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§1. BaeneHHe 

.. 
nycTb '!8CTHU8 C HMUynbCOM h k pacceHB8eTCSI Ha UOTeHUHBn<:> Manoro 

paAHyca a .•VJsBeCTHO, 'ITO TOrAa pacceHHHe npoHCXOAHT npeHMyllleCTBeHHO 

B COCTOSIHHH C op6HT8nbHbiM MOMeHTOM f , eCnH ka << 1 • AnanorH'IHO 

pacceHHHe HflH H3ny'leHHe MHrKHX cpOTOHOB XOpOlllO OllHCbiB8eTCSI AHUOflbHbiM 

npHonH)I{eHHeM, ecnH pasMepbl pacceHB8JOllleA HnH Hany'!aJOllleA cHcTeMbl Manbl 

l H lieT cneuHanbHbiX sanpeTOB). MaTeMaTH'!ecKaH npH'IHHa 3TH X HBneHHA 

38KnJO<iaeTCSI B TOM, 'ITO C06CTBeHHble cpyHKUHH onepaTopa KB8Ap8T8 JIMUynbCa 

" k 2 C onpeneneHHbiM op6HT8nbHbiM MOMeHTOM- T8K H83biB8eMble ccpepH'!e-

CKHe cpyHKUHH EeccenH j f (x l , x a kr - see o6palllaJOTCH B nynb B TO'!Ke x = 0 , 

KpoMeOAHOA -j
0
(xl. Eonee TO'!Ho,jf(x): xf /(2f+ll!!, npH x-+0 

""2 
nonf!YIO CHCTeMy C06CTBeHHbiX cpyHKUHA k ,o6naA810lllHX ananorH'I-

HbiM CBOJ!:CTBOM UO OTHOllleHHIO K ABYM BbiAeneHHbiM TO'IKaM .. .. 
(+ d ) H (-d), Mbl Ha30B~M ABYXTO'Ie'!HbiMH cpyHKUHSIMH. KaK OKa)l{eTCH, TOnbKO 

ABe nepsble cpyHKUHH 3TOA CHCTeMbl He paBHSIIOTCSI HynJO B TO'IK8X ( ± d) 
06naCTb HX UpHMeHeHHSI - 3aAa'!H C UOTeHuHanaMH, COCpeAOTO'!eHHbiMH OKOflO 

nsyx TO'!eK. HanpaMep, paccMoTpHM aana'ly Tpex Ten c TaKHM raMHnbTOHHaHoM: 

3 
H=}; 

lal 

2 
Pt 

2m
1 

non CHMBOnOM 8 

cnegyeT UOHHMaTb He 

.. ... ... ... .. ... 
+V(r 

1 
-r

2 
)+ b

1
8(r 

3
-r 1l+b 2 8(r 3 -r 2 ). ( 1.1) 

a nayx nocneAHHX qnenax ( 11 nanee a 3TOM ssenenHH) 

/}- cpyHKUHH ,llapaKa, HO UOTeHUHanbl C O'!eHb Ma-
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nhiM parwycoM 8 0 HO C 60ITbWOJ! rny6HHOJ! U ( ewe TO'iHee: HMeeTCH 

B BH.lly npe.uen· npH a-tO,U .. oo ), nocne BBe.ueHHR KOOp.£lHH8T fiK06H H 

OT,OeneHIIR .llBHM8HHR U8HTp8 'rRMeCTH ITOITY'iHM B cnyqae m 

2 2 
H' E-

Vt - ---..!..!_ + v ( 2 J ) + b /i(r-.+ d)+ 
4 m 2 p. 2 I 

... .. .. .. .. . _1_ =_I_+ _I_ .. r I + r 2 2 d ,. r - r r .. 3.uecb I 2 • 2m ms 2 p.2 

•m •m 
2 

b 0 (;_d). 
2 

... 
-r 

( I.2) 

( OTHOCIITenbH8R KOOp.llHH8T8 'I8CTMUbl 3 M KOMITI18KC8 'i8CTMU I H 2), l8MMI1b

TOH118H ( I,2) MOMeT, H8I1pMMep, OI111Cb!B8Tb p8CC8RHHe HeJ!TpOH8 H8 .llBYX IT po-

TOH8X I H 2, CBR38HHblX HeKOTOpb!M <l<j:J<j:JeKTIIBHbiM ITOTeHUH8ITOM V ( r-+
1 
-r~ ) 

a MoneKyny ao.uopo.ua. 

... 
nyCTb BM8CTO MoneKynbi HMeeM M8CTKyiO I"8HT8I1b d <j:JHKC11pOB8HO), 

THMenyiO m BerrHKO) II OpH8HTHpOB8HHyiO B.llOITb OCH z , T8K 'ITO 

d = d y =- 0 Tor.ua nonyqaeM aa.uaqy o .llBHMeHHH qacTHUhi a none .usyx 

o -noTeHuHanoa: 

H 

2 
v t -+ .... ... ... 
~+b 1 o(r+dl+ b

2
o(r-dl. 

