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I. B B e A e H M e 

Sa~aqa Tpex Ten c KynoHOBCKMM B38MMo~e~cTBHeM B a~na6a

THqecKoM npe~CT8BR6HHM CBO~HTCft K peweHH~ 6eCKOHeqHO~ CHCTe-

MN HHTerpO~HW~epeHUHBRLHNX ypBBH6HH~/l/, B KOTOpOI a~eKTHB
HNMH nOTCHUH8R8MH ftBnHIDTCft T8pMN Ej(~) , COOTB8TCTBY~~He 

paanHqHNM COCTOflHHflM /J) 88~8qM ~BYX U6HTpOBtH M8TpMqHN8 

sneMBHTN Qi.i (~) H H,i o.) • CBft8biBB~utHe 3TH COCTOft

HHft. TepMbl H M8TpHqHbl6 aneMeHThl, CBft3biBB~~e COCTOftHHft ~HCKp6T

HOrO cneKTpa, BuqacneHbl B pa6oTel21. MaTpnqHble aneueHThl, CBH

awBa~utHe COCTOflHMft .HCKp6THOrO H HenpepbiBHOrO CllBKTpOB, Bbl

qMCR8Hbl B pa6oTef3/. 

B ~8HHO~ p860Te BblqHCneHbl CHHrynHpHb16 qaCTH MBTpHqHbiX 

aneueHTOB H H 1 ( k, k; R) H Q ,s 1 ( lc, k: R) > CBH3hiB81liiiHX 

COCTOflHHfl jc>,-/ks> H jc')= /k s'> HenpephiBHOrO 

CllBKTPB SB~BqH ABYX U6HTpOB, 8 TBK&e HBaA6HB MX BCHMllTOTHKB 

npH R.- o H R -.... oo • 

BonHOBble !l!YHKUHH (A_ ( ~ ~) .:; </J5 ( -?i k, K) 
HenpephiBHOrO cneKTpB 3BABqH ABYX UBHTpO~ onpe~enftllTCft K8K pe

WBHHft ypBBH8HHft llip8AHHrepa 

(I) 



r~ £<:.( k) = kz./z. - aaepr.wi CJIICT6Mbl B COCTO.RIUUI 

lc..>=lks>=lksp> c m.myn.bcoMk,aadopoM S={,.rn} c<te-

poH,IlBJI.bHwc RBGHTOllbllC 'IJHC6Jl JJM60 lt6 aa60pOM S = ( t1.z m 1 na-

pa60JJM'IJ6CR.HX Rll8HTOllbllC 'IJHC6Jl H 'IJ6THOCTbiO p : ( ~ 
1 
t( J • 

p +C-)"' :3H8'1J6IDI6 'J.. onpe,n6JI.R6TC.R P8B6HCT:BOM Cf,- = Z 112 + 1'\1 + J. - /{., ' 

r~ p = ± i ;IJ)IR ~- H U - COCTO.RHHH COOTB6 TCTB8HHO. 

" 
raMHJ!bTOHHBH h. 38,li8'1JH 0 ,1J;BK~6HHH 0TpH~BT6J!bHO 38pR

li6HHO" 'IJBCTHUbl c c aapa,D;ow Ze = -1. B none .liBYX il>HHCHpo-

BBHHbiX KYJ!OHOBCKHX ~6HTpOB a. H R c llOJ!OZHT6J!bHbiMH 38-
PR.llBMH z,_ == Zi = :1. HMeeT BH}l 

..... 
_.i_ ~0 =- J...t:.,_ -~ z 'Z 'Z,_ 'Z~ 

(2) 

r}le 'Za. H 'Z.f - paCCTORHHR 'IJ8CTH~bl C OT 38pR,D;OB Z<t. H 

Zt , Y.liBJ16HHbiX HB PBCCTOHHHe R. ,D;pyr OT ,D;pyra, a -z -
paccToaaHe AD 'IJBCTK~bl c OT cepe,D;HHbl oTpeaKa R . Pewe

HHR ypBBH6HHR (I) Y.llOBJI6TBOpliDT COOTHOW6HHIO OpTOrOHBJ!bHOCTH: 

5J; <t:(~.e)~,(Z;R) = s ... ,.. / s-1-r' S"(k-1<). <3> 

MaTpH'IJHNe aneMeHTbl HH/(k,<!<JH QH,(k)C:R.)paBaN: 

