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1. BBE,QEHHE 

HeAaBHO B pa6oTax 11•21 6bl!lO npeA!lO>KeHo ycosepweHCTBosa-
H~e ~aseCTH~x MeTOAOB nocTa ~ Xonna Ail~ onpeAeneH~~ H~>KHeA 
rpaH~4bl 3Hepr~~ C~CTeMbl N ¢epM~OHOB. nony4eHHble TaM op~r~
Ha!l bH~e ypa BHeH~~ 6bl!l~ peUJeHbl np~6!l~>KeHHbiM~ MeTOAal~~, KOTO
p~e He scerAa np~MeH~Mbl. B HacT0~1J1eA pa6oTe HaAAeHo T04HOe 
peweH~e 3T~X ypaBHeH~A, 4TO n03BO!l~!lO Bbi~B~Tb OW~6K~, AOny-
1J1eHHble B / 1/ . 

2. ~1ETOA xonnA 
4T06bl 04eH~T b CH~3y 3Hep r~10 c~cTeMbl N ¢epM~OHOB MOA~<I>~-

4~POBaHHbiM MeTOAOM Xonna, HY>KHO pew~Tb ypasHeH~e / 1 / 

/1/ 

c rpaH~4H~M ycnos~eM 

1/J(O)~O. 
2 

3AeCb h(p)=--
2
fl;;-t1+fv(p) ; /l=rn·A,rn- Macca 4aCT~Liblj A-

4~cneHHbiA MHO>K~Te!lb, 3aB~C~U1~A OT onpeAe!leH~~ OTHOC~Te!lbH~X 
KOOPA~HaT p (3AeCb OH paBeH 2/3.) j V - ABYX4aCT~4HOe B3a~MO
AeACTB~ej ~ - HeonpeAeileHHbiA MHO>K~Te!lb, KOTOpbiA HaXOA~TC~ 
B KOHe4HOM C4eTe ~3 rpaH~4HOro ycnos~~ . H~>KH~~ rpaH~4a no
Ily4aeTc~ cyMM~posaH~eM N-1 H~>KaAw~x ypoBHeA 3Hepr~~ £ i . 

,lln~ peWeH~~ HeOAHOPOAHOrO ypaBHeH~~ /1/ ecTeCTBeHHO np~
MeH~Tb MeTOA ¢yHK4~A rp~Ha. PacCMOTP~M CHa4a!la OAHOMepHyiO 
aaAa4y: 

[h(x)-dl/l(x)= Q(x). 
/2/ 

06111ee peweH~e 3Toro HeOAHOPOAHoro A~<l><l>epeH4~a!lbHoro ypaaHe
H~~ aToporo nop~AKa aan~cblaaeTc~ a B~Ae 

1/J(x)=a{/>
1 

(x)+a 2¢ 2(x)+f(x), 

rAe f( x) - ero 4aCTHOe peweH~e. <l>yHK4~~ ¢ 1(x) 1o1 ¢ 2(x) cyTb 
Illo1HeAHo-He3aBio1Cio1Mble peweHio1R OAHOPOAHOro ypaBHeHI-1~ 

[h(x) -d ¢ (x) .. O. 

H3 Hlo1X KOHCTpylo1pyeTC~ <I>YHK41o1~ rplo1Ha / 3 / 3TOrO ypaaHeHI-1~: 

I ¢1 (x)¢ 2(x') 
G(x,x ' ) .. 

¢ (x)¢ (x ') 
2 1 

npl-1 x > x ', 

x < x ' . 
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C ee naMa~b~ yme H€TPYAHa nany4HTb 4aCTHae peweHHe HeaAHa
paAHara ypaeHeHHH /2/: 

OQ 

f(x) = f G(x,x ') .Q(x ') dx'. 

Ka3¢¢H4H€HTbl a1 H a2 HaXaAHTCH H3 rpaHH4HbiX ycnaBHH H HapMH
paBKH. 

PeWI1M AnH 11nn~cTpa41111 3aAa4y N Ten c ac411nnHTapHt:.IM 
B3ai1MaAeHCTBHeM: 

h2 d2 N 2 
(---+-yx -d t/J( x)~f3·o(x). 

