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1. Baeseaue 

06brqao IIpH paCCMOTpeHHH BHrapMOHHqeCKHX S~eKTOB B KpHCT81III8X orpaHH-

qHBBroTCR yq~TOM aarapMOHHqeCKHX qneHOB HH3WHX IIOpRAKOB - TpeTbero H qeT
/1/ 

aepToro (eM., aarrpuMep, ) , KOTOpbre yqHTbrBaroT rro Teopuu aoaMymeaaA. Opu 

sToM aa6nrosaeTcR OTHOCHTerrbHO xopowee cornacae Teopua u sKcrrepuMeaTa arrnoTb 
Ill 

SO TeMrrepaTyp, p8BHbiX IIpHMepHO IIOIIOBHHe TeMrrepaTypbi IIIIBBIIeHHR , qTQ CBH-

AeTerrbCTByeT 0 AOCT8TQqHQ Crra6oM B38RMOSeACTBHH HOpM81IbHbiX Kone68HHli perneTKH, 

KOTOpbre orrpesenaroTcR ua rapMoaaqecKoro rrpu6nu)l(eHHR. OsaaKo , a aexoTophrx 

cnyqaax, KaK aarrpHMep, a6nuaa TeMrrepaTypbi ljlaaoaoro rrepexosa, B KBBHTOBbiX 

KpHCTannax rrpu HH3KoA TeMrrepaType, rrpu aayqeauu Kone6aauA nerxoA cna6ocaa

aaaaon rrpHMecu u up. aeo6xosuMo yqecTb Bhrcmue aarapMoHH'IeCKHe qneHbr a rro-
/2/ 

TeauaanbHoi! saepruu KpHcTanna. B CBH3H c sTHM a pa6oTax 6brna rrpesno)l(eaa 

'rrceBSOrapMOHHqeCKBH' TeOpHH KpHCTBIIIIOB, OCHOB8HH8R H8 IIOCTpOeHHH S~SKTHBHO

ro caMocornacoaaaaoro rapMoauqecKoro raMHIIbTOHHaaa, rrpa6nu)l(eaao orrHcbrBaiO

mero aarapMoauqecKRA KpHcTann. no cymecTay, sT~ TeopHH yqRThraaeT uaMeae-

aae qaCTOTbl HOpM81IbHbiX KOrre6aaHA 38 cq~T aarapMOHHqecKRX qneHOB B IIOTeH

UHBIIbHOA SHeprHH, HO B HeA He paCCM8TpHBaeTCR B38HMOAeliCTBHe Me)l(gy HOpManb

HbiMH xone6aHHHMH, aaAseaabrMH a 'rrceasorapMoauqecKoM' rrpa6nu)l(eHHH. OsaaKo 

STO B38HMOS e ACTDHe MO)I(e T IIpHBOAHTb K CHIIbHOMy 38TYXBHHro HOpM81IbH biX KOne6aHHli 
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H MOJJ.enb c.r:a50CBR3aHHbiX 'nceBJJ.O!"apMOHH'!9CKHX' IPoHOHOB 5yJJ.eT nnOXO OllHCb!BaTb 

peanbHbiA aarapMOHH'!eCKHA KpHCTann. 

B aaCTonmeA pa5oTe Mbi ciPopMynHpyeM rrpH5nH)f{eHHhiA MeToJJ. y'I~Ta aarap-

MOHH3MOB Bb!CWHX IIOpRJJ.KOB B KpHCTannax, ll03BOmiiOIIIH A OTHOCHT9nbHO npOCTO Oll

peaenHTb Cll9KTp '!aCTOT Kone5aHHA KpHCTanna, a TaK)f{e y'!eCTb KX SaTyxaaHe, CBR

aaHHOe C npOCT9AIIIHMH IIpoueccaMH B38HMOJJ.9ACTBHSI. npH 3TOM 3/J.eCb Mbl orpaHH

'IHMCSI cpopMaiibHbiM Bbl'IHCneHH9M CJJ.BHra '!aCTOTbl cpoHOHOB H HX 38TYX8HBH, 8 'IHC

neHHbie OU9HKH JlnH pa3IIH'!Hb!X MO.Uenet! paCCMOTpHM B OT.UenbHOA pa5oTe. 

1. faMHllbTOHHaH aarap MOHH'!eCKOI"O KpijCT8IIQ8 

E yaeM HcxoJJ.HTb as aecbMa o5wet! Mo.nena aarapMoaaqecxol"o xpHcTanna. 

PaccMoTpHM xpnc TannH'IecxyiO peweTKy na N aToMOB, !"aMHnbTOHHaH KOTopoA 

MQ)f{9T 5b!Tb 3aiiHCaH B BH.Ue: 

}{ a l; 

e 

.. 2 

Pe 
ae 

-onepaTop nMrrynbca, 

+UCR, ... ,R), 
!• N ( 1.1) 

.. 
R .. < R e e .. > + u nono)f{eHHe aToMa c rae P f 

MaCCOt! M f B yane f 1 paaaoaecaoe rrono)f{eHHe KOTopo!"o < R > "f 
f 

onpeaenHeTCR Ha ycnoant! paaeacTBa ayn10 cpeaael! cHnbi, aet!cTayiOwet! aa .naaabitl 

aTOM: 

a 
.___.,. < 
a f 

.. 
,U ( R 

1 
, ••• , RN) >a 0, 

( 1.2) 

!",[le cpeaaee < ... > 5epeTCR IIO paBHOBeCHOMy COCTOSIHHIO KpHCTanna C !"aMHIIb

TOHHaHOM ( 1.1). EcnH HMeiOTCSI BH9WHHe CHilbi, C03.UaiOIIIH9 HallpRJKeHHSI B KpHCTan.. 
ne, TO ( 1.2) cne,nyeT npHpaBHHBaTb 9THM CHIIaM f f • TaKHM o5paaoM, Ufm .. 

