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BseaenHe 

YpaBHeHHe llipenHHrepa HMeeT aHanHTHqecKoe peweHHe nn.11 He6onhworo 

'IHCna npoCThIX IlOT9HUHanoB. B o6weM cnyqae ypaBH9HH9 npHXOJlHTC.II pewaTb 

'1Hcne1rno. BonHoBa.11 cpyHKUH.II nonyqaeTc.11 B BHJle rpoMo3JlKHX Ta6nm1, KOTO

PhIMH Heyno6HO nonb30B8TbC.II B MHOrO'IHCneHHhIX npHn0)1{9HH.IIX. 

31l9Cb Mhl paccMoTpHM B03MO)l{HOCTb nony'l9HH.II npH6nH)l{9HHhIX BonHOBhIX 

cpyHKUHH B aHanHTH1i9CKOM BH}le •• EcnH H9KOTopa.lI cpyHKUH.II . F ( r ) YllOBneTBO-

pSieT ycnoBmo: 

2 JI F(r)~ dr <oo, ( 1) 

TO 9TY cpyHKUHIO MO>KHO paanO)l{HTb B P.IIll <t>ypbe: 

F ( r) = ~ A 
O 

II> 
0

( r) , 
D 

( 2) 

rne 

(3) 

P.IIll <l>ypbe n106oii Kl381lpaTH'IHO cyMMHpyeMOH cpyHKUHH CXOJlHTC.II B cpenHeM/ 1/. 

3TOT P.IIil OK83bIB89TC.II 6bICTpo CXOll.lIIllHMC~, ecnH F ( l'.) H ee nepBbl9 npoH3-

BOJlHhl9 HenpepbIBHhlo 

B paanene 2 H8CT0.1Illl9H pa60Thl C Hcnonb,30B8HH9M TaKoro pa3n0)1{9HH.II. 

nony'leHo pemeHHe B npH6nH>K9HHO aHanHTH'l9CKOM BHJle Jln.lI 38Jl8'1H pacceSIHH.II. 
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I 

B paa.llene 3 ITOK838Ha B03MO)KHOCTb rronyqeHHH rrpn6nn)KeHHO aHanHTHqecKHX 

pemeHHfi .!WH CliCTeMbl .llmf>q,epemmanbHbIX ypaBHeHHfi. 

B HaCTOHIIJee BpeMH B Teoplili pacceHHliH Tpex n 6onee qaCTliU llllipOKO 

ncrronbayeTCH MeTO.ll MHoroKaHanbHOil: CBH3li. B aTOM ¢opMannaMe OT ypaBHeHIIfi 

B qaCTHblX rrpoH3B0.llHblX ( ypaBHeHHe llipe.llHHrepa) rrepeXO.llHT K CliCTeMe CBH-

38HHbIX O.llHOMepHblX liHTerpo-.ll1I¢<f>epeHunanhHbIX ypaBHeHnn:121• 
B pa3.llene 4 .ll8HHOfi pa6oTbl rrpe.llnO)KeH O.llliH crroco6 pellleHHH CliCTeMbl 

liHTerpo-.llmP¢epeHunanhHbIX ypaBHeHnil:. CylIJHOCTb aToro MeTO.lla COCTOHT B 

TOM, qTO li3 CliCTeMbl ypaBHeHnfi BbI.llenHIOTCH qneHbI, KOTOpbie Y.llOBneTBOpSI!OT 

ycnoBHJO ( 1). llanee Bbl.lleneHHbie qneHbI paanaraeM B pH.ll cJ>yphe ( 2). 3To 

rrpliBO.llliT K TOMY, qTo CliCTeM~ llHTerpo-ttn<f><f>epeHuHanhHbIX ypaBHeHHli: 3aMeHSI

eTCH HeO.llHOpO.llHOll CliCTeMoli: .llll¢¢epeHUHanhHhlX ypaBHeHHfi n CliCTeMoli: anre5-

panqecKHX ypaBHeHnil:. C BbJqncnnTenbHOli: ToqKn apeHHH rronyqeHHbJe ypaBHeHHSI 

01:JeHb Y.ll06HbI. OTOT ·rro.llXO.ll OK83ancH rrone3Hb!M .llnH .llOK838TenbCTBa cxo

