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KaK H3BeCTHo, npH peweHHH ypaBaeaHA: $a11neeBa aeo6xonHMo saaTb 

noBeneaHe llB:Y ·"'IaCTH'lHOil: T -MaTpBUbl BHe MaccoBoA: noBepxaocTu. KaK npa

BHno, T8KYlO T -MaTpHUY nony'l8lOT pewaR ypaBHeaHe nHnnMaHa-IIJBRHrepa 

(HnH WpenHarepa) npH Hcnonb30B8HHH noTeHuHana, t\laKTOpH3oBaaaoro no HMa

ry'IH/ 1 I. BoaHHKaeT Bon poe o CMhicne H KoppeKTHOCTH npencTaBneHHSI pean&-

Horo noTemmana noTeHUH8110M HMary'IH. noSICHRM, 'ITO HMeeTCSI B BHny. nycTb 

HMeeM 110K811bHbiH noTeHUH8111 KOTOpbiil: BOCOpOH3BOJ]HT 9KCnepHMeHT811bHbJe 

llaHHbie B WHpoKoM HHTepaane saeprHB. Ey11eM H83biB8Tb ero TO'IHbiM. PewaR 

ypaBHeHHe JlHnnMaHa-IIJBHHrepa C T8KHM noTeHUH81IOM1 nony'IBM npaBH11bHOe 

noaeneaHe llBYX'l8CTH'lHOil: 8Mfi11HTYilbl BHe M8CCOBOil: noBepXHOCTH. TioCK01lbKY 

Ha npaKTHKe ll11SI peweHHSI ypaBHeHHil: $anneeBa *enaTe11bHO HMeTb llBYX'l8CTH'I-

ay10 aMnnHTyny B t\laKTopHaoBaaaoM BHJle ( KOTOpbiil: nonyqaeTCSI H3 tP8KTO-

pH38UHH noTeHUH811a), TO B03HHKaeT HeOOXOilHMOCTb annpOKCHM8UHH TO'IHOrO 

UOTeHUH8118, paCCM8TpHB8eMoro BHe M8CCOBO~ UOBepXHOCTH 1 COBOKynHOCTblO 

tPYHKUHil: OllHOH nepeMeHHOHo 

B STOM CMbiC1Je annpOKCHM8UHSI .RMaryq H 1 XOTSI OH8 H BOCnpOH3BOilHT 

noBeneaHe aMnnHTYilbi B npenene "effecthe range", aa aaw BarnSin, SIB1!SieTcSI 

llOB011bHO rpyooil: H naeT aenpaBH11bHOe noBelleHHe 8Mfi11HTYilbl BHe M8CCOBOft 

fiOBepXHOCTH. 

MaTeMaTH'!ecKaSI sanaqa npHonH*eHHSI tPYHKUHH llBYX nepeMeHHhiX coBo

KynaocThlO tPYHKUHH OJ]HOH nepeMeHHOA: MO*eT pewaTbCSI pa311H'!Hb1MH MeTona-

MHo Mo*H01 HanpHMep, HCXOilHTb H3 ycnOBHSI MHHHMyMa KB8Jlp8TH'IHOrO tPYHK

UHOH811a/2/, Oop830B8HHOrO OT p83HOCTH TO'IHOH H annpOKCHMHpylOweft tPYHK-
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unA. OaHaKo npH Hcnonb30BaHH~ .aToro MeToaa BOaHHxaeT Heo6xollHMOCTb 

peilleHHSI HeKOTOpb!X OllHOMepHblX HJfTerpanbHb!X ypaBHeHHit, B peaynbTaTe 'le

I"O npoueaypa annpOKCHMaUHH CTaHOBHTCSI O'leHb rpOM03llKOit X~ HH~e Hana

raeTCSI rrpoueaypa ¢aKTOpH3aUHH noTeHUHana, OCHOBaHHaSI Ha MeTOll~ BeAT~ 

MaHa/3/. flycTb HMeeM xopoTKoaeAcTBYIOIUHA noTeHuHan V( I;-_;-, p, flpo

H3BeaeM npeo6paaoBaHHe ~ypbe H paccMoTpHM ero paano~eHHe no napuHanb-

HbiM BOnHaM 

- - H' 
V(Jk-k'J>=r Vf(k,k')Pf(~), ( 1) 

l"lle 

V f (k, k') .. J j f (k r) j f (k 'r) V(r)r 
2 

dr, ( Ia) 

O'leBHllHO, ¢yHKUHSI V f ( k, ~ ') CHMMeTpH'IHa no k, k ' u y6hiBaeT c poe TOM 

k HnH k ', MeTOll ¢aKTOpH3aUHH TaKoA ¢YHKUHH COCTOHT B TOM, 'ITO no

BepXHOCTb V(k,k ') paccexaeTCSI nnOCKOCTSIMH 1 nepneH.UHKynsrpHbiMH OCSIMH 

k H k, H npH6nH~eHHaH ( y>Ke ¢aKTOpH30BaHH8SI) ¢YHKUHSI V ( k, k ' ) 

CTpOHTCSI TaK 1 'ITO OHa COBna.uaeT C TO'IHOA ¢YHKUHeit Ha nHHHSIX rrepeCe'leHHSI .. 
C9KVIllHX nnOCKOCTel!: C ITOBePXHOCTbiO V ( k , k '), ~VHKUHSI V[t, k ') 'Haxo-

llHTCSI H3 YCITOBHSI paBeHCTBa Hymo orrpenenHTeiTSI MBTpHUbl 

.. 
v ( k' k , ) V ( k, s I ) . • ••• v (k 's 

n 

V(s
1 

,k') V(s
1 

,s
1 
),,,, ,,V(s

1
,sn) 

v ( 8 'k , ) ••• 
n 

l ............ 

