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Ba eneHne 

8 HBCTOSliUee BpeMSl MHOT'O BHHM8HH5l yuen5leTC5l HCCneUOB8HH!O cerHeT03lteKTpH 

KOB C BOUOpOUHO fi C B 513b!O o THnH'IHb!M npeUCTBBHTen eM 3TOi1 rpynnbi KpHCT8 ltllOB 51B 

/!-7/ 
n5l e TC51 KH PO C'IHTaeTCSl , 'ITO <\>aaoabr ii nepexon B cerH e To-

2 

3!teKTpH'!eCKOe COCTOSlHHe C B 5138H C ynop51 UO '!eHHeM HOHOB B OUOpOUB BUO!lb 0 - HoooO 

CB513elt , KOTOpb!e COeUHHSl !OT rpynnbi PO o 

4 
HoH BOUOpona UBH*8TC5l B U B OHHOll no-

TeHUH8!tbHOll 51Me H HMee T UB8 nono*eH HSl p8BHOBeCH5l, COOTBeT CTBY!OIUHe MHHHMYMY 

3 HeprHH. Ynop51UO'!e HHe ROHOB BOUopona C THM y nnpyeT CMeme HHe npyrHX HOHOB B 

peweTKe, 'ITO npHBOUHT K no51B!t8HH!O cnOHTBHHOll non5lpH3 8UHH. 0 pO!lH ROHOB BOUO 

pona a ¢aaoBOM nepexone canneTenbCTBY!OT 3KcnepHMeaTanbHbre naHHbie no pacce

SlHHIO Hel\TpOHOB H SlpKO Bb!pa*eHHb!e H3 0TOnH'!eCKHe scjJ¢eK T bi , CB5138HHb!8 C 38Meme-

HHeM aonopona nel!TepneM. 

Bnn noTeauHanbHOi! 51Mb!, aoo6me roaop51, c no*Hbi ll , H non aonopoua coaepwae T 

aarapMOHH'!ecKne Kone6aHH5l. Ho ecnn C'IHTBTb, 'ITO ona nocTaTO'IHO rny6oKa , H nep 

Bhll! B036y•neHHhll! ypOB8Hb 3H8 pT'HH H 8 XOUHTC5l UOCT8TO'IHO BhlCOKO H8U OCHOBHhlM, 

TO HOB BOUOpOUB 6yneT H8XOUHTC5l HB C8MOM HH3 KOM ypOBHe B OUHOfi H3 noTeHUH8ltb

H b!X 51M, a nepe6poc H 3 OUHO H 51Mb! B npyryro MO.eT npOHCXOUH Tb BC!l8UCTBHe 

/2/ 
T yanen&aoro scjJ¢eKTa . H cxon51 H3 3 Toro npennonO:li<8HHH , Lle )!(san npenno•Hn 

• 
MOUenb, B KOTopoJ1 KB*UOMY HOHY BOU Opona npHnHCbiB8 e TC5l onepaTop CnH H a 5 (S=Y.). 

LlBY M B03MO*Hb!M nono•eHHSlM paBHOBeCH51 l!OH8 BOUOPOUB BUO!lb 0- H o o o 0 CB513l! 

cooTBeTCTBY!OT co6cTaeHHbie 3Ha'!eHH5l onepaTopa cnl!Ha S • =:!:. Y, • B aaHMCI"nel!cTDHe 

Me.uy HOHBM!! BOUOpona Onl!Cb!B88TC5l 3cpcpeKTHBHb!M T'8MH!lbTOHH 8 HOM, KOTOp blJ1 Bbl

p8)l{8eTC5l '!e pea onepa Toph i c nnua. B npocTellweM cny'!ae raMH!lhTOHH a H aouoponnoil 

/ 4 / 
nOUCHCT8 Mbl MO)l{eT 6b!T b 38nHC 8H B BHU8 : 

3 



H = - 11 E ~ S lz - 2 Q :£ S1 x - ~ ~ .ltJ S zl S J" • 
I I l,l 

( 1) 

Ocb z napannenbHa ocH c - KpHcTanna . CyMMHpoBaHHe BeaeTCH no ac e M HOH8M 

BOAOPOA8, npH'teM B K8)f{Jl0M y3 ne pemeT KH MQ)KeT H8XOAHTbC51 TOilbKO OAHH HOH 

Boaopoaa. E -BHemaee none, aanpaBneaaoe no ocH z , 11 0603H8't8€T M B KCHM8Tib -

Hb!H JlHIIOTibHhll1 MOMeHT BOUOp0Jl8 B 0 - H · .. 0 CBH3H, Q - 't8CTOTY TynaenHpOB8-

HHH ( pe30H8HCHb! H HHTerpan) j J 
lj 

-BenH'tHHhl, 38BHCHWH€ OT p8CCTOH HH A Me)KJlY 

HOH8MH BOUOpOU8 H OnHCb!B8!0WHe HX B38HMOneACTBHe. BenH'tHHbl 11• Q, J
1 

l 

napaMeTpbi T eopHn . K onH'teCTBo nx MO)KHO yMeHhlliHTb, cuenaB aeKoTopoe y n po

UlaJOmee npeunono)KeHHe, a anpnMep, "'TO B38HMouei1cTBY!OT TOilbKO 6nH>Kaiiwne coce

llH) . 

