
r-s 11 

OB"bELH1HEHHbl 11 
Y1HCTY1TYT 
~DEPHbiX 

YiCCnEDOBAHHH 

Dy6Ha 

~ • -• • ·• s 
""" ... 
:r 
i! 
i ... 
~ 

~ 

f 
! 
2 • lA 

~ 

A.B.roBopKoB 

0 803MO)f(HOCT11 

llAPAllOJIEBOrO llPE~CTABJIEH11H 

BHYTPEHH11X CTEllEHEH CBOBO~hl 

T11llA 1130Cll11HA ·11 CTPAHHOCT11 



. ' 

P4 · 3602 

A .BTOBOpKOB 

0 803MOlKHOC'TJ1 

nAPAflOJIEBOrO nPE,l(CTABJIEHJ1H 

BHYTPEHHJ1X CTEnEHEM CBOBO,l(M 

TJ1nA J130CnJ1HA J1 CTPAHHOCTJ1 

H anpasneHo B >K 3T<t> 

. ' . ·- ......... ... --



l.Bs eneaHe 

Xopowo H3BeCTHO, '!TO CT OITh aaMeqaT enhHhiii ¢eaoMeH npHpOil hi , KBK cymecTBO­

BBHHe H3 0CTIHHOBOII II 5 U 3 -BHyTpeHHRX CHMMeTpH II BllpOHO B , 6htn OTKpbiT '!HCTO 3K­

c n e pHMeH T8IThHhlM nyTeM, H e ro OTIHCBHHe B COBpeMeHHOI TBOpHH ITpOH~ BOilHTCH !jle­

HOMeHOITOrH'!eCKH , B CBH3H C 3THM npellCTBBnHeT HBTepec n~6Bn ITOITblTK8 6onee 

rrocnenoBBT e iTh HOrO BBeneHHH BHyTpe HHHX CHMMeTpHI. B BBCTOSIIDell pa6oTe 6yneT 

ITOK838HO, 'ITO TBKBH B03MOlKHOCTb OTKpbiBBeTCSI , ecnH 38 O C HOB8l{He TeopHll TIOTi n 

ITPHHHTb o6o5weHHbll MeTOil ero KBBH TOBB HHSI, rroennoJKeHHhl ll fDHHOM/ l/ H Bon'K0-

/ 2/ BbiM 
1 

~TaK H83bi B8e Mble napaKOMMYTB UHOHHbie COOTHOWeHHH ( nKC), B ee HHJKecneny-

IOIDee paccMoTpeaae 6 yneT OTHOCHTbC SI K cao6onaoMy rron10, KoTopo e MOJKHO rrpen-

C>B BHTh B BHile paanoJKeBHSI ITO IT OTIOJKHTenhHO H OTpHUaTenhBO '!8CTOTHbiM peme­

H HSIM COOTBeTCTBy!Omero ypBBBeHH SI (.11Bp8K8, Knellaa-fop,IlOH8 H T ,ll.) : 

( -) (+) 

};I b cpk(x)+bkcp"(xll. 
k k_ + A "' (X ) ~ 

(1) 

CocTOHHHe k orrpenenne T cSI , aanpHMep, HMnynhcoM H crrHpanhHOCThlO, a o n epaTOpbi 

bk H bk+ OTHOCHTCSI K '!8CTHU8M H 8HTH'l8CTIUIBM, COOTBeTCTBeHHO, HH JKe 3H8K + 
y KB3biB810WHI\ H8 TBKYIO 11pH H81lneJKHOCTh, Mbl 6yneM BKTII0'!8Tb B HHileKC COC TOSIHHH k 

Bc10 CODOKYTIHOCTh nKC MOJKHO rrpenCT8BHTb B cnenyJOmel\ CHMBOTIH'!eCKOII ljJOpMe: 

[ b, , [ b 
0 

, b, ], ] _ =21 b r , b .I _, b t +2il h, , b, 1_, b 0 , 
(2) 

B KOTOpol\ H8 MeCTO ni060rO orrepaTO pa b MOJKHO ITOCT8BHTh CO ITP SI JK e HHbll\ orrepaTOP 

b*, C HMBOIThi B onKoaa 121 
B npasoll '!BCTH ( 2) HMelOT '!HCTIOBbie a aa'!eHHSI: 

I b , , b : I_, ~ 8 ,. I b , , b • I _, = I b ,* • b ";. I _ , ~ o • ( 3) 
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a aaaK r yKa3biBaeT, 'ITO B nesoll: 'IB.CTH ( 2) JlOilJKl!bi 5biTb B3S!Tbl npH 

( = 
• B.HTHKOMMYTB.TOp AilS! llOil9ft C ll91lbiM C IIHHOM, 

- KOMMYTBTOp AilS! IlOile fl: C IIOnyllellbiM CIIHHOM, 

B aaaHCHMOCTH oT rrocnenaero cooTaollleaast ( 2) HB3biBBIOTCH rrapa5oaoaH htMH ( ITEC) 

HliH rrapa!jlepMHOHH hiMH ( fl<!>C). OrrepaTop 'IHCilB 'IB.CTilll B COCTOHHHH It RMeeT BHA ! 

Nk~-1 -[b*, b 
2 k k 

_!j>__ 

2 

H, BcneACTBHe ( 2) , o5nanaeT BCeMH aeo5XOAHMblMH CBOJ!CTBBMH! 

b , N ] = 8 b * , N 
r - re 

=-0 b* 
• 

faMHnbTOanaa cso5onaoro nom1 onpenenSieTcH Bbtpa}!{eHH e M : 

R =I. I k 0 I (N + N ) • 
k k- k+ 

(4) 

(5) 

(6) 

CBSI3b flKC C o5o5meaaol! CTBTHCTHKOf.! TO>KAeCTBeHHblX 'IBCTH!l YCTBHBB11HB8-

9TCSI AOllOIIHHTellbHbiM YCllOBHeM orpaHH'IeHHOCTH MBKCHM81lbl!O B03MQ}!{fl0rO 'IHC118 

napa!jJepMHpHOB B CHMMeTpH'IBOM HllH l1apa5030HOB B BHTHCHMMe TpH'IHOM C OCTOSIHH-

/3 / 
SIX, TaKoe '!Hcno rronyqnno HBHMeaoaaane no pS! n K a napac T a TI!CTHKH . Dbtno n o Ka3B. HO , 

'ITO Bbt5op onpeneneanoro nopS!AKa n o5mne c ooTno m eHHSI ( 2), cnpaae nnHBb te npn 

III050M llOpstnKe, MoryT 5bi T b 38MeHeH b l O)ll!HMH 11Hillb KOMMYTD!lHOHHblMH C OOTHO­

lll eHHSIMH, BKlliO'IBJOillHMH o 5 a 9TH T p e5 o sannH. T aK o6bi'!Hhte 6 Haap H ht e c o OTHO I!!e­

HHH /lllSI !jlepMHOHOB H 6 0 30HOB o6paiiiB.IOT ( 2 ) B TO}!{,lle CTBO. B CIIY ' IB.e BTOporo flO-

pS!.UK B. B 0 3 HHK8 IOT COOTHOWeHH H ! 

b b b - rh b b 
r a t t 8 r 21 b r , b 

- ( 
b t ~ 2! h •• I b 

- f 

CooTHOIIIeHHH ( 2) nMeiOT pemeHHH B anne TaK HB3biBa e M oro aaaa Tua ( ansatz 
Il l 

fpnHa 

b 
p 

=l 
A 

a 
A=l 

4 

(7 ) 

(8) 



KOMflOHSBTbl KOTOporo YAOBnSTBOpHIOT KOMMYTHilBOBBb!M COOTHOWSBHHM: 

r11e £ AB = 28 AB -l , 

cnyqae napa~epMBOBOB 

A* 
=[• 

-l£ r 
AB 

• 
a• 

~ 0 • 
-H 

AB 

4ncno p onpeAenST eT UOpHIIOK CTHTBCTHKB, HanpnMep, B 

( £ ~ - ) nerKo nony'IHTb, 'ITO ( b , )P+ 1 = 0 • B pa5oTe 

(9) 

/4/ 

nayqanOCb cjloKOBCKOS npeACT8Bn8HH8 OKC H 6btnO ll0K83 8ll0 1 'ITO 3TH COOTHOWSHHH 

ae MOryT B cnyqae CB060AHblX noneJt npHB8CTH BH K 'I8My HROMy, KpOMe KHK K 

cneKTpy napaCT8THCTHK C UOpHAK8MH p • 1,2, ... , 0TCIOII8 cnenyeT T8K>K8 1 'ITO 

napanone acerna OIIH03H8'IHO (c TO'IBOCTbiO 1!0 y RHT8pROJt 9KBHB8n8HTHOCTB) MO)KHO 

npei!CT8 BnHTb 8B38TU8M fpBR8, 8TBX CB81!8HBA 0 IT8p8K BeHTOB8HBH 5yneT ll0CT8TO'I­