• • • • , ••• V(s ,:! 
n • n 

( 2) 

x/ /5/ 
J1aTepeceH T8K)Ke ITOilXOil EcjJHMOBa 1 OCHOBBHHbll! HB MeTOile 6yfi-

HOBa-ranepKHH8 B OTbiCKBHHH peweHHl! llHcjJcjJepeHUHanbHblX ypaBHeHHl!, 8 Hy

neBOM ITpH6ITH)KeHHH B 9TOM ITOilXOile ITOITY'I810TCSI pe3yiTbT8Tbi 0 rrony'I89Mble 
C cjJaKTOpH38UHel! .RMary'IHo 

, 
. >l 

' ,.: 

•I 

I 

I 

~ ,, 
I 

l 

I ,j 
4 

.-

I"' 

, 

rlle sn - TO'IKH nepece'leHHSI CeKyiUHX nnoCKOCTeA C KOOp~ 

k H k ', TaK K8K ¢yHKUHSI V (k, k ') CHMM9TpH'IHa, MO~HO 

TO ~e pacnpeneneHHe 9THX T0'19K Ha OCSIX k H k, , 0'19BHllll 

BaSI 'IHCnO paape30B 0 MO~HO K8K YI"O.UHO TO'IHO annpOKCHMH 

V (It, It') ¢aKTOpH30BaHHOA ¢yHKUHeA V ( k , It '), 

KoHKpeTHoe nocTpoeHHe ¢aKTOpHaoBaHHoA T -MaTpH 
e-ft• 

npHMepe noTeHuHana JOKaBbi V(r) .. G - , orpaHH'IHBaSI' 

napuHanbHOM paano~eHHH. 

B aTOM cny<~ae 

V(kk') I G p
2
+(k+k')

2 

Q I IIC:- - fn-...... ---:..... 4 2 kk, 2 2 • , ll +<k-k ') 

Pacce'leM ,noBepxHOCTb V l"· k ') 'leTbipbMSI nnocxocTHMH, 

nyCTb COBna.uaiOT C KOOpllHHSTHbiMH nnOCKOCTSIMH V 0 k 

.npyrHe pacnono~eHbi Ha paccTOSIHHH 

pHC, 1) 

PHc, 1 

s J)T KOOpllHH8THbiX 

llnSJ 9TOI"O cnyqaSJ YCITOBHe (2) npHHHMBeT BHil 

V(k,k'l v (k,O) v (k, .. l 
0 0 

V (O,k.') V (0,0) V (O,s) I •01 
0 0 0 

V
0

(s,k"l V
0

(s,Ol V
0
(s,sl 
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H HCnt>nb30B8HHH 9TOI'O M9TO.Qa BOSHHK89T He06XO.QHMOCTb 

b!X O.QHOMepHbiX HHTerpan&HbiX ypaBH9HHit, B pesyn&TaTe '19-

npOKCHMBUHH CTBHOBHTCH 0'19Hb I'pOMOS.QKOit X/. HHme HSna

a $aKTOpHsauHH noTeHuHana, ocHoBaHHaH Ha MeToae BeAT~ 

HMeeM KOPOTKoaeftcTBYIOIUHA noTeauHan V (I ;- -;"'"' p. Tipo

sosaaHe ~yp&e H paccMoTpHM ero pasnomeaHe no napuHan&-

- - kk' 
V(l k-k' I),. I V

0 
(k,k')P0 (-l, 

. f t t kk, 
( 1) 

,k'l=fie (krlj f(k'rlV(rlr
2

dr, ( la) 

H Vf(k," ') CHMM9TpH'IH8 no k, k ' H y6biB89T C pOCTOM 

9TO.Q $aKTOpH38UHHT8KOft $yHKUHH COCTOHT B TOM, 'ITO no

,) pacceKaeTCH IInOCkOCTSIMH, IIeprreH.QHKynS!pHbiMH OCSIMH 

IlpH6nHmeHH8SI ( yme $aKTOpH30B8HH8SI) $yHKUHSI V ( k, k ' ) 

0 OHB COBTI8.Q89T C TO'IHOft $yHKUH9ft Ha rrHHHHX nepeceqeHHH .. 
TeA C TIOB9PXHOCTbiO V (It , It '), ~VHKUHH V (\, k ') H8):0-

• paBeHCTBB Hymo OTipe.uenHTenll MBTpHUbl 

,k') V(k,e
1

l • • • V (k, s n 

,k') V(e •" ),,,, ,,V(e ,e) 
I I I n 

{ 2) \ 

, k ") •• , • • • • , , , • V( s , s 
n · n 

/5/ 
TBKJKe TIO.UXO.U E$HMOB8 1 OCHOBBHHblil HB MeTO.Qe 6y6-

0Tb!CKBHHH peweaHi! .UH«!>«f>epeauHanbHbiX ypasaeHHi!, B ay
H B aToM no.uxo.ue nony'laJOTCSI peaynbTaTbl, nonyqaeMbie 

HMaryqH, 

4 

...,:. 

I 
I 

,. 

<tl1i 
·' . . 
. ,· .. ··'.'.·.· .. ·.~. ·r~·, 

·'·~JI 
··)\.' 

':Ill 

,: 
,'\·'~ 

!'"" 

: '"'~ 

·~ 
l 

I 
I 

~ 
j, 

l 

/I 

rne 8
0 

- TO'IKH nepeC9'19HHH C9KYIUHX nnOCKOCTeft C KOOp~HHBTHhlMH OCHMH 

k H k ', TaK KBK $yHKUHH V (k, k ') CHMM9TpH'IHS, MOmHO Bbi6paTb O.QHO H 

TO me pacnpeneneHH9 STHX TO'I9K HS OCHX k H k, , QqeBHJlHO, '11'0, ysenH'IH-

BSSI 'IHC~O paspe30B
1 

MOmHO KaK yi'O.QHO TO'IHO aniipOKCHMHpOB8Tb $yHKUHIO 

V(lt,k 'l $aKTOpHsosaaHoft $yHKUHeft V(k ,It' l. 
KoaKpeTaoe rrocTpoeaHe $aKTOpHsosaHHoft T -MaTpHUbi nposeneM aa 

e~r 
npHMepe noTeauHana IOKSBbi V ( r l .. G - , orpaHH'IHBaSicb "' -sonaoft B 

napuHanbHOM paanomeHHH. 