2Jl dx2 2 131 

ni1HeHHa-He3aBI1C11MbiMH peweHHHMI1 caaTB€TCTBy~~era aAHapaA
Hara ypaBH€HHH HBnH~TCH xapawa H3B€CTHble 4eTHble H He4eTHbl€ 
aC411nllHTapHbl€ ¢YHK4HH: 

~2 y2 c2 1 
"" = e F (l=.L ...!_. c 2 ) "" ~c. e ~ • 2F ( 3-e 2._ . c 2 ) 
'~-'1 4 • 2 • s . '~-'2 s 4 . 2 . s . 

3AeCb F- BbtpamAeHHaH rl1nepreaMeTpl14ecKaH 
JlYN \4 

¢yHK4HH, c;~(T) •X , 

h2yN 'h t 
c = ( ) ·e ~e • w/2. 06~ee peweHI1e ypaeHeHHH /3/ eCTb 

4J1 

t/J(x) = a
1
¢

1 
(x)+a

2
¢

2
(x) + ,BG(x,O), 

rAe ~ 0 
G (x,O) = 

¢ (x) 
2 

npl1 X> 0, 

npl1 X< 0. 

113 rpaHI14Hara ycJlaBI1H t/J(O)~O CJl€AYeT, 4Ta a 1 =0. 4Ta6bt 
BaJlHaBaH ¢YHK4HH a6palJ1aJlaCb B HYJlb np11 X -> ± oo, HymHa na
Jlami1Tb (3-e)/4=-n, 4eM anpeAenHeTCH 3HepreTI14eCK11H cneKTp: 

f=(4n+3).flw/2=[(2n+1)+.Llhw=(k+.1..)1'lw, k ~1,3,5, .. /4/ 
2 2 

KaK BI1AHa, 3Ta Ta 4aCTb CneKTpa, KaTapaH caaTBeTCTByeT He-
4eTHbiM CaCTaHHI1HM a6bi4Hara aC41111JlHTapa, B CI1Jly CI1MMeTpi1H 
raMHnbTaHI1aHa aTHaCI1TeJlbHa 11HBepCI1H BaJlHaBaH ¢YHK411H, a4e
BI1AHa, AallmHa 6b1Tb 4€THaH n116a He4eTHaH 

tjJ ( -x) = ± tjJ (x) . 
0TC~Aa CJleAyeT, 4Ta {3 MameT npi1HHMaTb ABa 3Ha4eHI1H: 

2 

1 I ,8= 0, KarAa aanHaeaH ¢YHK~I1H He4eTHa: tjJ (x) = a2¢ 2 (x); 

2/f3=-2a 2.KarAa eanHaBaH ¢YHK411H 

~ a2¢ 2(x) np11 
4eTHa: t/J ( x) = ~ -a

2
¢ 

2
(x) np11 

X> 0, 

X< 0, 

Ka3¢¢H~~€HT a 2 anpeAenHeTCH ycnaeHeM HOPMHpaBKH 

2a 2 f ¢~(x)dx=l. 
2o "' 

TaKHM a6pa3aM, Mbt HawnH, 4Ta cneKTP ca6cTBeHHbiX 3Ha4eHHH 
ypaBHeHHH /3/ CaCTaHT 113 ypaBHeH, caaTBeTCTBY~~HX ne4eTHbiM 
cacTaRHHHM a6bi4Hara rapMOHH4€CKara OC4Hnmnapa, npH4eM K-am
AbiH ypaaeH b ABaliiAbl BblpamAeH. 