HO nnH nanbaenwero paccMoTpeaaSI. nonpo6ay iO 6 a6naorpa¢a10 MO*Ho aaATa a pa-

/ 4 / / 5 / 
5oTe anH a o5aope 

B H8CTOHDl8A pa60T8 p8CCM8TpBB88TCH CflHBOpHOS none LlapaK8 1 KB8HTyeMoe 

cornacao 04>C aToporo a Tpe T bero nopHAKOB. Cxe Ma paccMoTpe !IHSI a o6oax cny­

qaSTx on8aaKo aa. Caaqana yK83 b!BaeTcH c noco6 nocTpoeHHSI acex aenpHBOIIBMbtX ( ce­

napa5enbHbtx) npenc Taaneaan n4>C, a oTnaqne oT npenhtl!ymnx pa6oT, a KoTopbtX 

8ccnenoaanocb nawb enHHcTaeaaoe cjlo K oacxoe npencTanneaae. 8To T c n oco6 38Kn10-

qa e Tc R a Bb!AeneHBB 83 cjloKoacxoro n pocTpaacTna npencTaaneHBR anre5pbt6 one­

paTop oB a A, ynoaneTBOpHIODlBX ( 9), a enpHBOABMb!X npencTaaneaaA anre6pbt ~ one­

paTopoa b , ynoaneTBOpRIODlBX OKC ( 2), 3aT8M B aaJtneBBbiX nenpHBOIIBMblX npencT8B­

neH8HX anre5pbl ~ p8CCM8TpBB810TCS! BSKTOpbl, OTHOCRDlHSCH K OllHHHKOBOMY 'IBCny 

'IHCTBil • I C OIIHBM H TaM >KS aa6 opoM OAHO'IHCTB'IBblX COCTOSIHBA lt I , • • •, lt f • 

Bay Tpe aaee cocTORHH a CHCTa M bt qacTHU onpeAenRaTCR Torna na6o np8aanne>KHOCTbiO 

BSKTOpOB K pa3nii''!HbiM Ha npHBOil8M biM llp81lCTHBneHHSIM n4>C , 'ITO M bl 5ynaM OTMS'I8Tb 

RHII 8 KCOM a , nn6o AnSI BSKTOpOB 8 3 OAH o r o llp81lCT8BnaHHSI - 8X C8MM8TpHaft flO OTHO-

1118B810 K nepaCT8HOBK8M BHil8KCOB OIIHO'I8CTH'IHblX COCTOSIHHA, KOTOpyiO Mbl 6yA8M 

OTM8'18Tb HHIISKCOM y:raKHM 0 5 p 830M, BSKTOp OApanen e HHOrO BHyTpaHHero COCTOSIHHH 

CHCT8Mbl qacTnu n a o6pa * a e TcH a anne I I , a , Y > Jlanee noKa3btBaeTcH, 'ITO 

T8K8 Sl KnacC8cPRK8U8H CO CTO SI HHA B cnyqae n4>C BTOporo flOj)Sl llK8 COBfl81l88T C Knac­

CR~8K8UH8Jt COCTORHHJt ABYX 06ht'!Hb!X ~epM80BHb!X noneJt, o6naAHIODlBX CBMM8Tp8alt 

T8fl8 830CflHHOBOJt, 8BOJ:lRTC!I HBHOS M HTPH'IHOe npeo6p8 3 0 B8 HH8 napanonH K 9TBM 

IIB YM 05bi'!Hb!M ll0n5!M, llae T CH pewe HH e H3 B8CTHOro nap81!0KC8 fan8HIIO-l1Hil10p8H8 / B/ , 
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Pa,!6Hfl810TC5l caoiicTna B38HMoaeilcTBH5l napanoJJSI fpnHa-BonKoBa c o6bi'IHhiM <JneKTpo­

MarHHTIP,I M non ::> M, HapywaiOIUero '1!30TOTIH'IecKy!O• CI!MMe T pHIO. B cnyqae nct>C T peTb­

ero TIO[lii AKB paCCM8 TpHB810TCSI IJHWb COCTOHHHil OAHO il , ABYX H Tpex '18CTHU. BbiWe­

YK838 HH8H KIJ8 CC H<jJHK8 UHH BHyTpeHHHX COCTOS!Hifil '18 CT ifU COOTBe T CTByeT B 3TO M CJJy'lae 

Kn acca<jlaKauaH "H30MYJJbTarmeToa" no c TpaHHOC Ta". CocTo>IHHRM BHyTpa "a3oMyJJbTHnne -

TOB" COOTBeTCTBYJOT BeKTOpbl 3KBifB8JJeHTHbiX npeACT aBneHifH , B03HHK810WHX npH BbiAe JJ e ­

HHH H3 6onbworo npeuc Ta aneHHSI anre6pbi (1 npeacTaaneHHtf anre6pbi $, B 3 TOM 

CMhlCJJe p83UeJJeHHe COCTOSIHHA '18CTHU C p83/JH'IHOH •cTp8HHOCTb!O* npoHCXOUifT aapa­

Hee B caMoA cxeMe Knaccu<jJHKaUHR. HaKoH e u, a o6oHx cny'IBHX noaqepKnaaeTcR non-

n"'C / 2,3, 7-9 / 
H85l 8H8JJOrHSI HenpHBOUHMbiX npeACT8BJJeHHl\ '+' H 8JJre6pb1 BbiCWHX CTIHHOR , 

B :JaKniO'IeHRA BBOAHOl\ 'IBCTH OTMeTHM, 'ITO ao3MOJKHOCTb onRCaHRH napa<jlepMHORHbiM 

11 0 /JCM BTOporo nop51JlK8 ClfC'!'eMbl '18CTHU JlByX p83JJH'IHbiX COpT0 9 o5cyJKA8118Cb T8KJKe 

11,91 /10/ 
B pa6oTn x n a Heaaanel\ pa6oTo 

2. HenpHDOPHMbre npe.acrsBneHHH IT<f>C BToporo nopHPKB H 

1
H30TOIJHqecKHH

1 
CIJHH 

2. 1°. M hi nocTpoRM ace nenpRBOJlHMbre npeacTaaneanl! anre6pbr rpuaa-BonKoaa ( 7), 

cHa'lana npeanonaraH, 'ITO napanone npeacTaanHeTcll aa3aTueM fpRna: 

b • ; + • ! ( 10) 

a 3 aTeM o6o6maH nonyqeaabll! pe3yJJhTBT TB.JI:HM o6pa30M, 'IT06br oa ae 3 8Biicen aT 

3Toro npeanonoJKeHHll. Bc10ay HHJKe Mbl 6yaeM HMeTb B auay napa<jJepMHOHHbii! cny-

'181! ( ( ) , XOTSI H 6 yaeM OCT8aJJ5!Tb CHMaOJJ AilS! aQ3MOJKBOro o6o6meHHSI 

HB cny'lail napa6o30HOa ( E = + ) . 

c!>oKoacKoe npe acTaaneaRe anre6pbr ~ CTpOHTCSI 06bi'IHbiM o6p830M: abl)lBHra-

eTcH Tpe6oaaaue eauacTaeaHoCTH BBKyyMaoro cocTOl!BHSI I 0 > TaKoro, 'ITO 

A, . 
• • 0 > =0 anll acex r H A~t.2, ( 11) 

H ace aeKTOpbl npeaCT8BJJeHHll ~~JJY'I810TCSI A9l\CTaH9M BCea03MOJKHblX 110/JHHOMOa 

P< • • ) oT onepaTopoa • aa cocToHHHe I 0 > . TaKoe npeacTaBJJeaue 
r 
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HenpH 130AHMO flO OTHOlll9HHIO K anre6pe (1 , HO npHBOAHMO llO OTHOlll9HHIO K anre6pe 

$ . Jlmi BbiAeneHHSI aa Hero ae npaBOJlHMbiX npeAcTaBnean A anre 6pbi ~ BBeAi:!M Bcno-

Mora TenbHbi il onepaTop: 

~ r == a - a I 121 

B c n eACTBHe 191 HMeeM: 

b b = f b b • b b = f b b b b * = f b * b ' b b * = f b* b 
~:::~ f I! litiS f lf::S.!!!I Sttsf J~~Sf 8 -sS f fad! 811:$f 

b b = r 2, 8~ r b b*
8 

= f ~,*. b, r + 28 re , L ~: ~ f b: b r + 2 8 re , 
1131 

3aMeTH M , '!TO nep9CT8HOBKH onepa TO pOB b H ~ COflpOBO>KA810TCSI B3 8HMHOll 3 8M9HOll 

3THX o nepa TopoB. 