2m 
3 

( I.3) 

3HaHHe .usyxTo'Ie'IHhiX <j:JyHKUHJ! noasonneT cpaay yKaaaTb 'no'iTH ace' co6CTBeH-

Hhie <j:JyHKUHH H " 
, J.1MH RBITRIOTCR BCe .llBYXTO'I8'iHb18 <j:JyHKUII11

1 
KpOMe 

nepBbiX .llByx; B8.llb OHM o6p8W810TCR B Hynb K8K pa~ T8M
1 

I".ll8 I10T8HUH8I1 He 

paaeH ayn10, TaK 'ITO .unn HHX H" coana.uaeT c k 2/ 2m 
8 

11 ero co6cTBeH-
2 

Hhie 3H8'ieHKR paBHhi npoCTO k /2m 8 • OcTanbHbie co6CTB8HHbie <j:JyHKUHH 

H" MOI"YT 6b!Tb H8J!.ll8Hbl K8K cynepi103HUHH .llBYX OCT8BWHXCR .llBYXTO'Ieq

HbiX <j:JyHKUHJ! ( llOCKOITbKy .llBYXTO'i8'IHble <j:JyHKUHH o6p83YIOT llOITHYIO CHCTeMy ) , 

Ecna pa.uaychi 0 -noTeHIIH8ITOI!I KOHe'IHbl H p8BHbl a I H a 2 , TO MOMHO 

OMH.ll8Tb, 'ITO pacceHHKe Ha HHX C XOpOWHM npa6nHM8HHeM 
MOMeT 6b!Tb 

onacaHo c noMOLUbiO scero .usyx I!IOnH. Ycnoaae ycnexa TBKoro onHcaHHR 

.llOITMHO HMeTb BH.ll k 8 I<< I II k8 
2 

<<I 

ITI06biM, Co6CTBeHHbie <j:JyHKUKH <I> n ( , ... ; d l 
npH 8TOM kd MOM8T 6biTb 

38.ll8'IH ( I.3) MOI"yT 6h1Tb HCITOITb-

30B8Hbl .lliTR H8XOM.ll8HHR C06CTBeHHbiX <j:JyHKUHJ! H, , CM, (I.2), noc-

KOITbKy H "' 8XO.llHT 8 H ' K8K COCT88H8R 'I8CTb, TO HX MOMHO H8XO.llHTb 

8 sa.ue paanoMeHKR EopHa-OnneHrel!Mepa1 I •2 •31 

4 

~ 
~~ 

ll 
II 

:! 

I 
.t 

'I'(;, d) ·I X (d .. ) <I> (;;d) 
n n 

( I.4) 

no.uCTllBHB ( 1.4) 1!1 H ''I' E'l' , YMHO)I(HJ!I nonyqeHHOe COOTHOWeHHe Ha <f>:, 
11 npoKHTerpHpoaaa no ;• , nony'iHM ypasHeHHe .llJIR X n (d) 

BoaMO)I(HOCTb TO'IHoro peweHHR aa.uaqH ( I.3) c noMOLUbiO .llBYXTO'ie'iHhiX 

<j:JyHKIIHJ! HMeeT H MeTO.llH'ieCKOe 3H8'ieHHe .llJIR npoaepKH 3¢<j:JeKTHBHOCTH I1pH6JIH-

/4/ )l(eHHbiX MeTO.llOB peweHHR 38.ll8'iH Tpex TeJI, CM,, H8I1pHMep, , .£lpyroe Me-

TO.llH'IeCKOe I1pHMeHeHHe 8TH <j:JyHKIIHH MOryT H8J!TH B MO.lleJIRX TeOpHH llOJIH, 

nyCTb1 H8I1pHMep, HMeeM .llB8 3JieKTpOH8 B p83HbiX OCIIHJIJIRTOpHbiX IIM8X 

( liM hi paa.ueneHbl p8CCTOHHHeM 2 d ) 1 B38HMO.lleJ!CTByiOLUHe .llHI10JibHO C 

KB8HTOB8HHhiM 3JieKTpoMarHHTHbiM noneM, BeKTOpHble .llBYXTO'Ie'iHble <j:JyHKUHH 

( CM, § 3) I103 BOITIIIOT I10Jiy'IHTb TO'IHOe peWeHHe 38.ll8'I 8TOJ! MO.lleJIH TeM 

)l(e CI10C060M, K8K 3TO 6binO C.llenaHO .llJIR MO.lleJIH C O.llHHM OCUHJIJIHpyiOLUHM 
/51 

<lJieKTpOHOM 

§2. CKanHpHhie .usyxTO'Ie'iHhle dJYHKUHH 

1. npe.usapHTenbHoe 38M8'i8HHe, CymecTByiOT BbiTIIHYTble c<j:JepOH.ll8JibHble 

e . "~ . <P KOOp.llHH8Tbl 
I B KOTOpbiX .llBe TO'iKH IIBJIHIOTCH Bbl.lleJieHHbiMH, 

CooTaeTCTBYIOLUall Koop.uHH8THan ceTKa onpe.uenHeTcR I) ceMeACTBOM co<j:JoKyc-

HbiX 3JIJIHI1COH.ll0B 8p8LUeHHH C <j:JoKyC8MH B TO'IK8X z • t. d i TO'iKe e • I 
COOTB8TCTByeT SJIJIHI1COH.ll, BblpO.llHBWHJ!CH B 0Tpe30K (-d, + d) 2) ne,... 

peceK810LUHMH HX rHnep6oJIOH.ll8MH BpaweHHH C <j:JoKyC8MH B TeX M4} TO'iK8Xo 

'T/ -yroJI p8CKpbiTHIIi 3) ceMeJ!CTBOM .83HMyT8JibHbiX I1JIOCKOCTeJ!, DpOXO.llH

/6/ 
I..UHX qepea OCb Z ( CM, ( 10,3,46) 1!1 ) , 8bl.ll8JieHHble TO'IKM COOTBeTCTsy-