MaHHHHr /11 np~o-~wen K TaKaMy me BbtBaAY caeepweHHa HHa4e. 
He4eTHble BanHaBble ¢YHK~HH /BMeCTe C caaTB€TCTBY~HMH ypae
HHMH 3HeprHH/ aH nany4Hn, eCT€CTBeHHa, KaK peWeHHH ypaeHeHHfl 
/3/ np11 /3= 0 . Lha6t:.t anpeAen~o-~Tt:. era ca6cTBeHHble 3Ha4eHHH np11 
{3 f, 0, HymHa 6blna HaHTH KapHH ypaBH€HHH 

l I¢ 2n (0)!
2 ~ ~ J2n-1)!2_ , __ 1 __ = 0 

n=O e 2n-e n~o (2n)!! 4n+1-e ' 

rAe ¢ 2n - 4eTHble aC4HnnHTapHble ¢YHK4HH. PHA 3TaT, XaTH 
H MeAneHHa, Ha CXaAHTCH H MameT 6b1Tb npacyMMHpaBaH Ta4Ha. 
.QnH KOpHeH ypaBH€HHH n~ny4aeTCH BbtpameHHe 

e i = 4 i +3, 

4Ta caenaAaeT c /4/. Pe3yJlt:.TaTbt pac4eTa Hl1mHei1 rpaHI14bl pa3-
Jli14HbiMI1 MeTaAaMI1 naKa3aHbl B / 11 B BHAe rpa¢11KaB . .QnH nanHaTbl 
KapTHHbl aHH npi1BeAeHbl 3A€Cb B Ta6n. 1. 

B c11y4ae TpexMepHara ac4111111HTapa 

(- JL l'l + _!':! y r 2 - f) tjJ cr ) = ,8 0 cr) 
2J1 2 /51 

ani1CaHHaH npa4eAypa yme He pa6aTaeT, T.K. np~o-~XaAHTCH 11M€Tb 
AeJla C pacxaAH~I1MCH PHAaM 

:; (2n+1)!! 1 
0 ~ . - !61 

n= 0 (2n) ! ! 4 n + 3 - e - · 

PeWHM 3Ty me 3aAa4y MeTOAaM ¢yHK4HH rpHHa, XaTH B CJly4ae 
aC4H11JlRTapa Ba3MOmHa 11 6anee npacTae H HarllHAHae peweHI1e 
/CM. npHJlameHHe/ . .QnH ¢yHK4HH rp11Ha TpeXMepHara ypaBHeHHH 
WpeAHHrepa cnpaBeAnHBa 131 caaTHaWeHHe 

... ... 2 1 ... ..., 
G(r,r') =- 2_ }; -- G e(r,r')Yr (L)Y

0 
(.!-). 

f12 f,m r•r' E m r tm r' 

3AeCb y fm - c¢epH4eCKHe ¢YHK411H' G Ef - ¢yHK411R rpi1Ha pa
AHaJlt:.Hara ypaeHeHHH WpeAHHrepa: 

[ d
2
2 

- f<f+
2

1) -f 2 + 2E]R(f),..O, f~( JlW )'h. .r E=-c- w=( Ny )~ 
df f h ' hw ' J1 

Aea era JlHHeHHa-He3aBI1CHMbiX peweHHH cyTb 
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~2 

R 1(0=~f+l • e -2 .F( 3/ 2+ f -E 
2 

3 '2+ y ;~2), 

.:..e 
R2 (0=~ • e -~ F( 112- e -E _1_ e;~ 2 ). 

• 2 ' 2 

0TCIO,Qa 

1 
GEtr,r')=- 2e+1 

~ R2(~)Rl (~' ) 

~ Rl(~)R2(~ ') 
np~-t f> ~'' 

npl-1 t < ~'' 

YacTHOe peweHI-1e Heo.qHopo.qHoro ypasHeH~-tfl /5/: 

f(r)=-f3~ ll..yn (8,¢)JJJ-+G p(r,r')8(t').r' 2dr'Y*p (O',¢')dn'= 
h2 f ,m r em r E m 

= _ L. ~ . ..!. j -1- G (r,r')o(r')dr'. 
2 rr fi2 r 0 r' E 0 

Ta6n~-t~a 1 

To4Hafl 3Hepri-1R O.QHOMepHo~ CI-1CTeMbl N ¢epM~-tOHOB c OCQ~-tllllfi

TOPHbiM B3a~-tMO,Qe~CTBI-1eM 1-1 ee HI-1~HI-1e rpaHI-14~, 8~41-iCJleHHble 

ycoaepweHCTBOBaHH~M /Y/ 1-1 npocT~M 1 5 1 Mero.qaM~-t Xonna, MeTO.QOM 
nocTa I S; a Ta~e ycosepweHCTBOBaHHbiM 1-1 npOCTbiM / 7/ MeTO,QaM~-t 
Kappa-nocra. 3Hepr~-tl-1 .qaHbl a e.q1-1H1-14ax (fl2yN I 2m)lh. 