.llliMOCTli MeTO.lla pe.llyKUHH. nnsi aToro .llOCTaToqHo nccne.llOB8Tb TOnbKO 5ecKO

HeqHylO cncTeMy anre6pan1:JecKnx ypaBHeHnfi. ITo.llo6HbJe anre6panqecKne 

ypaBHeHHH xopomo li3Y"l0Hhl B <f>YHKUliOHBnhHOM BHannael 3 1. 

1. PBcCeHHHe 

llBH)KeHne .llByx qacTHU B cncTeMe nx ueHTpa nHepunn rrocne ncKnJ0-

1:JeHHH yrnOBbIX rrepeMeHHbIX OITHCbIBaeTCH cne.llyJOIIJliM ypaBHeHHeM llipe.llHH

repa: 

d 
2 

2 
(--2-+ k ;

dr 
t(\+l) )cpt(r) = V(r)cpt(r). 

r 

(4) 

PaccMoTpliM cny"lail: ·e = 0 ( cnyqafi t ,/, 0 paCCMOTpeH B rrpnno)KeHlili 1) 

d 2 
2 

(-+k )¢, (r)=V(r)cp (r). 
· d r2 o o ( 5) 

4 



lkr 
C IlOMOWbIO llBYX nHH9i!:HO-H938BHCHMblX perneHHi!: sin kr e OllHO-

POllHOro ypaBH9HHSI Mhl MO)K9M H8Il~C8Tb perneane (5) B HHTerpanbHOi!: ¢opMe14I 

¢ (r) = C sin kr + 
0 1 

lkr' 
- sin kr f e 

C e 
2 

lk r 1 lkr 
- --1 e f sin kr ' -

k 

I V(r ')cf, (r')dr'. 
0 

KoHCTSHTbl C l H c2 onpellenSIIOTCSI H3 rpaHH"IHbIX ycnoBHi!:: 

rile 

lkr 
ef,0 r-+'oo sin kr + T/ e 

1 00 

T/ =--k fsinkrV(r)rp (r)dr 
0 0 

8MilnHTYll8 pacceSIHHSI. 
1r 

( 8) 

Perneane, YllOBneTBOpS110mee 8THM rpaHH"IHbIM ycnoBHSIM, HMeeT cnelly

IOWHi!: BH/l! 

r 1 lkr 
cf, (r)=sinkr - -I e 

o k 
J sin kr' + 

0 

00 , 

+ sin kr J e lkr 
r• 

I V ( r ') ¢ (r ') dr '. 
0 ( 7) 

EcnH noTeHuHan B38HM01l9i!:CTBHSI V(r) OTnH"leH OT Hynsi B KOH9"1HOi!: 

o6naCTH npocTpaHCTBa HnH nocTaTO"IHO 6b!CTPO y6bIBaeT Ha 6eCKOH9"1HOCTH, 

TO llnSI ¢YHKUHH -V(r) ef,o(r) Bb!IlOnHSl9TCSI ycnoBHe ( 1) • noaToMy ¢yHKUHIO 

V(r) c/>o (r) Mb! MO)K9M paanO)KHTb B PSlll <l>ypbe ( 2) 

V(r)c{> (r)= ::£B t1> (r). 
O n n n 

(8) 
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ri:ie 
I 

rae · 

B =fV(r)cp(r)<I> (r)dr. 
D . 0 D 

TToucTaBnSISI pa3no*eHHe (8) B ypaBHeHHe (7), rronyqHM: 

cp ( r) = sin k r 
0 

1 lkr r • , · -r ~ Bn{ e f sin k.r + 
n 0 

+ sin k. r f e I k r , I <I> (r ') d r' = 
• n 

r 

sin k. r + ~ B
0
)( n 

n 

1 lkr r , 
00 

X n = - k I e f sin k:r + sin k:r f e 
0 r 

lkr·' I <I> (r ') dr'. 
n 

(9) 