R l-<Re > onpeaenHeT Manoa cMemeaae aToMa Ha rrono)f{eHRR paaaoaecaH npa aaaaa-

HO ll T e MrrepaType T • noaTOMy IIOT9HUHanbH8SI aaeprHR U B ( 1.1) MQ)f{eT 5b!Tb 

paano)f{e Ha B pR.Il rro aTHM cMemeHRRM: 
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a! 

Q , ••• Q a, 
I <I> "u 
... f f ... f t 

I " 

.. .. .. 
U(R

1
, ... ,RN)•U

0
+I 

JSm I 
I " 

rae 

" a .. 
e[------ u ( R I' •.•• RN) l .. 

" - o· 

06bi'IBO KB8ltp8TH'IB8SI ljlopMa no onepaTOpaM 

H 
0 

• I 
t 2M 

1 +-
2 

t 

' .. 
p .. 

• u 
" " 

Q 

... u 
I 

.. 
t 
" 

I ( 1.3) 

( 1.4) 

rapMoHH'IeCKSSI 'ISCTb raMHnbToaaaaa ( 1.1) aaaroaanaayeTCSI c noMombiO opToro

aanbHoro npeo6paaoaaaaSI : 

rae BeKTOpbi HOpMSflbBbiX KOne6aHHi! 

6aaac: 

5 

A 
1/2 k 

(2Mfcut) 

Q 

e k (f) 
( 1.5a) 

( 1.56) 

e" (f) 
k 

06pa3 yiOT nonH bii! H OpTOHOpMHpOBSHHb!J 

( 1.6) 



a qaCTOTbl HOpManbHbiX KOne6aHHl! ''\ 

3HaqeHHR : 

onpenennroTcn H3 ypasaeHHn aa co6cTBeHHbi& 

af3 
l: <t> ff' --==-
(' 

e f3u ') 
k 

"'
2 

e a( t ) . 
k k 

( 1. 7) 

B cnyqae pemeTKH 6e3 npHMeceA HOpManbHbie Kone6aHH Sl HMeroT BHn nnocKHX 

BOITH, T8K qTO BeKTOpbl 

a 1 ,;( a .. 
e {f)e---==.e w (k,j). 

k yN ( 1.8) 

a .. 
rne w ( k, j ) 

.. 
orrpenenneT HOpMaiTbHOe KOne6aHHe C BOflHOBbiM BeKTOpOM k 

co pTa • OnepaTOpbi A k H Bt B ( 1.5) MoryT 6 biTb npencTasneabi qepe3 

onepaTOpbl pO:lKneHHSl H YHHqTO:lKeHHSI ljlOHOHOB +' 
a :. 

k I 
H ... 

k I 

+ A .. • 
k I 

a .. +a .. 

B ... ea ... 
t I t I 

k I -k I 

+ 
a .. 
-k I 

+ 
• A 

-t I 

+ 
B 

-k I 

Cosepman npeo6pa3osaaHe ( 1.5), raMHnbTOHHae ( 1.1) 3arrunreM s sune: 

H 
a 

J{ .. H +H 

H 
0 

.. 
= I 

I 
4 

DBl, !,. •• 11! 

6 

0 a 

+ + 

"' (A A + B B 
k k k k 

Y. 
k ... k 

I II 

V (k ••. k ) A ••• A 
II I II t k 

I a 

( 1.9) 

( l.la) 

( 1.10) 

( 1.11) 



rae 

v (k 
n 

•••• k >- ! 
n f ... f 

1 

Ill • • • CZ n 
<I> 1 "n 

e 1 ... en 1•1 
(1 .12) 

" 

B pRne cnyqaea xopomHM rrpa6na~eHHeM RBnReTCR Monenb KpHcTanna c nap-

Rb!MH CHnBMH: 

N 

u· ( R 
1

, •.• , RN) • ! <I> (R -R ). 
2 t {. m fm f 111 

BaoaR ~ypbe-o6paa noTeanaana aaaHMoaeAcTBHH Me~ay 

BTOMBMH B BRae: 

<l>ftn(q}e 
1 

0 

( 1.13) 

-hiM H m -biM 

( 1.14) 

rae HHTerpHpoaaaae aeaeTcn no o6oeMy KpHCTanna noTeanaan (1.13) npen-

CTBBHM B BHae : 

.. .. 1 
U(R, ... ,R) .. -

1 N 2 

.. .. .. 
e I q ( "f- ",.I k 

( 1.15) 

N 1 
! ! 

2 ff.."' q 

.. .. .. 
iq(u-u)l" 

Y. tn 

EcnH COBepmHTb npeo6pa30BBHHe ( 1.5), TO rBMHnbTOHHBH npHMeT npe~HHA BHA 

(1. 10), (1.11), rne ~YHKUHH 

.. 
v (k ... k >~-1-

n I a 2 

.. D .. 11 

! !<l>f (q)etq(<-rnln i aba(k 
f / II fm !), 
pmq m. 1=1 
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e a ( e ) 
a k 

b ( k ) ~ ( ) t/2 
f., (2Mfcuk 

e a ( m ) 
k 

(2M cu ) th) · 
m k 

(1.17} 

TaKiiM o6pa30M, raMiiltbTOHiiBH (I. I) MoJKeT Ob!Tb 38ltHCBH B oomeM BH!{e 

( 1.10), ( 1.11), rtpH"' ~M B aeKOTOpbiX cnyqaHx !jlyHKUHH B3BHMoaei!cTBHH MoryT Ob!Tb 