2 3 4 5 6 7 8 9 10 

TolUI. 3 8 15 24 35 48 63 80 99 

)(XOJIJI 2,60 5,20 II,26 17,32 26,85 36,37 49,36 62,35 78,81 

Xo.M 0,87 3,46 7,79 13,86 21,65 31,18 42,44 55,43 70,15 

I!OC'l' 3 6 9 12 15 18 21 24 Z7 

Y. Kap~ 3 
IIoc'l' 5,a> 10,61 15,81 24,01 32,08 43,09 54 6?,83 

Kap~ I 
IIoc'l' 

4 

3,46 ? ,35 12,65 19,36 27,50 37,04 4B 60,37 

O~ee peweH~-te: 

-> R1(~) R2(~ f3 /.l2w 
r/l(r)=a-c-Yn (8,¢)+--c[b-Y"" (8,1;>)+ -·---8

0 
j, nO. 

c, rm s rm 2 77 fl3 r,O 

Tpe6osaH~-te ""(.0) =0 .qaer: b=O • f3 =fJ • e ~ 0 . 
113 ycnoBI-'!fl v ( r ) ... 0 np~-t r _."" Haxo.QI-'!M co6.crseHHble 3Ha4eH~-tB: 

~~2n+f+~ r~o. 
TaK~M o6pa3oM, ~-tCKOM~~~neKT~ yposHe~ cosna.qaer co cneKT

poM o6bl"fr!Oro TpexMepHoro oc~~-tllD>ITOpa, ~3 KOToporo s~6poweHbl 
BCe S -ypOBHH. 3TOT pe3yJlbTaT OTJll-14aeTCfl OT pe3yJlbTaTa pafio
Tbl / 1!, r.qe C4MTaeTCfl, 4TO S -ypOBHI-1 Ha,QO C,QBvtHYTb BBepx -Ha 
dic<J, a He onycKaTb. no-s~-t.qi-1MOMy, raM 6bllla AO!lYtlleHa ow1-16Ka 

np1-1 o6patlleH~-tH c pacxO.Qfltll~-tMCfl pfiAOM /6/. 0 CTeneH~-t yny4weH~-tfl 
Hl-t~He~ rpaH~-t~~ 3Hepr~-tl-1 CI-1CTeMbl MO~HO CY.QI-1Tb no Ta6Jl. 2. 

Ellie o.q1-1H np~-tMep - rpexMepHaR c~-tcre.Ma N ren, CBH3aHHbiX 
rpcBHTa~~-tOHHbiMI-1 C~-tJlaMH: 

(- _!C :';- B. . .E..- dr/1 (f)= f3 8 cf). 
2/.l 2 r 171 

3.qeCb MO~HO BOCnOJlb30BaTbCfl rOTOBbiMI-1 pe3yJlbTaTaMI-1. 4JyHK~I-1fl 
rpli1Ha pa.ql-1aJlbHO.rO ypaaHeHI-1fl Wpe.qV1Hrepa 

[ ct2 fU+ 1) 2 u N a 
7Y- --2- + --=·(-·- + £)1 R (r)=O 
dr r tJ2 2 r 

. / 4 / 
Bblpa~aercr~ 1 3 1 1.1epe3 ¢YHK~~-tl0 YI-1TTeKepa W (~ H raMMa-K,v 
<llYHKQI-110: 

-> u 1 
G(r , O)=-J::._·-f'(1-K)•W {-0, 

2rrlf r " ·..1... 
r .qe ~ = 2 ( -2 /.l ( I ~ 2 ) lh • r , K = aN Jc -8 f r1 : 1 /.l) lh , v = f + -} . 1-13 
.QBYX ero Jli-1Hei-1HO-He3aBI-1CHMbiX peweHI-11-1 TOJlbKO O.qHO ~-tMeeT Hy~