Monenb, rrpeuno)KeHHBH .Ue )!(aaaoM, o6cy)Kuanacb B cepnH pa6oT P83HhiX 

13-7 I 
aBTopoa • B raMnnhToanaa 6b!llH BKTIJO'teHbi pa3Hhie BHilbi D38HMo uel\c: T Biff1, 

K8K Me~<Jly HOH8MH BOJl0pOJl8, T8K H Me)KJly HOH8MH BOJl0POJl8 H OCT8TibHOfi 't8CTb!O 

!51 
pemeTKif. TipHMeHHTIHCb MeTOJlbl rpylll!OBOrO p83TIO)KeHH51 , MeTOJl pen8KC8UHOHHOl\ 

( M K ) / 4,6,7/ /6 ,7/ 
tPYHKUHH MeTOJl OpH- 8B8C8KH , MeTOJl C liHHOB biX BOTIH H MeT OU Mone-

/3,5 ,7 / E 
Kyn$IpHoro nonH • bin Hccneno Baa crreKTp aneMeHTBPHbiX B036y)Kneaaol\ cuc-

/246, 7 / 
T eMbl ' ' H liOBeneBHe p83Hb!X T€pMOU.IIH8MH'IeCKHX X8p8KTepHCTHK CHCTeMbl 

( TeMnepaTypa !jla3oBoro rrepexoaa, cpeaanl\ anrronbHhiii MOMeHT H TerrnoeMKOCTb) 

!51 
B 3 8BH C HMOCTH OT ll8p8MeTpOB TeOpHH , TipHH51T b! e MeTOilbl p8C 'te T8 l!03BOTIHTIH 

nony'tHTb pe3ynbT8Thi, crrpaBeAnHBbte nHWb B orpaHH'teHHOM HBTepBane TeMnepaTyp. 

B rrpeanaraeMOA pa6oTe 6yaeT HCcneAOB8H8 TOTibKO BOUOpOUH851 liOUCHCTeMa 

( liOTIO )KeHHe OCT81lbHb!X HOHOB, BXOAHWHX B COCT8B pellleTKH, C'IHT8eTCH )KeCTKO 

38KperrneHHbiM) , EyaeM HCXOAHTb H3 rrpocTeAmero BHA8 raMHTibTOHH8H8 ( 1), Bbi

'tHCTIHM crreKTp aneMeHT8pHb!X B036y)KAeHHi1 CHCTeMbl H BbiBeaeM ypaBHeHHe A/151 

cpeaaero nHrronbaoro MOMeHTa, onpeaenHJOmee ero 38BHCHMOCTb oT TeMrrepaTyphi • 

.UnH paC'!eTOB rrpHMen51eM MeTOA ABYXBpeMeHH b iX TeMrrepaTypHblX !jlyHKUHl\ fpHH8, 

li08TOMY IIOily'teHHb!e pe3yllbT8T bl 6yayT crrpaBeAnHBbl B 6 onee lUHpOKOM HHT epBane 

TeMne paTyp, l.JHclleHHblM p8C'teT8M IIOCB51W8eTC51 cne Ay!OW851 pa60T8. 

3aMeTHM, "'TO paCCM8TplfB8eMaH 381l8'18 rrpeACT8BilHeT lfHTepec ae T OTibKO Ami 

TeOpHH cerHeT0 8 1leKTpHKOB C BOUOpOAHOl\ CB513b!O , HO T8K~<e H A TI H TeOpHH 8HH30 -

TpOIIHhlX ~eppOMarne THKOB. 
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I. Dpeo6pa3oBaHHe raMHnbTOHHaHa H ypaBHeHJHI ADHX<eHHH 

DpeAnonaraeM, qTo BOAOpOAHBH cncTCMa B ceraeTosneKTpHKax c aoaopoAHOI! 

CBSJ3h!O OliHCbJBBeTCH raMI!nhTOHJI8HOM BJIA8 : 

rAe P. ,n 

H = - p. E I s z- 2 n Is z- l>I 
1 I i 

- nonO)I(JITenhHbre aennqHH br , a 

11 J = .I q ~ - r~l ) > 0 ' 1 
II 

J J 
IJ Jl 

I, J 

1 
IJ 

0, 

( I) 

HMeeT cneayiDmue caollcTaa: 

(2) 

DepefiAeM OT CliHIIOBb!X orrepaTOpOB K OnepaTopaM Daynu C liOMOIIlh!O !Ipeo6pa-

30B8HHSJ 

s z 
J 

l> ( ( I - 2 nj cos 0 - ( b + + b ) sin 0 
J J 

S Jx l> ( ( I ~ 2 n J ) sin 0 + ( b: + b J ) cos 0 I , 

SY = _L ( b+- b ). 
J 2 J J 

(3) 

DapaMeTp npeo6paaoaaauSI 0 6yaeT orrpeAenea a Aanhaell:meM, OnepaTopbr 

Daynu bl , bl+ liQL(qUJISJ!OTCH cneayiOmHM rrepeCT8HOBQqHbiM COOTHOIIle!IJIHM: 

b b+- b+b =(1-2n l6(i-j), 
J J . I I {4) 

rae 6 < 1 - J l - CHMBon Kpoaexepa. 

fBMHnbTOHHBII (1) C liOMOmhiD IIpeo6p830B81IH SJ (3) IIpHBOAHTCS! K BHAy: 

5 



H a E - ~ ( I ( b + + b ) - I + ( n 
0 "1 

I 
I I " 2 I I 

- r -L · Iw ( b+h++2h+h+hh)-
' 8 1 I II 1 .1 I I 1 I 

I 

- ~ Y. v n ( b + + b ) - ~ I u n n 

11 
f I I I I I IIIII I I 

r.ue Mbl ssenH cne.uyiOmHe o6oaaa'IeHHl'C 

u = cos 2 
(J J V a sin (J coo (J J 

II II II II 

W a sin 2 (} J J (Ol = I J 
II II I I 

<"; c €
1 

- ~ V(O) a 20cos (J - p. Esin (J -~ · J (0) sinfJcosfJ, 

f
2

c ~ +~ U(O) a20 sinO +p.EcosfJ+~J(O)coJfJ, 

E 0 --~ N(E
2

+ ~ U(O)). 

