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§1. B B e a e H H e 

B MHKPOCKOIUJtleCKOii: TeopHH HH3KOne)KalimX B036y)KJ:{eHHbIX COCTOSIHHfi 

stllep cymecTBeHHbIM o6paaoM nonbayroTCSI nonyKnaccHtJ:ecKHMH npeanono)Ke.

HHSIMH O xapaKTepe llBH)KeHJrn s:1aep11oro BelI!eCTBa B pa3HbIX ycnOBHSIX ( T.e. 

0 Kone6aHHSl:X noBepXHOCTH Sillpa H O ero BparixeHHH). KBaHTOB8SI HHTepnpe;.. 

T8UHSI Kone6aHHH B MeToaax cnyqafi11ott cpa3bl H npn6nH)KeHHOI"O BTOPH'IHOI"O 

KB8HTOBaHHSI BCTpeqaeTCSI C MHOI"OtJ:HCneHHblMH TPYllHOCTSIMH npH IlOilbITKax 

Bb!H:TH aa npeaenbI npH6nH)KeHHSI HeaaBil:CHMbIX rapMOHHtJ:eCKHX Kone6aaHtt. 

KBaHTOB8SI q>opMynHpOBKa TeoplfH pOT811HOHHbIX cneKTPOB paapa6oTaHa nnSI 

/ 1/ 
nneanbHoro cnyqaSI.)KeCTKoro poTaTopa 

MaTeMaTHtJ:ecKnfi annapaT, paaBHTbiil: A.KepMaHoM, A.Kneii:HOM H ap/ 21, 

Il03BOnSieT, B npHHUHile, BblfiTH 38 npeaenbl MeToaa cnytJ:afiaoil: q>83bl llnSI 

Kone6aHHfi H nccneaoBaTb aeaaHa6aTntJ:eCKHe sq>q>eKTbI npH BpameHHH Siaep. 

OaHaKO a11anH3 ypaBH8HHil: B TeOpllH KepMaHa-Kneil:aa MO)KHO Bb!IlOnHHTb, 

no-BHllHMOMy, TOnbKO Ha OCHOBe q>H3ll'18CKH 060CHOB8HHblX "ayneBbIX npH-

6nHmeHHfi" ans:i OCHOBllbIX KOMilOHeHT Teopnn - re11eanorHtJ:8CKHX K034>$H

UHeHTOB, CBSI3b!B8IOIIIHX COCTOSIHHSI CM8)KHbIX Sii:tep. Ebm npennomea H 6onee 

npOCTOH M9TOll Y'l~Ta Heanna6aTH'l8CKHX 3$q>eKTOB IlpH apameHHH Sillep/3/, 

Ollll8KO, OH He OllHCbIBaeT BpameHHe H Kone6aHHSI B Slllpax eaHHbIM o6pa30Mo 

Hn)Ke MbI npellnaraeM nollXOll K onncaHHro cneKTpoB s:iaep, no cnomHoCTH 

3KBHBaneHTHbil1 npH6nH)K8HHIO cnyqafiHoil: q>83blo 8 OTnHtJ::He OT M8TOll8 cny

qattHoil: cpaab1 B HaweM noaxone MoryT paccMaTpHBaThCSI KaK KoneoaHnSI; TaK 

H BpalI!eHHe. Ka)KJ:{OMY THny ll~H)KeHHSI conocTaBmleTCSI HeKOTOpblfi onepaTop 

nepexoaa (onepaTopbI po)Kllemfa q>oHoHa H poToHa). 
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CaottCTBa orrepaTopa poTOHa H rrpaBnno ero KOMMYT8UHH C raMHnbTO

HH8HOM B anna6aTH'IeCKOM npenene orrpeneneHbl B § 2. MHKpOCKonnqecKaSl 

cTpyKTypa aToro onepaTopa nccnenoBaHa B §§3,4. 3necb HattneHbI MaTpH'IHbie 

aneMeHTbl onepaTopa pOTOHa Me:lKJlY COCTOSlHHSlMH, paanH'I8lOIIIHMHCSl pa~Me

meHHeM HyKnoHoB no ypoBHSIM ne¢opMnpoBaHHoro cpenHero rronsi. 

B !l5 paccMaTpHBaeTcsi aan.aqa paano:lKeHHSI orrepaTopoB cpnanqecKnx 

BenH'IHH B pnn no onepaTopaM POTOHOB. 

Bb1xon aa rrpenenbI HeaaBHCHMbIX Kone6aHntt n BpameHnn npennaraeTcn 

ocymecTBHTb, ycno:lKHHB KOMMyTaUHOHHbie COOTHOIIIeHHSl C raMHnbTOHHaHOM 

orrepaTOpOB $OHOHOB H pOTOHOB. B KOMMyTaTOpbI HapaBHe C 'IaCTOTOfi Kone-

6aHntt 1i w H MoMeHTOM-HHepUHH t BBOJlSlTCSl ¢eHoMeHonornqecKHe KOH-

CTaHTbI, onHCbIBa10111ne CBS13b rrpoueccoB paaHoro pona. BenH'IHHa KOHCTaHT 

nom1ma 6b1Tb onpen~neHa npn noMOIIIH npouenypb1, rrono6Hott ncrronbayeMott 

B MeTone cnyqafiHofi ¢aahl/4/. AnaKBaTHOCTb TaKoro rronxona aKcrrepnMeHTanb

HbIM naHHbIM no stnepHofi crreKTPOCKOnHH o6cy:lKnaeTCSl a § 6 Ha npHMepax, 

Korna npnMeHHMbI npn6nn:lKeHHSI cna6ott cas:ian. 

§2. OrrepaTO'f)bI P0T0H0B 

OnpeileneHHe OCHOBHblX CBOHCTB orrepaTopoB, nepeBO)lSllllHX COCTOSIHHSl 

poTaUHOHHOH nonoCbl H3 onHoro B npyroe, MO:lKHO rrpoBeCTH cneny10IIIHM 

o6paaoM. Tipenrrono:lKHM, 'ITO H3 raMHnbT0HHaHa Slllpa MO:lKHO Bb!llenHTb one

paTop, 06nana10111ntt CBOHCTBaMH KBanpaTa MoMeHTa KonnqecTBa )lBH:lKeHHSI 

H=J<+hrot' h rot 
1 

2-j. 

2 2 2 
( I t + I 2 + I a ) •, ( 2.1) 

Tpn onepaTopa 
V 

aaMKHyTbl OTH0CHTenbHO KOMMyTaUH0HHbIX COOTHOIIIeHHH: 

[I ,I l=il 
· I l k 

(1i=l) 

( ecnn nepecTaHoBKa 1 n,epeaonsiwas:i 1, 2,3 B i' i' k' UHKIIH'IeCKaSI) H , 
npeo6paay10TCSl B peayllbTaTe BpameHHSl KBK KOMnoHeHTbl BeKTopa. 
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I 

. \ 

BneneM <popManhHO orrepaTOpbI 1 nefiCTBy10111ne B rrpocTpaHCTBe co6cTBeH-

HbIX COCTOSIHHfi s:inpa •. CHMBonaMH Re+ Mb! orrpenenHM orrepaTOPhI, 
• m 

nefiCTBHe K0T0pb!X Ha HH:lKafirnee co6CTBeHHoe C0CT0SlHHe h rot , HHBapnaHTHoe 

OTH0CHTenhHO BpameHnfi < I o > ) , rrepeBOllHT ero B cocTostHHe I Cm > ) , 

I Cm> R ;m \ 0 > • ( 2.2) 

ilefiCTBHe onepaT0pOB + 
R Cm Ha npyrne C0CTOSlHHSl onpenene110 HH:lKe. Mb1 

IT0Ka C'IHTaeM, 'ITO paane11e11ne raMH/lhTOHHaHa . ;-
CH T0'IHbIM ll nonaraeM onepaT0pb! R tm 