IOT Kp8AHMM 3H8'ieHMIIM e II 'T/ : e- i ' Cos 'T/- ±. I • B 3THX 

" KOOp.llMH8T8X onep8TOp k 2 
paa.uenaeTca. EcTeCTBeHHO nposepHTb, He o6na.uaiOT 

Jill HCKOMbiM CBOJ!CTBOM C00TB8TCTByiOLUMe BbiTIIHYTbie C<j:JepoH U8JibHble <j:JyHKUMM 

1: lmcp /6/ /7/ 
R (lo) S ('T/)e , CM, rn, II.3 H , 0K83b!B8eTCII, 'iTO <j:JyHKUIIH, y nm nm , 

KOTOpbiX 83MMYT8JibHOe 'iMCJIO m He p8BHO HYJIIO, o6p8LU810TCII B HYJib 1!1 

TO'iK8X cos 71 • ±. I 

I1pll <j:JMKCMpOB8HHOM 

O.uHaKo see *e 6ecKoHe'iHo MHoro <j:JyHKUHJ! R u 
0 

S u 
0 

k He 06 p8LU8IOTCII B HYJib B TO 'iKe g • I , no3TOMy 

.8biTHHYTbie c<j:JepOII.ll8Jibllble <j:JyHKIIMH He lt8ITIIIOTCH '.llBYXTO'ie'iHblMH ', 

5 



2. 4T06bi o6ecne'IIITb OpTOHOpM!!pOBBHHOCTb II nonHOTY IICKOMOit CIICTeMbl 

cpyHKUHil F 1 
Mbl !IX UOCTpOHM C UOMOlllbiO yHIITBpHOI"O npeo6p830B8HIISI U 

M3 1!3BeCTHOi! nonHOit II OpTOHOpM11pOB8HHOit CIICTeMbl, 8 KB'IeCTBe nocne.oHelt 

B03bMeM CIICTeMy 113 cpyHKUHi! 

fkfm (r,8,<,6laie (krlYrm (8,</>l; ie<krl•Jr++(krl/v'kr 

CooTHomeHHH opToHopMIIpOBKII 11 nonHOTbi .onH HHX HMeiOT BH.O: 

fi* 0 ( r,8 ,<,6)1 k e m (r,8.<,6)d X-

kl ll m I 2 2 2 

8 ( k I - k~ ) 

k~ 
I 

J k 2 d k L I k p m ( r I' 8 I • </> I )I k~ m ( r 2 • 0 2, </> 2 ) = 8 ( :I e. m 

8 8 • 
£ 

1
f ~ m I m 2 

-x~ 

flycTb k cpHKC11pOB8HO II 03H8'18eT CTpOKy 113 cpyHKUHit 

( 2.1) 

(2.2) 

(2.3) 

[ kfm(r,O,<,i>) , f= 0,!,2, ..• ; -£ $_ m :S 

MbiX cpyHKUIIi!, f1133SITblX B TOil )l{e TO'IKe 

nycTb F - CTpOKB 113 IICKO-

r • () • </> 

F I U . (2.4) 

CHaqana paccMoTpHM cnyqal!, xor.oa Bhr.oeneHHble .oae TO'IKII ne)I{BT Ha 

: d= I d,O,Ol ,T.e. od = 0. cp = 0 
d 

n OCKOnbKy BCe cpyHKUHH OCH z 
1em c m,fO pBBHbl Hyn!O Upll 0 = 0 linK () = TT ( T,e, Ha BCelt OCII z ), 

TO cpaKTII'IeCKH HB.OO BBeCTII HOBbie <tJyHKUIIH TOnbKO BMeCTO cpyHKUHit e o 

m 

F 
kLm 

( r • () • cp ) = '2: 
e.m 

rkfm (r;O,cp)U fl. (k,dl; 
(2.C>) 

L = 1,2, 3 , ... 

np11 m ,f 0 MO)I{HO UOnO)I{I!Tb lJ t L a 8 fL 

6 

. 

·~t 

(I~; 

:~,l'· 

. . 

l 
. 
~ 

' 
... 

··~ 

3. noxa)l{eM; 'ITO no xpaAHel Mepe .oBe cpyHKUIIII F He .OOn:IKH&I o6pa-

lll8TbCSI B Hyn b B TO'IKBX ( + t> , npe)f{,ll9 BC9I"O 38MeTIIM 1 'ITO cpyHKUHH 

nonHOI CHCTeM&I He MOI"yT Bee O.llHOBpeMeHHO HC'Ie38Tb B6nH3H O.OHOit HnH He

CKOnbKHX TO'IeK: TOI".08 DO HIIM H9nb3Sl 6blnO 6bl pa3nO)f{HTb cpyHKUIII0
1 

He IIC'Ie-

38IOlllYIO B6nH311 STHX TO'IeK, 

PaccMoTpHM cpyHKUHIO 

</>k(r,8,qJl•'i. FkLm(r,8,if>lC(L,ml, 
L,m 

(2.6) 

0Ha MO)f{ST npiiHIIMBTb npoH3BOnbHble 3Ha'leHIIH Ha ccj:Jepe pa.oHyca d O.OHa-

KO 3H8'19HHSI 9~ Upll .Opyi"HX r onpe.oenHIOTCII 9~ 3H8'19HHIIMII Ha STOlt ccpepei, 

8 'IBCTHOCTH, B K8'19CTB9 3H8'19HIII </> B TO'IK8X (t. d) MOI"YT 6b!Tb 
k 

B3SlTbl npOH3BOnbHbl9 'IIICna, Ecnll B TO'IKe (±.d) TOnbKO O.OH8 cpyHKUHII 

F 10 .J 0 1 TO if> ( + tJ • F 10 (d) C (1 ,0) ; </>(-d) • F IO (-d)C(l,O). 
. .. .. 