B b!Op 8Hbl B oonee rtpOCTOM BH!{e ( 1.15) HltH ( 1.16), IT p H 3TOM p BBHOBeCHbie ltOltO-

>Ke HHSI BTOMO B l ~ < R e > 

H3 ycnoBHi! ( 1.2) . 

rrpn aaaaoi! TeMrtepaTy pe T cneayeT orrpeaenHTb 

2. YpaaaeaHH ansr ffiyaKnni! fpnaa. ITceaaorapMoanqecKoe . 

rr.P..!!2l!.w!ieane 

ITpn orrpeaeneann crreKTpa qacToT Kone6aani! peme TKH, a TBKJKe rrpn nccneaoaa

HHH pHAB paBHOBeCHbiX CBOi!CTB KpHCTB!t!tB !tOCTBTO"'HO HBi!TH oaHO~OHOHHyiD ~yHKUHID 
/3/ 

fpHHB ( CM., H811pHMep, ) , '-ITOObl C!{enaTb li3ltO>KeHHe oonee rrpOCTbiM, Mbl paCCMOT-

pnM caaqana ypaaaeane anH ¢yaKunn fpnaa B KoopanaaTHOM rrpe acTaaneanH, Bbiopaa 

MO!{e rtb KpHCTanna C rtapHb!MH CH!tBMii ( 1.15), M bl oyAeM ltOltb3 0D8TbC51 !jly HKUH-

/4,5 / 
S!Mii fpHHB THlt8 

a~ a ~ 
GU,(t-t')z « up(t); up,(t')» 

- - i e ( t- t') < [ u a ( t ) • u ~ ( t') 1 
p P' 

>. 

113 ypaBHeHni! ABH>KeHHH ArtS! OrtepaTOpOB U f ( t) H pf ( t ) 

rOBCKOM rrpeACTBBrreHHH C raMH!tbTOHliBHOM ( 1.1), ( 1.15): 

. d , __ 
dt 

a 
p ( t) 

e 

d 

dt 

a 
up(t)~ 

Me 

a 
p p ( t) ' 

.. .. e .... .... ... .... 
~ ~"' () lq( -m) . a lq(ttn-u' 
-"- L "'e Q e 1 Q e [ m 

tnf,f q m 

8 
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a rai!3ea6ep-

( 2.2) 



nonyqaeM cneay10mee ypaaaeal!e amt <jlyaKUHH fpaaa ( 2.1): 

q 

u f3 ( t') »" 
f' 

Qqeaaaao, 'ITO sanHcbtBaH ypaaaeaae ang <jlyaKUHH fp11aa a rrpaaon qacTH 

(2.3) 

(2.3) 1 Mb! npl!aeM K 6onee CHO>KHOA <!JyBKUHl! fpHB8 H T.a., B peaynbT8Te 6yneM 

HMeTb 6ecKoaeqayJO ueno'!Ky ypaaaeanA, onHCbiBaJOmyJO !lBl!>Keal!e N aToMoa a 

peweTKe. Peweaae TaKoA cacTeMbl ae rrpencTaBliSieTcH B03MO>KHbiM 11 noaToMy aeo6-

XO!ll!MO BOCnOHb30B8TbCH BeKOTOphlM npH6nH>KeHHeM. npeanonarag, 'ITO KOppeliSI-

Ul!H B .tiBH>Keltl!l! 8TOMOB yMeHb!U8eTCH llO Mepe yBeHH'IeBHH !IX 'IHCH8 1 <jlyHKUl!IO 

fpliH8 B (2.3) rrpeaCT8BliM B Bllae p83HO>KeHH5! no O.UHOcpOHOHHbiM, .UByXcpOHOHHb!M H 

T.!l. <!JyHKUHHM fpHH8, OllHCbiBB!OmHM KOppeHHUHIO !lByX, Tpex H T . !l. <jlOHOHOB. 0rpa

HH'Il!B85!Cb Hl!3!UHMH <jlyHKUHHMH fpliH8 1 nony'IHM: 

« et;(;tf_ u .. m J; uf3(t') » 
e, 

.. ~ 

+ ~ 

n~ 1 

.. 
n., I n! 

(2.4) 

rae MHO>KHTe/IH n H n ( n- 1) B npaBOA 'I8CTH ( 2.4) ITOHBHHIOTCil llpl! rroacqe-

Te 'IHCH8 B03MO>KHb!X O!lHO<!JOHOHHb!X H aayx<!JOHOHHb!X <!JyHKUHA fpHHa. noncT 8BliSIH 

( 2.4) B ( 2.3) a Bb!llOHHHH cyMMHpoaaaae no n, rronyqaeM cneny10mee ypaaaeaae 

anR <jlyHKUHll fpHaa: 

M (i-d-)2 af1 af1 p dt GPe' (t-t')= 8 (t -t') 8e.f,+ ~ 
m 

+ ~ 
m ,Of q 
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y y 8 8 
x <<; c u e - u .. ) c u e - u .. ) ; u 13 (t')» 

t' 

rae Mbl BBenH 'UCeB):{OrapMOHK'IeCKyiO' CHllOBYIO UOCTOlHIHyiO: 

"'ay 
<lle m ~ 

I 
q 

-I 
q 

.. ... ... .. 
lqlf-.t, tq'cue-u,. l 

<!l (q)e qllqY<e >UPH f,l.m 
fm 

.... ... ... .... ... .. 
lq cf-m' lq(a -tt ) 

I <lln (q)e q 4 q Y< e f " >npuf,.,m 
"..,' f [" 

( 2,5) 

(2.6) 

QqeBHJ:lHO, 'ITO UO):l00H09 ~e ypaBHeHKe Mbl nony'IHM H B cnyqae oonee oomero 

BH):la UOTeHUK8llhHOH aaeprKH (1,3), npH'19M B 3TOM cnyqae 

"'ay 
<!lfm 

a2 

ae a a m y 

.. 
< U(R, ..... RN)>. (2.6a) 

/2/ 
TaKHM oopaaoM, Mbi npnxoauM K peaynhTaTaM ncesaorapMOHR'IecKPII Teopnu 

UpH yqeTe TOllhKO nepBOrO 'llleHa B p83JlO)I(eHHR MHOroQ:>OHOHHOI! Q:>yHKUHH lpHH8 ( 2.4). 