'IHC/18M raMIInbTOHHaHa BHyTpeHHero llBH:lKeHirn 

H B qJOpMyne ( 2.1) 5IBnsteT

llHaroHanhHb!MH no KBaHTOBb!M 

H. Hann'Ine npyrnx CTeileHefi 

CB060llbl H B03MO:lKHOCTb ITOHBneHHSI B cneKTpe Slllpa paanH'IHb!X poTaUHOHHb!X 

ITO/IOC 6yneT pacCMOTI?eHa B §§5,6. 
+ 

OnepaTOpb! R f m npn $HKCHpOBaHHOM C ll - r <m < C 06paay10T 

aenpHB0)lHM0e 11pencTaB11ea11e rpyIIIIbl BpameHHH • .8To 00CT0SITe/lbCTB0 orrpe-

nens:ieT HX KOMMYTBTOpbl C KOMITOHeHT8MH MOMeHTa KOnH'IeCTBa )lBH:lKeHHSI,-

a IT03TOMV H C raMHnbTOHHaHOM H . MMeeM: 

a) KoMMyTaUHOHHbie COOTHOIII9HHSI nns:i orrepaTopoB 

c onepaTopaMn R + 
Cm 

I a H l+=l.±.il
2 - I 

-
+ l =a 

C + 
[ I , R C R C + m m+t m+t 

[ I + ] = a C R + 
'R Cm m C m-t 

( 2.3) · 
+ + 

[I ,Rn l=mR 0 3 L m Lm 

e -
(am=.../<C+ml <f+l-m) ) • 

6) KoMMyTaUHOHHbie COOTHOIIIeHHSI nns:i onepaTopoB KBanpaTa MOMeHTa 
➔ + + 

K0nH'IeCTBa IIBH:lKeHl!SI c 2 C + 1-MeDHb!M BeKTODOM R f.. :a ( R II. m ) 

➔ 

2 ➔ + ➔ ➔'+ 
[1 ,Rc l=<Jc.Rc) 

( 2.4) 
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➔ 
➔ 

rne KBanpaTHaH MaTpnua J £ pa3M8pHOCTil 

ny10ume OTnII'IHbI8 OT HynH aneMeHTbl: 

J =2mI 8 -m 2 +m-Ca£ 
m,m m 

e 
=U J 

m,m+l m+l 

,_ 
J = a 

m,m-1 m + 

(2£ +l)x(2£+l)IIMeeT cne-

) 2 
' 

( 2.5) 

B COOTB0TCTBIIII C rrpenrronmKeHIIeM. cqiopMynIIpOB8HHbIM BH8'Iane ( CM. 

qiopMyny ( 2.1) )-, II ycTaHoBneHHbIMII BbIIIIe rrpaBIInaMII KOMMyTaUIIII orrepaTo-

pOB Rt m , Mbl H830B0M orrepaTopaMII p0:1Kll0HIIH poTOH8 TaKIIe orrepaTopblt 

nnH KOTOpbIX crrpaBenmrnbI COOTHOIII0HIIH ( 2.3) II npaBIIno KOMMyTaUH.II C 

raMIInbTOHIIBHOM H 

➔+ 
[ H , R £ 

1 4 ➔ + 
l=--<J•Re). 

2 j. 

( 2.6) 

TeopeMa O pa3nO:lK0HIIIl Ha HerrpIIBOllIIMbie npencTaBneHIIHt IIpIIMeHeHHaH 

K rrpOil3BeneHIIIO llBYX onepaTopoB R f mt CBIIneTenbCTByeT O TOM, 'ITO ace 

OHII MoryT 6bITb o6pa30B8Hbl ll3 orrepaTopoB, rrpeo6paay10mHXCH rrpll BpameHHHX 

K8K KOMIIOH0HTbl B0KTOpa R+ (m=O,+l). 
Im -

Ecn:11 h rot rrpencTaBnHeT 

co6oft raMIInbTOHIIaH 8KCII8nbHOrO :lKeCTKOrO poTaTopa. TO qiopMyna Kne6ma-

)l(opnaHa nnH nponaBeneHHH nByx onepaTopoB 

B Bnne/5/ 

R -t- MO:lK0T 6bITb 38IIIlC8H8 

R+ 

£ Im I 

R + = R + R + ='l; (2f+ 1) 
1 2 1 2 

(
e e e ) ( e e e ) 

£2m2 f2m2 £,m1fm· o.o_ 0 m,m2m 

6 

R ( 2. 7) 
£m 

(KaK nnH cqiepII'I0CKllX qlyHKUHH). ~OpMyna (2.7) COOTB0TCTByeT T8KOH Hop-

MllPOBKe. Korna 

~ 
m 

(-l)m R + R +.=l 

£-m £ m 

( 2.8) 

Ro =(-l)mR+ 
L-m f m 

OrrepaTopbI R+ 
fm 

nerKo CBH38Tb C KonneKTIIBHbIMll yrnaMilt COOT-

B0TCTByIOIIIIIMII BpameHIIIO Hnpa. OTMeTIIM, onnaKo. 'ITO MIIKpOCKOIIII'IeCKaH 

TeOpIIH BpameHIIHt onepIIpy1011IaH Be.nII'IIIH8MII 
+ 

R £ m·• aHa'IHTenbHO rrpome 

TeOpIIIIt cqiopMynIIpOB8HHOft B TepM1rnax yrnOBbIX rrepeMeHHbIXo 

§3. M11KpOCKOIIH'leCK8H TeOpHH Bp8raeHHH 

TTpII Il3y'IeHIIII MIIKpOCKOIIII'I0CKOH CTpyKTYPbI onepaTopoB 
+ 

R fm ' 

OIIllCb!B8IOIIIIIX rrepeXOllbl B peanbHbIX Hnpa~. cnenyeT Y'IIITb!B8Tb npII6nII:lK0H

Hblli xapaKTep ypaBH0HllH ( 2.6). A1mnorll'Il18H CIITyaumi: IIMeeT MeCTO Il. B Te

opIIII Kone6aHIIllt TaK 'ITO M0TO.llbl o6pa60TKII KOMMyTaUIIOHHoro ypaeHeHilHt 

no11y'IeHHoro BbIIIIe. ecTeCTB8HHO 38HMCTBOB8Tb II3 TeopHII BH6paUHOHHblX cneKT

poB. OnHaKO ananorllH He MO)KeT 6b!Tb cnenaHa IIO/lHOllt KaK 9TO cnenyeT II3 

paccy)Knem1ii. IIa11araeMb1x HII)Ke. 

TTpenno/10:llj:IIM CHa'Iana, K8K II B pa6oTe/3/. 'ITO H8M II3BeCTHbl co6cT

B0HHb!0 B0KT0pbl raMilllbTOHilaHa Hnpa. noMemenHoro BO BHeWHee none 

H'=H
0

+VCR+) ( 3.1) 

H 'I k > = Ek I k > . ( 3.2) 

Mb1 C'IllTaeM, 'ITO cocTOHHIIH I k > 0611ana10T CHMMeTpHeii oTHO<::HTenbHO Bpa-

meHHH B nnoCKOCTll ( y z ) , T 0 e 0 'ITO 

( I ) 
I k,k,=fl 8 , • 

k k,k 

7 
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1, -1 
+ B 9TOM rraparpa<pe MbI ncnonbayeM o6oaHa'leHne i+ 

(

R+ ) 

R 1 o 

R t+1 
nm1 orrepaTopoa, 06paay10nmx· rrpe1JcTaanem1e rpyrrrrb1 apamemdi: c MoMeH-

TOM f = 1. 

KoMMYT8UHOHHbie COOTHOllleHlrn ( 2.6) OCT8IOTCSI B cnne, ecnn 3aMeHHTb 

H Ha H , H3 <popMynhI ( 3.1). 06pa30Bb!B8SI MaTpH'IHbie sneMeHTbl OT 

orrepaTopHOI'O ypaBH9HHSI (2.6) C I'8MHnbTOHH8HOM 

~M~ 

H 'BM9CTO H , nony-

➔ 

;+ 
k,O 

(; • ; +) k 0 

2+(Ek-E 0 ) 
( 3.4) 

nuaroHanbHblll M8Tpll'IHb!H sneMeHT OT TpeTbero ypaBHemrn ( 2.3) C IIOMOIUbIO 

q:,opMynhI ( 3.4) 38Illllll0M B BHlle ( m -/, 0 ) 

+ 
( R ml oo 

m 

2+ 

-I 

l 
k/= 0 

➔ ➔ 
➔ ➔ + ➔ ➔ + 

0 a1o (( J,R l l o+((J.n) 1o (l l o 
k mk m k 3 k 

( 3.5) 
( E - E l 

k 0 

B cnyqae, Korlla aHepreTn'leCKHe aHaMeHaTenn B -<popMynax ( 3.4) 

II ( 3.5) aennKH H i- ( E k - E O ) » 1 • orrepaTOpbl 
cpenH. 

R+ 
m M0)!{1{0 npell-

CT8Bl1Tb B Blille/6/ 

R + = - R 2 -t/2(1 + i O ) 
I -1 ( 3.6) 

-t-
Ro =Ro= f, 

xi · 
3necb Mbl cnenyeM BbIKnanKaM, npuBeJleHHblM a pa6oTe/6I. 