B aToM cnyqae 

V (k k'l l G 1!
2
+(k+k')

2 

0 ' = - - tn--::--.;,_ __ 
4 2 kit, 2 2 • 

11 1L +<k-It 'l 

(3) 

PacceqeM JiosepxuocTb V 
0
(1t, k ') qeTbipbMH nnocKoCTSIMH, ase H3 KOTopbiX 

nycTb COBnanaiOT C KOOp.QHH8THbiMH IInOCKOCTSIMH V 0 k H V 0 It , , a .QBe 

.QpyrHe pacnonomeHbl HB paCCTOHHHH 1!1 J)T KOOp.QHHBTHbiX IInOCKOCTeft ( CM, 

pH c. 1) 

PHc. 1 

UnSI aToro cnyqall ycnoBHe {2) npHHHMaeT BHU 

'Vn,k'l v (k,Ol v (k,sl 
0 0 

- 0; {4) V (O,k ') V (0,0) V (O,,. l 
0 0 0 

V
0

(s,k') V
0

(s,Ol V
0
(s,sl 
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HnH 
- 1 v (k,k 'l --;r-1 e<kl[e<k ')da -'l(k'ld2] + 

( 5) 

+ 'I (kl['l (k ')d l ;-((It ')d2 ]I' 

r.ae 
G 

d - d d - d 
2 

I d "' V 0 ( O • 8 ) • 2( 2 + 2) I =ta 2 2 "!'" 

d ~ v 0(0,0) 
G G s 

2 

•-1 d "'V (s,sl• --fnO+ 4 -,-h 
"21'2 a 0 4.rr2 8 2 I' 

G . 
e(k) .. V 0 (0,kl•-;;- k2+!'2' (6) 

G I' 2 + ( k + " )2 
.,V(k,sl•---fn • 

0 4rr2sk !' 2 +(k-sl 2 
1'/ ( k) ( 7) 

nerKO BHil9Tb
1 

'ITO ecnH orpaHH'IHTbCSI TOnbKO llBYMH ceKyiUHMH nnOCKOCTH

MH, COBnallBIOIUHMH C KOOpllHH8THbiMH 1 TO ycnOBHe ( 2) npHHHMaeT BHil: 

v<~t,k'> ,.o, V
0

(k,O) 

V
0
(0,k') v 0(0 ,0) 

T.e. 

v<~t,k'l-
V

0
(k,O) V 

0
(0,k 'l 

(8) v 0 (0, 0 ') 

\ 
I 

CpaBHHBaH ( 6) c ( 8), y6e>KilBeMC51, 'ITO nocnellHee Bbipa>KeHHe e 

HHOe, KaK noTeHuHan HMary'IH. TaKHM o6pa30M1 CMhiCn npH6nH>KeJ 

'IH COCTOHT B TOM, 'ITO noTeHUHan (8) COBn81l89T C TO'IHhlM n( 

V 
0 

( k , k ') TOnbKO H8 KpHBbiX nepece'leHHSI nosepXHOCTH V n ( k , 

opllHHBTHbiMH nnocKoCTHMH. HeRo TaK>Ke, 'ITO npH6nH>KeHHe HMa· 

BHile
1 

B KOTOpOM OHO 06bi'IHO HCnOnbayeTCSI1 KBK MeTOil annpOJ<CH 

HOA <lJyHKUHH V (k, k ') MO>K9T npHMeHHTbCSI TOnbKO K S - BOnJ 

TO'IHOI"O noTeHUHana. ,UeJ;l:CTBHT9nbH01 <lJyHKUHH V U( k, k ') npH f " I 

CSI K ayn10 npH k HnH k ' ... O , noaToMy 6ecCMhiCneHHO annpo11 

aTH raMoHHKH Bbipa>KeHHHMH THna ( 8). EcnH Mhl XOTHM annpoK 

T8KHM cnoco60M <lJyHKUHH V y( k , k ') llnH f > 0, TO ceKymHe nno 

JlyeT npoBOilHTb He qepe3 H8'18nO KOOpllHH8T 1 a qepe3 

cooTBeTCTBYIOIUeA <lJyHKUHH V u ( k , k '). Pemast ypaBHeHHe 

c noTeHuHanoM ( 5), nonyqaeM cnellyiOmee Bbipa>KeHHe 

T(k,k',zl • .2.-te<ltl e<k'l[d +4rrl (zll+ 
1\(zl 3 2 

+'l(kl'l(k'l[d +4rrl (zll-
1 I 

-[ e < k 1 11 < k , 1 + e < k , 1 , < k 1 u d + 4rr , < z 1 11 
2 3 t 

r.ae 

TO'IKY 

nHnnMal 

llnR T 

L\ (z ) • d + 4 rr [ d I + d I - 2 d I ] + ( 4 rr ) 
2 

[ I I - I 
2 

] • 
12 3123 12 3 

I' 12 G2 

- --;;a 1 (zl .. Jq 2 dqe 2 <qlG(q,zl 
I 0 

I' <!' -if) 2 

f • y 2 I' 
12 

z , .G ( q , z ) • 
q 2 

/ 21' 
12

-z+ if 

,. ' . 7 

I
. 6 ~- ' 

.J> 



e-<kHe-<k 'ld 3 -'7<k'ld 2 1 + 

')d I ~~(k ')d 2 ]I; 

G 

I d 2 = V o ( 0' " ) • 17 2(p 2 +s 2) ·; 

G G "
2 

--;d :;V(s,sl--fn0+4-); 
17 2il2 3 o 4.17 2 8 2 il

2 

G 
k)--;2 

G !l 2 + ( k + " )2 
>---fn . 2 • 

417sk p 2 +(k-s)2 

( 5) 

(6) 

( 7) 

orpaaHqHTbCH TOnbKO neyMH CeKyWHMH rrnOCKOCTH

biMH, TO ycnOBH9 ( 2) ITpHHHM89T BHn: 

v ( k' 0) 
0 1-o; 

V
0
(0,0) 

V
0

(k,O) V 
0

(0,k ') 

v 0 (0, 0 ') (8) 

6 

,a-· 

·' ~ ... ' 

I 
' 

~;~I :r 
'5l 
'II: I "\, 

,,Zlf 
.. , •. ,l 

i; .. , 

:~#. 

\ 

I 
\ 

., 
',1} \ :\~~P. 