Pea ynbTaTbi paccMoTpeaHSI Bc ex aenpHBOJlHMbiX npeJlcTaBneaull: cooTHollleaull: 

rpHHa-BonKOBa 17 I <J>opMynHpy!OTCS! B BBJle cneJlyromell: TeopeMbi : 

TeopeMa. Ka>Knoe aenpHBOAHMoe (cenapa6enbaoe) npeAcTaBneaHe anre6p bi rpHaa-Bon­

KOBa 17 I nonyqaeTCSI A9ll:CTBH9M BCeB03MOJI(H biX flOllHHOMOB p ( b* ) OT onepaTOpOB b* 

Ha Mll8AlllH9 BeKTOpbl 

IT> 
r • •• r 

I f 

b~ b* b~ ... IO > . 
ll:f t ~ - 8 1141 

onpeA9llSI9Mbl9 CBO!iCTBBMH : 

b IT> = 0. 
• • r 

1151 
I f 

b*IT> ~rb* IT> 
r ... r rr ••. r 

t 2 f 

I 161 

I 11 I 

IT> ~rtf> •, ···'t'" 'k '" 'r rl . .. rk ... r, .. . r 1181 

B qacTHOCTH , npa ~0 onpeAenSieTcSI o6bi '!Boe <j>oKoscKoe npencTaBneaae c e AHH-

CTB9 HH biM B9KTOpOM yJloBneTBopR!OillHM I 151. LlnR aero I 11 I npHBHMaeT BBJl : 

bb*IT>=2o <1>. 
r • 0 rs 0 1191 

YcnoBHH 1151 - 1181 OJlB03 HB'!HO (c TO'IBOCThiO JlO yHBTapaon 3KBHBaneaTROCTH) 

onpenenHIOT aenpHBOJlHMoe npencTaBneaae , xapaKTepuayeMoe 'IHcnoM f HHJleKCOB 

Mll8JllllHX BeKTOpOB. 

HenpHBOJlHMOCTh nonyqeaHbiX npencTaBneuan JlOKB3 biBaeTCSI TaK >Ke, KBK aTo 6bmo 

141 1111 
cAenaao AnSI <j>oKoBcKoro npencTasneaBSI c noMomb!O neMMbi Xaara-Wpi:!epa 

npeJlCTBBneHHe anreopbl aenpHBOJlHMO, ecnH 080 COJlep>KHT UBKllH'!eCKHll: BeKTOp, 

a paccMaTpHBaeMaH anre6pa coAep>KBT onepaTop npoeKTBpoBaHHH aa aero. Penh 
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UHKnR'IeeKOrO BeKTOpa MOJKeT BbiiiOnHHTb mo6oi\ H3 MllBAlllHX Be KTOpOB rrpeneTaBne-

HRH. OnepaTop rrpoeKTHpoBaHHH aa aero RMeeT BHn: 

A 
r •. . r 

I I 

8iD [ 1r ( N r - 1)] 
-- I 

rr( N, -1 ) 
I 

sin[t;(N, -ll ] 

"(N -1) 
r I 

IT ' 
•fr ... r 

I I 

sin ( rrN •) 

rrN
8 

/ 4/ 
rroeKOnhKy nefieTBRe onepaTopa '!Rena '!8eTHU Ha MnanlllRH B9KTOp naeT: 

N, ¢ r •• r 
I 

=o,.<Tl, 
I 

•• r + ••• + o , ell, 
f 

... , 
I f-1 

(20) 

(21) 

/4/ 
0TM9THM, 'ITO fiOeTOHHH85! B OrrpenerreHRR orrepaTOpa 'IRena qaeTHU Bb!6paHa 

TaK, 'ITO 

N I 0 > 0. 
(22) 

3neeb JK9 Mbl fiOA'19pKHeM, 'ITO B eany ( 21) MnanlllHl! BeKTOp 

BaeT eoeTOHHRe 

<l> 
r 

1 
••• r 

f - " 'laeTHU, XOTH H YAOBneTBOpHeT yenOBHIO ( 15) • 

onHebt-

OeTaeTeH y6enHTheH, 'ITO TaKHM nyTeM Mbl pa3nOJKHnH Bee 6onhl1Ioe <!>oKoBe Koe 

npeneTaBneaRe anre6pbt 6 aa aenpHBOAHMble npeneTaBnel!l!SI anre6pbl ~ 

C noMO!IlhJO ( 13) MOJKHO y6enRTheH B TOM, 'ITO xaJKnoe rroeneny10mee rrpeneTaBneaae 

opToroaanhBo BeeM npenhtAYlllliM, a, enenoBaTenhBo, ae eonepJKl!TeSI B BliX. !lanee, 

'!lleno B9KTOpOB, eonepJK8lllHX <!JRKeRpoBaHHblX RBAeKeOB R OTROeH!IlR XeH K p83-

nH'IHblM npeueTaBn9HHHM : 

<1>, h * ¢ • 
r r 

2 
••• r t b * h * ¢ ,. r r ... r 

~ 8 
h * h * r r 

~ I 
¢ • • .. • b * ... b* I o > . ( 23 l 'a·', 't r, .• • r ' 

I 

I 
eoeTaBnHeT BeneueTBHe (7), (16), (18) 2, 'ITO eOBfl8A89T e '!llenoM JlHH9 HHO-He-

38BReHMblX B9KTOpOB: 

a t* a 1* 
r 1 r 2 

a~*lo> , 
r f 

a 2* a I* 

r t r 2 

8 

... a II< 
r I 

I o > •••• a ~ * ... a 31< I o > • 
't 1" f 



• 

2.2°. B aaweM paccMoTpeHBH aecymecTaeaao TO o6cToHTenhCTBO, 'ITO HHAeJtcbl 

npHHBMaiOT 6ecKoHe'!HhlA pHA aaaqeaaA. Oao cnpaaeanaso TaKJKe H TorAa, 

KOr.Qa 3TOT pHA KOH9'!9H r = l , 2 , •• , M • B cnyqae £ - - nony'!eiiHbie npeA-

CT8B/l€HHSI 6yAyT TOr.Qa HenpHBO.QHMblMH npe.QC T8B/l9HHHMH anre6pbl .[laqxpHJia-KeM-

Mepa B 3BK/lH.QOBOM llpOCTpaJICTBe 'l9THOA pa3M9pllOCTH 2M • .[leAcTBHT9/lbHO, 

aae.QeM onepaTOpbi: 

f3 =i/2(b 
2r- t 

-b * ) . • 
{3 

2
, = 1/2 ( b + b* ) • 

• 
r = l, • • , M. 

flerKO BHA€Tb, 'ITO OHH Y.I:IOB/l9TBOpSIIOT anre6pe .[laqxpHHa-KeMMepa: 

f3 f3 . f3 -£ {3 f3.f3 
k t m m t k 

k ,f, m = 1,2, •• ,2M 

(24) 

( 25) 

fpHHOBCKOMy 8Jl38TUy (10) COOTB9TCTByeT .Qa~~HHOBCK09 pa3/lOlK9HH9 OliepaTO-

pea f3 aa onepaTopbi cnaaopHbiX npe.QcTaaneaaA: 

A A A* 

Y 2r- I= i( 8 • -• • ), 

A 

Y 2r 

A A* 
• + • A=1,2. (26) 

B CH/ly ( 18) 'IBC/10 M/l8.QWBX B9KTOpOB K8lK.QOrO npe.QCT8B/l9HHH COCTaB/lli9T M C r, 

a o6maSI paaMepHOCTb 3TOrO npeACT8B/l9HH51 BC/l9.QCTBHe ( 7), (16), (18) paBH8 

2
M+ 1 C M _ r • 3TH peaynbTaTbi 6binH nony'leHbi paa e e a pa6oTe 

1 8 1
• HaoMop~HOCTh 

/ 2 / 
n<!>C BTOporo liOpH.QKa anre6pe .[la~~HHa-KeMMepa OTMeqanacb BonKOBbiM , 

H aa SToll o c aoae rronyqeaHble Bblllle aenpnBOAHMbie npeAcTaBneiiHH aayqanach 

/9/ / 3,7,8/ . 
l..fepBHKOBbiM • B pa6oTax 6bi/la noKaaaaa o6maSI CBSI3h napa~epMHOH-

Horo KBaa1oBaHBH n106oro nopHAKa c rpynnol! BpameaaA a MHoroMepaoM npocTpaa­

/ 3 / 
CTBe (napa6030HHOro KB8HTOB8HHSI - C CHMli/l9KTH'l9CKOll rpynnoA ). 