HOe HaM nose.qeHI-1e s Hyne: 

R/r)=e-<f/2 .~ f+l .FU-K+1,2 E +2;~). 
06tllee peweHI-1e Heo.qHopo.qHoro ypa~HeH~-tfl /7/ HMeer B~-t.q: 

,',(->r) -aRl(r) y (8A·)+ f3 I -=-~a;-- " WK , v(~) 
y - -y-- fm o'o-' ;- \ tJ4 •U e,O -7---

YTOfibl Bbmomumocb ycJlOB'1e 1,'1(0)=0, HY~HO nono~~-tTb a=O np~-t f:O, 
a TaK~ef3=0, T.K. \VK lli!.(~/~-ln~ npl-1 ~ ... 0. np~-t r -ooc BOJlHOBafl 
¢YHK41-1!'! y(r) _.o, ecn1-1 ' TOJlbKO 112H - K= - n . 3ro paseHCTBO onpe
.qenfleT 3HepreTM4eCKI-1~ cneKTP CI-ICTeM~: 

1 /.l N 2a2 
f e =- ---( ). e ~ o. 

n (n + e + 1) 2 8h 2 
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6 

N 

tO 
:::r 
:s: 
c; 

10 
tO 

1-

~ 1i!~ 
l: :.: ,---.. 
a> ro E 
:s: 1- C\1 
CD '-. 
1- tO z 
)~ ......... ... >-.. 
a>"' "' ct ' t:, 
0 tO 
l: 1-
:s: u 
tO 0 
l'lC 
CD 

X 
tO 
:::r 
:s: 
I 

l: :s: 
l: 0 C{ :;; g: Q) 

I 1- CD 
a. Q) 
0 l: :;; 
~ I c; ~ tO 
c; · tO C{ 

:s: ~ :s: 
:::r 0 :s: 
U XL 
0 a. 
u :s: Q) 

l: I 
CD tO (T') 
0 C{ 
I 0 
0 1- tO 
:s: Q) 1-
l: l: u 
a. 0 
Q) ' c 
B- u> I 

' tO z l: a. 
:;; a. 

:;; 1- tO 
l: u ::.:: 
Q) 0 
1- a. 
u c 
:s: 

:s: 
l: 
tO 

u :s: C{ 
0 
1-
Q) 
l: 

>:S:" 
0>. 
I'-. 
a. 
Q) l: ' 
l: ::l5 ,_ 
X I '
QJ I l: 
a. tO ::l5 
1- CD 1-

0 u 
:S: CD 0 
:s: 1- a. 
L U C 
a.J: 
Q) Q) :s: 
I 3 
(') a. l: 

Q) ::l5 
::l5 CD I 
::r 0 I 
:s: u tO 
I >, CD 
tO 0 
a. Q) CD 
L ::l5 I-

I U 
Q) I J: 
:s: tO Q) 
I 1- 3 
:IE :s: a. 
:s: :r Q) 
:I: U CD 

u 0 
tO u 
a.>, 

N 
H 

H 
H 

0 
H 

Ol 

(X) 

1:'-

tO 

LO 

"<t' 

C") 

N 

ffi ... 
tO 
tO 

Ol 
(X) ... 
~ 

0 
H . 
td 
0 

"' .. "' "<t' 

w 
t--jLO 
Ol• LO 
LO 

~ .. ,0 
H LO 
LO 

0 
Ol 

.. , LO 
LO "<t' 
"<t' 

"<t' 
(X) .. ,0 
Ol "<t' 
C") 

N !:'-"<t'ICX) .. ""I LO 1:'- C") C") 
C") C") 

(X) 
H .. 
H 
C") 

H 
H .. 
~ 

LO 
0 ... 
Ol 
H 

Ol 
Ol .. 
N 
H 

tO 
tO .. 
(X) 

C") 
C") .. 
"<t' 

H 
1:'-.. ,0 
~ C") 

LO WILD .. N 
H 
N 

Ol 
LO 

"'10 LO N 
H 

~ ... I LO 
H H 
H 

C") 

OliO .. H 
tO 

0 
tO .. I LO 
N 

!I~ 
t>. 