CpaBHHB8H ( 6) c ( 8), y6eJKnaeMcH, qTo rrocnenaee BbipaJKeHHe ecT& ae qTo 

HHoe, KaK rroTeHuHan HMaryqH. TaKHM o6pa30M, CMbiCn rrpH6nHJK9HHH HMary

qH COCTOHT B TOM, qTO ITOT9HUH8n (8) COBITanaeT C TOqHbiM ITOT9HUH8nOM 

V 
0 

( k, k ') Ton&Ko Ha KpHBbiX rrepeceqeHHSI rroeepXHOCTH V n ( k, k ') c KO-

opnHHaTHbiMH rrnocKOCTHMH. Hcao TaKJKe, qTO rrpH6nHJKeHHe HMaryqH B TOM 

BHne, B KOTOpOM OHO 06b!qHO HCITOn&ayeTCSI, K8K M9TOn anrrpOJ{CHM8UHH Toq

HOI!: ¢lyHKUHH V ( k, k ') MOlK9T rrpHM9HSITbCSI TOnbKO K S - BOnHOBOi!: qaCTH 

TOqHOrO ITOT9HUHana. llei!:CTBHT9nbHO, 4JyHKUHH V V( k, k ') ITpH e {. 0 CTp9MSIT-

CSI K Hymo rrpH k HnH k ' ... 0 , ITOSTOMY 6eCCMbiCneHHO arrrrpoKCHMHpOB8Tb 

3TH raMOHHKH Bblp8lK9HHSIMH THIT8 ( 8) • EcnH Mbl XOTHM arrrrpOKCHMHpOB8Tb 

TBKHM CITOC060M ¢JYHKUHH V V( k , k ') nnH f > 0, TO C9KYWH9 rrnOCKOCTH cne-

nyeT rrpoeonHTb He qepea saqano KoopnHHaT, a qepea 

cooTeeTcTByiOwel!: ¢lyHKUHH V v ( k , k '). Pewasr ypaeaesHe 

c rroTeHuHanoM ( 5), rronyqaeM cnenyiOmee BbipaJKeHHe 

T(k,k',z} •-
1
-le<k) e<~r.')[d +417I (z)]+ 

6-(z} 8 2 

+'7(k)'7(k'Hd +417I (z}]-
1 I 

-[ e < k) ,., < k • ) + e < k • > ,., < k > u d + "" 1 < • > 11 
2 8 ' 

rile ~ 

TQqKy M8KCHMYM8 

nHrrrrMaHa-lli BH arepa 

nnsr T -MaTpHU&I: 

( 9) 

6. (z ) • d + 4 17 [ d I + d I - 2 d I ] + ( 4 17 ) 
2 

[ I I - I 
2 

] • 
12 31 23 12 3 

!l 12 .. G2 

- -;;a !l (p - if) 2 
I (z} efq 2 dqe

2
(q)G(q,z) 

I 0 

f • V 2 p
12 

z , .G ( q , z ) • 
q 2 

/ 2p 1,2 -z+ i f 

• 7 



"" G 2 ; p. 
2 

+ < e + .. >
2 

2 
12(zlsJq.2 dqTJ 2(q)G(q,z)•-aP. 12 1---2 [l'n 

2 
] + 

0 21T 8 e.. p. +<f-s) 

1 
+ T ( p. 2 -f 2 + "2) H ( z ) I . 

I 

H ( z ) .. J dx x fn ~ 
-1 J- X 

VP.
2 

+ s
2
0-x 1 ( p. 2 + S 2 + f 2) 2- 4 i 2 S 2 X 2 

"" 2 
1 3 (zl = Jq dqe(qlTJ(qlG(q,zl 

0 

2 
2 e .. G 

--a p.l2 
217 

• liarcth( l-
s(f2+p.2J f12+,.2+f2 

" 2p. s - 2arctg(-
2 

l+ arclf! ( ) 1. 
p. p.2+f2_,.2 

npu s ... o, KaK H cneaoaano O)I(HllSTb, Bhlpa)KeHHe ( 9) anH T -MaTpH

Ubi npHHHMaeT (eM. npuno*eHHe I) BHll T -Ma.lrpHUbi RMary'JH: 

rae 

G p. 2 
a•-2 • 17 

_. 

T(k,k',zl= 
y 

g(k)- 2 2 
k +p. 

a g ( ld g (k ') 
(10) 

l+al(z) 

217 2 p. 12 m ·---, 
p.(p.-ifl 2 P.12 • m 

1 
+ m 2 

-,' . 

8 

,, 

'} 
·~ 
,'!~ 

~· 
:;~'~ 
:~ 
l!l,j 

\~:·: 

r 

· .•. 1 

' 

MccneayeM noaeaeHHe nony'leHHott T -MaTpHUbi Ha Maccoaott 

( k • k • • f ) • 3anuweM T -MaTpHuy a suae 

T(k,k,kl• 
A(k)+iB(k) 

C(kl+ iD (k) 

rae 
2 417C 2 417C 

Ase (kl[d 3 +-ga 2 l+TJ (kl[d +-a l-
P. I p.a 

417 c 
-2e<k>TJ<kHd 

2 
+ ---a 

p. a 
]. 

417C 2 
a., -[e <~<>b +TJ 2 <~<>b -2 e<~<>.,<k>b 1. 

P.s 2 1 a 

417C 
C:d+-[da +d a -2d 

p.3 I 2 3 I 

417C 
2 a + __;.,. (a a -a - b b 

2 a p.S 12 a 

D"' ~[d b +fd b 

c -

p.3 I 2 3 

G 
2 

P.t2 

217 8 

-2d 
417C 

h+-(ab+ab 
2 a it a 1 2 2 

-~ 

a a , a 2 , a 3 , b l , b 
2

, b 
3

- COOTBeTCTBeHHO ae ftCTBHTenbHblE 

' 1JaCTH ¢yHKUHtt I ( k) , I ( k), 
1 2 

( k) • 
3 

noll'CTaBnSISI SIBHI: 

b ~ ,b ~ B Bbipa*eHHe anst 

Toraa nony'laeM 

8, y5e)I(Jl8eMCSI 1 'ITO B(k) :0. 

Re ( T -t ) • __£_ , 
A 

D 
lm(T -tl= -. 