H~s' (k,~c;R)= fJ z ( ~ .. + ~ vz) ~~{~ Jc,.e) (v1 + fv;)~,(~ k;.e), 

Qs5 ,(k,k: R) =- { Sdz ~ ~(~ Js.e)(V; + ~ ~--) ~~ (~ k:~), (4) 

KOTOpue Y.li06HO npe,D;CTBBHTb B BH,lle 

H - H (+> H (-} z H (if) 
ss 1 - ss 1 +de ss' + ~ ss/' 

2 

r,lle 

Q I - Q'+' a'-) SS - I -r ;}I! f .ss ss d€= 
~ 

H#-H~ 

M 1 +K,_ ' 

H 0.. H He ""l&BCCbl H,llep c 38pH,D;BMH ZGl. H zlf /I/. 

2. BY'IJBCJ16HH6 MBTpH'IJHbiX 3J16M6HTOB 

(5) 

HBHbl~ BH.ll Bblp8X6HH~ }IJ!R fi.ss' H G{ss' qepea O}IHO

Kp8THY6 HHTerpalUI B Cil>6POH,D;8J!bHYX KOOp,liKHBTBX Z = { J 
1 
i~ If 3 

npue,llea B pa6oTel21. B aTHX KOOp,D;HHaTax peweaHR 111 ( -r. Jc K.) r.s ~ .I 

C 38,li8HHbiM H860pOM KBBHTOBbiX 'IJHC6J! S MOZHO npe,D;CTBBHTb B 

BH,ll6 

It< '"'lt' 
,...., ) f { <-) e ' 

~ (~lc,R)= ~,..(k,K)fi,.,_(l},K)z...~,_(ij kl G . e-•t><'f. 
(6) 

AnropHTM Blli'IJHCJ16HHH p8.1{H81lbHbllC (PKC~) fl ""'}- ( f; k, K) H yr

J!OBI>IX (YKC~) '7 (1... k R) KYJ!OHOBCKHX cwepoH,D;BJ!bHbiX "-' .... ., t., , 

~YHKUH~ aenpepbiBHOrO CU6KTp8 UO,llp06HO H3J!Oli6H B pa6oTe/4/. 0HH 

onp6,1J;6J!HIOTCH KBK peryJIRpHb16 peweHHH 38,li8'1J illTypM8-~HYBHJ!J!H: 

.JJJ (l:·1) jT fi"'1-Cij lc,R) -r (->.,..1-+c'{f'-1) +ctJ-
1
:,_: ]D ... ,..(rJ/)= 0 , . 

(7a) 
n "'1- (:1 j k, {) < o0 .1. ~ r < oo ; 

-1 ( q /) i- +"' ) TI,..~(t;k,R) = (q) .sl11 q + :Zc ~2q - ~7T + A,.'J- + 

-t o { C~rY2} (76) 

npH Cf >> :f i 
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;i(i-i .. )Ji Z"'~(~;k,~) +[>..,.'}- +cZC:t-i2 )+fz- :-: .. ]2,../~),R)=o, 

~ (-tij k,~) < 00 
L....>t'>t<j.- -:1~2~1 

' 
(7B) 

r~e 

~ = R (Z4 -rZ1); ( == F?.(z1 -zQ.); c = kR z ; 

\. : >, ( Jc R.) - KOHCT8HT8 p83A€R8HKH, onpe~enHe-
/\1\'\t ... , ' 

M8H npK 38~8HHYX ~, cy, Z.~, Z.t K8K C06CTB€HH08 3HaqeHK€ 

aaAaqK illTypua-JIHyBHnnH (7B); Al\'\'1- = A 191 '1-(k,R) - ~aaa pa~H-

anLHOro peweHKH, 8CHMnTOTKqecKoe noBe~eHKe KOTopo~ npK R- o 

K R- oo noApo6no Kccne~oBaHo B pa6oTef5/. 