CneKTp qacToT KoneoaanA pemeTKH onpeaanneTcn noniOcaMn ~yphe-oopaaa ~YBKUHH 
af3 

rpnaa G ft' ( cu ) 

af3 ' 
Gw<t-t > f 

-leu Ct-t'l at3 
e GfP,(cu)dcu 

( 2.7) 

2rr -oo 

n s ncesaorapMoHK'!ecKoM npnonn~eaun onpeaenneTcn na ypaBHeann: 

I M cu2 8 at3- ;ay l GYt3 (cu) ~ 8at3 _ 
tn f,m fm mf' f,f' (2.8) 

npu 3TOM B ncesaorapMCHH'IeCKOM npv.5nu~eHHK 

.. .. .. 1 < [ ...... l lqfue-uml ---;- q(up-u .. ) > 
< e > ~ e (2.9) 

T B K 'ITO I!GOOXOJ:li'IMO ::>npeaenKTh JII'IIllh O!lHOt!JOHOHII)'IO KOppenHUIIOHHy!O ojlyHKUHIO, 
/4/ 

KoTo 1·>11H, cornacHo crreKT[-anhHOI1 TeopeMe , orrpeaenneTc >~ '!epea ~YHKilHio rpnna: 
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"' 
ay 

[-21m Gf'" ( cu + i t ] 

------------ d"' . f _ ... e cu/ (J - 1 ( 2.10) 

TaKHM o6pa30M, CHCTeMa ypaBHeHHfi ( 2,6), ( 2.8)-( 2.10) onpeaenHeT CBOfiCT

/ 2/' aa anrapMOJIH'IecKoro KpHCTanna a ncesaorapMOHH'IecKoM npH6ne )KeHHH • 

PaBHoaecHble nonolKeHHH a To MoB f ~ < R f > MoryT 6biTb onpeaeneHbl npH 

ycpeanemm ypaaneHHfi .OBHlKeHHH ( 2.2): 

j_d_ < 
d t 

a 
p f > 

( 2.11) 

BH.ono, 'ITO s To ypaanenHe coanaaaeT c ycnoaHeM (1.2) paaeHCTBa nynro cpeaHefi 

CHllbi, nefiCTByromelt Ha B TOM B HanpaaneHHH a 3aMeTHM IIpH STOM, 

'ITO B IICeBnorapMOHH'IeCKOM IIpH6liHlKeHHH, KOr.Qa BblliOliHHeTCH COOTHOUieHHe ( 2,9), 

BCe qQTHbie CTeiieHH B pB3liOlK6HHH liOTeHUHBllbHOfi SHeprHH OIIpe.QeiTHIDT 'IBCTOTbl 

Kone6anafi peweTKH, cornacno ( 2.6), ( 2.8), a He'I~THbie cTeneHH - paanoaecnoe 

nono>Ke nae a To MoB 1 c ornacno ( 2.11). Pe3ynbTBTbi rapMOHH'IecKoro npH6 nHlKeHHH 

HeMe.QneHHO IIOITY'IBIDTCH, ecnH B3HTb nepBbifi 'IITeH p83ITOlKeHHH B ( 2.9), T.e. ITO-

liOlKIITb 

npH yq~Te cnenyromero qneHa B p83ITOlKeHHH ( 2.4) ,(liTH MHOI'OcpOHOHHOfi cpyHK

UHH fpHHa - .OByXcjlOHOHHOll cjlyHKUHH fpHHa, CIIeKTp Kone6aHHfi peUieTKH ylKe He on-

peaenHeTCH UpOCTbiM ypBBHeHH6M ( 2,8) -
He06XOilHMO paCCMOTpeTb ypaBHeHRe 

(2,5), npH STOM UOMHMO .QOliOliHHTenbHOfi IIepeHOpMHpOBKH qaCTOTbl B03HHKBeT 38-

TyXBHHe KOne6aHHfi, COOTBeTCTByromee B03MOlKJibiM npoueCCBM pacnaaa B036y)f(.QeHHH. 

3BIIHCbiBBH ypaBHeHHe lliTH llByxcjlOHOHHOfi cjlyHKUHH fpHHB 

G ( 1) ay {3 

~ m n' 
(t-t') e « ua(t)uy(t); u {3,( t')» 

f tn n 

M bl liOITy'IHM CHCTeMy T pex ypaBHeHHfi .QliH cjlyHKUHH ( 2.12) H em~ llBYX cjlyHKUH il , 
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rrony'leSBbiX 3BMesoll onepBTOpOB U f JIB p f , pemeswe KoTOpoll se MoJKeT 6biTh 

Bbmonses o e o6meM esne. noaToMy e <!>ysKuHH fpssa ( 2.12) seo6xon11Mo nepefiTR 

K aopManhHbiM Koopni!HBTBM cornacao ( 1,5), Yno6see, onsaKo, coeepmJITh aTo 

rrpeo6pa30BBHHe B HCXOJ:lHOl! tPYBKURH (2.1) H pBCCMOTpeTb ypaBHeSRH llBHJKeHHe 

JlUH 3TOH tPYHKURH B HMITYnhCHOM npenCTaaneSHH. 