A 

nollCT8BnHSI Tenepb HBHbllt BHll <jlyHKUHit 

nHaaeM COOTHOWeHHe 

9 

a H b
1 

B D H 

~~----------------------------------------



2 2 

2 
G2 i P. + ( f +sl 2 

(q)G(q,zls--
8
-p. 12 1---2 [1'n 2 1 + 

. 217 sfs p. 2 +(f-s) 

V P. 
2 

+ "
2
0-x 1 < P. 2 + .. 2 + e 2> 2 _ 4 f 2 .. 2 x 2 

2
d q ~ ( q) '7 ( q l G ( q , z) a 

2 f " 
· I i arc th ( ) -

,(f2+p.2) p.2+,.2+f2 

arc If! ( 
2

1' " ) I . 
p.2+f2_,.2 

SK H Cl19.1lOB8.110 O>KH.Il8Tb1 Bblp8>K9HHe ( 9) .ll.llSI T -MaT pH-

• npHno>KeHHe I) BH.Il T -MaTpHilbl fiMary'IH: 

'T(k,k",zl= 
y 

2 2 
k +1-' 

a g ( ld g (k ') 

I + a I( z) 

277 2 p. 12 
1=--

p.( p.- i f ) 2' 

8 

,.--

ml m 2 

I' 12 - m +m 
I 2 

( 10) 

-,' . 

, 

:~ ..• .\ 

.I 

! 

I
;, 

·. i 

\~ 
,:.~,'¥ ., 
~~! 

... ~ 

J1CC.I19.1lyeM fi0J;l9.1l9HH9 fiO.Ily'leHHOft T -MSTpHUbl HS MSCCOBOft fiO'B9pXHOCTH 

( k • k , • f ) • 3anHill9M T -MSTpHUy B BH.Il9 

rile 

T(k ,k, k ). 
A(kl+ iB( k) 

C(k)+iD(k) 

2 47TC 2 477C 
A=~ (k)[d 3 +---ga 1+'7 (k)[d +-a]-

p. 2 I p.3 

477 c 
-2~(k)'7(kl[d 2 + -a 

I' 3 
1. 

4JTC 2 
B = -[~ (k)b +'7 2 (k)b -2 ~(kl'7<klb ], 

/'8 2 I 3 

477C 477C 
C = d + - [ d a + d a -2 d a + .......;... (a a -a 2 - b b + b2 ) ]. 

/'8 I 2 3 I 2 8 p.8 12 8 12 8 

D = ~[d b +fd b 
/'3 I 2 3 I 

c -
2 

~ 
2 77 3 

-2d 
477C 

b +-(a b +a b 
2 3 /' 8 I 2 2 

-2a b )], 
3 3 

8 a- , a 2 , a 8 , b t, b 2 , b 
8

- COOTB9TCTB9HHO .ll9ti:CTBHT9.1lbHbl9 H MHHMbl9 

'ISCTH cpyHKilHti: I ( k) , I ( k), 
1 2 

( k) • 
3 

no.'CTSB.IlSISI SIBHblti: BH.Il b l • 

b~,b~ B Bbtpa>KeHHe .ll.llSI B, y5e>KaaeMcH, 'ITO B(k) ::0. 

Torna nony'laeM 

Re ( T -t ) ,. __£_ , 
A 

lm (T -I).,.~ 
A 

nonCTSB.IlSISI Tenepb SIJ;lHblft BH.ll !jlyHKilHft 

.11HB89M COOTHOII19HH9 

• 9 

' ' 

a H b
1 

B D H A, yCTSHSB-



lm ( .....L...,.T -t) .. k 
p. 2tr 

12 

( 1 1) 

T,e. T -MaTpHua, KaK H cnenoaano O)KHJl8Tb1 yHHTapHa. AMnnHTyna pacce-

S1HHS1 f ( k) CBS138H8 C T -MaTpHueA Bb!p8)KeHH8M 

f(kl=- llta T(k,k,kl2tr
2

o 
( 12) 

B npenene ManhiX 

THBHOrO pa.aHyca" 

k nonyqaeM 06bi'IHOe Bb!p8)K8HH8 ITpH6JlH)KeHHSI "s4JcPeK-

f(k) - -· -i k -a + 
0 

k2 

T'o 

rne nnHHa paccesrHHSI a ( s) 
0 

H a4Jil!eKTHBHhiA paJlHyC r (s) .ll810TCSI Bb!pa
o 

)KeHHSIMH: 

-I 2 tr a ( Z l 4 tr 
a ( Z) • · ; r ( Z)"' --.....,.-

0 p. A ( Zl o p. p. 2 
12 0 12 

a(Z)A
2

(Z) 

A 2(Z) 
0 

A,< :ll s 
_..;;...--.); Z=-; 
,\ (Z) I' 

0 

2 I 2 I </> o(Z l I 2 
a ( Z),. d I- fn(l+ 4Z )-- +/H -+- fn(i+4Z )-

1 4 z 2 (I+ z 2 )2 I + z 2 4 z 2 

4 Z 2 <Po ( Z) 4 if. 2 '2Gp. 12 
- - ( arctg ( --l..-)) ) I; {3 = ----arctg(-l1 +{3[

Z (I + Z 2 ) 2 + Z 
2 

I + i z2 2+Z2 

A ( Z l .. d 3! __!__ & (I+ 4 Z 
2 

) -
0 I 4 Z 2 

+ 
( i+Z2) 2 

</> ( z) I 
{3[_2._..+-

I + z 2 (I + z 2)2 

4 

z 1 
+ z 2 •arctg ( 

Z a I 2 --"'1!'- >11 ;A (Z),d l-2[ -&<I +4Z l-
2+Z2 2 I 4+Z2 

p. 

~~ i . 'i 

i! 
~ 
1~ 
~)I. 
~,.f 

,r 
Ill\ 

·~jl .'1: •. ,1 
·~~ 

~,1. 1 
I 

t 
II: 
I 

'1. li' 
'i•l 

~ 
l1' 
'i 
f 

~ II, 

J 
j 
1 

~ 1 
10 

,. 