YpasaeaHH .UBH~eRHH .unH onepaTopos h • h+ 
I I 

H 11 HMeiOT BH.U: 
I 

~tl.. 
d t 

+I It"~ (f-il-l/4Wflb -l/ 4IWfb+ + 
2 I I 1 I I 

- -~ r, 

+ I I T 6 ( f - i > - ~ v In - ~ I vf bf ( b+ + b > + 
I It I I I I I 

+~I wf ( 
I I 

h+ + h > "f - I uf hf " 
I I I I 

6 

+ I v If "I "f 

(5) 

(6) 

(7) 



+ 
I I (I 1'1 (f - i ) - ~ v If I 0 I + ~ I VIe be ( hi+ + ~) I 

--- = 
dt 

+ - ~ 7 vtf ( bf- bel nl 

(8) 

(9) 

nnsr pacq~TOB CBOACTB paccMaTpHBaeMoA CHCTeMhl 6yaeM IIOIIb30B8TbCR QBYX

BpeMeHSbiMH TeMnepaTypHblMH 38IIa3Jlb!B810!1lHMH SHTHKOMMyTaTOpH b!MH <j>yHKilHS!MH 

18! fpaaa, KOTOpbre onpeJlemuoTCS! CIIeJly!O!IlHM o6pa30M 

r)l e 

« A (I) I B (0) »a 8 (I) <A (I) B (O) + B(O) A(l) > 

-r -f3a < · .. > ~ Q Tr ( . . . . e ) , 

!Ht 
A (I) = e 

d 

-IHt 
A (0) e I > 0 

• 11< t l =I 
0 I < 0 . 

( 10) 

(II) 

i ---
d t dA(t) ( 12) « A ( t ) I B ( 0 ) » - i /) ( I ) < [ A • B ]+ > + « i -d-t- I B ( 0) » . 

7 



r.oe 

d A( tl a i __ _ 
d t 

( A, B] 
+ 

A (0) B ( 0) + B (0) A(O) 

onpe.oenneTcn .onn ypaBHeHRn .QBI'OKeHRSI .onn onepaTopa A ( t l · 

PaccMoTpRM cne.oyromRe ~YHKURR fpRaa: 

«n (tl I b (0) » = G 
1 

(t) 
e " fk 

I 
Gf- k( tl 

+ « be < tl 
2 

bk (Ol » = Gfk(tl 
2 Ge_ k ( tl 

«ne (tl 1 bk (Ol » 8 ( 3 ( T 
Gh tl = Gf-k l. 

( 13) 

B CHny npOCTp8HCTBeHHOfi O.QHOpO.QHOCTH CHCTeMbl ~YHKUHH fpHH8 H COOTBeT

CTByromHe KOppenSIUHOHHble ~YHKUHH 38BHCSIT OT pa3HOCTH npOCTp8HCTBeHHbiX apry-

MeHTOB e - It 

Y"'nT btBaSI ( 7) -( 12), ueno'iKy ypaaneHHfi ann <jJyHKIIHfi fpHaa ( 13) MOlKHO 3anH-

C8Tb B BH.Qe: 

d I 
i --Gfk(tl =iS (tl a 1 (f,lt: -6 (tl E 1 < b> 

dt k 
+ 

+ I. I ( /}. ( f- i) -1/4 w f I G I (t) -1/4 I, Wf G
2 

(T) + 
2 I I k I I I k 

( 14) 

+ I. t 1 t.. < e - i 1 - ~ v e 1 c8 
< t 1 - ~ I. v 1e « be < b 1 + + b I ) I b » + 

I I I I k k 

+ 
+ ~ I.wlf << (bt + b I) nel bk»- I. Ute« Ir nl I bk .. » + 

I 

+LV « n n ib» 
If I e k 

8 

_ .... 



dt 

rae 

dt 

( 15) 

b » -
k 

( 18) 

+ + 
a 2 ( e . .< > - < r be • b k J + > - 2 < be bk > + a ~ ( e _ .. > • 

( 17) 

a • I - 2 < nk > 

b > 
k 

- 2 ;;: 



B cHny TpaHcnHUHOHHOI1 CHMMeTpHH CHcTe Mbi aenH'lHH bl 

He 3 8BH CHT OT HOMepa y 3na, 3aMeTHM, '!TO 

< b > , < b+ >.< n > 
k k k 

+ -<h > = <h >= b 
k k 

( 18) 

3To BhrTeKaeT H3 cnenyiOmHx paccy)!(Jleaun. Y<IHTblBBH ( 1), ypaanenHe UBHll<eBHH 

nnH onepaTo pa s; MOli<HO 38flHC8Tb B BHUe 

_ _:1!1_ 
dt 

2 n s y 

f 

YcpennHH aTo ypaaneHHe no KBHOHH'!ecKoMy aHcaM6niO , nony'!HM 

< s{ > - o 

Ho sy 
f npH npeo6pa3 oBaHHH 

sY 
f 2 

(3) npeo6pa3yeTcH KBK 

+ b f - bf ). 