2.3°. Tenepb Mbi MoJKeM aaTb, cornacao cKa a aHHOMY so aaeaeHHH, cneay10-

mee onpeaeneaae 'aayTpeaaero• cocTOHHHH cacTeMbi - qacTau. CocToHaae 

- qacTHU onpeaenHeTcH npaaaaneJKHOCThiO K TOMY ana HHOMY aenpHBOABMo­

MY rrpe.QCTaaneHHIO nc~>c, 'ITO Mbl o6o3H8'IHM HH.QeKCO M a , H OliHCb!B89TCH, co-

OTB9TCTB9HH0 1 O.QHHM H3 BeKTOpOB ( 23), CHMMeTpH30BaHHblM no HH-

aexcaM r 
1 

, • • , r f , B COOTB9TCTBHH C onpeaeneHHOA CX9MOfi lOara y ) . 
BeKTOp COCTOHHHH Tenepb MOJKHO npe.QCT8BHTb B BH.Qe 1·1, a, Y > 

MOJKeM BBeCTH aanee onepaTOpbi: 

9 



I 2 

~f t / 4 [ L* 
k 

~li/ 4 [b k*, b k 

- 1 / 4 r b .. 

+i/ 4[ b * 
k 

k 

+ 

+ 
k 

+ 

' b k l + l 
+ 

l' 

I a ~ :£ I 1 r 4 [ b k * ' b k l + 1/ 4 [ b k* ' b k J + ' l( - £)' 
k - - _ , + -1--£ 

y e :£ f 1/2 [ b * , b ] - l/2 ( b * 
k k k , ' . k+ 

b l l ' 
k + ' 

non qaaH romaecH s c n en c TBH e ( 13) a n re6pe : 

( I 1 , I I l _~ I· f 11 k • k ( y ' I I 0 , 

( 27) 

( 28) 

(29) 

( 30) . 

(31) 

~oTopaR, Koaeqao, cos nanaeT c anre6po~ • H30TOnHqecKoro• cnHaa; onepaTop y 

HrpaeT ponh anu HTHBHoro KBBHToBo r o qHcna (' r Hnep-aa p Rna'). BexTopbi aenpH­

BouHMbiX npeuCT8BlleHH~ MoryT 6 b!Tb Kll8CCH!jJHUHpOB8H bl Terrepb UO C06CTBeHH biM 

aaaqeHHRM y I a H I 2 l! , a,v>=l\',1 2 , 1 > . a 
2.4°. Tenepb M bi x oTHM noKaa aTb, qTo KBlKUOMY BeKTopy aenpHBOUHMoro 

npeUCT8BneHHH n~C MOlKHO B38HMOOUH03Haqao COflOCT8BHTb BeKTOp COCTORHHH UBYX 

o 6 biqHbiX 11jlepM HOHHbiX none~. nonqHHHIDlliHXCH 'H3oTonaqecKo~· CHMMeTpHH. KoM-

MYTBUHOHHble COO THOllleHHH onepaTOpOB 3THX none~ HMeJOT HOpManbHbiil BHU : 

lp,p*l ~s 
t a -£ r l 

Dr ' D l c I e - f 
n* 

r 

I p , p l c I p *, p * l ~o, I n , n * l ..s 
r a - ( r a -£ r a -£ ra 

, d" 8 l_ f ~ 0 , I p r , n*
0 

l _ ( ~ I p r, n 
0 

l_ f =I p : 'D * . 

(32) 

l ~ o. 
-( 

BaeneM B paccMOTpeaHe anre6py M8TpHU naynH ( 0 + ~u - + lo · • 0 
_ I 2 

). flH-

ae ~Hbie KOM6HH8UHH: 

b - -~---(u 
..;-2 

:n * ), ( 33) b* ~ __ 1_ ( (T • p* 
+ r 

• p 
) ' + U • D 

+ + 0 

.[2 
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KSK Mo~ao y6enHThCH aenocpencTseaaoA rrposepKoA, ynosneTBOpHroT cooTaome­

BHHM fpaaa-Bonxosa ( 7). BcrroMor aTenhHbiA orrepaTop, orrpenenReMbiA cooTaome­

HHSIMH ( 13) , !!MeeT BHA : 

b =___l_lu •p 
1/2 + 

+ u • :n ) • 
r 

b "' = --
1
- ( u • p • + u + • :n "' ) • 

mr ..[2 - · r 

3nech cnenyeT rron4epKHy Th, "'TO orrepaTopbl b b ... 

(34) 

cTByroT Tenepb B npocTpaacTse npHMoro npoaaaeneRHH anreop MaTpan ITaynR 11 

anre6pbi <jlepMHOHHbiX rronell ( 32). OnepaTopbi (7 H p • ll , KOIIe"!HO, KOM-

MYTHpyiOT. Ka~blll BeKTOp npencTasneHHSl T8K:1Ke HMQeT CTpyKTypy rrpOH3BeneHHH 

ABYX BeKTOpOB, OTHOCSllliH XCR K npenCT8BneHHHM 9THX ABYX anreop. B "18CTHOCTR, 

B8KYYMHbll! BeKTOp HMeeT BHA: 

(35) 

MaTpHUbl u· neAcTsyroT H8 e 0 'H aTOT BeKTOp Mbl Bbi6epeM T8KHM, "'TO 

u ' = 0 • (7 (7 ' = ,, • 
- 0 - + 0 0 

(7, __ , 

a o o 
(3 6) 

OnepaTOpbl H30CIIHH8 (27)-(29) H .,ranepaapHna" (3) Terrepb C IIOMOntbiO (34), 

(33) MO*HO npeACT8BHTb B 06bi"!HOM BHne : 

y • I 
k 

c k * 1/2 T 1 c k 

c • c 
k k 

rue Mbl BBena o6oaaaqeaas: 

T 
1

e- r 
1 

, 

B 0 
m 1/2 { d :l [ 'I' ( X ) y 0 'P ( :l ) ] 

M8TpHUbl nel!CTBYIOT H8 CTOn6eu: 

11 

(37) 

(38) 

(39) 



p 
tp (X) = ( 

1/1 (x) 
p 

1/1 ( x) 
(40) c 

n 
n 

M8Tpi!Ubl C1 l(eftCTBYJOT, no-npelKHeMy, H8 BeKTOp eo HeKOTOpOI'O JlO fiOfiHHTenhHOI'O 

npOC Tp8HCTB8. 

M bl HMeeM cnenyromyJO Kfi8CCHQJHKilllHJO COCTOSIHHft: 

Ol(HO'I8CTH'IHbie COCTOSIHHSI 06p83YJOT H30!ly6neT: 

I y = I' = I/2 I=+ I/2 > = _I_ b ... Ill = p ... I 0 > • ( 1 /2u e ); 
a v2 k 0 k + 0 

IY=I, I=I/2. I =-I/2> = I Ill= 1 b *Ill= n *I 0>· (I/2 (1 e ); 
3 y2 k y2 ,.k 0 k + 0 

llBYX'I8CT1PIHbi9 COCTOSIHHSI o6p83YIOT H30CHHI'neT : 

I Y = I2, I = 0, I = 0 > = ~ [ b *, b * ] Ill = _I __ ( n * , p* - p * n ) I 0 > • 'I; 
a 2y 2 It I It 2 + 0 y-2-· k I k 2 k I k 2 0 

H H30TpHnneT: 

IY=2,1=I,I=-1>=-1-<t> =-1-b* b*<l> 
a 2 kk 2.,k k o 

2 I 2 

p*p*!O>·f 
k I k 2 0 

IY=2, I= I, I =0>=-k[b ... ,b* l <t> = --1-(n *,p ... +p* n*) !O>· -e 
8 2 V 2 k I k 2 0 ( y2 k I k 2 k I k2 0 

2, I= !Y l,l "'+I>=-1-b*¢ 
a 2 k

1 
~< 2 

--
1 b* b* 
2 k r:../2 

<t> 
0 

-== n • n • 
k I k 2 

I o > • -e 
0 

l! T.l(. TaKHM o6p830M, nro6oA B9KTOp HenpHBOl(HMOI'O npel(CT8Bn8HHSI COOTHOW9HHA 

fpHHa-BonKOB8 l(9ftCTBHT9fihHO MOlK8T 6MTh npe!lCT8Bnea !lnSI 'I~THOI'O 'IHCna '18CTHU 

a aline P ( p *, n * ) I 0 > • 'I; ; anSI ae'I~Taoro 'll!Cna '18CTHil - B BHne 
'I~T. o -

p ( p * .n ... ) I b > • '( (1 e ) rne 'I~THOCTh HnH He'liiTHOCTh nonHHOMOB OTHO-
ae'!~T. + o ' 