8 

rrpH'leM l I o O \ 2 « 1 u l I £ I 2 « 1 • 
k -/,o k k-/, O Ok 

HellH8I'OHanbHhie M8TPII'1Hbi0 aneM0HTbi 9PMIITOBCKIIX orreoaro"poa f II 
0 orrpell0i!SIIOTCSI B rrepBOM IIOPSlllK'e ll3 cjJopMynhI ( 3.4) 

a = <-i/.P kO 

(l3)k0 

E 
k Eo 

f 
kO 

( I l 
i/ j.l 2 kO 

( 3. 7.) 

E - E 
k O 

TTOllCTaBnSISI rronyqeHHbie Bbipa)l<eHlrn BM0CTO ( 3,4)' rronyqaeM B 8TOM rrpn-

6nH)!{0HHII cjJopMyny l1HrnHca JlnSI MOMeHTa IIH0pUHII CHCT0Mbl 

t=2 l 
I (Ia 1 0 k I 2 ( 3.8) 

k-/,O F.k-f.O 

B oa6oTe/ 6/ IIOK838HO, K8K IICf!Onb3VSI cbooMVnhI ( 3.4). MO)!{HO rronV'lliTb 
➔ 

cne1Jy10mee rrpn6m1)!{eH1ie cuaqana 1lm1 orrepaTopoa R + a rroToM, rronb3Y-

stcb ypanue1rneM ( 3.~), n llnst MoMeHTa nHepunn cncTeMbI t. flnueapn3a

unst, rrpoaenaHHaSI Bb!llle, MO)!{eT OK838TbCSI 0'19Hb rrnoXHM I1pH6nH)KeHHeM, 

ecnn 8HepreTH'leCK!Ie 3HaMeHaTenn B Bb!pa)!{eHHlI ( 3.6) CT8HOBSITCSI cpaBHlIMbI

Mll C 8Heprneii B036y)!{.({eHHSI nepaoro pOT8UlIOHHOro COCTOSIHHSI. 

3HepreTIIqecKne 3H8M0HaTenu B cjJopMynax ( 3.4 )-( 3.6) MO)KHO CBSl38Tb 

co cneKTpOM BHyTpeHHIIX B036y)Kl]eHHH Slllpa. Hapyrna10my10 ccpepnqecKyIO ClIM

MCTpliio raMHnbTOHIIaHa '18CTb V ( R +1 B cpopMyne ( 3.1) ecTeCTBeHHO HH

TeprrpeTnpoBaTb KaK cpeaHee rrone, Bb16paHHoe TaK, 'IT06b1 KOMIIeHCIIp0B8Tb 

qneH B381IM0ll9HCTBIISI M9)!{JlY '18CTIIU8MH: 

H=H +V =H"+C, 

0 

0 int (~,CJ) 

V 
Int 

V ( R + l 
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TTpea.nono:»mM, 'ITO COOCTBeHHbJe BeKTOpbl onepaTopa II,, HaBeCTHbl 

H, nonaraeM TaK)Ke, 'ITO BTopou qneH B (3.9) OTHOCHTenhHO Mano BnHBeT 

Ha cneKTp BHyTpeHHHX B030Y)KP.eHHll BP.pa. TToHHMaB noa. BenH'IHHaMH E • \ k > 
k 

COOCTBeHHbJe 8Heprnn H cjiyHKUHH onepaTopa H ", Mb! aanmueM MaTpH'IHb!ll 

sneMeHT ypaBHeHHB (2.6) B BHP.e 

➔ 

➔ + ➔+ 1 ➔ ➔ + 
( E - E O ) R kO + < k\ [ CJ , R ] \ 0 > = -- ( J • R ) 

k 2 j. 

~ 
➔ ➔ 

BBeP,eM 0003Ha'leHHe ( J • R +) 

➔ + 

R k 0 

~ 

</.ii+> 
kO 

2j(E -E ) 
k 0 

( 3.10) 
kO 

( 3.11) 

TToa.cTaBnHH cjiopMyny (3.11) B (3.10), nony'IHM ypaBHeHne a.nH onepaTopa 
➔~ 

(/. ii_+) 

~ 

<1.a+> 
➔ 

➔ ➔ 

(J.R+) 
kO kO 

( 3. 12) 
~ ,,-....._y 
➔ ➔ 

1~ 1 ➔ ➔ + ➔ ➔+ l 7~ - I I u --(J.R) -(J.R) ---u I. 
kA E -E ,\o kA E _ E ,\ o 

,\ifO,k ,\ O "1c _A 

TTocnea.aee ypaBHeHHe noaBonBeT pa3BHBaTb TeOPHlO nocnea.oBaTenbHb!X 
-> 

npu6nH)KeHHH anB R + B TOM cny'lae, ecnH OCTaTO'IHOe B38HMOP.eHCTBHe 

ri Mano. Hana.H it+ no cxeMe, onncaHHon rb1llle, B npeHe6pe,KeHHH 

OCTaTO'IHblM B381IMOP.eiiCTBIIeM I{ y6HpaB TIInhP.Y B rrpaBOll qacTH cjiopMynbl 

10 

(3.12}, Mb! nony-qaeM nepBy10 nonpaBKY K onepa'!'opaM 

a aaTeM nonpaBKy K aHa'leHHlO HHepunoHHoro napaMeTpa 

Mb! MC)KeM, B nPHHUHne, nonY'IHTb KBaa.paTH'IHYlO n_o 
➔ 

ropy R+ H T.P., 

0 

~-
➔ ➔ + ➔ + 

(J.R)uR, 

j • TTocne sToro 

nonpaBKY K onepa-

B- aaK~ro'leHne sToro naparp~cjia cKa)KeM HecKonhKO cnoB 06 o6o6meHnn 

TeopHH nnH onncaHHH OTKnoHeHHll B cneKTpe poTaUHOHHhlX B030Y>KP.0Hllll OT 

cjiopMynbI ' I ( I + 1 ) • Oa.nH B03MO>KHblll nyTh onncaHHH Obrn HaMe'leH aBTO-

p'aMH 8TO_ii: CTaTbH paHee/3/. Ero o6o6meHHe Ha cnyqafi TpexMepHblX BpameHHll 

ObWO Bb!I10nHeHO B pa6oTel 7 /' npH'l~M ObWH nonyqeHbl 'IHcneHHble oueHKH 

nonpaBOK K MOM0HTy HHepunH, uaiia.eHHOMy B nnHellHOM no f I{ 8 rrpH-

6mt)KeHHH, B a.anbHefillleM Mb! npea.nonaraeM onHcaTb aeaa.na6aTHtJecKne norrpaB

KH B CileKTpe a.pyrHM cnoco6oM : BBOP.B B KOMMyTaTop ( 2.6) orrepaTOpbl rrepe-
/ 

XOP.0B nepoTaUHOHHoro THna, T.e. YtJHTb!BaB CBB3h Me)Kp_y BpaIUenneM 

rHMlf B030y)KP.eHHBMII BP,ep, 

§4. <PopMynHpOBKa B TepMHH8X BTOpH'llIOI'O KB8HTOB8/IHH. 

CpaBHeHJfe C MeTOJJOM cny'laiiHoii <p83bl 

I{ a.py-

3anHIII0M raMHnbTOHHaH Hnpa BO BTOpH'IHO-KBaHTOBaHHOM BR.Ile 

II I ( e 1 

II 
8 

J 
+--

2 

Ii 
I ( i k IV I 
k<N 

k-kj)) a+ a 
I + 

2 
ilk f 

( i I v I k e > a+a:+afak 
I l 

Mb1 nonaraeM, 'ITO onepaTop T + V , rne 
B • C • 

V = 2 
B • c. ' 11 

2 ( i k I V I jk - k j ) a + a 7 
k<N . I j 

( 4. 1) 

nHaroHaileH, TO eCTh, 'ITO 6aaHCIIbl0 OP.HO'IBCTH'IHble COCTOHHIISI. SIBnSilOTCSI 

pellleHHeM ypaBHeHIIH XapTpII-IPOKa P.nH paccMaTpIIBaeMoro BP.pa; npII 8TOM 

8HeprHH XapTpH-IPOK8 OP.HO'l8CTIItJHblX COCTOBHHll paB!Ibl e i • MHOroqaCTH'I-

HYlO cjiyHKUHlO CnsTepa, npea.cTaBnBlOlllYlO OCHOBHOe COCTOBHHe Bdpa, o6oaaa'IHM 

11 



0 > . KaK H 'B rrpenblllYill0M pasnene C'IHTaeM, 'ITO COCTOSIHH0 l'O > 06-

nanaeT oceBOH CHMM0TpHeii 

I IO> 
1 

o Io>. 
(4.2) 

➔ 

BTopH'IHO-KB8HTOB8HH8SI ¢opMa, orrepaTopoB R + nom1rna 6hITb BbI6pa-

H8 B COOTB0TCTBHH C ycnoBHHMH ( 2.8). ilnH Toro 'IT06bI rrony,IHTb ¢opMyny 

Taynecca nnSI MOM0HTa HH0pUHH, orrepaTOpbl 
R-t

Im 

cyMMbl ,, C ,, - 'IHCna H OllHO'laCTH'IHOro orrepaTopa 

a I, 
lj 

() a +
1 

a . 
ii I 

f = I. 
ii 

+ 
f Ii a I a j • 

f 

samuIIeM B BIIne 

IInII 8 , rnex/ 

(4.3) 

BenH'IHHbl f lj H a i j MO)KHO HaHTH, o6pa30B8B MaTpH'IHbl0 aneMeH

Tbl OT ypaBH0HHH ( 2.6). IToTpe6yeM BbIIIOnHeHUe ypaBH0HHH 

➔ + 
<O\[a+

1
al,{[H,R 

➔ 
1 ➔ ➔ + 

l--(J.R ll]IO> 
2 j. 