2 

----- ) + 2 {3 [ [ 1 + (I - 2,) ] 
2 

arctg ( ~ 
(I + z 2 ) 2 (I + z 2 ) 2 3 z (I + z 2) 2 + z 2 

2 z 2 </> o(Z) 
) + {3[ I 

4Z 

0+Z2) 4 

(1--)- [---r</> 1<z l-3</> < 
3 I+ Z 2 (I +Z 2) 2 1 + z 0 

4 [ 
I I z 

) ])! ; -+ +- arctg( 
O.f.Z2J2 l + z 2 . 0+Z2l2 Z 2rZ2 

2 I I 4Z
2 

3 2 
A

3
(Z) .. d

1
{31 

2 2
[ 

2 2 [~</> 1(Zl-3</>(Zl)--£n(l+4Z) 
(I+ Z l (I+ Z l I + Z 0 4Z 2 

4 1 I z </> (Zl 
+ [ +- arctg ( :;-r)) +{3[- 3 ° 

I + Z ". . ( I +. z·2 l 2 Z . 2 + Z . I + Z 
2 +-

0+Z2 

4"Z
2 

[ -:--::"'r"</> 1 ( Z l - 3 </>
0 

( Z) 1 + 8 -
1
- arctg ( z )[ _--.I..,....., 

I+Z z 2+Z2 (l+Z!l)2 
+ 

+ _!_ zrctg ( 
z ) 111 • 

z 2 + z 2 

f/Jo \'ZI H tp (Z I 
l 

.ll8Hbl B npHJlO)KeHHH 11, HHlKe (eM, Ta6n: 
a 

0
(Z) ro(Zl -1 p. 1 

a o (0) H r o {0) ) r.ae ao (0) = 20+7f ),r < ,LlSITCSI 38BHCHMOCTH 

JlJ1HH8 pacCeSIHHSI H a¢q,eKTHBHbiH pa.aHyC, nony'leHHbie B npH6J1HlKefl 

B HCcne.ayeMoA o6nacTH H3MeHeHHS1 z ao (Z) If •o (Z) npa 

coBnanaiOT c a
0 

(0) H r AO) •. 3To noHsrTH01 TaK K8K napaME 

X8p8KTepH3yeT q,opMy ITOTeHUH8J18 If OT Hero .llOJl)KHbl CHJlbHO 381 

-· <jJHUHeHTbl npH Bb!CWHX CTeneHSIX k B p83JlO)KeHHH f (k) • c: 

H npHno)Keane II • B 3a.aaqe 3-x Ten cyruecTaeHHhiM sranSieTc: 

T -MaTpHUhi BHe MaccoaoA noaepxHOCTH, Hccne.aoaanocb noaenE 
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( -2......,..T -1) ., k 
p 211' • 

12 

( 11) 

KaK H cnenosano OltmnaTb, yHHTapHa. AMnnHTyna pacce

Ha C T -MaTpHUeli Bblp8lK9HH9M 

f(kl=- P12 T(k,k,kl2~r 2 o 
( 12) 

k nonyqaeM 06bt"'H09 Bblp8lK9HH9 ITpH6nHlK9HHSI • ~eK-

) .. 
-I k2 

-i k -a + 
0 

__ ,, 
2 0 

HH a ( s) H s4JijleKTHBHbiii: p8JJHYC r (,.) Jl8IOTCSI Bb!pa-
o 0 

411' 
r ( Z),. 

a(Z)A
2

(Z) 

A 2(Z) 

All( 'IJ _..;... __ ' 1; z .. ....:.._. 

0 
A (Z) P 

0 

0 
p 12 p 

2 I cp o(Z) I 2 
1+4Z l--+~[-+-fn0+4Z )-

(I+ Z 2 )2 I +Z 2 4 Z 2 

z 2 

2 cf>o ( Z) 4 Z 2 '2Gp 12 
l] +{3[ --(arctg(-)) ]I;~= ---1 

l+i. 2 z2 2-tz 2 
11 

cp ( z) I 
+ (3[ _..1._...+--

( 1 + z 2 ) 2 1 + z 2 ( 1 + z 2) 2 
fn(l +4Z 

2 
)-

z 
1 a I 2 ) I ;A2(Z),.d ,l-2[ -fn(l +4Z )-

4+Z2 

10 

.. : 

t 
~;', j,~ ~· ;~ 

1ill· 

.. ,~·I! 
/, ' 
', i' 

.-:·.'Y 

:;j: II' 
~t,! II' 1,. 

·~l·' 1~'i! ·~1 
01 

"I .. ~:.:' I.!: I,,.,, ,,,, 
:~r 
',·,,',11 

~P 
,f~l 
~i 

lll I 

t 
I .I 

~ It 

~.\ 
,1111 

f· 

II\ 

l 
l 
I! !, 

2 

] [[ . z 2 z 
--'-'!-~ + 2 ~ 1 + 0- -l I arctg( ' )-
(1 + z 2 ) 2 (l + z 2 ) 2 3 z (I + z 2) 2 + z 2 

z2 

0+Z2,4 0--l 3 

cp(Z) I 4Z
2 

o I +m 2 2 [--2-cf>,<zl-acf>o<z> I 
1+Z 2 (1+Z) 1+Z 

4 l z 
2 

~ + - arctg ( ) 1 I I ; 
O+Z )" Z 21-z

2 
l + z 2' 

2 1 l 4Z 2 
3 2 A 8(Z)=d 1 ~1 . 

2 2
[ 

2 
[---,:--cf> 1(Z)-3cp(Zl1--fn0+4Z l+ (10) 

O+Z ) 0+Z ) 2 l+Z 0 4z2 

4 1 I z cp (Z) 
+ [ ~ +- arctg < " r >I +~[- 3 ° 

1 + z "· · <I + z· 2 l z 2 +. z · 1 + z 2 + 
0+Z2)2 

4Z 2 1 Z 1 [ -:--::T:"cp 
1 

( Z) - 3 cp
0 

( Z) I + 8 - arctg ( ' l[ 2 
l+Z. Z 2+Z

2 
(l+Z

2
) 

+ 

I Z 
+ - zrc tg ( ' ) ] I I • 

z 2 + z2 

t;J
0

<ZJ H tprz, Jl8Hbl B rrpHnOlKeHHH 11, '1-iHlKe ( CM, Ta6nHUY) ITpHBO-
aO(Z) ro(Z) -t IL 1 1 2 
-:--( ) H (O) ) rne a (0) .. -0+- ),r 0(0)= -0-'R l-
a00 r 0 o 2 {3 IL t-' 

JJSITCH 38BHCHMOCTH 

nnHHa paccestHHH H a¢1jleKTHBHbtli paJJHyc, rrony"'eHHbte s rrpH6nHlKeHHH HMary"'H. 