HopuHpOBKa N"""i-( k, R) pemeHKH (6) BY'I{KCnena B pa6o-

Te/4/ K p8BHB: 

N~.,_ ( k,R.) = k.( ~) ~. (8) 

ecnK YKC~ HopuHpo:saHY ycno:sHeM 

1 

S '='z (z.kR.)Jz =1. 
L..... ~.. ;> ) 

-j , 
(9) 

MaTpHqnue aneueHTbl (4) uoryT 6YTL npeAcTaBneHY B BK~e 

H5s1 (l<,k~R)= H5 ,,(kJ.)3"(1c-Jc 1
) + hss 1 (k,lc:R.), 

Oss'(k,lc::R) = Qss,(k,R.)S'(k-1/) +~H~(I<,k:R), (IO) 

II 'i-u'(k, k: .() He co.ztepzs~ r.a;e ~ss'(k,k~R.) 
OCOCI8HHOCTH npH k = K1 

• B .a;aHHoi paCSo~e :syqHcneHbl ,a;Haro-

Han:&Hiie Ma~paqHYe ane11eH~Y Hss' ( k,R) • Qss'(k,R.) 

llpa pemea•• aa.a;aq• ~pex ~en :s S.ll;lla6a~xqecKoM npe.a;cTsBnea•.f?/, 

4 

A1IH KOTOpO~ M8TpKqHUe 3118M€HTY (IQ) C1ly.K8T a~eKTKBHYMK llOT€H-

UK8118MK, B€1IK'I{HHY H
55

, ( k,K) K Q
55

, ( k, K) HB1IHIOTCH 

Be~y~KMH H HX H806XO~HMO yqHTYB8TL B nepByiO oqepe~L. 

3aueHHH B KHTe rpa 118X: ( 4) p8~K81ILHYIO IPYHKUKIO n ~'~} ( f; k, R) 
C8 8CKMllTOTKqeCKKM BYp8X€HH€M (76), yqHTYB8H yC1IOBH€ HOpMHpOB

KK (9), a T8KE€ 1r!Cll01lb3YH K3B8CTHYIO ~opuyny 

00 

)c:..?{(c-c 1 )fJJ~ = 7ro(c-c 1 )= Z: 3'(k-k'), (II) 
0 

Ha~eu :BiipBlleHKe AnH H55 ' ( k, K) H Q SS 1 ( k, K_ ) 

(+) 
Qs

5
,{k,K)=0· (I2a) 

H (+) (If.)( 
MaTpH'I{Hbl8 aneueHTY ss 1 ( k, R) H Hssl k, K.) oTnKqny 

OT HY1IH T01lbKO A1IH COCTOHHH~ S H S 1 C O~KHBKO:BOH qeT

HOCTLIJ f : 
1 1. 

H'+>(kR)= 5('d2..,i-\~z 
ss ' (}R. ') 

-j 

2 ( ( 1 ':' )z. 
+ IC J 0-~2) -a~"'.i J z_ , 

-j 

('ll<) k 2. 
H (k/·) = _ 

ss z 
(I26) 

8 M8TpK'I{HY8 31l€M€HTbl Q(-) {k K.) 
SS I J H H ;;~ { k, R) 

OTnHqHY OT HYnH T01ILI<O ~1IH COCTOHHK~ S H S 1 C p831IKQHOH 

Q€THOCTbiO f . 

o;:>, (k,R) =-;sin (.1"'}- A,..}, - lf~'l-' r). 
:1 

·Sz2 (z.k~)'=" (tz.ld)JL, (I2B) "''Y J I ,_./'<~I J J Z. 
-:1 r 
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H:~~ (k,l<) = [- ; Sil1 (A,..,..- A,..y' - '1-~1-' ~] 
1. ...... 

[. 5 ( ~ d ..:."'$-' '0 2 ""4 ~ ) 
• -j L..."'} 1)({ -..,It ..:..,..,., 2c12 -r 

1 

+ j_ 5 ( <:! 'd 2. "'$-' - ') s "'j.. f::! ,\ (:t- i z.) J 2] + 
R -3. L..."'} -a Z. ') i '-'"'} ) 

+ ~:x.(A.,..}+A,..}')~(6.,..,.-6.~><f-'- ~11). 
1 

\ ":7 ":' 2 cl z. 
-~ .......... ,. 1....-4,...}' • 

nerKO BH,ll6TL, 'ITO BbllJHC116HH6 CHHry1llipHO~ lJ8CTH 118TpH'IHbiX 

3116M6 !ITOB, CBH3biB81lllUIX COCTOHHHfl HenpepbiBHOrO C06KTP8, CBO,llHT

Cfl K BblqHC116HHD HHTerp81IOB 00 YKC<:>. AnropHTK BbllJHC116HHfl HHT6-

rp8110B OT YKC<:> c TOlJI!OCTLKl "'ro-5 H3110Jt6H B pa6oTe/4 /. 