Yf3 UBYX nocneUBHX !jlopMyn Bb!TeKaeT CBOI!CTBO ( 18), 

TaKHM o6pa30M, Mbl nony'IHflH TO'IBYIO CHCTeMy ypaBBeHHfi Uflll cpyHKUHH fpH-

88, B npaBbiX qacTHx ypaBHeBHfi ( 14), ( 16) conep)f{aTcH Bbicwue cpyHKUHH fpHHa. 

llnH nonyqeBHH 38MKHYTOfl CHCTeMbl ypaaaeBHfl H8M npHUeTCH nyTeM COOTBeTCTBy

IOWero pacmenneaRH Bhrpa3RTb RX qepe3 HR3WHe. 3To 6yneT cnenaao a cnenyiOmeM 

pa3nene . 

3. MeTon pacmenneRHR R npu6nR>KeHHble ypaaneBHH nn11 

cpyHKUHfi fpHH8 

Bbicwue cpyuKuRR fpHHa pacmennReM cnenyiO!llRM o6pa3oM : 

« b + b• 1 b » .. < b+ > «h. 1 b » +<b. > «b+ 
ILk I Lk L I 

b 
I 

Gflr. (t) .+ G ~ (t)) 
I k 

«b b lb » -<b >«bib »+<h>«b 
f I f k f 

.. b G 1 
(t) + 

fk 

10 

G 
1 

(t) ) , 
lk 

b » -
k 

b >> -



« b+ 
b/l b » .. < b +> « bf ~ b » + < b +> « b+ b >> .. 

I k I k f I k 

- b G 2 (t) + G 2 (t) ) . 
h II< 

( 19) 

« Df b b » ., < Df > « b I b » + < b > « "r I bk » k I k I 

- .r cl (t) + -b Gt k(t) 
lk 

« b+ b» .. < Df > « b +I b» + < b +> « 
~ I » 

Df I I I k I 

; G2 (t) 
II< 

+ b G ;k (t) 

Ga (t) + G a (t) ) . 
I k fk 

3aMeTHM, 'ITO B BblCWHX tPYHKUH!!X fpHHB B ypaBB9HHRX ( 14)-( 16) BCerua 

i ./.. f , TB,K KBK npB i • f .u .. v-w -o 
II II II 

(aTo cneuyeT H3 ~ 1 • 0 

B 'In9Hbl 0 COil9p>KBWH9 BblCWHe tPYHKUHH fpHHB, o6paWBIOTCR B Hynh. 

nollCTBBn!!R llpB6nH)I{98Hbl9 pBB9BCTBB ( 19) B ypBBH9HHH ( 14) -( 16), nony'IHM 

lln!! HIJTepec yJOWHX HBC tPYHKUHA fpHHB cnenyiOWYIO 3BMKHYTYIO CH CTeMy ypaBH9HHI!: 

i a (f,k)8 (t)- ;'"b 0 (t) + 
1 

- I + i I [ €
2 

+ ~ (u U (0)- 2 bV (0) )] 6. ( f- i)-l/4(aWtf+ 2b~f) IGlk (tl-

(20) 

+ i 1 [ (
1 

+ ~ ( 2b w (Ol- a v ( o > >l 6. (f-; >-~(a v
1
f + 2 h u

1
f > 

ll 



I I [ 

d 

d t 

~ 

ch < t l - i " <f , k 5 <t> + ": "L 6 <t> + 
I 

+ 1/4 f (uW
1
f + 2 b v If ) G (t) 

lk 

t 2 +~(uU(0 ) -2 b V ( O))] ~ <f-i ) -1/ 4(uW + 2li" V ll G 
I f tf lk 

( 21) 

( t) 

- r I[ £1+ l\(2llW(O) -uV ( O)] ~(f-i ) - X(uVIf + 2li Uif >I G ~ k(t) , 

d 
8 Gfk (t) • 88 ( f . k ) 8 ( t) + 

dt 

(22) 

+l\[t
1 

+ l\(2bW(O) -u V(O))j (Gfk(t)- Gt(T)). 

YpasaeaHH (20)-(22)1 npaMeHHH ¢ypbe-npeo6 p a3osaaae no speMeHH H npocT

paacTsy 

"" a Ga (t) • f G (E) 
f, k -oo f , k 

-IE i 
e dE 

a ( ' 
Gf.k E1 

N 
I G a ( E) 
v v 

a - 1 , 2, 3 

I ( v , f- k ) • 

aa (f , k ) a N 
La (v) e 1 <v.f-k> 

" a 

J 
f. k 

L J(v)el(v.f-k> 
N v • 

MO>K HO npasecTH K sany : 

12 

( 23) 



( E - A + B ( 11) ) G: (E) + B ( 11 ) G: (E) - ( 2 C - 0 ( 11) ) G ~ (E) 

(24) 

2rrE 
a

1 
(II) E - N (

1 
b 8 (II) ) , 

- B (Ill G
1 

(E) + ( E +A- B (Ill) G 2 (E) + 
II II 

(25) 

II II 
~EG 8(E)=-i-a (II) 

11 2 rr 8 
(26) 

r11e 

A • l + ~ ( a U (0) - 2 b V (0) ) = 
2 

(27) 

= 2 0 sin (J + p. E cos (J + ~ J ( 0) cos (J ( a cos (J - 2 b sin (J ) , 

B (II) = 1/ 4 (a W (II) + 2b V (II) ) = 1/ 4 J (II) sinO (asin (J + 2 b cos (J) ( 28) 

2 C = ll + ~ ( 2b w (0) -a V (0) ) = 

2 0 cos (J - p. E sin (J - -2- J (0) sin (J (a cos (J- 2 b sin (J ), 
(29) 

13 



D ( v) -
1
-(crY(v) + 2bU(v)) 
2 

1 
-

2
- J ( v·) cos 8 ( cr s in 8 + 2 b cos 8 ) . 