B Hccne.ayeMoA o6nacTH H3MeHeHHH Z a 
0 

( Z) H r 0 ( Z) npaKTH"'eCKH .. 
cosnanaiOT c a

0 
(0) H r ~0) • 3To rronHTHo, TaK KaK napaMeTp Z = T 

xapaKT9pH3yeT ljlopMy ITOT9HUHana H OT Hero JJOnlKHbl CHnbHO 38BHC9Tb KOaljJ-

-t I 
!flHUHeHTbl rrpH BbiCiliHX CTerreHSIX k B p83nOlKeHHH f (k) • CM, T8KlKe/4 

H npRnolKeHHe II • B 38Jl8"1e 3-x Ten cymecTseHHbiM HBnHeTCH nose.aeHHe 

T -MaTpHUbi sue MaccosoA rrosepxuocTH, Hccneuosanocb rroseneuHe T -MaT-
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pHU ( 9) H ( 10) llml cny'ISSI CBSI38HHOI'O COCTOSIHHSI Tpex Ten, T,e, T(k,k, ', ilfj). 

Ha puc. 2 H 3 uao6pa*eHbi T(k, Y k, i If I) H T v<k, y k, i I f I) KaK <jlyHKUHH 

k IIpH <jlHKCHpOBSHHbiX Y H I f I.B paccMaTpHBaeMoll: o6nacTH nepeMeaaoll: 

k <jlyHKUHH T H T y 38MeTHO paanH'I8IDTCSI 0 npH aTOM OllHSKO, 

xapat~. -ep IIOBelleHHSI STHX !flyHKUHil: llnSI p83HbiX y npaKTH'IeCKH He MeHS!eT-

CSI, Ha pHc. 4 uao6pa)l{eHbi aaBHCHMOCTH T( k, yk , i 1. f I) H Ty(k,yk,il fl) 

KaK ¢YHKUHH l.f I npH nocToHHHbiX k H y •. B paccMaTpHsaeMoll: o6nacTH 

nepeMefl'%IX k H I f I !f!yHKUHH T H Ty TO)I{e 38MeTHO paanH'Ia-

IDTCSI, 

3TO 06CTOSITenbCTBO yK83biBaeT HS TO, 'ITO peaynhTSTbl p8C'I~TOB Tpex

'18CTH'IHbiX CHCTeM, HCIIOnbayroiUHX SMIInHTYllbi T H T y , MoryT TSK)I{e paa

nH'I8TbCSio CnenyeT, KOHe'IHO, HMeTb B BHllYo 'ITO !fJH3H'IeCKHe xapaKTepHCTHKH 

TpeX'I8CTH'IHbiX CHCTeM, T8KHe1 K8K SHepi'HSI CBSI3H 0 aneKTpOM8I'HHTHbie CBOii:CT

B80 llnHHbl pacceSIHHSI 0 MOI'YT B p83HOil: CTeiieHH 6b!Tb 'IYBCTBHTenbHbiMH K no

seneHHID T- MSTpHUbl BHe MSCCOBOil: IIOBepXHOCTH, Cf'OTBeTCTBYIDIUHe pe

aynhTSTbi 6ynyT IIpHBe)leHbi B nocnenyroiUHX ny6nHK8UHSIX, 

TionyqeHHSSI 3lleCb T -M8TpHU8 ( 9) 38BHCHT OT napaMeTpa Z a ..!,_, 
p. 

TipellBSpHTenbHbie OUeHKH yKB3biBBIDT HS TO, 'ITO llnSI cny'IBSI IIOTeHUHBna 

IOKaBbi !flaKTO~H30BBHHbill: noTeHuHan c OllHHM napaMeTpoM xopomo annpoKCH

MHpyeT TO'IHbiil: IIOTeHUHan, TipH )l{enaHHH, KSK BHllHO H3 BbiiUeHanO)I{eHHOI'0 1 

npoueaypa nerKo o6o6maeTCH aa cnyqall: nro6oro '!Hcna napaMeTpos s , ~HKCH-

pOBBHHe napaMeTpOB s MO)I{HO OCyiUeCTBHTb, HaiipHMep, IIyTeM IIOlli'OH-

KH SHepreTH'IeCKOI'O IIOBelleHHSI COOTBeTCTBYIDIUeil: !flaabi pacCeSIHHSI, 

Mbi npHaHaTenhHbi B.M.E¢HMOBY aa rroneaHbie o6cy)l{lleHHSI li HHTepec 

K pa6oTe. 

npHno>KeHHe I 
s 

BseneM o6oaHat~eHue: a = -· z . 
p. TipH a ... o HMeeM: 

I2 "'I 1 + a 2 f 2 

I .. I +a2f 
a 1 a 

d -d O-a 2 ), 
2 1 

1'2 

I I'~ 

d 3 = d 1< I- 2 u 2 
) , 

d"" u 

2 
OcTaBnHH t~neHbl ~o nnH 'IHCnHTenH T -MaTpHUbl ( ljlopMyna ~ 

eM: 

d 31 g(klg(k'la 2 ~(f 2-2 1
3 

l, 

npoBOllSI BHBnOI'H'IHOe paanO)I{eHHe IIO a 3H8MeHaTenH T -MaTp 

t~aeM: 

d 2'{Ju 2 [1 -21 +~I (f -21 J], 
I 2 3 I 2 3 

Ha (Ia) H (Is) HeMenneHHo cneayeT !flopMyna (~0). 

npHnO)I(eHHe II 

lfaCTO B03HHKaeT He06XOllHMOCTb HMeTb napaMeTp !flopMbl II 

UHeHTbl IIpH 6onee BbiCOKHX CTerreHSIX paano)l{eHHSI 8MIInHTYllbl IIO 

KoacjlcpHuHeHTbl nerKo nonyt~aJOTCH paano)l{eHHeM HHTerpanos I ( k) 
1 

I 8 ( k l . BBHllY orpaHH"'eHHOCTH Mec~a HH)I{e npHBOllHTCH paano 

HHTerpana I 
2 

(k) , 'ITO CBOllHTCSI <jlaKTH'!eCKH K paano)l{eHHIO HHTeJ 

2 
H(k ) .. _,-- F(k) 

a1 

a 1 .. p.2 + f 2 +s 2 • K• 2 f s, 

t 

F(k) =f -'!'!1!-.111!1!!11!--
X d X 

• .l'n 1 + x 
o yp. 2 +s 2(1-x2 1-x 

¢ n - YllOBneTBOpHeT peKyppeHTHOMy COOTHOWeHHJO 
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K2 
A=

a2 
1 

=I.\nA..( 
nd.J '+' s n 
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) /l.JlSI CJ1Y"'!8SI CBSI38HHOrO COCTOSIHHSI Tpex Ten, T.e. T(k,k, ', ilfj) •. 