E-t 
0 
0 

t::::: -

t'
CX) . 
tO 
LO 

(Y) 
"<t' . 
0 
LO 

(X) 
Ol .. 
(Y) 
"<t' 

0 
LO .. 
t'
C") 

0 
LO .. 
N 
(Y) 

0 
LO .. 
1:'
N 

tO 
~ .. 
N 
C\J 

Ol 
(Y) . 
1:'
H 

~ .. 
N 
H 

tO 
tO .. 
(X) 

LO 

b. e-o 
0.0 
~g 
......... 
» 

w 
Ol .. 
0 
LO 

~ .. 
~ 

0 
LO .. 
Ol 
(Y) 

0 
LO .. 
~ 
(Y) 

~ .. 
Ol 
N 

~ 
~ .. 
~ 

w 
(Y) . 
Ol 
H 

~ .. 
~ 
H 

H 
tO .. 
0 
H 

~ .. 
tO 

(Y) 

b. e-o 
0.0 
~g 

KaK B~AHO, oH coenaAaeT co cneKTPOM o6~4HO~ KynoHOBCKO~ 
3aAa4~, B KOTOPOM onyl!leH~ BCe S -ypOBH~. 3TOT pe3ynbTaT 
OnHTb-TaK~ OTn~4aeTCH OT pe3ynbTaTa pa60T~ / 1/, TaM TO>Ke 
cneKTP COCTO~T ~3 ypOBHe~ 06~4HO~ KynOHOBCKO~ 3aAa4~, HO 
yTBeP>KAaeTCH, 4TO BMeCTO S -ypOBHe~ HaAO nOACTaBnHTb KOpH~ 
ypaeHeH~H 

I R nO (0)12 = 0 ' 

£ nO - e 
~ !81 n=O 

rAe Rno (r) - paAHan bH~e KynoHOBCK~e ¢YHK4~~ s -cocTOHH~~. 
3AeCb OW~6Ka npO~CXOA~T, no-B~A~MOMy, OTTOrO, , 4TO B ypae
HeH~~ /8/ K CYMMe no A~CKpeTH~M COCTOHH~HM He 6~n A06aeneH 
~HTerpan no Henpep~BHOMY cneKTpy. A 3TO Heo6xoA~Mo, T.K. 
KynOHOBCK~e BOnHOBbte ¢yHK4HH A~CKpeTH~X COCTOHH~~ He o6pa-
3ytOT nonHo~ c~cTeMbt. Pe3ynbTaT~ pac4eTOB npHBeAeHbt B Ta6n.3. 

3. METOA KAPPA H nOCTA 

3TOT MeTOA fibtn yny4WeH B pafioTe/ 21 , 4T06bt onpeAen~Tb 
C ero nOMOl!lbiO H~lKHIOIO rpaH~4Y 3Hepr~~. HylKHO peW~Tb eap~a-
4~0HHYIO 3aAa4y 

o( <.P iJ<i.P > - &<r/l l r/J > )=o. 

rAe N ... N f1 2 N -+ 
}{ = ~ h(p . )=~I- -

2
- t-. 1 + -

2 
v(p . ) l. p. = m (N-1) / N , 

i=i! I i"'2 /l I 

m - Macca 4aCT~4bl' Pi =fi- rl 'ri - KOOPA~HaTa 4aCT~4~ i ' 
rp ('p2 , p 3, ... , pN)- npo6HaH BOnHOBaH ¢YHK4~H, aHT~C~MMeTp~4HaH 
OTHOC~TenbHO nepeCTaHOBK~ CBO~X KOOPA~HaTpi , <'1; - ~CKOMaH 
3Hepr~H, KOTopaH ~rpaeT 3AeCb ponb HeonpeAeneHHoro MHO>K~TenH 
flarpaH>Ka, no3eonHIOlllero y4eCTb np~-1 eapb~poeaH~H ycnoe1-1e HOp
M~poeK~ <r/1 I r/1 > = 1. 