0 • ( 4.4) 

ITocnenHee ypaBHeHIIe nono6Ho ypaBHeHIIIO MeTona cnyqafiaofi ¢aahl/4/ 

<O I [ a+ a 
i 

+ + 
,{[H,B,\ l-hw,\ B,\ Ill O > 0 

( 4.5) 

xi ilm1 yqeTa 9¢lq>eKTOB cnapHB8111HI cpopMyflbl ( 4.3) nomKllbl 6bITb no-

nonuenbI qnenaMII, conep)KalllIIMII npOI13BeneHil51. a I a l II at a t. Mb1 ue 
nenaeM sToro, qT06b1 H36e)KaTb ycno)KH8Hil51 qiopMyn. YqeT cnapHBaHHH ue 

npencTaBnHeT npIIHUIIITHanbllbIX TpynuocTefi II 6y,neT npoH3Bene11 rrpH rronyqe

unl'I qHcneHHbIX oueuoK. 

12 

nnR orrepaTopa po)KlleHHSI ¢oHoHa 

B + 
,\ 

I. 
lj 

+c,\ > 
b a+ a 

I j 'I 
( 4.6) 

( B ypaBH0HlISIX ( 4.4). ( 4~5) OCTaIOTCSI nHlllb Te Koa¢¢mrneHTbI, HHll9KCbl i 'j 

KOTOPhIX pacnono)KeHbI rro pa3Hbie cTopoHbI OT rpaHIIUbI <t>epMH). 

YpaBH0HlI0 (4.4) OTnHqaeTCSI OT (4.5) HanH'llI0M orrepaTopoB J lll,'ffl" BO 

BTOpOM qneHe Bb!p8)K0HHSI B ¢HrypHbIX CK06Kax. OnHaKO rnaBHoe OTllH'IHe ypaB

H0HHH ( 4.4) OT. ( 4.5) COCTOHT B ero H001lHOPOllHOCTH OTHOOHTenbHO H0H3B0CT

Hb!X B0llH'IHH .81 I , 'i 1J Hs-sa H00llHOPOllHOCTII HeTpHBHanb}IOe pellleHHe 

ypaBHeHHSI ( 4.4) cymeCTByeT II pH n1060M 3H8'10HHH napaMeTpa i . ilnSI orrpe-

neneHHR MOM0HTa HH0pUHII 

BHH ( 2.3): 

t IIOTpe6yeM BbIIIOnHeHHSI "B cpenHeM" ycno
\ 

<O![I ,R/ 110 >'=a e <OI R; 10 > 
+ Lm m+I Lm+l 

( 4. 7) 

<O I [ 1_,R;m]IO>=afm <01 RemJ O >' 

<Ol[I
3
,R: ]IO>=m<OIR+ 10>. 

L m f m 

OcTaBnSISI BO BTOpOM 'lneHe ¢nrypHOH CK06KH B ypaBHeHHH (4.4) TOllbKO 

rmaroHanhHVIO qacTb orrepaTopa R +( f = 1) 1 rronv'lnM 

8 qp = <- i / t) 
( t'a) 

qp 

e - e 
q l' 

f = (i/") 
qp ¾-

<f 2 l 
I - qp (• 

e - e 
q p 

13 



rne onepaTopbI Iv ( v = 2, 3 ) YllOBneTBOpHIOT ypaBH0HHIO, H3D0CTHOMY B 

Teopnn KOH8'1HbIX <t>epMH-CHCTeM/7 / H 38BHCIDUero OT Bp8M8HH M8TOll8 XapTpH

¢01Ca/8/ 

(I) =(I) + I. (··')\V\··'-·'·) 
V ll v 11 1 1 ll l l 

I 'I ' 

n 
1 

0 

i < N 

i > N 

'-n, ~ 
n I' l ( I 

e - e 
I, l, 

V I 'I ' 
(4,9) 

HaKoHeu, nnH MoMeHTa nHepunn nonyqaeM ¢opMyny l1Hrnnca, ncnpasneHHyro 

Ha nonHpnsaunro cpeJlhI ( T,e. ¢opMyny Taynecca/8/). 

I. 
l<N, J>N 

"" (I) (I) +CI) (I) 
3 ll 3 l I 3 II 3 11 

e - e 
j 

( 4, 10) 

YqeT HennaroHanbHOfi '18CTH R fm npHBOJlHT K YTO'IH8HHIO ¢opMynhI (4.10). 

BbIXOJl 38 npenenbI OilHC8HHOI"O npn6nH)K8HHH MO)KHQ nponenaTh, B rrpnH

unrre, no cxeMe BbICIIInx rrpn6nmKeHnfi MeTona ,cn~aiiHo'fi ¢asb1.· Tipn · aToM 

➔ 

B orrpeneneHne orrepaTopoB R + cnenyeT· BKnIO'IHTb "JlBYX'l8CTH'IHbie"' K·oM-

IIOH8HTbI H ysenH'IHTb 'IHCno MaTpH'IHbIX aneMeHTOB OT ypaBHeHHH ( 2,6) nng 

onpeneneHHH nononHHTenbHbIX KOMilOH8HT 
➔ + 
R 1 BMeCTO 8TOI"O MO)K8T OK8-

saThCH 6onee ue;1ecoo6pasHbIM nsecTn orrepaTopbI1 rrpencTaBnHroIIIne KonneK-

" " THBHbie vrnoBbie rrepeMeHHbie 0 H tp 

+ 
Rl • + 1 

_ 1 A ±_i ¢, 
-:;:~ sin 0 e 

y2 
( 4, 11) 

R + " 
1 ,o = cos 0 , 

14 

A " C'IHTaH, 'ITO n nng Hnep c Manon ne¢opMaunen 0 H q, MO)KHO annpoKcH-

MHpOB8Tb OJlHO'18CTH'IHhlMH onepaTopaMH, 

§5. P83ll0:JK0HHe B pHa no onep8T0p8M + 
R fm . OTHOWeHHe 

BepoHTHOCTeu nepexoaoB H8.C0CT0HHHH p0T8UH0HH0H non0CbI 

PaccMoTpHM onepaTop HeKOTopofi ljlH3H'leCKOfi BenH'IHHhl 

nonbHOCTH ( L, M) , YJlOBn8TBOpHIOlllefi COOTHOllle!JHIO 

F LM MynhTH-

+ 
[ F LM' R f m 1= 0 • 

TaKofi orrepaTop MO)KHO pasno:M<;HTb B psin 

F 
L,M 

I. 
f,m 

C L,M R + 
f.m f m 

( 5, 1) 

( 5,2) 

L,M 
Koa¢¢nuneHTbI C o MO)KHQ onpenenHTb, He BbIJlenSISI SIBHO KonneKTHBHbI8 L,m 

yrnhI, Ilnsi aTOI"O yno6Ho ncnonb3OB8Tb COOTHOIIleHne 

3necb 

2 f 
1 

+l 

2 a 11 

= 8 8 
e l2 

A + A 

f d cu D ( cu ) R R f D -l ( cu ) 
£1 ml :f'2 

I, 
m 1 m 2 m Rf m 

1 

+ -Rf m' -
1 

Bf f B m 
1 2 

-1y1,.' -1{312' -IUI 1 
D = e e e 

( Cu = ( a, f3, y ) , d Cu = sin /3 d a d /3 d y ) 
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( 5.3) 

m 
2 

( 5,4) 



onepaTop KOHetinoro noaopoTa. $opMyna (5.3) cnenyeT H3 npaBHna npe-

+ 
o6pa30B8HHH onepaTopoB R rm npH BpameHHH CHCTeMbl KoopnHHaT 

" + " 
D (w) RfmD-

1 
(w) I + r R n ,D , ( w ) 

t.m. mm 
( 5.5) 

m 

H ycnoBHH opToronanbHOCTH D -4JyHKUHH/
5/. 