0TciO.oa cne.oyeT, 'ITO OTHomeHIIe </>(d) I <P (-d) Tor.oa He npoH3BOnbHo, Ho .. .. 
CTpOI"O cpHKC11pOB8H0 1 UOCKOnbKY F IO (d) H F10(- d) IIBn!IIOTC!I .OBYMII KOHKp9T-

Hb!MII 3Ha'leHHHMH anonHe onpe.oeneHHolt cpyHKUIIII, TonbKO ecn11 .oae cpyHKUIIH .. 
F IO H F ~O He paBHbl HyniO B TO'IK8X ( t. d ) 1 CIICTeMa 

.. .. .. 
</>(dl•F (d)C +F (d)C 

10 I 20 ~ 

.. .. .. 
cp(-d) • F IO (-d)C 

1 
+ F ~o ( -d)C ~ 

.. 
II MeeT p9lll9HII!I .On!l C I H C ~ Upll UpOII3BOnbHbiX cp (d) 

He'IH0 1 ,lleTepMIIH8T ( 2, 7) .OOn)l{eH 6b!Tb HepaBH&IM HyniO, 

4. Llaa Ha6opa .oeACTBIITenbHbiX 'IIICen 

I oo(d)' f IO (d)' I 20 (d), 

1oo (-dl, I 10 (-dj • f 20 ( -d) • 

II <,6(-d). Ko-

MO)f{HO p8CCMSTpiiB8Tb K8K UpOeKUIIII .OByX BeKTOpOB ( 

cTpaHCTBe). B ccj:Jepllqecxllx xoop.oHHaTax t-1 d,O,O} 

B I"llnb6epTOBOM npo-

1 -a={d,rr,o I 
e 

Yf (rr,O) =(-1) Yf (0,0) BeKTOpbi (2.8) 0Tllii'18IOTCSI TOnbKO 3HBK8MH 
0 0 

l-13-38 

7 

(2.7) 

(2.8) 



He'I~THbiX KOMITOHeHT, B reoMeTp11'19CKOil IIHTepnpeTaUIIII 3a.oaqa U 3aKmo-

qaeTCSI B TaKOM llOBOpOT9 BeKTOpOB (2.8), 'IT06bl TO/lbKO .llBe rrpoeKUHII y Ka)!(

aoro 113 noaepHyTbiX B9KTOpOB OKa3aJIIICb HepaBHblMII Hymo, Bee CT0116Ubl 6ecKo-

He'IHOil MaTpiiUbl 

/8/ 
CTpOKII TO>Ke 

U .llOJI)!(Hbl 6b1Tb OpToroHaJibHbiMII H HOpM11pOBaHHblMH H 

Tor.oa U yHIITBplla II ¢yHKUIIII F OpTOHOpMIIpoaaHHbl 

II COCTaBJISIIOT UOilHYIO CIICT9MY. 

flepabre .oaa cTon6ua u o6SI3aTeJibHO .llOJI)!(Hbl 6b!Tb JIHHei!HbiMII 

cynepnoalllliiSIMII aeKTOpOB (2.8). TonbKO Tor.oa F 30 (±.d), F 40 

6y.oyT paBHS!TbCSI HyJJIO, llei!CTBIITellbHO, r le
0 

(±d) Ue 
8 

= 0 

Hill CTOI16eu Up
8 

OpTOrOHSJieH K 060IIM BeKTOpaM (2.8). 3TO 

!±.dl II T • .ll. 

, ecn11 Tpe

TaK II 6y.oeT, 

eC/111 nepBble L!Ba CTOilOUa yHIITapHOi! MaTp11Ub1 
[I S!BilSIIOTCSI cynepnoaiiUIIS!MII 

(2,8), llpii'I~M opToroHallbHbiMII II HOpMIIpoaaHHb!MII. 8 Ka'!eCTBe TaKIIX B03bMeM 

B8h.T0pb! 

2N I (-;l),0,2N f (-;!),0, ... !, 
+ 00 + 20 

N [ f 
0 

(;f) + f 
0 

(-~) ]! 
+ l 0 l 0 

g + 

~IN [ f (;f)- f (-d) 11 = I 0. 2 N 
eo eo 

1 < tl,o, ... I 
10 

/9/ 
t~-f OpMHpOBO'IHbie K OS>C!JqliiUIIeHTbl Bbi'IHCilSIIOTCSI C llOMOll.lbiO ¢opMyJJbl ( 1) B : 

.... 
f (d) 

2n, 0 

-2 'Xl 

'\ + ~ 4 ~ 
n=O 

0i -2 f 2 
~n+l ,0 ~ 

n=O 

~ (4 n + 1) 
7T n::::O 

--*' I (I (d)= ---r-
71 

2n 
( k d l = --

1
- ( 1 + 

7T 2 

sin 21<d ). 
2kd 

sin 2 k d .. ) 
2k<l • 

3aMOTIIM, 'ITO MO)!{HO nono)!{IITb paBHbiMII HYJJIO see 'I~THble aneMeHTbi 

HO'IeTHblX C'~OJI6UOB, KBK 3TO CJleJJBHO y g + , a TaKiKe ace HeqeTHbie 

(2.9) 

(2.10) 

3J10MOHTb! qeTHb!X CTOilOUOB, KBK y g _ Tor.oa ace He'I~THbie CTOJI6Ubl 6y .nyT 

Op1'0f'OH8l!bllbl K 'IE!THb!M II .llOCTB'rO'iHO peWIITb '!!OJIOBIIHY 38Lta'lll': Hai!TII - -YHHTi1pHyiO M8Tp11UY 1J + C .oei!CTBliTellbHbiM neKTOpOM g +~I2N+ 100 (d), 2N +f:Jd), .. ! 