3.3aTyxasse Kone6assli _~~~~K~ 

CosepmaR npeo6paaosasne ( 1.5), raMHnbTossas cscTeMbl aansmeM B sane 
/6/ 

( 1.10), ( 1.11). PaccMoTpHM ypaesesse nnR onsotiJosoHHol! tPYHKUHH fpssa (eM. ) : 

+ 
G t t! t - t' ) "' « At ( t ) ; \ ,( t' ) » , 

KOTOpBR aenocpencTBeHSO CBH3BHB C tPYHKUHell fpHSB (2.1) npeo6pB30BBHHeM 

( 1.5): 
a +{3 

et(e) et,U'l 

2 ( M f M , (JJ "' ) l/2 G tt , ( t - t • ) • 
e • t • 

Gaf3 (t-t') • I 
f f' k t • 

Ha ypaeaessl! nesJKeass nns onepaTopos A t ( t) ,Bt ( t) B ral!aes6eprosCKoM 

npencTasnesss c raMHnhToasasoM ( 1.10), (I. I 1): 

d 
- A (t)"' (JJ B (t), 
d t k k k 

d 00 

(3 . I) 

(3.2) 

(3.3) 

! - B (t) "' I -·- I V (-k , k ..• k ) A ... A 
dt k ( 1 " 2 n t kn 

naJ, 3, .. n -1 ). k2 •• · · .. 2 

rronyqaeM ypaesease nns <!>yHKuss fpsaa ( 3.1): 

{(i-d-)
2 

-(JJ-IG ,(t-t'l•S(t-t')2(JJ B , + 
dt k kt k t,t (3.4) 

+ " (JJ 

00 

I I 
t ... k 

I II 

+ 
V (-k,k ... k)«A ... A ;A,(t') ». 

n+ 1 1 n k 
1 

k n k 
""' 2 

n! 
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(3aecb H aanee a cnyqae pemeTKH 6ea npHMeceA, Koraa HMeeT Mec To aaKoH coxpa-.. .. 
HeHHH HMnynbC8, •\,t"" !'J. (k -k') 81. 

1
, ). 

MHoro<jJOHOHHYIO ljlyllKilHIO rpH!l8 B ( 3.4) npeacTSBHM B BHae paano>KeHHH no 

ljlyHKilHHM rpHH8 HH3lliero nopHLIK8, KSK H B ( 2.4) 

v ( -k, k ... k ) 
n+l I n 

l: 
k ••• 

v (-k,k ,k 
D+l I 

I . 
" 

t ... t 

I V (-k,k , ... k )<A 
n+t 1 n 

+ 

I n 

+ 
At ,( t') » .. 

k )<A . . . A >(n-l)«A 
D t 2 k

11 
t

1 

A+,(t')»+ 
t 

t! 
At>(n-l)(n-2)«A A ;A+,(t')», 

k k t 
" I 2 

(3.5) 
rae Mbl BOCnOnb30B8nHCb CHMMeTpH e A ljlyHKUHH V" (k

1 
... k n ) no nepecTSHOBKe 

HHneKcoa k 1 . Ilonc TaanHH sTo paano>KeHHe H nepexoaH K ljlypbe-npeacTaaneHHIO 

anH ljlyHKUHll rpuHa, cor nacHo ( 2. 7), nonyquM 

( "'2- "': ) G t t ,(w) e 2 w t 8 t, t' + 

p ( - !,, P ) G P J "' ) + "'t Q(-k,p,p'}G< 1 l, ,(w), 
p p '-k 

(3.6) 

rae Mbl BBenH ljlyHKUHH 

.. 
P(-k, p) ~ l: 

n! 
(3.7) 

Q{-k,p,p'} e 

n! 
I V (-k,p,p',k 

k1 ••• tn n+s 1 
... k)<A ... A >.(3.8) 

CoCTBBHM ypaBHeBHe nnH aayxlj!OHOHHOA ljlyHKUHH rpHHa 

G (1 l 

' ' p, p ,k 

+ 
(t-t')• «AP(t)AP,(t); At,(t')». 

13 

n k 
1 

t n 

(3.9a) 



., 

npu 3TOM HBM noTpe6yiOTC5! TBIOKe cneJly!OmHe <f>yHKUHH fpHH8! 

G( 2 l, ,(t-t')•«B (t)A ,(t); A~(t')>:>, 
p,p ,k p p k 

(3.96) 

(S) + 
G , ,(t-t')-«B(t)B.(t);A,(t')» 

p,p ,t p p k 
(3.9s) 

B npaBbiX 'IBCTRX ypasaeaul!: JlnR aTux <f>yRE:nul!: fpuaa, noJlo6ao ypasaeHUIO ( 3.4) 1 

noRBnSIIOTCR CHOBa MHOI'O<f>OHOHIIble <f>yHKUUU fpHHa. llnR HUX Mbl npuMeM npocTel!:-

we e npu~nn~eaHe: 

+ 
" l: 

t •.• t 

V (-p, k ••. k )« C ,A • •• A ; A ,(t') >:>., 
... l I .. p t l lr.D t 

I n 

.,I_ 

t ••• t 

V (-p,k ... k )<C,lt ... Air. >a«A ;A+,(t')», 
~>+l l ll p Jr.2 D Jr.l Jr. 