Tipe)lnono»mM CHa'Iana, 'ITO onepaTOp F LM miaroHaneH no KBaHTOBb!M 

'IHCllaM BHyTpeHHero llBH)KeHHR, TaK 'ITO K09#HUHeHThl psi:na ( 5. 2) HBnHJOTCH 

"c "-tIHCll8MH H He npeo6pa3yIOTCH npH BpameHHH. Torna H3 qmpMynhI (5.3) 

cnellyeT 

LM 

C fm 

2L+l 

8 7T 

·.I\ "-1 
f d w D ( w) Rf m F LM D (w) 

(5.8) 

= o o 
fL mM 

l: R F 
M, LM' . LM, • 

8 npHMeHeH,HH K MHOrOHYKlIOHHhIM CHCTeMaM, nnsi: KOTOphIX ypaBHeHHH 

§ 2 MO)KHO YllOBneTBOpHTb TOllbKO B CMblClle cpellHero no KaKOMy-To COCTOHHHIO 

I n > ' (jiopMyny ( 5.6) ecTeCTBeHHO 3anncaTb B Bll)le 

LM -8 8 <ill I 
cfm - fL mM M' 

R F JO>. 
LM' LM 

( 5.7) 

ilnsi: onpeneneHHH Koa<p<pHUHeHTOB psi:na no a+ 
fm 

B 6onee o6meM 

cnyqae Hy)KHO 3H8Tb xapaKTep BHyTpennero nBH)KeHHH B si:npe. TTycTb one-

paTop F T,M MO)KHO npellCTaBHTb B BHne 

-
f,L,\M,\ 

=I I 
+ A, L,\,M,\ + 

F (c B,\Rfm+(cfm )*B,\Rfml, 
LM ,\ fm fm 

( 5.8) 

16 

j; 

t 
'1 

! 
I 
,I 

{ 
/, 
J 

;{; 
j
. 

I . ) 

l 
. ~ 

\; 

1:, 

l 
l 
,r, 
t. 

t.> 

Ii 
\ 
'I 

; 
r1 
' :) 

rile onepaTOpb! B ,\ (,\ ,,; r, L ,\ M ,\) ynoaneTBOpHlOT 6o3eBCKHM KOMMyTa

UHOHHhIM COOTHOIIIeHHHM [ B ,\ • at, ] = 8 ,\,\t H KOMMyTHPYIOT C onepaTopa

MH Rj m. O6pa3yH KOMMyTa~op 

[F ,B+ l= 
LM ,\ 

I 
fm 

A,L,\,M,\ 
C n R r . 

L m m 

( 5.9) 

MhI B03BpamaeMcH K onepaTop'y paccMoTpennoro panee Tnna. CnenoaaTenbHo, 

MO)KHO 38nHC8Tb 

>.., L,\,M,\ =<fl I 
Cf ,m 

2£+1 

B1r2 

x<n I I 
in'MJ 

M 

=(2 f+l )(-1) 

(-l)m '( f, 
-m 

-m 

L ,\ 

M'· 
,\ 

" + "-t f d"' o R r) F LM • a ,\ lo I fl>= 

( 5.10) 

(~ L,\ 

M,\ 
".) X 

~-) R
0 

,[F ,,B, · ,]Ill> 
c.m LM "• L ,\ M ,\ 

AHanorH'IHhlM o6paaoM MO>KHO onpe)lelIHTb H npyrHe M8TpH'IHhJe aneMeH-

Thi tiacTn onepaTopa F LM , lIOKanbHOil no KOlllleKTHBHhIM yrnoBb!M nepeMeH-

HhIM, TaKne, nanpHMep, KOTOpb!e CBH3h!B8IOT COCTOHHHH C pa3Hh!M 'IHCnOM 

KB83H'I8CTHU. 

TipHBeneHHbie pe3ynbT8'Thl Il03B0lIHIOT nony'IHTb COOTHOIIIeHHSI BepOHT-

HOCTeil nepexonoB Ha COCTOSIHHH poTaUHOHHhIX nonoc nnsi: HeKOTOphIX '18CTHhlX 

cnyqaeB. OCT8BlISISI . IlOll06Hb!H aH8lIH3 no cneay101I1HX ny6nnKaunil, paCCMOTpHM 

nnsi: npHMepa MaTpH'IHhlll aneMeHT nepexoaa Me)Kny nByMSI COCTOSIHHSIMH oc-

HOBHOli poTaUHOHHOH IlOlIOChI, Bb!3B8HHOro noneM F LM , onepaTop KOTOporo 

MO)KHO 38IlHC8Tb B anne ( 5.2). HMeeM/9/: 

< I r M r K r = 1> I F LM I I 1 ~ 1 K 1 = O > 
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1/2 
=[(21 +1)(21 +l)] <OI R 

f I 

= (-1) Ir-Mr 

(

L I I I r) 
M M 1 -Mr 

+ 
IMFLMRIM 

f f I I 
Io > 

<I K =OIIF 111 K =0> 
f f L I I 

(5:11) 

l1cnonbaysi ( 2. 7) H ( 5. 7), )lnSI npHBe)leJrnoro MaTpiPrnoro aneMeHTa nony•rnM 

Bblp8}KeHHe 

< I K = 0 II F II I K = 0 > 
f f L I I t I I 

0 :·) 
1/2 

[(21r+1)(21
1
+1)] x 

( 5.12) 

-I 
x <-1 > r < n 1 l: 

M' 
R LM'FLM'' O > • 

nocne)lHHil: COMHO}KHTenb B qiopMyne (~.12) HrpaeT_ponb BHyTpeHHero 

MaTpH'IHoro aneMeHTa < x I FL 01 x > B o6o6meHHofi MonenH/ 10/. Mb1 He HMe

eM- HHKaKHX OCH0B8HHH C'IHT8Tb, 'ITO COCTOSIHHSI, y'laCTBYIOIUHe B qiopMyne 

( 5.12). MO}KHO npeacTaBHTb B Birne npoH3Be.({eHHSI qiyHKUHH KonneKTHBHblX 

yrnoB H BHyTpeHHHX nepeMeHHblX K8K B o6o6meHHOH MOJlenH, B HallieM IlOJl

XO)le qiyHKUHSI In> y}Ke HcnonbaoBanacb ansi Hay<IeHHSI cBoftcTB onepaTopoB 

+ 
R fm • OHa COJlep}KHT K8K BHyTpeHHHe, T8K H KonneKTHBHb!e nepeMeHHbie. 

~opMyna (5.12) a¢¢eKTHBHO pernaeT aaaaqy paaneneHHSI HX poneft. 

Jlng CHnbHOlleqiopMHp0B8HHblX Sillep qiopMynhl ( 5, 7). ( 5, 10)' ( 6.12) MO}KHO 
.,, 
annpoK~HMHp0B8Tb H3BeCTHblMH Bblpa}KeHHSIMH o6o6meHHOH M01IenH, 4To6h! 

nony'IHTb Hx, cnenyeT coxpaHHTb nHrnb '6onh1IIy10' JlHaroaanbHyro qacTb one-
(1Iuar) 

paTOpOB R fm ,, paBHyro R £ ~, = 8 m 'o • 

OueHKY llnSI Hen11aroHanbHb!X MaTpH'IHbIX aneMeHT0B R +. , ' 
0 Lm a, cneno-

BaTenbHO, oueHKY qneHOB, 0TnH'l8IOIUHX qiopMyny ( 6. 12) OT Bblpa}KeHHSI 0606-

meHHOH MOile nu, nony'IHM npH Il0MOIIIH qiopMynhI ( 3, 11). 38Ill!C8B ee B BHJle 

18 

➔ + 

( R £ )I l 
I 

f+ 

~ 
➔ 
➔ ➔ + 

CilJ•Rr j ) 

e 1 - e J 

l 5, 13) 

~ ➔ n -n ~ 
➔ ➔ + ➔ ➔+ p q ➔ + 

CilJ•RrlP=<ilJ•Rrl i>+ ~-<iplVliq-qj)---<qlJ•Re Ip>. 
P e - e 

p q 

TTpe)lcTaBHM 
➔ + 

( R f) Ii B BH)le pSill8 no o6paTHbIM CTeneHSIM MOMeHT* 

HHepUHH 
t- • l,f3 qiopMynhl ( 5.11) H aCHMilT0TH'leCKHX (npH 6onbllil!X neq>op-

M8UHSIX) oueHOK )lnSI • Rim cne)lyeT, 'ITO nepBblH 'lneH TaKoro pSIJl8 )lnSI 

Rim paBeH MaTpH'IHOMY aneMeHTY OT CHnbI. KopHOnHca, HcnpaBneHHOH Ha 

nonSipH38UHIO cpeJlbl ( CM. qiopMynhl ( 4.9)). Bb1CrnHe qneHbl paano}KeHHSI airnno

rH'IHbl MaTpH'IHbIM aneMeHT8M1 B03HHK8IOIUHM IlpH y'l~Te KOpHOnHCOBOH CHnbI 

B cneJlyIOIUHX nopSIJlKax. 
PaccMoTpeHHe Jlpyroro qacTHoro cny'laSI - nepexo)la H3 ocHOBHoro coc-

TOSIHHSI poTaUHOHHQH nonocbi C K ii"' 0 B C0CTOSIHHSI poTaUHOHHOil: nonOCbl 

K, = 0 MO}KHO npone,naTb, 38IlHC8B COCTOSIHHe I i > B mrne 

( 5, 14) 
li>=B+ jO>. 