( 10) 

( 11) 

_B KaqecTBe rronHoro Ha6opa cpyHKUHii: l <1>
0 

(r) I MbI Jl0n)KHbI 6paTb TSKHe 
. r 

cpyHKUHH, qTo6hr cymecTB0BanH HeorrpeJJ.eneHHhre HHTerpanbI of sin k r' cI>nCr 'l dr' 
00 , 

H ,f elkr <l>n(r')dr'. 

Koacp¢HuHeHTbI B n MbI M0)KeM Haii:TH LlBYMSI crroco6aMH: 

1-bIH crroco6. PeUIHM YP8BHeHHe ( 5) qncneHH0. rronyqeHHbie qHcneHHbie 

cpyHKUHH 'Po IT0llCTSBHM a paaeHCTB0 (9) H Haii:neM BD • 

2-oii: cnoco6. lloJlCT8BHM peueHHe ( 10) a paaeHCTB0 (9), nony'IHM 

6eCKOHeqHyro CHCTeMy anre6paHqecKHX ypaBHeHHii: a BHJle: 

B + l: W , B ,= C 
n n' nn n n 

n = 1,2, •. , ( 12) 

.. 
6 

t 
l 

:· . .-:: 

·J 
.'i"\ 

r 
I: 

rae 

W , = f V ( r ) X , (r ) <I> ( r ) d r , 
nn n n 

(13) 

C n = f V ( r ) sin k r <I> n (r ) d r • 

O6b1qHo 6eCKOHeqHyIO CHCTeMy 38MeHSIIOT K0HeqHoii: CHCTeMoii: H pe

UiaIOT K0HeqHyIO CllCTeMy. TaKaSI 3aMeHa K0ppeKTHa, ecnH BbIIl0nHSIIOTCR 

ycno~m~131 

ff 

l: , 
DD 

w , 
nn 

1
2 < 00 

~ I C 12 < 00 • 
n n (14) 

TTpH orrpeneneHHbIX orpaHnqeHHSIX 'H-a IT0TeHUHan B38HMoneii:CTBHSI, B 

rrpHno*eHHH II Il0Ka3aH0, qTo yCJI0BHSI ( 14) BbIIl0nHSIIOTCSI. 

3. CHCTeMa. J:(H<p</JepeHIIHB.llbHbIX ypa.BHeHHii 

TTycTb HMeeM cneayromyro CHCTeMy ypaBHeHHii: 

2 
d 2 ]' 

[--- + k.n • Xn (R) 
d 1r.2 

a 
~ W , X , (R) 

n'=J DD D 

(15) 
n=l,2, •• a. 

3JleCb w DD, (R} 0TnHqeH OT Hyng B K0HeqHoii: o6naCTH HnH 3aTyxaeT 
a. 

aKcnoHeHuHanbHO tipn 6onbWHX R lloaToMy q>YHKUHR QD (R) =A W ,x , 
n==l nn n 

ynoaneTBop.si:eT ycnoBHro ( 1), H cnpaaeJlnHBO cneJlyromee paano)KeHHe 

Q ( R) = l: B n <I> (R) , 
n m m m ( 18) 
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rile 

B D = J Q ( R) <I> ( R)d R • 
m D m ( 17) 

11cnonhayst aTo paano:lKemi:e, KaK u B npeJlhIJlymeM paaJlene MhI nony'IHM 

npu6nu:lKeHHO aHanHTH'leCKoe pemeHue JlnSI cucTeMhI ypaBHeHHil: ( 15). 