CHcTeMa ypaaHeHHl! ( 24) - ( 26) HMeeT c neny!Omlie pef!.E!HH5!: 

2 
a 

Gv (E ) 
Ka E + L a~~ + M a 

2" E(F.-E(v))(F. +E(v)) 

2 2 

(30) 

2M a 
1---- + 

E 

Kaf. \v) + LaF.( vl+Ma flU F. (v)-L,z F. (v) + Ma (31) 
2 

4" F. ( v) F. F. ( v) 
+ ----- -1 . . 

E + F.( v l 

E ( v) = /A2 
+ (2 Cl 

2 
-2 (AB(v) + CD(v )) 

(32) 

K
1 

"' K 
1 

( V) = a 
1 

( V) 

L 1 :L 1(v) = a
1
(v) (A-B(v))-a

2
(v)B(vlta

3
(v)(2 C -D(v)) -N<

1
bl\(v), 

M 1 " M1 ( v) ~ ( 2 C - 0 ( v)) ( a 3 ( ")A - C (a 
1 

( v) + a
2 

( v)) ]- AN f 
1 

b 1\ ( v ) , 

(33) 

14 

I 
I 



I 
J 

1 
I 

L 2 = L 2 ( v) =a 1(v) 8 (v)- a 2 (v) (A - R ( v)) - a 
3 

( v) ( 2 C -- D ( v) l + 

M 2 = M 
2 

( v) = ( 2 C -0 ( v)) [ a 
3 

( v) A - C ( a 
1 

( v) + a
2 

( v l) ~ -
ANt b t.(v), 

I 

IPOpMyna ( 32) OITpenenHeT CneKTp ane MeHTBpHbiX B036Y>KileHHl! pBCCMBTpHBBeMOI! 

CH CT eMbi . 

4. ¢opMynw nnH cpenaHx 3Ha qeHHll b 

KOppenHUHO HH hlX *YHKUHR 

(J 
H ypHDHeHHSI lliTH 

/ 8 / BbtqHcnHM npe>Kne Bcero cneK T panbHbJe HHTeHCHBHO CTH rflYHKUHil rpHHB 

nonc TasnnH (31) a (36), nonyqae M 

15 

(34) 

(35) 



a 
1 11 (w ) ~ . { - 2 MaS(w ) + 

2 E 
2 

( 11 ) ( ) lw + I ) 

2 
+ Ka E (v ) + La E (v) + Ma)S(w-E(v) ) + 

(37 ) 

2 
+ (K E (v)- L E( vl+M 

a a a s ( w + E (II)) I . 

npHMeM BO BHHMBHHe, 'ITO KOpperrHUHOHHbie <jJyH KUHH ( 1IpH l ~0) CBH38Hbl C O CIJeK

/ 8 / TparrhHbiMH HHTeHcHBHOCTHMH ¢opMynaMH 

a ~ a {3w r ~ f J ( w) e dw a-1 , 2,3 II -oo II (38) 

rae 

I 

rf. k ~<bfbk > 

2 + 
re k ~ < be b k > 

8 (39) 
re k ~ < nf b k > 

a 
a 1 a I (II , f - k ) 

ffk ~f:: -k = -N- ~fv e , a • 1, 2,3. 

noaCTBBIJHH (37) B (38),rrorryqaeM 

a 1 L 
1 

r" = - 2 - Ka + 
a 

t b -,---- f3 E (v) • 2 E (v ) (40 ) 
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a 
~opMynw (40) npencTasnHroT co6oA no cymecTsy cacTeM y ypasaeaaA nnH f'

11 a 
TU K8K senH'lHHbl Ka 11 L a 38BHCHT OT r v 

3anameM CHCT8MY yp8BH8HIIA (40) B HBBOM BHne. Y'IHTbiBBH (17), (33)-( 35) 11 

( 39) 1 y68lKA88MCH, 'ITO 

I 
L 1 z2(A-B(v))f'

11 

2 
- 2B(v)f'

11 

3 
+ 2(2C - D(v))f'

11 

- u B ( v) + ·b ( 2 C- D ( v)- N < 
1 

<'. ( v) ) , 

I 2 
L 2 c2B(v)f' 11 -2(A-B(v))f'

11 

-u(A- B(v))..tb(2C -D (v ) 

8 
- 2(2C -D ( v)) f' 11 

( 41) 

0pHHBM8R BO BHHM8HHe ( 4 I), C11CT8My yp8BH8HHA ( 40) MOlKHO npHB8CTH K BHny 

(A -R (vllf' - R(vlr 
v v 

8 
+ (2C-D(v))f'

11 

= T B ( v)- -2- ( 2 c - D ( v) - N tl,.. ( v)) • 

17 

(42) 



I ~ 3 
U(v>rv -(A-B(v))j'v -(2C-D(v>>rv ~ 

a I h ~ 
-- ( A - B ( v) - E ( v ) cth - fl E ( v)) + -- ( 2 C - D ( v)- N < 

1 
1'. ( v)), 2 2 2 

(43) 

c( r 
v 

2 
r 

v 
a h I --z- C - - 2 - E ( v ) cth -

2
- {3 E ( v ) . 

