSI a ( k ) ) • 

flpn: aHeprHSIX CTOl!KHOBeHIIii: E > 10-4 as 3HaqeHn:e L MO)I(HO 
·._....J 

Oil9IlliTb ITO cpopMynaM 

L, 2 e 30 k 2/3 
( f1.13) 

flpHB9Jl9HHble 0Il9HKH orrpe)lel!SIIOT ToqHQCTb nonyqeHHbiX pe3yllbT8TOB 

B paMKax MeToJla B.c.c. s .JlByxyposHesoM rrpn6nn)l(eHn:n:. 3To rrpn6nn:)l(e-:-. 

HHe pa3yMHO IIpli Mal!b!X SHeprHSIX CTOl!KHOB9HHii:, IIOKa paCCTOSIHHSI M9)1(llY 
+ . . . 

YPOBHSIMH i::n:cTeMbi H 2 BennKH no cpasHeHn:ro c aHeprn:eii: HaneTaromero 
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npOTOHao 0]lHaKO TO'!Hbl9 I'p8HIIUbl MeTOJla UOKa H9SICHbi1 XOTSI H9KOTOpbie 
/6/ . 

OU9HKII JlnSI HIIX IIM910TCSI 

Ilpiino)KeHIIe II 

B HeKoT.OpbiX cnyqaSJ:x npii Bbi'!IIcneHIIII ¢as of liS ypaBH9HIIH 

(4) o6naCTII np1IM9HIIMOCTII KBaSIIKnaCCII'l9CKOI'O II 6opHOBCKOI'O npii6nii

)K9HIIH nepeKpbiBaiOTCSio 3TO MO)KHO fiOKaSaTb Henocpe]lCTB9HH0 1 cpaBHIIBaSI 

JlBa Bbipa)KeHIISI 

2 ( f + 1!2)2 ~ 00 

[.[ k - - Y ( r ) ] dr - J[ k 
KB r r 2 r 

0 0 

(f+1!2)2 )~ dr 
r 2 

of (IT.14) 

e 00 
2 · 

o = - -"- f U ( r )[ j 
0 

(k r )J d r 
B \2k 0 L 

( rr.15) 

(SJl9Cb r 
0 

=(f +l/2]/k, •i f (kr) = J f + ~ (k r) - c¢epii'!ecKaSI ¢yHK-

UIISI Eeccensr nonyuenoro nopSIJlKa). · Ilpii 6onhiiiiiX f II ManhiX k TO'!Ka 

llOBOpOT~ r >> l ·, a B 9TOH o6naCTII JlnSI 6biCTpoy6biBaiOIIIIIX fiOT9HUIIa-
O . 

noB BbiUOnHSI9TCSI yCnOBIIe np1IM9HIIMOCTII 6opHOBCKOI'O npii6nii)K9HIISI 

U ( r ) << k 2 
• l1cnonhsysr sTo ycnoBIIe~ a TaK)Ke KBasH~nacCII'!eCKYIO · 

aCIIMUTOTIIKY «iJyHKUIIH j f ( k r ) 
/22/ 

· Te 

npii 6onbiiiiiX f 1 Haii:JleHHYIO B pa6o '-· 

J. I (kr)=v 2k [k2_.(f+li2)\.:.'(~os( f j{,2_(f+l/2)2dr-....!...) 
f+ ~ 1T r r 2 r r 2 . 4 • ( rr.16) 

0 

30 

B o60IIX cny'!aSIX llpiiXOJlHM K OJlHOti II TOti )1(9 «fJop 

. 1 00 • 

of=-JU(r)[k 
2 r 

(f+l/2)2 .:.~ 
---1 d 

r2 
0 

B HaiileM KOHKpeTHOM cnyqae . U ( r) =- ~ 
r4 

COOTHOII19HR9 

"a k 2 

of 
8( f + l/2) 3 

B~o 

KOTOpoe npaKTII'l9CKII He OTnii'!aeTCSI OT BJ?Ipa)K9Hl 
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e rpaHHUbl M9TO.!la IIOKa H9SJCHh11 XOTSJ H9KOTOpb!9 

IlpHnomeHHe II 

npH Bbi"IHCneHim !fla3 8£ H3~•ypaBH9HHi!: 

KBa3HKnaccH~ecKoro H 6opHOBCKoro npH6nH-

MO)KHO noKaaaTb Henocp9.!lCTBeHH0 1 cpaBHHBaSJ 

12)~U(r)l~dr-~k- (f+l/2)
2 

l~dr (I1.14) -
r 2 

•a 

TT 
00 2 . 

/ U ( r )[ j e (k r)] d r < rr.t5) 
2k 

k , . j e (k r) = J e + ~ ( k r ) - c!flepn~ecKaSJ ¢YHK-

nopSI.!lKar •. IlpH 6onbiiiHX £ H. ManhiX k TO~Ka 

aToi!: o6nacTn .nnSJ 6brcTpoy6brBaromnx noTeHuna

rrpnMeHHMOCTH 6opHOBCKoro IIpH6nnmeHHSJ 

3TO ycnoBne~ a TaKme KBaan~naccn~ecKyiO 

II pH fiOIIbiiiHX f 1 Hai!:.neHHYIO B pa6o -· 

- ·<f+l/2)2)...:.r!~os ( / /.{2_ (f+l~)2dr- --:r)' (I1.16) 
r2 r o r 

B o6oHX cny~aSJX npHXO.!lHM K O.!lHOii H TOii me ,·!fJopMyne 

1 00 

ae,-fU(r)[k 
2 r 

0 

2 ~ <f+L~L r dr. 
2 r 

( I1.17) 

B HaiiieM KOHKpeTHOM cny~ae 
a 

U(r) =- ~4 Bbr~ncnSJSJ HHTerpan, nony"'nM· 

COOTHOIIIeHife 

ae 
TT a k 2 

(I1.18) 

S(f+l/2) 3 
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