B KC!'IOCTBO rrepBOrO CTOJJ6ua. JlnSJ M8Tp11Ubl KOHO'!HOrO rropS1,llK8 3TO MO>KHO 

cn,•naTb, nanp11Mep, cne.ny10w11M c6paaoM. 

BoaMO>KHo BbittllcaTb caM bill o6wuil Bll.ll opToronanbHOil MaTpHUbi n -oro 

HopHJli\:9., T.e. BNpa~HTb see e~ 3neMeHTbi qepe:::::J n ( r· --1) I 2 He38BHCHMbix napa-

:,::'~;, 

·:~~·t 
~'. ' i' 

"~~~~,., 
::::l '(', 
. . . ~I 

\*e··J: 

·····~~ 
(II 
~~~ 

iJ. 

1.': 

MeTpos. TaKaS! MaTpllua MO)!(eT 6biTb rronyqeaa KaK npo113ae.oeHHe MaTpHu 

apameHHSI 

/10/ 
g k+l,k(0) B UJIOCKOCTII (k+l,k) Ha yron 3i!nepa 

IX, §1. Bo3bMeM MaTpiiUY '!BCTHoro BH.ll a: eM. rn. 

gag (0 ) ... g (0)g (0)g(0). 
n , n-1 n -1 48 3 82 2 21 I 

2 3 
-

cos 0 I -sin 0
1 

0 

2 I sin0
1
cos0 

2 
cos 0 I cos 0 2 

-sinO 
2 

3 I sin 0
1 

sin 0 2 cos 0 8 
cos 0

1 
sinO 

2 
cosO 

3 
cosO cos 0 

2 3 

g = 

0 

4 

0 

0 

-sinO 
8 

( 2.11) 

4 I sinO 1 sinO 2 sinO 
8 

cosO 
4 

cos01 sinO 2 sinO 3 cosO 4 cos02sin03 cosO 4 cosO 
8 

cos 0 
4 
... 

3neMOHTbl g
1 

k BC9X CTOJJ6UOB, KpOMO nepaoro, HMO lOT TaKoil 06ll.lHi! BH.ll: 

0 rrp11 i < k -1 

-sin 0 np11 i = k -1. 
,. ~ k-1 (2.12) 

g ~ 

lk cosO 
1 
sinO 

2 
... sinO 

1
_

1 
cosO 

1 
np11 n>i>k-1, 

cosO 1 sinO 2 ... sin01_ 1 sinO 1 
rrp11 i=n. 

flepBblil )1(0 CTOll60U COCTOIIT 113 lipOeKUHil X l 

O.lliiHII'IHOrO BeKTOpa B c¢ep11qecKIIX KOOpAHHaTaX B 

C!p0113BOJibHOrO 

n -MepHoM npocTpaa-

cTae. EcnH Terrepb npllpaBHS!Tb 3TII rrpoeKUIIII aneMeHTaM nepaoro cTon6ua 

g + MaTpHUbl u + H 38MOHHTb B (2.12) yrllbl (:II • () 2 • IIX Bbl--pa>KeHHSJMH qepea N + I oo (d), N + I 20 (di II T.Ll., TO nony'!HM rrpHMep 

OpTOrOH8llbHOil ( T. e. YHIITBpHOi! H .llOi!CTBIITOl! bHOi! ) MBTpHUbl C 38,llaHHb!M 

nepBb!M CTOll6UOM, 

beCKOHO'IHYIO yHIITBpHYIO MaTpHUy MO>KHO CTpOIITb T8KIIM CliOC060M. flpH-

C09L!IIHIIM K g + H g 

BMOCTe C i' + II g_ 

apyrHe CTO!I6Ubl, rrpo KOTOph!O H3BOCTHO , 'ITO OHif 

o6paCJyiOT llO!IHblll 6a3l!C H8UJ0f'O f'li!Ib60pTOB8 
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npocTpBHCTBa. B lt8'19CTB9 TBKOBbiX B03bMeM BSKTOphl ea•I0,0,1,0,0, .•. 1. e 4-lo,o,0,1,0, •• 1 

H T.tl. 0 nepBbiS .llB8 B91tTOpa 9Toro 6aauca - e I _, 8 k I I . e 2 D 18 k 2 I 

He 6epeM nOTOMy, 'ITO OHH COBnanaJOT C g + H g B qaCTHOM cnyqae 

k.d ~o ( a HaM Hy)KHbl B91tTOpbl, llHHeftHO HeaaBHCHMble OT g + H g _ ) o 

3aTeM BMSCTO TpSTbero CTOn6ua MaTpHUbl 

g +0 
0 0 0 

0 g -I 0 0 

(2o13) 

g 0 1 0 
+2 

0 g 0 -a 

6epliM mmei!HyJO cynepnoauuu10 g + , g _ u e 8 , OpTorouan&HyJO K g +u g _ 

1111 
u HOpMupoBalH!yJO, To )Ke nenaeM c 'ISTBApTbiM CTon6uoM H To.llo , CM. , 

TaKal! rrocneAoBaTen&Hal! opToroaanuaauus ( crroco6 lliMH.IlTa ) naeT HaM 