Cl!TCSI K nonHOMY 'IHCny BXO!lSimHX B HHX onepaTOpOB p* H n * OnepaTop I 
• 8 

coneplKamHA cornacao (39) MaTpl!ny 

C06CTB9HHbie 3H8'!eHHSI 
N n - NP 

2 
H 

OpTOrOH81lhHOCTH BeKTOpOB fo 11 "+{o 

u 8 , HMeeT B 

N -N P n 

2 

aTHX nayx cny'laSix a cany (36) 

cooTBeTcTaeHao. Onaaxo BBH!ly 

nepeXO!lbl M9JK!lY COCTOSIHHS!MH C 'I~THbiMH 

H H8'1~THbiM 'IHCnOM '!8CTHU 38UpemeHbi. OoaTOMy B cny'l88 'I~THOI'O 'IHCnB '18CTHU 

Mbi ·MOJK9M . nepeo6oaaa'IHTh n .... p • Torna TeopHSI napanonSI fpHaa-Bonxoaa oxoa­

'18Tenhao npHBOllHTCSI K TeopKH nayx o6bi'IHbiX none A c npoeKilHSIMH .. Haocnaaa • +I / 2 

nm1 p 11 - I I 2 nnH n • CnenyeT OTMeTHTh, 'ITO aaanorH'IHoe 'MaTpH'IHoe• npen-

12 



CT8Bl!CHHC nonell, llOll'IIIIISIIODliiXCSI 0606DlCHHbiM Tpllm!HC I\Hb!M KOMMYT81lHOHHhiM COOT­

/ 12/ 
HOWCHHSIM, I!Cll01lb3 0B8liOCb illap!jlwTel!HOM • 

2.5°. B CBSI3H 

/6 / 
Yl HlliO pe na 

C Bb!WCB31l0lKCHIIhlM MOlKHO A8Tb TCllCpb peDlCIIIIC ll8P8llOKC8 raniiHllO-

IlapanoKC 38K1l10'18CTCSI B yTBCplKllCHBB, 'ITO BCKTOpbl b .. • • •• b * jf} 
I %I§/ 

He o 6 pa3yiOT llpCllCT8B1lCHIIJ! rpy llllbl nepCCT8HOBOK OllCp8TOpOB b * ( CM.TIIKlKC ' ) • 

HanpuMep, ecn11 paccMOTpeTb a cnyqae r=- To nepe-

CTIIHOBKH BTOpOrO II TpCThero OllCpi!TOpOB b* 
8 llpRBOllSIT B CBJIY (7) K IIC-

'!C3HOBCHIIIO BCKTOpa. PemeHIIC COCTOHT B TOM, 'ITO TBKHC BCKTOpbl H HC ll01llKHhl 

o6p1130BhlB8Tb npenCTIIB1lCIIHC rpyUllhl UepeCTBIIOBOK , TBK KBK liM COOTBCTCTBYIOT 

p831lH'lllbiC BHyTpCIIIIHC COCTOSI.HII!I 'lltCTHU n H p , H n epeCTB.IIOBJOl COCTOllRH!I 

.QOJIJKIIhl COllpOBOJK.Q8.TbCSI O.QHOBpCMCH 'I O nepecTI!liOBit&MH aTHX BliyT-

peHHBX COCTOSI!illft. B YKII38.IIIiOM UpiiMepe Mhl BMCf' M : 

V\ bk* b: b*
8

4> 0 = P\ n: p: J 0 >• (u + e-
0

), 

ll09TOMY nepCCT8.HOBK8 TOJlbKO HlillCKCOB k B s BTOpOrO II TpCTbCrO onepaTOpOB 

ll01llKHII, O'lC BBll liO, I!pBBCCTII K Hyl!IO. 06plllliCHRC HCKOTOpb!X 113 BCKT OpOB b * ~·• b* <f> 
k I k f 0 

B Hynb COOTBCTCTBYCT TOMy, 'ITO KlllKllOMY COCTOSIHBIO CBCTCMbl n B p 

'liiCTHll llOlllKCH COOTBeTCTBOBB.Tb B311RMHOOll.H03H8'liiO 1lHWb OllHH T8KOA BCKTOp. 

2.6°. 06CylliiM TCI!Cpb B03MOJKIIOCTb DBCllCIIH!I 91lCKTpOMIIrHIITIIOrO B31111MOllC!ICTBBSI 

llllpllllOll!l rpuaa-BonKOBII , .HapymaiOmero 'B30CHMMCTpHIO'. 06hl'!HO B311HMO.QCJ!CTBIIC 

rrapa!jlepMBOHBOrO llOliSI rpana-Bol!KOBB. C 9liCKTpOMIIr.HHT.HhlM I!Ol!CM BBOllHliOCb B Bll-

/ 3,14-16/ 
ne 

H = I/2eA (x)[.j'(x), yl' t/J(xl] = eA (x): '11 (x) yl' 1p (x): 

" " 
(41) 

TaKoe aaauMoneRcTBIIe cooTBCTCTByeT TOMy, 'ITO 11 n, 11 p llOliSI IIMCIOT OllHHII-

KOBb!C 38p!!.Qhl 1 II llOTOMY O.HO .He RapymaeT CHMMCTpiiiO 9THX noneA. C 9Tl!M 6blll0 

CBSI38.HO llOSIBliCHIIC !jlaKTOpll 2 B CC'lC.HIIH npOUCCC8. !jJOTOpOJKllCHHSI II8.pbl llllpll'li!CTHU 

/ 15,16/ 
• 0.QHaKO MOJKHO OllpCllCliHTb aTO B31111MO.QCJ!CTBIIC llO-HHOMy: 

H =l/2eA (x){l/J(x)yl'l/J(x)-<1/J(x)yl.!t/J(x)> 

" 0 

- " = e A I' ( x) : 'P ( x l ( J/2 + 1/2 T 
8 

) y 'P ( x ) : 

(42) 
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Toraa aapHa 6yaeT HMeTb ITHllih oaao H3 noneA P, D H TeM CBMblM C HMMeT-

pHH Me*.llY HHMH HapylliHTCH, HHKBKHX nHlliRHX ~BKTOpOB B ceqeHHHX npH TBKOM 

onpeaeneaHH, Koaeqao, ae B03RHKaeT. 

nocKOITbKY BO B38HMO.UellcTBHe ( 41) BXO.llHT KOMMYTBTOpHblll TOK napanomi, 

ORO HHB8pH8HTHO OTHOCHTenbHO 06biqaoro onpeaeneRHH 38pH.llOBOrO conpH*eHHH 

I 1 7 / 
(eM., aanpHMep, ) : 

-t - T 
U

0
1/J(x)U

0
=1J

0
C l{i (x), 

- -t - T + 
U

0
1/l(x)U

0 
=-1)

0
1/J (x)C (43) 

B c n yqae saaHMoaeAcTBHH (42) HHB8pH8HTHOCTb OTHOCHTeiTbHO npeo6pa30B8HHH 

(43) He HMeeT MeCTa. 0.UH8KO HMeeT MeCTO HHB8pH8HTHOCTb OTHOCHTenbHO KOM6H­

RHpOB8HHOrO npe o 6p830B8HHH: 

u 
-t 

1/J (x) U 
0 

= 1) 
-T 

C: 1/1 (x), 
0 .. (44) 

- -t - T + 
U 1/J(x)U =-1) 1/1 (x)C 

0 0 0 ,,., 

Koraa aapHaoaoe conpH*eaHe conpoBOJt<aaeTcH nepexoaoM oT norrH 1/1 ( x l K norrro 

t (x) (onepaTopaM ~* H b ) H nao6opoT. B cH BbilliepaccMoTpeanaR Teo-

pHS! HHB8pH 8HTH8 OTHOCHTeiTbHO B38HMHOA 38M9Ji bl 1/J -+ '/;,, ileACTBHTeiTbHO,onepaTOpbl 

b , KBK H b • Y.llOBneTBOpH!OT COOTHOllieHHHM rpHHa-BorrKOBa ( 7), a COOTBeT-

CTBYIOW:He H911pHBO.lli!Mb!e npe.UCTBBITeHHH 3THX COCTHO!ll eHHA norryqaroTCH H3 CTBpblX 

aaMeaoA ~ :: b 

0TM9THM, qTo ecnH Mbl XOTHM paCCM8TpHB8Tb nepeXO.llbl Me~y paanHqHblMH 

BHyTpeHHHMH COCTOHHHHMH ( • CITB6ble' pacnaabi), TO eCTb nepeXO.llbl Me*.llY aenpH­

BO.llHMbiMH rrpeacTaBneHHRMH n<l>C, TO Mbl AOIT*Hbl BBOAHTb BO B38HMOAell:CTBHe 

TOKH, conep*am:He KBK none 1/1 ( x l, TaK H none 1/1 ( x l . TeM caMbiM Mbi Bbt-.. 
HY*AeHbi aaecb Bbtll:TH aa paMKH co6cTaeaao TeopHH napanorrH, npHaneKa H none 

1/1 (x) .. Y*e He TOnhKO B KaqecTBe BCnOMOraTeiTbHOrO npH llOCTpoeHHH aenpHBO-

AHMbiX npencTasneaHA 
1 

B38HMO.lleACTBHH. 