I I =KI• MI 

3necb onepaTOp BHyTpeaHero B036ymneHHSI Bi I'M i KOMMYTHpyeT C nt m. 

nnsi COOTHOIIIeHHSI BepOSITHOCTeil: nony'laIOTCSI .peaynbT8Tbl, aHanorH'IHbie peaynb

TaTaM o6o6meHHOH MonenH B npH6nH>KeHHH He ;38BHCSIIUero OT -1 BHyTpeHHero 

M8TDH'IH0f'0 aneMeHTa, l1MeeM 

=(21 +l)½ 

<I , K = 0 II FL II I = K > 
f f I I 

<01 I. (-1/r+M'r (•
1

r 

MM' M' I f -M' 
f 

L 

M' 
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K
1

) 
M' 

I 

RI M' 
f f 

[F ,,B+ ,]j0>=-
LM K 1 MI 



,.(2Ir+I )1/2 (2K1+I)1/2(-l}1t dll· :£ 
- M~~I (:' L K 1 ) 

M' -M', 

·+ 
F LM ;B K -M , 1 {l> • < 5.15 > 

I 

Bb1pa:lKeHue B nocne.rrne:ii: cTpotJKe cjiopMynbI ( 5. 15), nonytJeHHoe B npJi

6nH:lK0HHH R f = O o , -t 111 m 
coarraaaeT c cjlopMyno:ii: ( 4.3.2) ua pa6oTb/ 10/. Orre-

paTop !B K M' 
l 

oTnutJaeTCSI OT + , 
BK IM mnn& HopMo:ii: !B + , = 

K
1

M . 
=(2K1+I)-

1
/

2
Btc ,M'· TiosmneHHe_cjiaKTOpa ( 2 K

1
+ I ) - I / 2 B JIOPMHpOBK~ 

:Bi {} >. BIIOnHe aHanorIItJHO IlOflBn(:!HlIIO ( 2 f + l ) -I/ 2 
B orrpeaeneHIIII H,OpMbI 

COCTOflHilfl Rem I > • 

flpoBe.[leHHbI:ii: BbIIIIe aHanna 38BIICIIMOCTH onepaTopoB OT KonneKTHBHl,IX 

rrepeMeHHbIX He flBnfleTCfl rronHbIM •. Ecnn KOMMYTSTOpbI ( 5.1) OTnHtJHbl OT Hynfl, 

TO paano:lKeHIIe ( 5.2) cneayeT .[IOIIOnHIITb tJneHSMII, coaep:lKSIIIIIMII CTeIIeHII MO

MeBTa KOnIItJeCTBa .[IBH:iKeHII1I. I1x ytJeT IIpIIBO.[IIIT, B. 'ISCTHOCTII, K acjJcjieKTaM: 

aHanorH'IHbIM ytJeTy 38BIICIIMOCTII OT 

Tax o6o6meHHOfi Moaenn. 

BO BHyTpeHHIIX MaTpII'IHbIX aneMeH-

§6. 3neMeHTapHbie Boa6y»meHHH B Htipax 

no cnx rrop naytJanncb cneacTBIIfl rrpeanono:lKeHnfl o aoaMO:lKHocTu Bhl

aenIITb ~3 raMIInbTOHHSHa SI.llpa poTaUHOHHYIO tJaCTb. B :9TOM naparpacjle · Mb! 

XOTIIM aaMeHIITb :9TO npearrono>KeHHe 6onee cna6bIM II, IIO-BII!IHMOMY, 6onb11Ie 

COOTB0TCTBYIOIIIIIM ae:ii:CTBIITenbHOCTH. Tipe.llrronO:lKHM, 'ITO cneKTp HH)Kafiumx 

cocToflHII:ii: fl.llpa MO:lKeT 6bITb aocnpoIIaBeae.li oTHOCHTenbHO rrpocTbIM cjieHoMe

HonorntJecKIIM raMIInbTOHIISHoM: 

h = h v + h rot + h s,p, + h Int '. 

( 6.1) 

3/leCb 

20 

h t 11. w.\ 
+ 

= B.\ B.\ 
V 

I 2 

h = 
rot ( 6.2) 

' rot q. 

h = }; e a+ a 
s.p. n n n 

n= 1,2 .. no 

orrepaTOpbI, OIIIICb!B810IIIII0 COOTBeTCTBeHHO Kone6aHIIfl, apameHIIe II KB83IItJ8C

TiltJHbI0 aoa6y)K.ll0Hilfl f!.[lep. Co6CTBeHHbI0 cjiyHKUHH onepaTopa h MO)KHO 

paanO)KIITb B Pfl.ll ITO ,, aneMeHTapHbIM aoa6y)K.[10HIIflM,, . - COCTOflHllflM, rro-
u B·+ R+ + 

nytJeHHbIM H3 BaKyyMHOrO .[leilCTBileM onepaTOpOB ,\ , f m , a n 

KOTOpbi0 Mb! CtJIITaeM KOMMyTilPYIOIIIIlMII M0)KilY co6oii. 

flocne!IHIIH tJneH B cjiopMyne (6.1) .[IOn>KeH ycTaHaBnIIB8Tb CBfl3b Me)K.[ly 

. II aneMeHTapHbIMil B036Y)K/l0HIISIMH,,. M bl nonaraeM, 'ITO one pa Top h Int 

'BKnrotJaeT He6onbIIIOe 'tJHCnO cjieHOM0HOnorHtJeCKHX KOHCT8HT, nonne)KaIUIIX 

orrpe:UeneHIIIO. Borrpoc Bb16opa h Int Mb! ocTaBnfleM rroKa B cTopoHe II rrona-

MO>K0T 6bITb mraroHanII30B8H, CK8)K0M, 
raeM TOnbKO, 'ITO raMIInbTOHII8H k 

rrpu IIOMOIIIII tJIICneHHbIX MeT0.[10B. flpII :9TOM aaaatJa MIIKpOCKOIIll"i0CKOrO aHa-

nIIaa CBO.[IIITCfl K 0Tb!CK8HIIIO CTpyKTypbl orrepaTopoB aneMeHTapHbIX aoa6y>K-

aeHIIH 
+ + + 

B.\,Rfm 'an II, aenIItJIIHbl rrapaMeTpOB hw, j. II KOHCT8HT 

I 
CBfl3II 1 BXO.llflIIIIIX B h 

Int 

nnfl peIIIeHIIfl TSKOH 38.[18'III MQ)KHO HaMeTIITb cne!IYIOIIIYIO cxeMy: 

1. I1crronb3Yfl KOMMyTaUIIOHHbI0 COOTHOIIIeHIIfl .[Inf! II.[leanbHblX 6oaOHOB, 

poTOHOB ( CM. § 2) II cpepMIIOIIOB, HSH.[leM KOMMyTaTOpbI 

[h,B\ ]=£.\, [h,R~m] 

[ h , + a n n 

21 

£em' ( 6,3) 



2. BocnonhayeMCH 'BTOpH'IHO-KBaHTOBaHHbIM npencTaBneHHeM nnsr onepa-

TopoB B+ 
,\ ' Rem 

,,. 
(cM. qiopMynhI (4.3), (4.6)) H I'aMHnhTOHHaHa H H Haft-

neM SIBHOe Bb!pa;>KeHHe nnsr KOMMyTaTOpOB ( 6.3)' 3aMeHHSI h Ha H • 

• 
3. 06paayeM M8TpH'IHb1e sneMeHTbl 

+ <kl t[H,a,\ l-£.\ 11e>=o 

< k' I { [ H , Rf m l - ff ml I f '> = 0 
(6.4) 