H306pa)KeHbl T(k, yk,ilf 11 H Ty(k, yk, il f\) K8K tPYHKUHH 

HposaHHbiX Y H I f I· B paccMaTpHsaeMolt o6nacTH nepeMeHHolt 

T H T y saMeTHO p83J1H"''810TCSI 1 npH 9TOM O.llH8K01 

ll.eHHSI 9THX tPYHKUHH /l.JlSI pa3HbiX y 

H3o6pa)KeHw saBHCHMOCTH T(k, yk, 

I f I npH nocTOSIHHbiX k H y.. B 

k H I f I tPYHKUHH T H T y 

npaKTH"'!eCKH He MeHS!eT-

i I e I l H Ty(k,yk,il f\l 
paCCM8TpHB8eMOit 06J18CTH 

T0)1{9 38M9THO p83J1H"''8-

OSIT9JlbCTBO yK83h!B89T H8 T01 "'TO pe3yJlbT8Tbl paC"'!~TOB TpeX

TeM, HCnOJ1b3YIOIUHX aMnJlHTYilbl T H T y , MOryT T8K)K9 p83-

nyeT, KOH9"'!HO, HMeTb B BHilYo "'TO tPH3H"'!eCKHe X8p8KT9pHCTHKH 

CHCTeM, T8KHe 1 K8K 9HeprHSI CBSI3H 1 9JleKTpOMarHHTHbie CBOliCT

CeSIHHSI1 MoryT B p83HOit CTeneHH 6b!Tb "''YBCTBHTeJlbHbiMH K no

- MaTpHUhi sHe Maccosolt nosepxHOCTH. CooTBeTCTByromHe pe

yT npHseneHbl B nocnenyJOIUHX ny6J1HK8UHS!Xo 

HH8SI 3JleCb T -M8TpHU8 (9) 38BHCHT OT napaMeTpa Z"" ...!-. ,.,. 

bHbie OU9HKH yK83biB810T H8 T0 1 "'TO .llJlSI CJ1Y'I8SI ITOT9HUH8J18 

.H30BaHHbllt noTeHUH8Jl C OllHHM napaMeTpOM XOpOIUO annpOKCH

Iit noTeHUH8Jl. IlpH )KeJ18HHH 1 K8K BHJlHO H3 BbiiUeH3J10)1{9HHOr0 1 

Ko o6o6maeTCSI Ha cnyqalt J1106oro "'!Hcna napaMeTpos s • ~HKCH-

MeTpOB s MO)I{HO ocymecTBHTb, HanpHMep, nyTeM nonroH-

9CKOrO ITOB9Jl9HHSI COOTBeTCTBYJOIUeit tP83bl pacceSIHHSI. 

3HaTeJlbHhi B.M.EtPHMOBY 3a none3Hbie o6cy*neHHSI If HHTepec 

TipHnQ)KeHHe I 
s 

M o5osHa"'!eHHe: a = ----- = Z • ,.,. IlpH a .. o HMeeM: 

12 = I I + a 2 f 2 ' 

I ==I +a2f 
3 I 8 

d •d 0-a 2 ), 
2 I 

1'2 

~ 

d 3 = d 1( 1-2 o 2 
) , 

d .. 0 

2 
T -MaTpHUbi (ljlopMyna 9), nony"''a-0CT8BJ1SISI "'!JleHbl .. a LlJlSI "''HCJlHTeJlSI 

eM: 

d 3
1

g(klg(k'lo 2 flU
2
-2 1

3 
>. ( la) 

npoBOLlSI 8H8JlOrH"''HOe p83JlO)KeHHe no a 3H8MeHaTeJ1SI T -MaTpHUbi1 nony-

qaeM: 

d,2flo2[12-21a+fllt (12-213 J]. ( la) 

Ha (la) H (Is) HeMenneHHo cnenyeT ljlopMyna (10). 

TipHno)l(eHHe II 

\faCTO B03HHKaeT He06XOil.HMOCTb HMeTb napaMeTp ljlopMbl H KO~H

UH9HTbl npH 6onee BbiCOKHX CTeneHSIX p83JlO)I{eHHSI 8MOJ1HTYllbl no k 
2 

• 3TH 

KOacj>tPHUHeHTbl nerKO nony'I8JOTCSI p83JlO)KeHHeM HHTerpanoB I I ( k), I 
2 

( k) , 

13 < k ) • BsHny orpaHH'IeHHocTH Mec'l'a HH)Ke·' npHaonHTCSI paano)KeHHe nnSI 

HHTerpana I 
2 

(k ) , 'ITO CBOil.HTCSI ljJ8KTH'IeCKH K pa3JlO)KeHHIO HHTerpana H ( k) • 

2 
H(k)= _,..- F(k) a I '"'/!2 + f 2 +s 2 ' 

Ul 

I 
F(k) =f _...,_. ___ _ 

0 

X d X I+ X • .en 
1-x YP. 2 +s 

20-l' 

K2 
K= 2 e "· A=-.; 

a2 
I 

I - A 2 =I A n A. ( ·} X nd>"t's• n 

cf> n - yll.OBneTBOpS!eT peKyppeHTHOMy COOTHOllleHIUO 
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rne 

.. 
1 t/J ( ,.) ; Y• 2 

¢ (s)+ 2n+l n Y/1-2+,. n-t ¢< .. >--1-~ 
n y 2 2n+l 

I 2n 
"' ( ~) ~ ¢ ( ~)- -2 l: ¢ 0 (") [ 1 + (-ll 

n 0 y f,t 2n-L 

¢ <~> 
k 

I 
J dx x k Y I -Y 2 x 2 

0 

y l --;-
=)+2vl-y fn(l-

yJ-y2 y 
yl+Z

2 cp (~)---Lardg( 
0 y 

y 2 ); 

z 

v 1 + z2 

2 2 l l l 21 
y1+Z cf> (~),. ---¢ (s)+ -¢ (sl- --[Yl-y +- arctg( 

y . ] ; 

l 3 y2 0 3 0 3y2 y y1-y 2 

" z :=: ___.., 
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