HO H B KaqeCTBe ITOITH, BXOAHm:ero B raMHITbTOHHBH 

3~ HerrpHBOIIHMble npencrsBneHHH nspsrj;epMHOHHoro nonH 

TpeTbero ITOpH/1K8 H 'cTp8HHOCTb' 

3.1 ~ napanone Tp9Tbero nopH.llK8 npeACT8BIT51 eTCR 8H38TUeM rpHH8: 
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t/J (X ) 

a 
l: 

A= I 

A 
t/J ( X ), 

A 
b l: a 

r 
A =I 

nocTp09H He 60nbWOrO npOCTp8HCTB8 np9ACT8Bn 9HHSI anre6pbl 

( 45) 

KOMriOH9HT 8H-

3aTua fpHHa npOH3BOilHTCH onHTL CTBHABpTHbiM MeToAOM. BbiAeneaHe H3 aero 

H ~' npHBOilHMbiX npeacTaBneaHi! anre6p bi ~ BHOBb ripOHCXOAHT n yTeM riOCTp09HHSI 

B HeM MnaAWHX BeKTopoB, YllOBneTBOpHtomHx ycnoBHHM: 

ann Be ex r, (46) 

H 38T 9 M Aei!CTBH9M BCeB03MQ}KHb!X nonHHOMOB p (b*) H8 3TH MnBAWHe B9KTOpb! . 

HH }Ke Mbt BbtllenHM nHlllb HecKonhKO nepBb!X H3 aux. 

¢oKOBCKoe npeAcTaBneHHe cTpoHTC H aa BeKTope I 0 > -eAHRCTBeBHOM BeKTope 

B a ToM npeac TaBnesaa, YAOBneTBOpHtomeM ( 46). LlnH BeKTopa I 0 > HMeeT MecTo : 

Cnea yromH e ABa MnaAlllHX BeKTopa HMetoT ~HA: 

I* 
I' 

r 
( a , ~· - a > I o > 

~· a* 
I •; = ( a - a ) I 0 > • 

05a OHH YllOBneTBOpSIIOT COOTHOII19HHIO (46) H 

hh* l =3 o 1 -2o 
1!!1 t rs t rt a 

( 47) 

(48) 

(49) 

b*h*l +h*b* + b. b. 
• t t 

+ b * b. 
t 

+b*b* + b*b*l =0 .• 
t • t • (50) 

B 3HB OpTOrOH8nbHbl9 KOM6HH8UHB BeKTO pOB ( 48) ( H8IIpHMep, HX cyMMy B p83HOCTb) 

Ill; H Ill ;•, Mbl rrony'IHM llB8 8KBHBBJI9HTHblX OpTOrOH8n bHbiX aenpHBOilHMb!X npellCT8B­

neHBSI anre6 p b! $ . 0TM9TBM, 'ITO B CHJIY ( 46) B ( 49) ll91\CTBH9 onep8TOp8 'IHCna 

'!8CTHU (3) ( P 3) H8 8TH MJI81lll1H9 BeKTOpbl ll89T 

(I) (I) 

N,lll. =o,.~,. ( I - 1, 2 ). (51) 
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M b1 BRilHM, 'ITO MnallWHe BeKTOpb! cf> (I) OUHCb!BaiOT OllHO'ISCTH'!Hb!e COCTO!IHHSI, 

TpH cneJlyiO!llHX MnSJllliRX BeKTOpa RMeiOT BRil: 

1 * ~· 1* 2* ~· a* ~· a* 1* a* * • f' •(a -a )(a +a >lo>, f"e (a -a )( a + • >lo>, f'" •(a -a )(a1Ha Jlo::{52) 
Fa r r 8 a ra P r • • re r r e 

8 

H YllOBneTBOpSIIOT COOTHOllieHRSIM : 

b b: f tu c 3 o r 0 f tu - 2 0 rt au 2 0 ft. 
r u 

(53) 

r • •r (54) 

BaHB TpR OpToroHanbHb!X KOM6HH8UHH 3 TH X BeKTOpOB ell(l) ( I • 1 , 2, 3 ) H Jlell-

re 
CTByH Ha HHX BCeB03MOJKHb!MH UOnHHOMSMH p ( b *) , nony'IHM TpH 3KBHBaneHTHbiX 

OpTO.rOH8nbHbiX HenpHBOilHMb!X npellCTaBne.RHSI anre6pb! 

llellcTBHe onepa.Topa '!Dena 'ISCTHU (4) JlaeT: 

N r ell • t •o,. ell • t + o rt ell at ' 

(!) 

!B. B cuny (48) u (53) 

(55) 

H, cnenoBaTenbHO, MnSJlWHe BeKTOpbi ell ( i 
ro 

l, 2. 3 ) OUHCb!BaiOT llBYX'ISCTH'I-

Hbie COCTOstHHSI. 

CnellyiOmHe '!eTblpe MnallWHx BeKTOpa HMeiOT BHn: 

I* ~ * I * 2* 1* ~· 
f' - (a -a )( a + a ) (a -a ) I 
tat r • • - t t >. 1* a* 1* a• 1* a* 

f"e(a -a )(a +a )(a -a liO> 
rat r • • '"' "' t 

~· a* ~· a* ~· f '" a ( a - a )( a + a )(a 
rot -a a* ) I 0 > • 

" 

(58) 
J V 1* ~ * I * a* I* 

f -(-(a -a )(a-a )(a+ 
ret • r • • t 

S* 1* a* I* ~ * I* 2* 1' * * * 
+a ) +(a -a )[(a -• ) (a +a )+(a +aa )(a~ -aa llllo>. 

rt r r e t1 t t " • t t 

0HH YllOBneTBOpSIIOT ycnOBHSIM ( 48) I SHTliC HMMeTpH'IHbl UO HHJleKCSM r , a , t , 

fret =-I 
e rt r I e (57) 

b u b ! f ret • 3 o u ,. f ret - 2 o ur f ., e t - 2 0 ua f ,.. t - 2 o ut f ro ., • 

(58) 
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0pTOI'OH811113HpyH BeKTOpbl (56), H8 i!JleM '!eTbipe OpTOI'OH811hHbiX KOM6HH8UHH 

( ¢> (IJ = I, 2,3,4) 11 )lanee nocTpOIIM '!eT b ipe opToroHanbHblX sKBHBaneHTHbtX aenpiiBO­
••t 

.,.. (I) 
JlHMbiX npeJlcTasneHHH. AaanorH'iHO npe/.lbiJlymeMy nerKo y6e)lHThcn, 'iTO "',,.. 

onliCbiBBIOT Tp e x'iaC Tii'iH ble c ocTOHH!HI. Mbt orpaHH'IHMCH npoAenaHHbtM nocTpoeaueM, 

flOCKOllbKY B )l811bHel!rneM paCCMOTpHM 111il1Jb COCTOSIHIHI C 'iHC110M 'iBCTHU He 60I1b-

WliM Tpex. 

3.2°. BHyTpeHHee cocToHHHe CliCTeMbi I -'iaCTHU 6yAe T orrpeAenHTbCH Tcnepb sexTo-

paM cocTOHHHH II , a, v. {3 >, B KOTopoM I) HH)leKc a yKB3hlB8eT npHH8)ll1e~HOCTb 

BeKTOpB K TOll llllll liHOI! rpynne SKBHBBneHTHb!X npeJlCT8Bl1CHHI!, 2) HHJleKC V yKa-

3b!B8eT CIIMMeTpH!O (c x eMy iOHra) BeKTOpa OTHOCHT e llbHO nepeCTBHOBOK Olli!O'IBCTII'l­

Hb!X COCTOHHHf!, 3) IIH)leKC f3 YK83hlBBeT npHRBillle~JiOCTb Bei'."TOpa K o npe)leneHHOMy 

npenc TaBne HHIO 113 rpynnbt a sKBI!Bane HTHbtX. B e KTOpbt, OTllll'lB!OliiH CCH npH3HBKBMH 

I) 11 2), 6yneM HB3 btBaTh cymecTBeHHO paanll'iHbiMH. CocTOHHJH1 , uao6pa)l(aeMbte sTH­

MH BeKTOpBMH, KBK Mbl YBH)lHM HH~e, MQ)I(JIO COflOCTBBHTb B 06bi'IHO!i KI18CCH¢HK8-

LIB II no CHMMeTpHH SU 3 COCTOHHIIHM C p83~H'IHOH CTpBHHOCTb!O. ilnH BeKTOpOB )Ke 1 

OTllii'!B!OliiHXCH 11RUJb Hp113H8KOM 3), MOlKHO C O C T8BI151Tb 11J06bte OpTOI'OH811bllb!e KOM-

6HR8lliiH, ae aapywaH aenpHBOJlHMOCTb npeJlcTasneauf!. Ylaaqe roBopn, B npocTpaH-

CTBe SKBHB811eHTHblX npe!!CT8BI1eHHi! MO)I(HO npOH3BOiliiTb 11106bte flOBOPOTbl, H flOSTO-

MY BeKTOpb! STHX npe)lCTBBlleHHI! MO >K HO COflOCT8 BiiTb COC TOHHiiHM C paa nH4H b 1Mii !!30-

CflHHOBb!MII COCTOHHIIHMH npH OJlHHBKOBOM 3H84eHHii CTp8HHOCTii. 