4. PemenHe cHcTeMbI HHTerpo-11mP<PepeHIIHBnbHbIX 

ypaBHeHHil 

3)leCb Mbl He 6y)leM 38HHM8TbCSI nonyqeHHeM CHCTeMbI HHTerpo-JlH!p(pe

pemrn:anbHbIX ypaBHeHHH JlnSI onucaHHSI KOHKpeTHbIX npoueccoB pacceSIHHSl/2/~ 

TToaTOMY CHCTeMy HanumeM B CHMBonuqeCKOM BHJle, He KOHKpeTH3Hpyst, K8Koii 

cjluauqeCKOH 38/la'le COOTBeTCTBYIOT 3TH ypaBHeHHSI. llnst npoCTOTbI paCCMOT

pHM CHCTeMy llBYX ypaBHeHHil: - o6o6meHHe Ha 6onbmee 'IHCno ypaBHeHHH TpHBH

anbHO. TTyCTb HMeeM cne)ly10my10 CHCTeMy HHTerpo-nucjlcjlepemmanbHbIX ypaB-

HeHHii:: 

d 2 a /3 
[--

2
-+ k!]x (R

1
) + i W ,)( ,(, R 1)=1 JV (R 1R2)g (R2 )dR 2 d R 1 D D =1 DD D m=l D m 

D ~ 1,2, ••• a 
( 18) 

d2 2 fl. a [ dR; + km]itmCRJ +J.f mm'gm,(R2)=D,:i JVm(R1R2lXD(R2)dR1 

m = 1,2,.,. fj 

TTpennonO:lKHM, 'ITO cjlyHKUHH 

/3 
QD(R1) =I JVD(R1R2)gm(R2)dR2 

m=l · ( 19) 
H 

a 
Q m(R 2) =D:J V m(R1 R2) X D ( R 1) d R1 

8 

YllOBneTBOPS!lOT ycnoBUIO ( 1). Cne)lyeT aaMeTHTb, 'ITO B KOHKpeTHbIX cjluau

qecKHX aanaqax 3TO ycnoBHe BbIIl01IHSieTCSI IIO'ITU Bcerna. TToaTOMY HX MO:lK

HO paano:lKHTb B pS!Jl <l>ypbe ( 2): 

D 

QD(Rll=r A1<l>/R1) 
( 20) 

Q ( R 
2

) = I B m </> ( R l • 
m J I I :f 

11crronbaySI 8TH paano:lKeHUSI, _MbI IIpHXOJ:lHM K JlBYM OTJlenbHbIM (HeaauenneH

HbIM) CHCTeMaM HeonH•'.JPOJ:lHbIX .QUcpcpepeHuuanbHbIX. YPBBHeHuii: 

d 2 2 
[ --2 + 1: D bc ca l + I w , x , = I A D1 <I> 1 ca 1l d R D 1 D, DD D I , 

d 2 
[--. + k 2

) g 
d R 2 m 

2 

(R ) + 
m 2 

I w , 
, mm 

m 
gm,= f B ~ <p J (R 2) 

u cucTeMe aauenneHHhIX anre6pauqecKux ypaBHeHuii: 

rne 

D DI m 10 
A =IK 1 B 1 +aD 

I J 
n == 1, 2 • ••• a 

1,2 , ... 

B m == I K ml x_D + b Jo 
J I I I m 

m == 1,2, ... {3 

==1,2, .. 

DI 
K 

J 
=IJVD(R 1 R 2 lg

1
m<I> 1(R 1)dR 1 dR 2 m 

a•o 
D 

IJV (Rtl 2 lg":i<l> 1(R 1 )dR 1 dR 2 m D 

9 
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( 22) 



ml 
K I f V m ( R 1 R 2 ) X ~ ,f>

1 
( R 2) d R 1 d R 2 

n 

JO n 
b .. IfV CR 1R 2 lx 0 ,f> 1(R 2ldR 1dR 2 • 

m n m 

( 23) 

B 38KnJO'l:eHHe 8BTOpbl 6naronapRT E.H.3axapbeBa,o.nxarBy, I0.11.<PeHHHa, 

T.EqmMeHKO, M.A.KacHMlKaHOBa aa no:te3Hbte !IHCKYCCHH, CBH38HHbie C TeMoit 

J:taHHOit pa6oTbI. 