Ha plilc. Ia H 16 npHBe,lleHbl ,llHaroaanLHble KaTpH'IHble aneKeHTii 

H(+) ( 
S S k

1 
J/.) ,ll11fl COCTOHHHH C KB8HTOBbiMH qHCJI8MH S = { o 0 3 

H s = { 10 J ,ll1lfl 3H8'16HHJ.1 k = 0,2; 0,4; I; 5; IO. 

Ha pHc. 2a, 26 H 3a, 36 npe~cTaBneabl KaTpHQHble aneKeHTii 

Q ~;, ( k, ll.) H H :~>, ( k, R.) .ll1lfi nap cocroaaHA 

S=[oon=~ooJ, [oow]={~o} H [1o,]={zoJiil 

npH aaaqeHHHX k = 0,2; 0,4; I; 5; IO. 

3. ACHllllToTHKa KaTpH'IHbiX aneKeHTOB npa R- 0 H R-oo 

IlpH C<< 1 C fiOMO.LKl CT8H~8pTHOJ.1 CX6llli T60pHH BOSlly~e

HH~ IIOXHO nonylJHTL Allfl YKC<l> p83llOX6HHH no CT606Hflll Cz B BH

,lle/1/ 

~ (i;k K}= P.""(i)[!:!:!:J.. ce-.,..)f]~+ O(cz) 
........ ,.."' ) l ?., (e+l'l"')! • (13) 

6 

IlpH C >> J , HC00111>3Yli CX6MY 3T81IOHHOrO yp8BH6HHH/I~ IIOXHO 

nonyqHTL 8CHMOTOTHKY YKC<:> B 06118CTH z "'0 , BHe KOTOpOH 

YKCq> 3KCOOH6HUH811LHO M811No 

~ (Z.·k R)= CYvu11_(f2i)(1.+0(c-1 )), (I4) '-' ... ., ) ~ y. 

r,lle (..(} (x;) - HOPMHPOB8HHb16 B011H0Bble !IJYHKUHH ra pMOHHlJ6CKOrO 

OCUH1111fiTOp8. BOC0011L30B8BWHCL 8CHMOTOTHlJ6CKHM Bblp8Jt6HH6M ,ll11fi 

W83bl paCC6HHHH/5/ 

.D..._.,(k,R)= 6"e(k) + O(cz.) DPH c <<.:!' 

) ZA+Zt /} kR 1.. 6. ~., ( k, R = - I<' ti"H T +O(C-1)np.a c » , 

(!5) 

r.u.e 0e ( lc) - Ry JIOHoBcRaJJ cfaaa pacceJJHID! aa npaTJJr.aBaJOUteM 

noreaiJ;Rane c aaiJR.noM Z = 24 -r z1 , aeTpy,nno nony'IHTL 

8CHMDTOTRRY M8TPH'IHWC 8JI6M6HTOB npa fl. - 0 H R. - 00 

(npa ROH6'1HWC 'f > m H k j t = 'j- + I'YI) . 
Tipa R-+ 0 

H(+)(k K)= t(l+i) + kz.· ...,z. + J/O(c.Z) 
ss ' Rz. Z(:Lt-i.)(:Lt+3) ' 

~ ( I6a) 

(-) (k R) = _ k_ ~(S: -6": )[ ((-rmH)(f-l'>f+1)]~ L 

Qss' ' i! e. t+1 (U+1)(Zl+?.) + k-O(c), 

H<->(kR)= 
ss' 1 2.(l+1) Q'-'(k K) + k~O(c). 