(3.10) 
1 D 

rJle c ' -onepaTop A ' unu B ' nonb3yRCb TBK*e npu6nH*eHHeM 
p p p 

.. .. 
< C , At ... At > • I ~ CP •Air. > < n A > 8 

-p',t ' 
( 3. I I) 

P I " 1•2 I '"I lr.J I 

nocne Hecno*Hhlx npeo6paaosaaul!: nonyqaeM cnertyiDmyiO cucTeMy ypasaeanl!: nnR 

<f>ypbe-o6paaos <f>yaKnul! fpuaa ( 3.9): 

(I) ( 2) ( 2) 
w G , lr. , (w) .. w G , lr. , (w) + w , G , , (w ) , 

pp, p pp, p pp,k 

w G( 2
) (cu)•cu 

pp',t' p 

(,) (!) 
G , , (cu) + cu , G , , ( w ) + 

pp,t p pp,k: 

+ + < A ,A 
p p 

> I 
PI 

Q (- p, - p ', p ) G lr. ,(w ) , 
I P 

I 

(!) ( 2) 
w G , , (w ) • cu G , , + cu 

pp,lr. p pp.lr. p 
G c tl, , ("' ) + 

pp 'k. 
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( 3.126 ) 



+ + 
+ ( < A ,B ,> + < B A > ) l: 

Jl p p Jl Q ( -p' -p '' p ) G L' (t.J ) ' 
l p • 

I 

(3.12a) 

rae Q (-p, -p', pI) -<jlyHKIUIH ( 3.8). PemaH aTy CHCTeMy ypaBHeHHJt, HBXOAHM {jlyHK

UHIO fpHHB ( 3.9a) : 

G 11 ~ ,(t.J)• F(p,p', t.J) l: 
PP , Jr: 

/ 6/ 
rae (cp. ) : 

N + N ' 
F(p,p',wl• 

p p 

Q(-p, -p', pI) G p k,(t.J)' 

I 

(<) + cu ' N -N, p p p p 
+ 

(3.13) 

cu -cu 
' p p 

+ 2 cu2-,( t.J + ') 2 2 (<)2_ ,( cu - (<) ,)2 cu 
Jl p .. 

N +N ·+ 2 p p 

+ 
2 2 

cu 
rae 

"' 
-(w 

p 

.. 
N 

p 

+ "' ' ) 2 
p 

+ •<A B 
Jl Jl 

61 
2 _ ,( cu 

> . 

3aMeTaM, , 'ITO a , aHameM nopH.liKe (jlyaxnaa N P a 

+ + 
N paBRbi: 

• p 

cu 

-w 
p 

N • < A A > • 2 < a a > +, 1 ; 
P PPO PPO N • < A+ B > • _, 1 , 

p p p ' 
TBK 'ITO BTOpOJt •mea B ( 3.14) o6pamaeTCH B llyllb. 

p 

' ) 2 
p 

0KOH'l8Tenhll0, llO.liCTHBnH!I ( 3.13) B ypaaaeaHe ( 3.6), An!! {jlyHitllHH fpHHB 

( 3.1) nonyqaeM cne.llyiOmee Bblpal!<eaa:e: 

rne Macc oBbifi onepaTop M k ( t.J) paaea 

2 M k ("' ) - p ( - k, k ) + l: I Q ( -k , p' p') I 2 
F ( p • p' ' "' ) 

pp' 

In 

p 

(3.14) 

I' 

(3.1 5 ) 

(3.1 6 ) 



non~B ~yaKnHA fpBH8 (3.15) onpene~~T cneKTp '18CTOT Kone6aRHA pemeTKH e. 1 
t 

'"
2 

• cu' +2cuk Re Mt('" k) 
t k 

c aaTyxaaaeM - o6paTHhiM epeMeaeM :lKB3BB: 

r < '" ' > -t k 

"'t 
I 

E• 
k pp 

"'t 
Im Mt('"t+lt)• 

'"t 

· Q ( - k , p, p' ) I 2 
Im F ( p, p ', '" + I t ) • 

k 

(3.17) 

(3_18) 

Cpaay JKe aaMeqaeM, 'ITO rrepBhiA qnea MaccoBOro orrepaTopa - ~YHKnHH P ( -k ,k) 

- onpene~eT crreKTp '18CTOT B !ICeBnorapMOBH'IeCKOM !IpH6JIHJKeBHH, K8K H ypaB-

aeaae ( 2.8): 

+ I 
fm 

('"
0

)
2 -cu 2 +cu P(-k,k)~ 

k k k 

~ I 
~In 

af3 
<I> f .. 

a f3 
e (f)e (m)+ 
-k k 

ea(f) f3 .. 
( M f M )th -t e t (m) I _1_ 

ttl nel n! 

af3 a 1 •• ·a. n. 

<I> <TI e"' e , ... r 
11 

· l•l 

! 
r 

I 11 

(3,19) 

ai. 
u >' 

f I 

rne Mhi eocrronhaoeanach onpeneneHBHMH ( 1.5). (I. 7), ( 1.12). noMHMO aroro 

B03HHK8eT T8KlKe nepeHOpMHpOBK8 '18CTOTbl 38 C'11'lT B03MOJKHbiX !IpoueCCOB p8C!I8-

A8 B036yJKAeBHil, KOTOpbie OliHCbiB8~CH BTOpOA '18CTb~ M8CCOBOrO orrepaTopa 

( 3.16) H KOTOp8H !IpHBOABT T8KJKe K KOHe'IBOMy BpeMeRH JKB3BH- 38TYX8HB~ ( 3.18). 

QqeBHAHO, 'ITO ecnH 6b! Mbl y~ cneAy~IUBe 'lneHbl B p83JlOJKeHHH (3.5), TO B03HHKJIO 

6,b! AOIIOJIHHTeJihBOe CMemeaae '18CTOTbl ~OHOBOB B 38TYX8HBe. 0AB8KO yq()T npouec

COB 6onee BbiCOKOrO nppHA!Ul - 'leTb!pex,- liHTB-4JOBOBBhiX H T.A. - IlpeACT8BnHeT 

cymecTBeBHhJe TPYAHOCTH H Mbl He 6yAeM HX p8CCM8TpHB8Tb. 