(44) 

nocne o5paTHono ~yphe-npeo6paaosaauu no npocTpBHCTBy cuc TeMa (42)-(44) 
npHHHMBeT BH.[I 

I 8 

Arfk+2crfk - A = _a_ B ( f , k ) -
fk 2 

h 
- - 2 - ( 2 C 1'1 (f - k ) - D (£ , k) - < 

1 
) , (45) 

~ 8 
AI~ + 2cr -A 

f k fk f& 

a , I 
-- (A 1'1 ( f- k) - B (f, k) - -- I E ( v) c th -- {3 E ( v) e 

2 N v 2 
1cv. e -k > 

)-

h 
- 2- ( 2 c 1'1 u - 1.: > - n ( e . ~.: > -

) . (46) 

1 2 a b 
c ( r e k - rl' k ) a -2- c 1'1 u - k ) - ZN I 

I E( v )cth -- {3 E(v) x 
v 2 

l ( v ,!'- k) 
x e 

(47) 
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I 
Atka-N- t 

(48) 

-
113 cncTeMbi (45)-(47) orrpeaennM caaqana a u h • C aToll nenhiO paccMoTpHM 

cnyqal!, Koraa e = It . Talt K8K 

- a 

B<t,ll~o<t.t>- J =0 , 
it 

"ro H3 (45)-(4 7) rronyqHM 

-
b 

2 

b - "ei -- ,..- (2 c - f )- _a_(A--
1
-l:E(v)cth-1 {JE (v)) , 

2 N v 2 

C n a ---2- b 
+--

2N 
I 

~ E ( v) cth -
2

- f3 E ( v). 

a I 
A • ,-- ~ E ( v ) cth -

2 
- {J E ( v ) , 

h I 
C • -,-- 2 E ( v ) cth -y- {J E ( v ) • 

... 

19 

(49) 

(50) 

(51) 

(52) 



Ha s THX nayx ypaaHeaal! Mhr MO)f{eM onpenenHTb a H b 

pb! H UOKa HeonpeneneHHoro napaMeTpa 0 · 
KBK QJYHKUHH TeMnepaTy-

nepel!neM Te•Iepb K Bb!BOAY YPBBHeHHI1 nnH KOppennUHOHBblX QJYHKUHI!. ByneM 

HCXOilHTb H3 ypBBHeHHI! ( 42), ( 43) H nepaoro H3 ypaDHeHHJl ( 50), KOTOpOe B HBHOM 

BHne aanHChiBaeTcH cnenyiOIT(HM o6paaoM: 

N 

l 2 3 
LI B(v)(f'.., +f'..,l+D(v)f'.., 
1/ 

_L_ (2C- <r ). 
2 

noc ne aecno)f{Hhrx npeo6pasoaa Hul! nnn 4>ypbe-KoMnoaeaT KoppenmtHO HH hrx 
_a 

QJYHKUHl! I.., nony'-!HM cnenyiOIT(He ypaaaeHan: 

1 
-y- L 

1/ 

4 C B ( v ) -A D (v) 

2 C -D( v) 

rl 
1/ 

b 
-- (2C 

2 

N 

X ( 

N 

L 
N v 

L 
1/ 

E ( v) 
-A-

L 
1/ 

2B ( v) E (v) 

2 C- D(v) 

1 
c lh --y {3 E ( 1/ ) ) , 

4CB(v ) - AD(v) 

2c- n ( v l 
2 

r 
1/ 

a 

2N 

cth -
1
- {3 E ( v ) - 1 ) + _h_ ( 2 C - ~ 

2 2 

2B(v )E( v ) cth-l-{3E(v)), 
2C -n(v) 2 

20 

< I 

L 
1/ 

D( 0) < 
1 

2C- D(O) 

4CB(vl-AD(v) 

2 C-D ( v) 

D(O) ( 1 

2C - D( O) 

. X 

(53 ) 

(54) 

( 55) 



N 
I 
II 

b 

4C B ( II)-AD(II) 

A - 2 B (11) 

A ' t 

-
2
- ( 2C -----

A- 2 B(O) 

= _a __ I 
2 N II 

_B_<_~~ __ l E_(_II_ ) ___ dh _1_ f3 E ( 
11 

)-

A-2B(II) 2 

(56) 

28(11 )(2 C - D ( II )) 
) . +--I 

N II A - 2 B ( 11) 

KpaTKOe o6cyJKnea:ne nony'leHH biX y paaa:ean J! 6yneT npn aeneao B cneny iOmeM 

pa3n ene . 

5. Onpeneneane napaMe Tpa npeo6pa3oBaunn 

napaMeTp npeo6pa3oaaa:nn () (eM. (3)) non6epeM TaKHM o6pa3oM, 'IT06bt Bbi-

flOIIHHIIOCb YCIIOBHe 

0 . (57) 

K aK BHJlHO H3 <jlopMyll (50)-( 52), JliiH STOI'O JlOCTBTO'IHO, 'ITOCbl npH a f. 0 H b = 0 

c = 0 (58) 

Y'IHT b!B8 5! , 'ITO C onpenenea:o <jlopMyiiOi! (29) H npHHHMBH BO BHHMBHHG (57) H (58), 

nony'IHM c n eny10mne ypaaa:e HHSI , KOTOp bte onpenenSIIOT ,yron 

2 0 c os () - p. E * sin () 0 • (59) 

p. E *=p. E + J (O)a cosO . 
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14! 3To ypasaeJme TO"'HO cosnanaeT c ypasaeaBeM, nony'IeHRbiM s pa6oTe • 