<k,, 11 ~ H , a! ] - f n } I f,, > = 0 

B nocTaTO'IHOM KonnqecTBe nnsr onpeneneHHSI onepaTopoB B , R , a KaK qiyHK

UHii OT. napaMeTpOB qieHOMeHonOI'H'IeCKOI'O I'aMHTOHHaHa h • 

4. <l>HKCHpyeM napaMeTpbl TaK, 'IT06bI HaHny'III!HM o6pa30M YllOBneTBO

pHTh npennoiIO;>KeHHblM KOMMyTaUIIOHHbIM COOTHOII!eHHSIM Me;>Kny onepaTopaMII 
+ ➔-

B ,+ , B , , R n , I , a + , a 
I\ I\ t.m '10! n n 

PaCCMOTpnM, K 'IeMy IIpHBOnHT TaKaSI npoI'paMMa npn OIIHCaHHH He'IeT-

HhIX srnep. 

a •. CqiepnqecKne srnpa 

ITpencTaBIIM- qieHoMeHonoI'U'I0CKIIii I'8MHnbTOHllaH He'IeTHOI'O 51npa B 

Bnne/11/ 

h=hv+hs.p.+ 

( 6.5) 

+ ~ 
Apq 

( <.\) 8 + ( <A? 
Ypq ,\+ Yqp )*B.\) a+ a 

p q 

Pne onepaTop h 
V 

npencTaBn51eT I'aMHnhTOHHaH cocenHeI'O 'I8THOI'O Rnpa, 

BOnHOBbie qiyHKUUII KOToporo o6o3Ha'IHM I A > . 3HaK HopManhHoro npona-

Benemrn (: ) 03Ha'IaeT, 'ITO onepaTOphl po;>KneHIIH qaCTHU (a+ npn p > N l 
p 

22 

II nhIIJOK ( a q npn q ::;: N ) 'IeTHOI'O OCTOBa CT051T cneBa OT onepaTo-

poB nornomeHn51. 

EcnII B3aUMoneiicTBIIe MO;>KHO Y'IllTbIBaTb KaK B03MymeHue, TO BOnHoByro 

qiyHKUIIIO He'Ii:!THOI'O 51npa 3aIIHII!eM B Bune 

liA>N+I 

+ 

a~ + I 
.\, p 

< ,\ ) B + 
y P I ,\ 

e -e -hw,\ 
p 

(A)* B ,\ + l I A > N Yip · )aP 

e 1 - e P + h w ,\ 

+ 
( 6.6) 

OnepaTOpbl B : B M0Tone cny'Iail:HOH qiaab1 6rrnHHeiiHhI no onepaTopaM 

po;>KneHHSI H yHII'IT0)1{0HlI51 qiepMlIOHOBo ITo9TOMy BTopoii qneH B qiopMyne (6.6) 

c onepaTopaMH B {, onpeneneHHhIMH no MeTony cnyqaiiHoil: ¢aah1, MO>KHo 

paccMaTpHBaTb KaK. peaynbTaT y'IeTa npnMeceii KOHqJHI'YP,lllHii C OllHOH nHII!Heii 

'IaCTHUeii H llblpKOH K OCHOBHOMY nepBoMy 'IneHy. 

3HaSI K09¢qiHuHeHTbl y (~) ' MO;>KHO Bhl'IlICn51Tb aMI1nHTynhI BepoSITHOCTII 
p I 

B036y;>KneHH51 onno'IaCTlI'IHb!X ypoBHeii, 

nepexoll, 

conpoBO;>K!{aIOmero' KonneKTJl'BHblfi: 

( 6. 7) 
<. A I + N+t I, B,\ ',A'>N+I 

JI' aMIInHTyny B036Y>Kn0HHSI KonneKTHBHhlX yposHeil: B peaKUHII nepena'IH/12/: 

< i, A I a+ I A'> 
N+I I N 

( 6.8) 

TTpencTaBIIM onHO'IaCTH'IHbIH ( 9pMHTOBCKHfi) onepaTop BH0IIIH0I'O nonsr, 

neiiCTBVIOmero Ha CHCTeMv, B BHlle 
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F I 
ll 

f ll a; al f N + I 
P,P '>N 

l; f hh, ah, a ;; + I, 
,\ 

h ,h':5_ N 

,a+ a .. 
PP P P 

( 6.9) 

cs{ e ,\ + s ,\ e 1 ) , 

rJle cyMMHp0B8Hlie HJleT no <pH3H'!eCKHM <pOHOHBM (heu,\>O) H 

FN N<0IFI0>N 

e,\= N< 0 j [ B ,\ , F ] j O > N I, 
I j 

( 6. 10) 

( .\) 
b

11 
Cn

1
-n

1 f jl 

l1cnonb3YH <popMynhI ( 6.6) H ( 6.9), nerKo rrony<IHTb BbipameHHe JlnH paa-:

HOCTH CT8TH'IeCKHX MOMeHTOB cocenHHX HJlep 

F -F=f -I 
N+l N ii ,\ 

e* re.\>+ e r<A> * 
,\ II ,\ 1i ( B. 1 1) 

hw~ 

Bb1pameHHe JlmI BenH'IHH 
( ,\) 

y Ii rrony'IHM, rrpnpaBHHB KOMMyT,!lTOpbI 

OT MonenbHoro orrepaTopa· 

TeMbI 

[ H + ] + 8,\ =1iW,\ B,\ 

h 

+ I 
lj 

H MIIKpOCKOIIll'IeCKOI'O raMllnbTOHll8H8 CIIC-

Y (,\)* a+a 
ll I l ( B. 12) 

[ [H , B ~], a;] , a 
1 

] + ( ,\) * 
y I l 
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II rronO)KIIB 

+ 
B ,\ I 

Ii 

+ c.\ > 
b I l 

+ a I a j•. ( 6.13) 
I 

EcnH OJlHO'IBCTll'IHbie COCTOSIHHH, p • q B h Int ne)K8T OJlHOBpeMeHHO 

BbIIIIe llnH HHme rpaHHUbI <l>epMH, TO rrocneJlHHM qneH BbIIIaJlaeT H3 ypaBH!e

HIISI JlnSI <pOHOHa 

< 0 I [ a: al , I [ H , st ] - 1i w ,\ BA -

_- I, ( .\) * . y qp • 
pq 

+ 
apaq l l I o > 

( 6. 12') 

0 

Mb! 6y11eM C'IHT8Tb, 'ITO 3TO ycnosne Ha HHlleKCbl p • q BbIIIOnHeao, IIOCKOnb-

KY OHO He HaKnaJlhlBaeT HHK8KHX orpaHH'IeHHH Ha xapaKTep rrpHMeceii COCTOSI-

HHU ( 2 p • 1 h) K COCTOSIHHSIM 'IaCTHUbl He'IeTHOI'O 51/lpa B cpopMyne ( 6.6). 
Ycpe11HHH BTopoe ypaBHeHHe B cpopMyne ( 6.12) H Y'Il!Tb!B8H cpopMyliy 

( 6.13), IIOJlY'IHM/ 11/ 

c.\> * 
y ll 

I 
kf 

+ ( ,\) 
(ikjVjj£-fjlbh (nk-nel 

( 6.14) 

flprr 3TOM aeaaBHCIIMOCTb KB83H'I8CTH'IHblX ll qJOHOHHhIX B036ymneHHM nMeeTCSI 

B TOM CMbICne, 'ITO 

< o I [ s +; I y<.\> 
,\ kf 'd 

a ;a e :11 o > = o • 
( 6. 15) 

<l>opMyny ( 6.14) nerKo HHTeprrpenrposaTb, narrncan onepaTop s¢<peK-

THBHhIX cun KBK napl!BUHOHHYJO IIp0113B0JlHYJO no MaTp11ue nnoTHOCTH ,K OT 

noTeH1111an1>Hoii sneprnu caMocornacosammro nonSI/ 13/ 
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V 
12 

OU I o 
2 

E pot 

o K 
2 

... ( 6.16) 

o K o K'l. 

ITpenrronO)KIIM, qTo 9Hepr!IH E pot 38BHCIIT OT rrapaMeTpa necpopMBUHH onHo-

qacTHqffOI'O IIOTeHUIIana E = E (Q l. ITyCTb nanee orrepaTop pot oK 
A O Q 
q = 

II KBHOHHqeCKII corrpH)KeHHb!H eMy orrepaTop 
A ~ A 0 
w([w,q] =-.-> orrpenenHroT 

• l 

orrepaTop po)KneHHH cpoHoHa B+ - I A 

-v'2hM <w+iM;) B 9TOM cnyqae IIMeeM 

( 6, 17) 
1i oU 

Y1· =v--<il--1 j) -
.l 2Mw ao 

Bb1pa)KeHne, 1Icrronb3yeMoe rrpn cpeHoMeHonornqecKOM aHann3e CBH3H KonneK

THBHoro H KB83HqaCT!fqffbIX B036y)Knemii1: Hnep. 