Oco6eaao npocTot\ BBA BhipaJKeaae AnH Maccosoro onepaTopa npBBHMaeT a 

cnyqae !I8pHblX CHJI ( 1.15), KOrA8 ~YHKUHH ( 3. 7), ( 3.8) HMe~T BBil: 
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1 
p (- k. p) - - ·-

2 
I I 
fm q 

Q(-k,p, p' )- _ ,_1_ 
2 

I 
f., q 

. (3.7a) 

.. .. .. 
lq (f-., ) Q f3 

4>f Jq) e q q q y x 

.. .. .. 
elq(ue-u.,)> 

(3.8a) 

Ecnx nna Bb~Cl!BHHR cpe~BHX B (3.7a), (3.8a) BOCUOnb30B8TbC.B rrceenorapMOHHqe

CKHM rrpa6nxJKeHReM, To, cornacao (2.9), tPYHKUHR (3.7a) 6yaeT orrpeaen.BTbc.B 

TOnbKO q<'!TBbiMH aBrapMOBH3MBMH, a tPYHKUHR (3.8a) - aeq<'!THbiMH. TaxaM o6pa-

30M, B nceeaorapMoHRqecxoM rrpa6naJKeHRH MaccoBbil! orrepaTop (3.16) onpeaen.BeTc.B 

BCeMH q<')TJibiMH 8Br8pMOHH3M8MH, yqT<'!HHbiMH B rrepBOM rropR.liKe TeOpHH B03My

uieaal!, H BCeMH Jieq<'!THbiMH BHrapMOHK3MBMK, yqTeHHb!MH BO BTOpOM ITOp.B.liKe 

/5/ T90pHH B03MymeHHl! B MeTO.liB .liBYXBpeMeHBbiX tPYHKUHl! fpHHa (CM. , §29 ). 
16/ 

PeaynbTBTbi pa6oTbi rronyqaiOTc.B rrpa yq<'!Te rrepBbiX qneaoe B paanoJKeHHH 

( 3. 7}, ( 3.8), T.e. rrpa yq<'!Te TOITbKO qeTeepaoro H xy6aqecxoro qneaoe B aBrap

Moaaqecxol! qacTH raMHnbTOHHaaa (1.11). 

nnR orrpa~eneBH.B pBBHOBecaoro ITO!!OJKeHH.B BTOMOB cneayeT BOCITOl!b30B8TbC.B 

ycpe.liHBRHb!M ypaBHeHReM .liBH>KeHR.B .liiT.B O!!epaTopoB (3.3): 

(3.20) 
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npa 3TOM ana pemeTKH 6ea npaMecel! BbillOllHBeTCB 38KOB COXpaHeBHB · KB83HHMnynb-

ca: k-0, k2+ ... -+k,-0. 

Bb!'ll!Cnsa xoppenauaoHHbie !jlyaxuau B ncesnorapMOBll'lecxoM npu6nHJKeHHH, 

T.e. nonaraa 

<A 
k 

A 
k 

" 

• >-s n 
n r 2 a 1• 1 

(2s-l)!!< A+ A 
t t 

l 

>, 

rae ( 2 s -1 ) I ! -npouaaeneHHe aeq~TBbiX 'll!Cen OT 1 no ( 2& - 1 ), H nollb3yacb 

cnexTpanbaoll TeopeMoll: 

+ 
< A A > 

k t 

00 

f _ .. [ -2 lm Gt t (co + I t ) ) 

e co/() -1 
d co ' 

(3.21) 

(3.22) 

npHXOIUIM K CSMOCOrnaCOBaBHOll CHCTeMe ypaBH8HHll (3.16), (3.16), (3.7), (3.8), 

(3.20), onpe.[lenmomel! CBOI!CTBB aara pMOBH'I8CKOrO KpHCTaJlil8 npH yq~e Bb!CWHX 

nopB.[lKOB .aarapMOBH3M8. npa 9TOM B OTllH'IH8 OT llC8B.[lOrapMOBH'IeCKOrO llpH6nH

lKeHHB ( 2.8) nepeaopMHpOBBBHhie aao6ylKlleBHs (3.17) o6na.[la!OT KOBe'IBbiM aa

TyxaBHeM ( 3.13), 'ITO noaaonaeT yCTaaoBHTb npe.[lenbi npaMeHHMOC'I'H ncea.[lorap-
1 

MOBH'IecKoro npu6nHlK8HHB. 

4.06cylKlleRHe 

nony'I8HBbi8 BBMH yp8BH8BH,B ll03BOllBIOT paCMOTp8Tb CBOI!C'I'B8 aarapMOHH'Ie

CKOrO KpHC'I'anna npH yq~Te Bb!CIDHX nopB.[lKOB aarapMOBH3M8. nceBAOrapMOBH

qeCKOe npa6nalKeRHe (2.8) onpe.[lenseT cnexTp qacTOT Kone6aau a pemeTKH npH 

yq~Te BCeX 'I~TBbiX llOpBAKOB aarapMO!lH3M8. 0TMeTHM, 'ITO 3TO ypaBHeHHe, 

aanHcaaaoe a KoopllHHBTHOM npe.[lcTaaneaaH, oco6eaao yllo6ao npH accnenoaaHHH 
. / 7 / 

cneKTpa Kone6aaaa pemeTOK c npaMecaMH (eM. ). Kax BHABO aa onpeaeneaa ll 

( 2.6) H ( 2.6a), yq~T aarapMOHH3MOB BbiCWHX nopB.[lKOB MOlKeT npHBO.[lHTb K 

cymecTBeHHOMy 113 MeHeHHlO 'nceBAOrapMOHH'IeCKHX' C.llJIOBbiX llOCTOBHBbiX ami 

nerKOll cna6oc BB38HH Ol! npHMeCH, llOCKOllbKY ee cpeAB8KB8llp8TH'IHOe CMemeHHe 
2 2 