Ma (59) cnenyeT, 'ITO 

rne 

2(} 
tg (} = 

p. E * 

cos () :;: 
p. E* 

w 

s in (} = 2 n -w-

2 2 

w = v < 2 n > + < p. "* > 

(60) 

( 61) 

3HeprHH B036YlKAeHHtl p8CCM8TpHBae Moil CHCT9M bl, paCC'IHTSHHaH B npH6nHlKeHHH MO-

neKynHpaoro nonH. 

npHHHMan BO BHHM8RBe (27)-(30) H (60), H8XOAHM : 

A = W, 

8 (II} 
2 

I ( 2 (} ) u J ( 11}, -4- w 

c = 0 . 

0 (II} 
2 n p. E* 

w2 

2? 

0' 

z-.1 t11l 

(62) 



TaKHM o6paaoM, Y'iHTbiBall (32) H (51), nm1 aaep rHH ane MeHTapHbiX Boa6y)l{ne aHii 

H cpenaero MOMeaTa u rronyqaeM cneuyJOmHe BbipaJKeHHll: 

(63) 

u 
~ E ( v} cth - 1- ,8 E ( v } . - N-v W 2 (64) 

nocneuaHe uBe !jlopMynhi HMeJOT aecxonbKO !jlopManhHhii! xapaxTep, TaK KaK 

yron (} BXOUHT B OIIpeuen eHHe BenB'iBHbl W · 3aMeTBM, 'ITO !jlopMyna ( 63) COB-
/ 4 / 

nanaeT c cooTBeTCTBYJOmell !jlopMynoil:, rrpHBeueaaoll B pa6oTe • TaKBM o6paaoM, 

!jlopMynhi (60), (63) H (64) ua10T nonaoe pemeaue aameA aao.a'IH • .Ha HHX Mbi MOJKeM 

onpeaenBTh cnexTp aneMeaTapHbix Boa6yJKaeaull cucTeMbi , cpenaull uHrronhHbll! MoMeHT 

u H ero aanpaaneaHe OTHocuTenbHO ocH z . 
z 

ny (57), Mbl MOJKeM TBKJKe Bbi'IHCni!Tb < S > 

Y'IBTbiBBll onpeaeneaue ( 3) 11 !jlopMy

H < S > 

3aMeTBM Tenepb cneo.y10mee no rroBoo.y ypaBaeaull (54)-(56) O.nll KoppenHuH

oaabix !jlyaKuuA. npH aa:neM onpeo.eneaBH napaMeTpa oau npuaHMBJOT sun : 

rae E (v) 

N 

I 
~ r m 0. 
1/ 1/ 

(65) 

E ( v} 1 
--=w,--- cth -

2
- ,8 E ( v } - 1 I , 

( 66) 

-~-~ J(v} 

N v E~ (v} 

3 

r -1/ 

u 2n --- ( _ __:._ 

4W I' E * 

onpenenHeTcH $opMy noi1: (63). 

23 

N 
~ ~ cth-

1 -,B E(v}, 
v E ( v } 2 

( 67) 



Depaoe H3 3THX ypaaaeaH fi ecTh rrpocTo To>KaecTao, oTp a>KaJOruee TOT ¢aKT, 
qTo 

2 
< bf > 0. 

BTopoe coarraaaeT c ypaaaeaHeM anH a(64) , a TpeThe ecTh aexoTopoe ypanae aHe , 
a 

H3 KOTOporo B 11pHHUHI1e Mbl MO>KeM OnpeaenHTb rV 

6, CrreKTp aneMeHTapHb!X B036y)K.QeHHfi CHCTeMbl H cpe.QHHfi .QHI10nhHbitl 

MOMeHT B OTCyTCTBHe BHemaero rrong 

PaccMoTpHM 6onee rroapo6ao cnyqatl, xoraa aaernaee none E 
pa BHO HynJO, 

EyaeM HcxoaHTh aenocpeacTaeaao H3 ypaaaeHHH (59), orrpeaenHJOruero yron fJ , 

KOTopoe B 3TOM cnyqae HMee-r BH.Q 

ao 
- sin () ) = 0, cos() ( --

a ( 68) 

rae 

4 n 
a ----. 0 J( 0) (69) 

Tax xax B raMHnhTOHHaae ( 1), orrHCbiBaJOIUeM aarny CHcTeMy, rrpHCYTCTByeT 

none aaHaoTporrRH, aanpaaneaaoe no ocR 
X ( qnea CO)lep>KaiUHfi 0 ) , TO a 

paaao ayn10 Bo seeM HHTepaane TeMnepaTyp. 