TipHnOlK0HHe 1. 

B cny'l:ae f I,. O npn6nnlKeHHO aaanHTH'l:ecKoe pemeane MOJKHO nony'l:HTb 

.r:tBYMH cnoco6aMH: 

1 cnoco6: TiepennrneM ypaBaeane (4) B BH.r:te 

d 2 
2 f(f+ll 

(--
2 

+ k l,f> 0 (rl=(V(rl+ 
2 

l,f>f(rl, 
dr L r 

(TI. I) 

, B 9TOM cny'l:ae_ BMecTo paanoJKeHHH (8) Mb! HMeeM paanoJKeHHe 

( V (r l + 
f f (f + 1) ) t/> (r) = I B n «I> n(r) • 

r 2 f n 

(n.2) 

2 cnoco6: YpaBHeHne (4) nepennrneM B HHTerpanbHOH ~opMe14 I 

,f> (rl=f (krl + T/ h (krl + K(krl, 
f f f f 

< n.3 > 

rne 
' 1 00 ' 

11 £ =- -k-fff(rklV(rltf>£'rld r 
0 • 

aMnnnTyna pacceHHHH H 

10 

,K(kr)=-1-1f 0(krlfh 0 (kr'l- hf(kd ff f(kr'll V(r'l,f>f(r'ldr' 
,k L 00 L 00 

• I 

f = krj (krl = (-1-rr~rl2 
I 1 (krl 

f , f 2 f+-

(I) 

hf=ikrh f 

2 

(TI.4) 

<PyHKilHH K ( k r ) OTnnqHa OT HynH B KOHe'l:HOA o6nacTH n ynoBneTBOpHeT 

ycnoBHJO ( 1 ) , no9TOMy cnpaBe.r:tnHBO paanoJKeHHe 

_K(kr) •I Bnllln(rl. 
n 

< n.5) 

TipnnolKeHne II 

EcnH noTeHuaan OTnHqeH OT HynH B KOHeqaofi o6naCTH (cM.pHc. 1), TO 

B KaqecTBe nonaoro aa5opa MoryT cnylKHTb cnenyromne ~YHKilHH 

,.. _1 2. nrr 
'<' = y-- SID ---r • 

D b b 
(TI.6) 

Torna ypaBHeHHH ( 10) _H ( 13) HMeIO_T C!Ienyromnfi BH.r:t: 

1 2 1 DIJ' . 1kb 
,f>(rl=sinkr+--,J-IBn .- [--cosnlJ'e sinkr-

o k b n · (2!.lt..) 2 _ It 2 b 
b <n.1> 

• D fr ] 
SID -b- r 
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I 2 ___ I-:---., v- · 2 2 wnn'=k b (..!!...!!:...) -It 
[

nl'T lkb nl'T 
-b- cos n 11 e J sin It r V sin -b- r dr -

b 

J sin ..!L!L r V sin -!!..!L r d r l 
b b 

B , = f sin It r V 
n 

n '" sin --b-- r d r 

cn.8) 

113 c!>opMynbI ( TT.8) BHJlHO, 'ITO W nn y6b!B88T C pOCTOM n • KaK 

,. - 1-. Ecnn rrpenrronOJKHM, 'ITO IIOT8HUHan B38HMOJl8ilCTBHSI V ( r ) - nnc!>c!>epeHn 

unpyeMaSI c!>YHKUHSI TO HHTerpnpySI no 'IBCTSIM ( II 8 ) , nerKO rrony'IHTb c!>aKTOp 
I • 

y6b!BUIIHSI• w , C pOCTOM n ', KaK .. --
1-. 3Toro JlOCTaTO'IHO, 'IT06b! 

DD n' 
Bb!IlOnHSmHCb ycnoBHSI ( 14). 
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