M8TlJHUY U TaKyJO• 'ITO U + U • 

yHHTapuoA, ecnu em A u U U + • 1 

, 0nHaKO 6eCKOHe'IHal! MaTpHU8 6yneT 

/8/ 
, ~hi 3HaeM, 'ITO CTOU6Ubl nony'leHHOft .. .. .. 

M8TpHUbl g +"' U I g _aU 2 ; I U k 8 I a U 8 , .. o. cocTaBnl!JOT rronHyJO cucTeMy o 

Torna npoeKUHll n106oro BeKTopa 

coBrranaT& c h o Ecnx h-I 1,0,0, .. ,1 

... 00 _.. ..... 

h ua sTy CIICTeMy I U ( U n h) non)KHa 
n•l 0 

, TO rronyqaeM 

hk=I uk I u~ h 0 -l u u * 
n ° e Ln L n kn In 

'ITO .ll0ll)KH0 p8BHl!TbCll 8 k 1 
.. .. .. 

• Eepg B Ka'leCTEie b BeKTOphl e2 •l8k2l,e8 u 'To.llo, 

y6e)Ktl8eMCl! 0 'ITO tlllll nOCTpOSHHOft MaTpHUhl .llOD.lKHa 6b!Tb cnpaBe.llUHB8 CHCTe

Ma COOTHOWeHHft U U+ •1 

~o)KeT 6biTb, noneauo 6yneT yKaaaTb npocTyJO yHHTapHyJO MaTpuuy U + 

BOCbMOrO noplltlK8, CMo (2.14). 3neMSHTbl g + 0603Ha'leHbl UHcppaMH OT 

1 tlO 8, UHcppa C MHHyCOM 0603H8'18eT COOTBeTCTByJOIUHI! sneMeHT, B3l!Tblft C 
I 

o6paTHbiM 3H8KOMo 3aMeTHM, 'ITO MaTpuuy 6on&wero nopl!.llKa no cnoco6y 

(2.14) llOCTpOHTb Hen&al!, 

10 

KOHKpeTHbiA Bhi60p u tlOll)KSH orrpenenll'l'bCll .lleT8lll!MH 38.1l8'1H. nnl! 

MHOrHX 38tl8'1 B006IUe Hy)KHbl TOllbKO cpyHKUIIH F 10 H F 20 • llnll HX H8lt0)K.IleHHll 

tl0CT8TO'IHO 3H8Tb TOllbKO .llB8 nepBbie CTOn6ua U , T,e, g + H g _ 

2 

3 

4 

5 

6 

7 

8 

-2 

4 

-3 

6 

-5 

8 

-7 

npi!BStlSM 3H8'1eHI!ll 

-3 

-4 

2 

-7 

8 

5 

-6 

-F (+d) 
10-

-4 

3 

-2 

8 

7 

-6 

-5 

-5 

-6 

7 

-8 

2 

-3 

4 

H F (+"tl 
20 -

.. 2 • 
F 10 (d) .. 2 N + ( f oo + f 20 + ••. ) = 

-6 

5 

-8 

-7 

-2 

4 

3 

-7 

-8 

-5 

6 

3 

-4 

2 

.. F ( .. 
2N + 1o -d), 

.. 2 2 1 .. 
F 20 (d) = 2 N - ( f 10 + f so + , .. ) = 2N = - F 20 ( -d) 

):leTepMHH8HT (2.7) OK83biB8eTCll paBHb!M - -
2 

1 N .jO , 
N+ -

-8 

7 

6 

5 

-4 

-3 

-2 

0TMSTHM ewe, 'ITO cpyHKUHI! F kLm(r,O,cf>l , nocTpoeHHble no cpopMyne 

( 2.5), liBDl!JOTCll cyrrepnoauuuell cpyHKUHII fkfm (r,O,cf>l C OtlHHM H TeM 

" )!(e k H II09TOMY liBlll!IOTCll C06CTBeHHb!MH cpyHKUHl!MH OIIep8TOp8 k. 2 

(2.14) 

(2.15) 

5. 8 KB'IeCTBe HCXOtlHOI! CHCTSMbl cpyHKUHI! tlllll nocTpoeHHll tlBYXTO'Ie'IHhiX 

cpyHKUHit MO.lKHO 6p8Tb H tlpyry!O IIODHYIO OpTOHOpMHpOB8HHYIO CHCTeMy, HaiipHMep, 

BbiTl!HyTb!e ccpepOHtl8llbHb!e cpyHKUHH, 0tlH8KO fkfm (r,IJ,cf>) H3y'ISHbl nyqwe tlpyrux, 

B 'IBCTHOCTH, tlllll HHX II3BeCTHbl CyMMbl BHtl8 (2,10), ¢yHKUHH C nl =/ 0 

y.>Ke o6paW810TCll B Hynb rl8 OCH Z , H 38tl8'18 CBOtlHTCll K nocTpoeHHIO 

M8TpHUbl U C tlBYMll BX0tl8MH ( tlByMepHol!), XOTH B cnyqae BbiTHHyTbiX -CcpepOHtl8llbHblX tPYHKUHft TO'IKH (±d) MoryT 6bJTb CtlS08Hbl H8'18llbHbiMH 

TO'IK8MH KOOptl11H8T ( t = 1, cosT/= ± 1 ) , HO IIX 3H8'1eHIIH II B STIIX TO'IK8X H8tl0 