YpaaaeaHe (68) HMeeT perneaaR 

() 

sin () 

" 2 

ao 
a 

anR 

anH 

a 
0 

ao 
a 
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a > I' 

.S I, 

He 

(70) 

( 71) 



Uo " 
Op11 -u- < I B03MOlKHO eme pewe1111e (} = ---r- , HO OHO DpiiBOJliiT K MHII-

MbiM nomocaM am• q yHKllHII fp1111a 11 noToMy oT6pacbraaeTc 51 , 

J1Me51 B BllllY (62 )-( 64) II Y'IIITb!B851 pewe HIISI (70) , (7l),anSI 3Heprllll 3TI8MeH -

T8pH blX B036YlKll8HIItl II c peaHero JliiTIOTibHO!'O MOM8HT8 TIOnyqaeM cneayiOlli118 ypaB-

H8HIISI: 

E ( v ) 

-u- = 

s ( v ) 

u 

v a 
f d v y cth 

v 
u 

2Q(_u __ ) 
u 

u 2 
- ( __ u_o_) Yv 

0 

3 j uo 2 
fd v 1-(--) 

u 
u j ( ~)2 

y v cth -,- I - u Y v 

u < u 
· - 0 

( 72) 

u > u 
0 

(73 ) 

Op11 npeo6pa30B8HIIH cjlopMyn Mbl nepewnll OT CYMMIIpOB8HH!I K IIHT'i"rpHpOB8HHIO 

no nepaol! np11aeaeHHoll 3 oHe ( v - o6neM Ha oaHH y3en ) 11 aaen11 cneayiOmHe o6o3 -

H8'18HII!I: 

4 k B T 
!.. ( 74) J ( 0) 

J ( v ) 

Yv J ( 0) 

u
0 

MOJKHO HHTepnpeTHpO B8Tb K B K C p8JlHHil JliiTIO TibHbii1 M OM 8 HT Hpll T8Mnepa Type ne-

pexoaa r c 
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a ( r c =a 
0 

(75) 

KaK BHnHo H3 ( 3) H npHHHTbiX npennonolfce nnil, sTo paBHOC HnhHO onpeneneHHIO TeMne 

paTyphi n epexona KBK TeM n epaTypbi, HHlKe KOTOpol\ < 5 z > =/: 0 , a BbiUie < Sz > = 0, 

noaTOMY 6yneM C'iH Ta Th, 'iTO <jlopMynhi (72) H (73) onpene n HIOT F.(v) H a COOT-

BeTCTBeHHO BhiWe n l!HlfCe TeMnepaTyphi n epexona r 
c 

nony'ieHHbie HaMH pe3ynhT8Tbl M OlKHO HHTepnpeTHpOB8Tb cnenyJO!IlHM o6pa-

• 30M. Korna r > r (~ > 1 ) , 
c a cpennHil nHnOnhHbiil MOMeHT Hanpa Bn eH BnOnh OCH 

X ' r<r (~<1) 
o a 

ero senH'iHHa onpenenHeTCH H3 ypasneHHH (72). npH 

c penaHil 

Yron 8 

nHnOnhHblf.l MOMeHT HanpaBneH non He KOTOp biM yrnoM OTHOCI!TenbHO OCR Z. 

H a onpenenHIOTCSI H3 COBMeCTHOrO pewe HHSI yp8BHeHHf.l ( 7}) H ( 73), 

Yron 8 yMeHhwaeTCH c noHHlKeHHeM TeMnepaTyphi, nocTnraH csoero aaHMeHbWero 

3H8'i9HHSI npH r =Q, 

B 3aKnJO'ieHHe OTMeTHM, 'iTO nnH pac'i eTa nonnoll nonHpH3aUHH cerneToaneKTpH-

qecKoro Kpnc Tanna cnenyeT yqecTh cymecTBeHHhiil BKnan, BHocnMbil! ocTanhHO il 

'i8CThiO peWeTKH, 3TO MOlf,HO Cnen8Tb 0 BKlliO'iHB B raMHnbTOHHaH 'ineHbi, OnHCbiBa JOWHe 

npyry10 noncHcTeMy (KoM~~~Kc K-P04 H ee B3aHMoneflcTBHe c Bonoponnor. non-

CHCTeMOil ( CM., HanpHMep, ) , 

3aKnJO'ienae 

TaKnM o6pa3oM, npHMenHH MeTon nsyxspeMeHHhiX TeMnepaTypHhiX !jJyHKnni1 

fpnaa, HBM ynano ch nony'iHTh ypasaeanH nnH cneKTpa 3neMeHTapHhiX B036ylKne-

HHlt II cpennero MOMeHT8 ( ypaBHeHHH (59), ( 63), ( 64)) Bonoponnoi! cncTeMbi 

B c e rHeToaneKTpHKaX C BOnoponnoll CBSI3hl0 ( THTI8 KH2 PO 4 ) • rnasnoe oTnH-

'iHe OT npyrnx pa60T, nposeneHH biX B 3TOM H8Tip8 Bn e HHH, COCTOHT B TOM, <ITO Mbl 

nonyqnnn HBHOe ypaBHeHHe nnH cpennero n HnonhHoro MOMenTa a (64), cnpaBen -

llHBOe B WHpOKOM HHTepBane TeMnepaTyp. nony'ieHHbie ypaBHeHHH no3 BOTISIIOT HC

cnenoBaTb 6onee nocnenoBaTellbHO, no CpaBHeHHIO C npyrHMH M0TOn8MH, CBOHC TBa 
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CHCTeMbi, KOTOpbie onpen enHIOTCH Clle KTpOM 3neMeHTa pH biX B036yl!<neHHH H Bel!H'IHHOI1 <7 . 

K a'lecTaeHHbie oueHKH n 'IHcneHH bie pac'l <liTbi 6ynyT npoaeneHbi a cneny!O!Ile ii paGoTe . 

B 3aKniO'!eane aaM x oTenoch 6bi rro6naronap11Th C.B.T St6nHKoaa 3a ueHH bie coae 

Tbi H yKa3aHII SI , a TaK JKe H.M . nnaKnny 11 T .llinKnoiiJa 3 a o6c yJKneHHSI H rroc TOSIHHbiil 

naTepec K pa6oTe . 
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