< U > MOlKeT 3H8'1l!T8llbBO npeBb!W.STb cpe.[lHeKB8Ap8TH'IHbl8 CMemeHHB < U > 
I 0 

8TOMOB OCHO BHOI! peweTKH. 
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Y'I~T npocTe ~wero npouecca pacnaaa oanoro ~OHOHB na aaa B caMocornaco

BBHHOM none OCTB/lhllb!X ~OHOHOB ( pacue nnenne ( 3.5)) il03BOmteT HBl!TH aonon-

HHTenbHYIO nepeHOpMHpOBKy 'IBCTOTbl 38 C'!i'\T 8Hr8pMOHH3MOB He'!~THb!X nopstaKOB, 

a TBK)!(e onpeaenHTb 3aTyxanne 3TH X B036y)!(aennl! ( 3. 18). B o 6nacTH ~a30BbiX 

nepexoaOB 3TO 38TJX8HHe MO)!(eT OK838 TbCH BeCbMB 6onbilll!M H KOHUenuHH cna-

60CBH3BHHblX nceaaorapMOHH'!ecKHx ~ononoa MO)!(eT oKaaaTbCH neaepno~. CaMa 

o6naCTb ~aaoabiX nepexoaoa MO)!(eT 6btTh nal!aena H3 caMocornacoaannoro 

pewennst ypaaaenHl!, onpeaenHromax cneKTp Kone6anal! a KoppenHUHOBHhre 

cpeanHe, Koraa KOne6BHIISI peWeTKH CTBHOBHTCSI HeyCTO~'IHBblMHo 

3aMeTHM, naxoneu.. 'ITO nony'leHnhre HBMH ypaanennst a paaaenax 2 H 3 

il03BOnHIOT npeanO)!(HTb HeKOTOpbtl! 3~eKTHBHbtl! BHrapMOHH'!eCKHl! r aMHnbTOHHBH, 

coaep)!(amHl! nHWb anrapMoanaM TpeTbero nopHaKa, r ae cnnoabre nocToHHHbre 

onpeaenHIOTCSI '!epe3 KOppenHUHOHHbie ~YHKUIIH CBMOcornaCOBBHH b!M o6pa30M • 

.fie~CTBHTe/lhHO,f!PHMeHHM npn6nl!)!(eHHe T.rma ( 2.4) K r BMHnhTOHHBHy ( 1.1), ( 1.15) : 

.. 
! 

.. 
n! 

! 
n! 

~ -+ ... ·2 n! 
lq(ui-um)l -------

(n-2)1 2! 

1 .. ... ... 2 1 .. ... ... s 
( -{ iq(u.-u )) +-l!q(u.-u ) I )< 

... ... ... 
lq(u e- u., 

e 
2 ' m 3! ' m , 

-+ .. -+ n-2 
<l iq(ucu)l > + 

(4.1) 

> 0 

B peaynbTBTe nonyqaeM cn eayromHl! ~eKTIIBH bil! aarapMOHH'!eCKHl! raMnnb Toanau: 

+-1- ! ! 
2 e f, "' q 

! 
e 
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2 
'" af3 a f3 
<llfmUfUrn+ 

3! 



rne 

C H1I 

rt>af3 
fm 

( 1.3) 

orrpe ::t enHeTC51 cooTHO l!leHHeM ( 2.6). 06omeHHe Ha cny'lail HerrapHbiX 

rrpOH 3 BOllHTCH TpHBH81IbHO, OllH8K0 1 J'8MH1IbTOHH8 H 6yrreT HMeTb l'pO-

M03 llKHH Bill!. C ITOMOillb!O 9TOJ'O J'8MH1IbTOHH8H8 nerKO ITOlly'laJOTCH ypaBHeHHH 

rrlHI cpyHKUHti fpHHa ( 2. I) H ( 3.1), HailneHHbie B paanenax 2 H 3. .[lo6asneHHe 

3~~eKTHBHOJ'O Ky6H'I:HOJ'O aHrapMOHH'leCKOJ'O 'l:lleHa B (4.2) IT03B01!HeT y'leCTb 

aHrapMOHH3Mbi HeqeTHbiX rropHllKOB B rrcesnorapMOH!l'l:ecKoil TeopHH, orrpenenHeMoll 

rrepBb! MH llBYMH qneHSMH B (4.2). 0TMeTHM, 'lTO B I'8MH1IbTOHH8He (4.2), a 

TaKMe B pacuerrneHHHX ( 2.4), ( 3,5) ITO c ymeCTBY rrpOCYMMHpOB8Hbl llHarpaMMbl 

THIT£1! 

c = 0 + .0) +X-+ .. 
____!~("~ ~ + ~ + ~~ ... 

H IT03TOMY ITpll ITOCTpoeHHH AH8I'p8MMHOil T eXHHKH H8 OCHOBe I'8MH1IbTOHil8Ha 

( 4 . 2) 3 TH rrllarpaMMbi He en en yeT y'lHTbiBSTh. 

B aaKnroqeaHe HaM xoTenocb 6bi no6naronapHTb C.B.TH6nHKOBa aa rrpennoMe 

!lHe TeM bl H o6cyM.QeH!lH, a T8KlKe f.KOHBeHT8, KOTOpbll! o6p8TH1I Halli e BHHMaHHe 

/2/ 
Ha pa60T bi • 
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