M bt nonyqaeM cneAYIOIIlY IO Kna c cn!jliiKBllHIO . 

0AHO'IB CTH"!Hbte cocTO HHHH o6pa ay 10T H -30CliRrn e T -
1- h* I 0 > 

,;3- ' 
II H30/ly 6 neT ¢> (I ) 

r 

i = 1,2) . 

Coc T OHHIHI c n cTe M b l 4 8CTii lHl Of!TH48CTIIll8 COCT8Bl1H~T. DBA 1130CHUrneTB 

I1B8 

_l_[ h * 
2yr; r-

H"'I O/lyG n eTa 

,h*• l+! O > 
+ 

( ! ) (I) 1_ ( b * ¢> + b* ¢> l , 
y 2 r o + "+ r _ 

H 

( i = 1. 2 l 

O/lliH uaoTpunneT IT>"' (I = I, 2,!). 
r_, e+ 

_ _ l _ [b* 

2y 3 
b * . l _l 0 > ' 

+ 

H 
I (b * <!J ( I) 

lj!O r " + 

( I ) 
b* ¢ )(i=l, 2) 

"+ r 

flpH KII8CCiicPIIK81{HH TpeX'iBCTH'!HblX CQ('TQHHHfl Y'leT CBOHCTB CHMMeTpHI! HeCKOllb-

KO CIIO)I(Hee. ilnH npouasonbf!Of! <jlyHKllHR I x y • MOlKHO COCTBBIITb meCTb KOM6HH8 U HI\, 

npRHB)lllelKB WBX K pa3l1H ' IHb!M H enpRBO)lHMblM npeACTB BileHHHM l'pyiTIT b l n epeCT8HO B OK 

liH/leK C OB X , Y , Z l I( CI!MMeTpii'!HOM y !I BHCHMMe Tpli 'I IIOMy n pe/lCT ann e HH >i M nrH -
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aaane)!(HT no oaaot! KOM6Hl!auaa;. 11: 1-oMy asyMepao M y npeacTasneaaro cMemal!aotl 

CHMM9TpBB npBHBlliT9)1{8T: KOM6HH8UHH, CHMM9TpH'tH8SI no 

- f - f - f -f H KOM6HH8UHH, 8HTHCHMM9TpH'tH8SI no zxy zyx syx yzx 
X 

H y , 2 f xyz . + 2 f uy 

H y' 

f xzy + f zxy - f zyl!! - f yzx 1 

xo II - MY asyMepaoMy npeacTasneaHIO cMemaaaotl CHMMeTpHH, 3KBH BaneaTHOMY 

nepBOMy, npHH8lliT9lK8T: KOM6HH8UHH, CHMM9TpHqHBSI ITO H Y , 2 f X&y + 2 f yzx 

- f 
Xy& - f zyx - f - f yxz zxy' 

H KOM6HH8UHSI, 8HTHCHMM9TpH'tH8SI no X H y ' + f - f 
xyz zyx yxz 

-I 
zxy 

npH KOHCTpyHpOB8HHII T pexqaCTH'tHbllt COCTOSIHII!i cneayeT Y'tHTbiB8Tb COOTROIU9HHSI 

fpaaa ( 2) (' :- ) : 

b*h*b*- h*b*b* -h*h* h* +h*h*h*-o 
• t r t sa • t t • • 

b*b*b*-b*b*b*-b*b*b*+b*b*b* = 0, 
art str rta trs 

(59) 

B T8K)I{C COOTHOIU9HII9 (50) H CBOl!CTBB 8HTHCHMM9TpHII MITBlliUIIJt BSKTOpOB ITO CBO­

HM aaaexcaM . M bi nonyqaeM cneay10myro xnacca¢axauHIO. 

Ea11HCTB9HHbil! CHMMeTpH>tHbi l! sexTop o6pa3yeT caarneT: 

I/2J6<I+8 +8.+8 +28 8l (b*b*b* +h*b*h* Jio > 
r a t a r t at rt r a t • 

Al!THCHMMeTpH>tHble BeKTOpbi o6pa3yiOT ae xynneT 

II30TpHnneT 

( I/6V5)(2b:b:b; = 2b:b~b*.- b:b; b,* +h,*b; b: liO> 

- (!) (!) (!) 

( 1/.j 5 ) ( b : b *. <!> t + b ; b : ¢l • + b : b 
1
* <I> • ) , ( i = I , 2 ) , 

- ( l 0/ y2I)( b * cfl ·)- b* <ll() 
r 1!1 t a rt 

cfl (l) ,., 
b * <I> (l) ) • 

t • r 
( i z I, 2, 3) 

H30CI!HrneT 

n:~oay6neT 

H30K B8pT9T (i = I, 2, 3. 4 ) • 

BexTopbi CMewannol! CHMMe TpHH, ao CHMMeTpH>tH bie no II s o6pa3yiOT 

Ot\.TeT : 

H3ocnarneT ( I/2y6( ••. ) ) ( b: b '; b i - b t b *• b ,* ) 1 
0 

> , 

aaa H3oay6neTa ( l /y2(I.t4/y2I)( ... ))[(I / 2y3 )(b*b*<J>C1l 
_ r a t + b * b * cfl (!) ) + 

e r t -
+ ( I/ · 1 7 ) ( b * b * <J> (l) + b :* b * <lJ (!) ) ] 
- V rt" Str' 

( I/y~) (b * ¢ClJ + b *¢Cll) 
ret etrt' 

( i = I, 2) 
H 30 TpHnneT 

( i = I, 2, 3) 
3ll9Cb (. 

) = ( 2- 8 rt + 2 8 ,. - 8 st - 28 ot 8,
1 

B eK TOp bi CM9WBHHOI1 C HMM9TpHH, no al!THC H MMCTpR •IHLie no r a s, TBKlKS 

o6pa3yiOT OKTST: 

H30CHHrneT 
h*b*> lo>. 

• r 

+ b* b * <lJ (I) -
t • • 

(I) 

hi b*. <l> , -

(I/6y2( ••. ))(2b;"b*b* - b*b*b* -b * 
______ ,_t -•!:!...__ e r t cf) 

usa H3oay6neTa (l /y2( I+4 /y2I)( .•• )) [(I/ 6J(b*b*
1

¢ 

- b*b* ¢ '
1

' >+< 1/vm< b*b* <1>'
1
' + b* b* <1, - b:b. <~> '!).- b ·b. <~>' 1 ' > 1 

etr- ret tar ert tr
8

' ( 1 =I, 2), 
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1130Tpl!0/19T 

(I) 

- b ... <I> 
• tr 

3 n<"cb ( .. . . ) (2 +8rt -28 '" +8 01 - 28 01 8,1 ). 

) ' (I = I, 2, 3). 

u 3.3 . Y1TaK
7
.11pll yK838HHOti BbtWe K/18C CIItPIIK8UIIII COCTOHHIIti 118p8'!8CTHU B03HIIKI111 

Te )1{9 MY ilbT Hn/19Tbl , '!TO II B cnyqae KI!ACCII¢HK8UIIH COr/18CI!O COC T8BHOii MOU91111 

S U 8 
CII MM9 Tp1111 ¢ 11311'! 9CK HX 'l8CTIIU , Korna BCB 'l8CTIIUW CTpORTCH 113 Tp111111BT8 

KaapKoB . OnHaKo 3nech cnenyeT oTMBTHTb, 'ITO aoaHIIKtuee aapaHee 1 n c ornac1111 

C K/18CC H¢HK8U119ti H911p11BOUHM blX 11p9UCT8BI191!Hti DKC , p83U9119111!9 COC TOHHIIH 118 

cymeCTB9 HHO p8311H'lllhl9 II 8KBHB811 9HTHW9 COOTB9TCTByeT pacmei11! 9 HII~ COCTOIIHI!H 

C p83 /lii'!HO ti CTp8HHOCTb~. TaK, B TpllnneTe OUHO'I8CTII'lHbiX COCTOSlHI!ti OUHO 113 CDC-

TOSlHIIti < I / vn b • 1 o > 
r 

BbiU9119HO no OTHOUI9HII~ K UBYM npyriiM <I> (I) ( i = 1, 2), 
r 

OTHOCSlilliiMCH K 8KBIIB8119HTHblM 11p9UCTl!B/19HII51M, 'ITO COOTB9TCTBY9T Bb!U9 /19HHOCTII 

A -KBapKa no oTHomeHII~ K p II n -KB8pK8M. 