H8 XOtliiTb DO Ta6nHU8M ( K8K I! 3H8'1eHHSI j f ( k d) ) • 

6. nycTb d .... , d '0 d '¢> d I II -d=l d 'TT-fl d 'TT+cp d I • <PyHKUHH, o6paiU810WHSCH 

B HYllb B STHX tlBYX TO'IK8X ( KpOMe nepBbiX tlByx) 0 MO)KHO llOCTpOHTb TO'IHO 

TBK )Ke, KBK H B cnyqae d =I d , 0, 0 I , ecnu B3l1Tb B KB'ISCTBe ucxotlHhiX 
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1. CHa'lana paccMOTpHM .!lBYXTO'I9'1H&Ie cynepnoauuuu MarHHTH&Ix MynbTH-

nonell:, 8 TO'IKSX ( t. ;f ) OTnH'IH&I OT Hy nH TOnbKO 

.. 
(kd) e +I 

L -

A(m) (d)•f.V 2L+1 
k,L.:tl 8rr 

,. a (m) (d) l 
k,L,tl :tl 

.. (m) .. L .. (m) .. 
A 

1 
(-d) • (-1) A L 

1
(d). 

k,L,t k, •± 

noaTOMY npu M· 0 II I M I > 1 MSTpHuy u ( m) MO)!(HO 6paTb KSK B.!lHHH'IHyiO, 

npu M a±. 1 

.. (m) 
F !r, (), t/> l • I 

k, Z, ±I L 

.. (m) 
A 

k, L, :t I 

-+(m) +~ 
A k,L,+I (_d) H 

.. (m) +.
Ak,L,-1 (_d) 

(r, () • t/>) U L z ( "!: 1, m) i 

.. 
napannenbH&I e +I 

z - 1,2' ... 

H L1 

{3.5) 

38.!l8'18 M8TpHU&I U -Tax 'nosepHyTb • BBKTOp&l I a ~m.)+ 1 (d) I HI a (m) ( .. )I 
L,-1 d ' 

cocTasneHH&Ie ua CKanHpH&IX eenH'IHH a , cpurypupyromux B { 3.5), 'IT06&I 

TOnbKO no .!lBB np09KUHH y UOBepHyT&IX "BeKTOpOif OK838nHCb He p8BH&IMH Hynro, 

(m) (m) (3 ) 
3aMeTHM, 'ITO a L • _I OT a L, +1 OTnH'I8BTCH TOnbKO 3H8KOM, CM, ,5 

1 
noa-

TOMY U (-1 , m) • U ( 1,m) e U (m) • MaTpnuy U(m) CTpOHM TSK )1(9 
1 

KSK 

B § 2, 8 K8'19CTB9 aneMeHTOB nepB&IX .!lBYX CTOn6UOB 6epeM: 

U ( m) • N(m) [ a ( m) 
L I 1 L,l 

(;)+a (m) (-d)] 
L,l 

U (m) a N(m) [a (m) (d) -a (m) (-d)] 
L2 2 L,l L,l 

(m) - -2 
3.!lecbN •yi!!N , a N(m) .,N- 2 /2 

2 - J + 1 
2 

< v d >I , , 
0 

CM, {2.10) 

B TO'IKSX ( ±. d'l OTnH'IH&I OT HynH TOnbKO 

F(m) (d) '" 
I,+ I r-.n> 

2N 1 
e .:tl 

F (m) (ci") ., 1 f 
2,+1 2N(m) +I 

- 2 

14 

~ (m) -+ 

F I,+ I (-d), 

a-F(m) (.:"d). 
2. "!:,I 

{ 3. 7) 

{3.8) 

2. 3neKTpH'Iecxue .!lBYXTO'IB'IHble cpyHKUJiH, B TO'IKax ( ±. d l He paBHbl 

Hynro TOnbKO 

; (e) 

kLo 
(;) .. yf L(L + 1)(2L+ll 

IT k 2 d 2 
j L 

.. .. 
(d) eo .. 

(kd) eo ::!! a ( e ) 
k L o 

.... <•> ... 1 
A k L +I (d) • yl ( ) [ ( L + 1) j L 1 ( k d) - L j L ( k d J) e ..o. I ,. 

·- 8 IT 2L + 1 - '-

=a(•) (d)l 
kL,,tl ,tl 

.. (e) .. L+l 
AkLM (-d) '"(-1) 

...., (e) -+ 
AkLM (d), MaO, :tl 

{3.9) 

{3.10) 

OnHTb npu I M I> l MSTpHUbl U ( M, e ) MO)!(HO C'IHT8Tb B.!lHHH'IHblMH, 

n epBblB CTOn6Ubl M8TpHU U ( 0, e) H U(l,e) .. U(-l,e) CTOSITCH TO'IHO TSK )1(9 1 K8K 

H y U (ml , HO ua eenH'IHH a<•>(+;f) 
kLo - H 

a(•) (+/) 
kL, +I -

seTcTBeHHO, B&InuweM aHaqeHHH r<•l c Z=l,2 B TO-'IKSX (±d) 

.. ()-+ I .... 
F 8 

( d) a e ., F (e) (- d l 
10 2 N 0 (e) 0 10 ' 

I 