R ss' 1 

IlpH R. __. 00 

H'+>(kK)== -fr..-cz'l-+1)- 3 oz.[Cz'f-+.\ ',~5"]+ k~O(c-3), 
ss ' ~ R 3Z,.. · 

7 



Q<-> (kK)=-.1..{ k('J-+1)1_~ k .Qf _3~) 
ss' 1 Z R J + ...._c • 

H~;,(k,R)= k·O~-;,(k,R) + kz.o (c-%). 
(166) 

llpHll6~6HH8H 8CHUTITOTHK8 cnpa:ae~HHB8 ~nH nap COCTOHHHH 

fc> = lks'> =lk<}WI) H lc')=lks'>=\k<j-11'>1), paam1-

'18DUIHXCH TOHbKO '16THOCTbD. Eonee 061!1He ~opuy~ uoryT 6~Tb no

ny'leHbl aaanorH'IHO. OTueTHU, 'ITO acaunTOTHKa H ~-:, ( lc, R) 

npa R-o H R-oo 

B B~pa~eHHH (l2B), 

onpeAenaeTCH TOHbKO BTOpNu cnara6UNU 

Ma acaunTOTH'16CKoro BHA8 H;;) (k, R) npH R-o 
(+)( ) 

BHAHO, 'ITO yqer AHaroaanoHoro uarpH'IHoro aneueaTa H ss k, £ 

npH qacneHHNX p8C'I6T8X B 8AH868TH'16CKOU 683HC6 B6CbU8 B8~eH 

AHH nony'I6HHH np8BH1lbHOR 8CHUTITOTHKH BOHHOBOH ~YHKUHH 38A8'1H 

rpex re n npH R <.< :1. • 

0TM6THM, qTO 8CHMTITOTHR8 p8CCM8TPHB86MHX M8TpH'IHHX 91l6-

M6HT0ll npa ~ - 00 co.n;epur .n;po6aNe crerreaPI R , 'ITO cyutec'l'

:aeaao OTHH'I86T 66 OT 8CHMTITO'l'HRH M8Tp~HHX 31l6M6HTOll, CBR3blll8D

mHX COCTOHHRR ,IJ;HCRp6THOrO CII6RTpa/6/ 38~'1H .n;BYX U6HTpO:B 1 RO

T0p8H co.n;epur HHJill> uenHe crerreHH R , H or 9RCIIOHeHUH8nbHO 

II8.1(810!Jl6~ 8CHMIITOTill{H M8Tp~JIHX 91l6M61lTOll, C:BH3blll8!illlHX COCTOHHRR 

.n;HCRp6THOrO H aenpepH:BHOro Cll6KTpoafiO/. 

4. 3 8 K 1l D q e H H 6 

B~qKC1l6HHbl6 B6AYUIH6 qneHbl U8TpH'1HbiX aneueHTOB, CBH3NB810-

UIHX COCTOHHHH aenpepNBHOrO Cll6KTp8, BUeCTe C U8TpH'IliNUH 31leUeH

T8UH1 CBH3biB8DUIHUH COCTOHHHH AHCKpeTHOrO Cll6KTpaf2( H U8TpHqHN

UH 9H6U6HT8UH, CBH3NB8D~HYH COCTOHHHH ~HCKp6THOrO H aenpepNBHO

ro cneKTpoa/3/ aaAaqH ABYX KynoaoBCKHX ~eHTpoa,npe~cTBBHHDT co-

8 

\ 

• 11 

60H llp8KTH'I6CKH TIORHN~ H860p a~eKTHBHUX llOTeHUHBHOll 38~8'1H 

rpex ren B a~aa6aTH'I6CKou npe~cTa:aneHHH. KaK noKaa~aae~ cne

UHBnoaoe HCCHeAOB8HH6/?~ OHH ll03llOHHDT H8XOAHTb 3H6prHD CBH3H 

Tp6X Ten C BNCOKOH TOqHQCTbD. 

BN'IHC1l6HHH H6CHHrynHpH~X '18CTeR U8TpH'IHNX aneU6HTOB 

. h 1 (Jc Jc 1 R.) H Q ss' ( k, k' fi?.) CllH3NB81Jii!HX COCTOHHHH s;s ) ) r ) 
Henpep~BHOrO cneKTpa, npeACT8BnHeT C060H OC06yBJ, H,TIO-BHAHUOUy, 

AOBORbHO CHO¥HJD BN'IHCRHTenbHJD aa~aqy, 

IlpH HeKorop~x KOU6HH8UHHX aaaqeaH~ k H R , npH KOTo

p~x PKC~ coan~avr c o~aoueaTpoao~ KynoHOBCKOM ~YHKUHe~ B c~e

POHABnoa~x KOOPAHH8T8X ( r, Z) H paanaraDTCSI B CXOAHllllt6CH pH

A~ DO KYHOHOBCKHU ~YHKUHHU/S,S,g/, 3T8 38Aaqa, nO-BHAHUOUy, UO-

~er 6NTb pemeaa. 