Te11epb Mbi BHOBb xoTe/111 6br 110U'lepKHYTh aHanorll~ M BlKUY npeacTanneHIIHMH 

D<I>C II anre6poti Bb!CillHX CI1HHOB B MHOrOMepHOM IIpOCTp8HCTB9 'l~T!Iord 'lHC/18 

11aMepe1111ii . KaK 11 n cnyqae napaKBBHTOB BIIHH n Toporo rropHnKa,MOlKIIO onpeneniiTb 

apMIITOBW o11epaTopw : 

{3m (60) 

A 
rne onepaTOpbi y ., o11penenSl~TCH ( 26) 11p11 A ~ 1, 2,3. nocTpoeHH~ H911pHBOUIIMbtx 

11p9UCT8B/19HIIA D<I>C 6 yneT TOrUS COOTB9TCTBOB8Tb Bb!UB/19H I!9 IIp9UC T8BII9HHii C 

o11peneneHHbiM ' c i111HDM'. TaK, n cnyqae a11anor1111 c qeTbrpexMepHbiM 11pocTpaHcTBOM 

11p9UCT8B/19HII~ CIIH118 3 / 2 I! UBYM 8KBHB811911THbiM 11p9UCT8BII9JIH5lM CIIHH8 1/2, ITO-

llY'l8 ~illHMCH 113-38 UBYX p83/ll!.'lHblX CIIOC060B C I!OlK9HH51 T pex 110/lOBI!HHblX CIIHHOB 

B 110/lOBH HHbiA CI111R , COOTB9TCTByiOT 11p9UCT8B/1BHHH, o6pa30B8HHbl9 H8 M/18UWIIX B9KTO-

pax I o > • <1> ' 
r 

HHIO K p-H 

H <I> " • B aToM cMwcne BbrneneHHOCTII 
• 

A -KB8pK8 ITO OTHOW9-

n -KB8pK8M OTB9'l89T p831III'll!.9 IIp9UCT8B/19111!.51 CO 'CIIIIIIOM ' 3/2 

OT UBYX 8KBIIB8 1191lTHblX IIp9UCT8Bli91111l! CO 'CIIHIIOM' 1/2. 

4. 3 a K n JO q e H H e 

DpoH3 B e n eH Hoe pac cMo T peHI! e rroKa 3braaeT, '!TOT neiicT BHTS ilbHO cxeMbi D <I>C 

BTOp Or O H Tp9Tbero 11 0 pHUK OB MOlK HO I!CI10/lb30B8 Tb U /111 BB9U9HHH T8KIIX BHyTpBHHHX 

119p9M9HHblX '18CTHU , KBK ' H30CI1H H• H 'cTp8HHOCTb' . C upyroii CTOpOHbl, OHO 110K8 -

HI 



3bl BBeT , 'ITO B 3TIIX CXeMBX H e coneplKHTC~ II H bl X 0606!1IeH II H CTB TH CTIIK TO)K/leCTBe H ­

HbiX ' IBCTiiU , K p oM <? y'leTa nn~ oGbJ'IHbtX cTaT H C THK B H yTpe HHHx c T e rr eHet1 cso6on bt. 

118 / 
0 o3TOM Y 3 BM8 H 'IHBO e rrpennox<eH H e C<: HT8 T b KB8 p K OBbte IT O/l ll ITO/l 'IH HHIOIUHM H 

0¢C TpeThero llOplln K a , 110 - BH /lHMO My, 3KBHBB/le HTHO rr pennO/lO lKe H H IO H8flH'IH9. y 

H HX B H y Tp e HHe fi llO flO /l HHTenbHO fi C T e n eHH CBo6o nw . 3 To )!{8 O T HOCHTC II H K npen­
/ 3 / 

fl0 :>K8 11HIO 
p 8 C C M 8 TpHB8Tb 3 /le KTpOH H /1 -Me3 0H OT/l li ' I810 IUHMHC51 C Xe MSMH K BB H -

TOBBHIIIl C OOTBe T C T BYIOIU H X non eil . 

H a KOH e u, OTMe THM pa3nH4He cxeM l1¢C B To p oro H Tpe T h e r o rro p HnKo s . B 

nepBO M cnyqae ynanO C b He T O/l bKO flOC T p OH T b flOflH Y IO K/l8 CCH¢H KBUHIO COCT OHHH fi 

napa q a C THU H flOX838 T b e e T O lK /l€C TB€HHOC Tb C KflA CCH¢HK 8UHefi no 'H30Cfl H H y ' , 

HO T8 K )!{e BBeCTH 3/leKTpOMOrHIITHOe B 3 8 H MonefiC T BHe, H apymaiOme e 'H30CnHHOBYIO' 

C IIMMe T pHIO. B c n yqae D¢C TpeTbero llOpH/lK B , XOTil K/l8CCH¢ HK8 UHH COC T OHHH fi 

no 'CT p8HHOC TH ' H 'H30MYilhTII fl /le T aM' B03HHK/l8 8BTOM8 T H'IeCKH , B03M Oli<HOC T b 

BBeneH B 51 B38 HMOll € fiC TBII 51 , H8py lli810Utero CIIMMeTpHIO, n pencT8 B /l51 € T CH BOnpOCOM 

OTKpb!TbiM. 3TO CB51 3 8HO C TeM, 'IT O B c n y 'Ia e 0¢C BTOporo nopH/l K8 o 6a TOKa , 

B 3 HT bl€ B B H /l€ K O MMyTBTOpa II B BH/le B HTHK O M M Y T B TOp a , 
flO K B/lbH bl • D o-

3TOMy B 3 /l e KTpOMBrHHTH O M B 38H M On efl:CTBHH ( 4 2) OK838/l0Cb B03MO li<H blM BBeCTH 

H X CYMMy. B cny q ae lK€ 0¢C T p€T b e ro llOp51 /l K 8 /lOK aneH /lHllib KOMM y TaTOpHbttl: T OK. 

A H THKOMMYT B T OpH bt l! TOK B 3 TO M Cny qae H€/lOKane H H M OlK€ T BXO/lHTb , XB K n o Ka -
/ 4 / 

3 8 HO B pa6 oTe , /lHlli b B O B38HMOnel!C T BHe C rrapa60 3 0HHblM fl 0/l€ M T 8KlK€ TpeTb-

ero ll0 pH/lK8. D o K p a tl:ae ll M epe, MOli<HO YTBeplK.'lBTb, 'I TO XOTH o6e CXe M bl OK83 8/lHCb 

BO MHOrOM CXOli<IIMH npH K fl8C CH¢HK8 U H H C OCTOHH Hfl: 'IB C THU , OHH MoryT OK838TbCH 

cymecTB eHBO p03 flH'! H blMH llpH B Beue HBH B38HMoneilCTBHl! , Hapy W BIOIUHX B HyT peHHIOIO 

CH M MeTpH IO 3THX 'IBCTHU. ABTOp 0 T i:!8 € T c e 5 e T8Kl!<e OT'Ii!T B TOM, 'I TO BCi! B bl ­

lll€H3 fl O lKeHHO€ MOl!<e T HOCBTb X8p8KTep flH illb n pens a p HTe/lb H biX H 8 BO/lSIIUHX C00 6pa-

lK € HBll 0 B 0 3MO lKHOCTH n o c n eno BST€/lbHOrO BBe n eBHH B T eopHIO n onH BHy Tp€HHHX 

CHMMeTpH ll C n OMOIUbiO o Go 6tU€HHbiX CX€ M K B8H T O B 8 HHH. 

B 3 8KfliO'I e HHe a sTop xoTen 5 bt B b tp83H Tb rn y 6oKy iO 6 naronapaocTb A . M . E annl! t+ 

H y H C . E . fepa caM oBy 3 a aeo naoKpa Tao e o5cyl!<neaa e H3n ol!<e B H b tx B b t m e Borrpocoa. 

1191 3 ctMe'Ia HHe n pu K o ppe K T ype : B H enaaao ony5 n H K OBB H H OM n penpHHTe • TB Kl!<e 

p8CC M8TpH B8 €TC ~ 3 8Me Ha TpHnH Hel!H b iX C OOTHOlli€HH ll f pHHa-BonK OB8 ( 7 ) 6 HnHHeilHblMH 

COOTHOWeHHHMII, B HBnOrH'IllblMII COOTHOW e HIIS!M ( 13 ) HBC T OHIUeti p a 60T bl . 
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