CooTBeTCTBIIe Me)Kny OilHC8HIIeM HeqeTHblX ccpep1IqecK!fX srnep, IlplIBeneH

'Ib!M .BbIIIIe, C 38BIICHIUHM OT BpeMeHH MeTonoM XapTpn-<PoKa, . MO)KHO ycTaHo-

3HTb, paccMoTpeB Bb1pa)KeH1Ie nnsr cTaTnqecKoro MoMeHTa ( 6. I I). ITpenrrono-

>1mM, qTo Bo36y)KneHHH B { , narorune ocHOBHPfi BKnan B cpopMyny ( 6. I 1), 

1eKonneKTIIBH3MpoBaHb1. Torna B cpopMyne ( 6. I I) _MO)KHO rronO)KlfTb B°\= a; ah , 

f>.=fph_ ,1iW>.=ep-eh, y~~) =(iplVijh-hj). 

~OpMyn~ (6.11) rrpn 9TOM rrepexonHT B H3B8CTHOe B TeoplIH XapTpn-<PoKa 

3bip8)KeHne, yqlITb1B8IDIUee B rrepBOM rropsrnKe rronHpII38UlIIO cpenb1: 

F 
N+I FN ~f 11+ I (ijlVlik-ki) 

j k 
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n - n 
j k 

e - e 
j k 

f k J 

( 6.18) 

6. LlecpopMHPOBBHHb!e Hnpa 

B sToM cnyqae orrepaTop h BKnroqae;r, KpoMe qneHoB B cjiopMyne ( 6.5), 

poTaunoHHYJO ::meprmo ( 6.2), rne orrepaTopbI 

➔ ➔ ➔ 

+ a: a a I ) = I ( I lj j + I l I a J . rot l 

I SN ,j >N 
< 6.18) 

+ ➔ 
➔ 
➔ ➔ 

I rot = :I + I I j a I a J 
1 ,J < N nnn i,J>N 

rrpencTaBnHIDT co6oi1: MOM8HT KOn1IqecTB8 ilBII)KeHJrn OCTOBa II HeqeTHOI'O HyK

noHa ( IInII ilb!pKII) COOTBeTCTBeHHO ( N - q!fcno HyKnOHOB OCTOBa). KpoMe .... 
KOplfonlfCOBa B381IMOnei1:CTBIIH ( - __!_;...i.. ) BBeneHHOI'O T8KIIM o6pa3oM 

f 

B MonenhHb!H raMlfnbTOHIIaH, Bbipa)KeHIIe nnH 

qneHaMH 

h I I 
(V) 

(R +i +· 
= V 

int ij a i a j 
V l,j SN 

tt.TIJ-fl,i>N 

h ecTeCTBeHHO norronHIITb 

2v 
I 

rot ( 6.20) 

KoMrroHeHTb! orrepaTopa ( 6.20) OIIIICbIB8IOT CMeIIIIIBIHI!fe COCTOHHIIH C pa3Hb!MII 

poTaUIIOHHb!MII KBaHTOBb!MlI qIJcnaMII. Mx ponb BIIOnHe aHanorIJqHa ponn 

K09cpcpIIUHeHTOB y B cpopMyne ( 6.5)' TaK qTo, 3H8H nx, MO)KHO rrony'laTb 

rronpaBKII K COCTOHHIIHM ClfCTeMbl If BbJqncnlITb MaTpliqHb!e sneMeHThI, aHa

nornqHbie paccMoTpeHHb!M BhIIIIe ( CM. cpopMynbI ( 6.6) -( 6. IO)). CBH3b K09cp-

cplIUIIeHTOB orrepaTopa h Int C MIIKpOCKOII1IqecKHM raMHnbTOHHaHOM Hnpa 

B qacTHOM cnyqae V = 0 rronyqlIM, rrp1IpaBHIIB8H KOMMyTaTophl II 8HTIIKOM-

MyTaTOpbi [ ] + 

v ~~) ( R + ) = [ [ h Int , a i ] , a ] + ( 6.21) 

[ [H,a+l,a.] 
I j + 
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ITpellCTaBIIB Bb!pa)l{emre 

(0) ( R +) 
V j I I 

em 

(0) (R +) B BIIlle 
V j I 

(0, e,m) + 
V R o 

j I L m 

II IICIIOnh3YH qiopManII3M § 5, rrony'IIIM 

< o. e,m> = < n I 
V lj 

I · I 
i '~j' m"' 

em 
(ii'IVlii')( 

Cm 

a + a , 
i, j 

( 6.22) 

e 
) m, Rem-' I n > 

( 6.23) 

3Ty qiopMyny MO)l{HO yrrpoCTIITb, BOCIIOnb30B8Bll!IICb Bb!pa)l{eHIIeM ( 6.16) 

lln.11 aqiqieKTIIBHbIX CIIn, ecnII 9HeprII.II E pot 38BIICIIT OT rrapaMeTpOB MynbTII-

rronbHOll )leqiopMaUIIII. B 9TOM cnyqae IIMeeM 

(O.C, m)_ (. I au " ( 6.24) 
VI j - 1 

aoem 
I j ) < n I I, Rem, q P.m , In> 

m . 

" 8 Q 
(q =-- ) , 

8K 

K - MaTpnua rrnoTHOCTI!j ( a qiopMynbI ( 6.23)-( 6.24) 

llIIBI'OHanbHblll MBTPII'IHblll aneMeHT R .em , He BHOCIIT BKnall). Iln.11 yql)Ta 

qneHOB V .j, 0 HV)Kf!O o6oomeHue BbTBOJ:tOR !l 5. 

3aKnIO'leHHe 

Pa3BllB8H qiopManII3M orrepaTopOB pOTOHOB, Mb! HeonHoKpllTHO rronqep

KIIBanII B03MO)l{HOCTII YTO'IHllTb l!3BeCTHbie qiopMynbI Jlml rrapaMeTpOB poTauII

OHHOI'O crreKTpa. 0JlHaKo HaM KB}KeTcH, 'ITO rnaBHoe rrpeIIMyIUeCTBO, KOTopoe 

JlaeT llX BBeJleHIIe, COCTOllT B YHIICpl!KaUHII OIIl!CaHIIH rrepeXOJlOB pa3HOI'O poaa. 
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rro 9TOll rrpII'IIIHe Mb! ynenIInII. B )laHHOll pa6oTe MHOI'O MecTa Bb!Bony y)l{e 

II3B0CTHb!X peaynbTaToB, JleMOHCTpIIpyH aHanoI'IIIO H8lll0I'O MeTO)la C llPYf'IIMII 

IIO)lXOllaMII IC rrpo6neMe BparueHl!.11, flpII 9TOM OKa3anocb B03MO)l{Hb!M ycTaHO

BIITb TO'IKII corrpIIKOCHOBeHII.11 Ramero MeTona C ·TeopIIefi rrpIIHYJlIITenbHoro 

BparueHIIH II MeTOJlOM cnyqafiHofi ql83bl. 

Y HllqJIIKaUII.11, 0 KOTopofi I'OBOpIInOCb Bb!llle, rroaaon.11eT cqiopMynIIpo-

B8Tb II IICcne)lOBaTb rrpo6neMbl CBH311 Me)l(Jly aneMeHTapHb!MI! B036y)l(JleHII.IIMII. 

Pa3BIITb!ll MeTon Ilpl!BO)ll!T K cyruecTB0HHO HOBb!M peaynbTaTaM KaK pa3 Jln.11 

Tex .IIBneHIIfi, rne 9TB CB.113b Ba)l{Ha. 

, B aaKnIO'IeHIIe 8BTOpb! Bb!pa)l{aIOT IICKpeHHIOIO IIpII3HaTenbHOCTb COTPYll-

HIIKaM rpyIIIIb! TeopIIH Hllpa nT.<t> 011 Hl1 J ITpl!HIIM8Bll!HM yqaCTHe B o6cy>K!leHHH 

pa60TbI. OllHH 113 aBTOPQB ( 11.M.) IIOnbayeTC.11 cnyqaeM OTM9THTb MHOI'O'IHCneH

Hbie II rrone3HbJe llHCKyCCHH ITO BOIIpocaM, IIOllHHMaBUJHMC.11 Bb!llle, C B.Pb1!Sap

CKOfi. 
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