-+(e).. 1 .... (e) .. 

Fl+l(d)a I() e+I'"FI±I(-d), 
,_ 2Nie - ' 

-+(e) (d)= F 
20 

F (e) (d) 
2. :t;l 2 N l(e) 

2 

15 

eo 

.. 
e± I 

- F (e)(-d) 
20 • 

=- F <•> 1--:u. 
2.,tl 

, coor-

{3.11) 

(3.12) 

(3.13) 

{3.14) 



, 
i 

,...,., 

3. 06ospesag (3.8) H (3.11 )-(3.14), saMe'laeM, 'ITO y Hac nony'IHnocb 

6onbWe <f.lyHKUHI, HepaBHblX Hymo B TO'IKaX ( t. d) , '19M Hy)!(HO, .[lng pas-

n0)!(9HHSI npOHSBOllbHOI'O B9KTOpHOI'O nong JJ,OCTaTO'IHO, 'IT06bl B 9THX TO'IKaX 

He o6pamanHCb B Hynb W9CTb <f.lyHKUHI ( B CKangpHOM cnyqae JJ,OCTaTO'IHO 6blnO 

nsyx). Y Hac nony'IHnocb, 'ITO s TO'IKax ( t. d l no i 
0 

HanpaaneHo xax pas 
~(e) ~(e) ~ 

nsa sexTopa: F 10 K F 20 , A no ~ + 1 aanpasneao '19Tblpe : 

F (m) 
1,1 

H !<"(e) 
Zl 

TaKHe, 

F (e) 
1,1 

~(m) ->(e) ~(m) 
F 2. I H F 2, I • OxaSbiBaeTCSI I 'ITO HS F ~I 

MO>KHO o6pasosaTb JJ,Be cynepnOSHUHH: 

~c-> 
a 

Z I 
( r' e ' cp ) a a z 

~ (m) 

F z I 
... (e) 

(r,e ,cp) +f3Z FZ
1

(r, e, cp), 

->(+) 
a 

Z I 

~ (m) ->(e) 
(r,e,cplay F (r,e,cpl+B F (r,e,cpl, 

Z Z I Z Z I 

'ITO 1) :<-) 
Z I 

6yneT pasHo aynro s TO'IKax (+d) 2) BMecTe 

( 3.15) 

<f.lyHKUHH ;:(-) H 

... ~ 

F(m) H F (o) ;: <+> 6ynyT HOpMHpOBaHbi, KaK H C TeM 

.[lng 9TOI'O K09<f.l<fJHUHeHTbl cynepnOSHUHH B (3,15) AOCTaTO'IHO Bbi6paTb T8KHMH: 

a =8 =NI(m)/y(NI(m))2 (Nt(e))2 
z z z z + z 

-. -{3 =y =NI(l; /y(N l(m) )2 +(NI(e) )2 
Z' Z Z Z Z 

AH8norri'IHyro cynepnosauHro H8AO o6pasos8Tb H nng M .. - 1 38Me-

THMj 'ITO B (3,15) MO>KHO C'IHT8Tb, 'ITO llH60 z npHHHM8eT TOnbKO JJ,B8 

SH8'1eHHSI t Z = 1 H Z .. 2 , na6o see SH8'1eHHH, 

TaKHM o6p8soM, nony'leH8 T8K8H nona8g opToaopMHpOB8HH8H cHcTeM8 

BeKTOpHbiX ABYXTO'Ie'IHblX nonepe'IHbiX <f.lyHKUHI 

'18H, xorn8 d a8npasneao no oca Z 

nng cny-;:kzM (r,e,cpl 

npa I M I> 1 oaa cosnan8roT 

C aneKTpH'IeCKHMH H M8I'HHTHbiMH MynbTHnonSIMH (3,1) H 
~(m) ~(e) ->() 

OHH p8BHbi A kLo H Fkzo a! A keLoULz (O,e) 
L 

~ (-) ll ~ ( +) ll A. 
p8BHbl a Cr,u,cp) H a I (r,u, '+') , Vfs HHX B TO'IK8X z ,+f z .+ 

- ~(e) ~\e) 
aynro TOnbKO F 10 , F20 ( CM,(3.11) H (3.13)} H 

16 

( 3,2) , n pH M • 0 

, n pH M-±1 OHH 

(;tdl He paBHbi 

----------------------···------~·· .. ··-----~~· ........ .u .............. .w~ ........ ~ 

l(m) 2 I( e) 2 ] ~ 
~ 

-: (+) (d) = [ (N I ) + (N I ) 
~ ~<+> (-~). =a l,:f:l 

2 N 
1
1("'1< 

1 
I( o) ±I 1,± I 

(3.16) 

[ l(m) 2 I( e) 2 ] ~ 
~ ~ (+) 

(d)-
(N2 ) +(N2 ) ~ (+) <-~d). a 2 ,±I 

2 N l(m)N I( e ) et.l •-a 2,:f:l 
2 2 

B s8xnroqeHHe 8BTOpbi nonb3yroTCH cny'l8eM Bbip8SHTb 6n8ronapaocT;, 

H.H.Baneaxaay S8 o6cy>Kneaae p860Tbi, Onaa as 8BTopos (M.W.) 6n8ron8-
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