Ta6JIHUa I 

MaTpH'l:HH~ aJieMeHT (koo\H(+)\koo) IIPH pa3JIH'l:HHX k H R 

~ 0,4 I 2 5 

- - o,os266 0,34368 

o,II459 0,36459 

5, I - 0,0!920 0,07263 0,22432 

o,03II3 0 108I25 0,23I25 

IOI - O,OI8I5 0,04353 
o,0203I 0,04531 

I 5 1 
0,003288 ) o,or3?5 0,03049 
0 004536 ) o,OI45B o,03I25 
' 

20 I o,00320 0,0!088 
o,oo383 O,OII33 

a) BN'l:HCJieHo corJiacao aJiropHTMY pa6oTbl 131. 
6) Bbl'l:HCJieHo no acHMIITOTHtJ:ecKo~ ~OPMYJie (I66). 
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Taelmma 2 
MaTpH'lliH~ 3JieM8HT < ko o \ QC-) I k 1 o > npH pasJIH'I!HbiX k H R 

~ 0,4 I 2 5 

3 -0,38267 -0,64500 
-0,40825 -0,64550 

5 -O,I8370 -0,30895 -0,49988 
-0,2236I -0,3I623 -0,50000 

IO -O,I4800 -0,22252 
-O,I58II -0,2236I 

-0,05714a) 
-0,08I656) 

-O,I2534 
-O,I29IO 

-O,I82I9 
-O,I8257 

I5 

20 -0,05482 -0,!0992 -O,I5794 
-0,070?1 -O,III80 -O,I58II 

a) BH~Hc~eao cor~acao ~ropHTMY pa6oTH 131. 
6) BH~~eao no acHMITTOTH~ecRo~ ~OPMY~e (I66). 

Ta6mu.la 3 
MaTpH~HH~ s~eMeHT < k o o I H c-> I k 1 o > npH pas~l'I~HbiX k H R • 

~ 0,4 I 

3 

5 -0,24300 
-0,22361 

IO -O,I6055 
-O,I58II 

I5 -0,04440a) -O,I2862 
-0,03266 6) -O,I2910 

20 1 -0,03534 
-0,02828 

-O,II09I 
-O,III80 

2 

-0,784I7 
-0,8I650 

-0,6II89 
-0,63246 

-0,43774 
-0,44721 

-0,35967 
-0,365I5 

-0,3I257 
-0,31623 

5 

-3,II577 
-3,22749 

-2,44893 
2,50000 

a) B~Hc~eao cor~acao ~opHTMY pa6oTH 131. 
6) B~Hc~eao no acRMITTOTH~ecRoH ~PMY~e (166). 

10 

• 

a 

< k 00 I H (-t)l k 00 > 

k=0.2(x10 3 ) 

~ 
0.5 

k= 0.4 (x 10 2) -
k=1.(x10) -

oil L~ 1 1 1 F ~ 
5 10 15 

0.15 
. < k 10 I H(+ll k 10 > 

0.10 

0.05 

R 
0 5 10 15. 20 

PHc. I.MaTPHqHHe sneMeHTH. 

H~+: (k,l)-= < k oo I H(+l I k oo> (a) 
H 

H~:>(k,ll)=<kio/H(+ljk:io> (0) 

A1IH COCTOHHHI I c.> = I k s > = I let}~> 
npH aaaqeaKHX HMnynDca k = 0,2; 0,4; I; 5; 10. 

II 

20 

0 



0 5 10 15 20 R 
k=1.(><10-1 ) -
k=0.2 

k=5.(><10-1 l 

k=0.4 

<k 00 IQ1- 1Ik10> 

a 

r, 5 10 15 20 R 
Oi T\ I I I •• 

k=0.4 

<k10 IQH lk20> 

(j 

PHc. 2.MaTPM'IHHe 3neueHTH. 
a<~:. (k, ~1 = < k ~M 1 a<-) 1 k 1·~ > 

H CliH3Hll81liiiH8 COCTOHHHH lG>: ilc')-~> H \c')= ik'}·d~) 
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