B pa6oTe12 1 6btno npeAnO>KeHo nOA4HH~Tb npo6HytO ¢YHK4~10 
e111e OAHOMY ycnoe~10: 

r/J(p2 ... . ,pi~ 0, .. .. ~)=0, i"'2,3, ... ,N. 

0HO ecTeCTBeHHO Anfl BOnHOBO~ ¢YHK4HH, OnHC~BaiOllle~ ¢epMHOHHYIO 
cHcTeMy, 1-160 paeeHCTBO p. =0 03Ha4aeT, 4TO KOOPAHHaT~ 4ac-

I 
Tl-14 i 1-1 1 coenaAatOT. Ero YA06Ho npeACTaB~Tb KaK ycnoeHe 
OpTOrOHanbHOCTI-1 rp C 0 -¢yHK4He~: 

! "(-+ -+ -+ -+ 
u pi ).rp(p2 , .. . ,pN)dpi =O , i=2,3 , .. . , N. /9/ 
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s ::[ s 
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s ~ Q) 
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CneAyeT aaMennb, 4TO Ha caMOM Aene Mbl I-1MeeM 3AeCb 4e11blei 
KOHTI-1HYYM ycnoa1-1Ci, T. K. 191 A01l>KHO ablnOJlH~TbC~, ecTeCTaeHHO, 
np~-1 11106b1X 3Ha4eHI-1AX acex ocTallbHbiX KOOPA1-1HaT Pk (k~ i) . Cne
AoaaTellbHO, 4T06bl y4eCTb 191 np~-1 aapb!-1poaaHI-11-1, HaM noHaAo-
61-1TC~ TaK>Ke KOHTI-1HYYM MHO>KI-1TeJleei narpaH>Ka ~. T.e. OHI-1 6YAYT 
<tJyHK41-1AMI-1 nepeMeHHbiX pk (k~ i): 

~ = ~<r; ' ... ,pi-1 '~+1 '· · ··~ ). 

Bap1-1a41-1DHHaA aaAa4a a!-1AOI-13MeHAeTCA cneAYIO~I-1M o6paaoM: 
N 

o! < l/f i J<ii/1 > - 0 < 1/J I I/1 > -~ Jdf . . . fdp o(p~)·~<i , . . . ,p).I/Jrn--., ... ,p--.)1=0. 
i=2 2 N I 2 N ~ N 

B pe3yllbTaTe aapb!-1poaaHI-1~ nony4aeM ocHoaHoe ypaaHeHI-1e yco
aepweHcTaoaaHHoro MeTOAa Kappa 1-1 nocTa: 

N 

( 
}{ 6_;) (--+ --+ ~ --+ --+ --+ --+ --+ - ·1/J p2, ... ,p )=-O(p.)·~(p2 , ... ,p . 1'P. 1, .. . ,pN). 

N i=2 I 1- 1+ 
1101 

KaK era pewaTb? B TOM cny4ae, KDrAa ace KOOPAI-1HaTbl Pi 
OT1li-14Hbl OT HYllA, OHO caOAI-1TCA K 06b14HOMY ypaaHeHI-110 WpeAI-1H-

repa 
N 

i:2h(pi)I/J(p; , ... ,pN )=6_;1/J (p2 ' . .. ,p--;.). 

peweHI-1e KoToporo HaM xopowo i-13BecTHO: 

I/Ja(p2, .. . ,pr;;)=det¢ai (pi), 

h(pi )¢n(pi)=cn¢n(pi). 

N 
G_; z ~ ( 

a i= 2 a i I 11 I 

PaccMOTpi-1M Tenepb noaeAeHI-1e 1/Ja KaK <l>YHKI.\1-11-1 KaKoei-nl-160 
OAHOCi KOOPA1-1HaTbl, CKa>KeM,pk.HMeeM: 

1/1 (p--+ --+) I det(¢a2 (p2) ... ¢a (pk) ... ¢ (p )1 
a 2 •··• ,pN = k aN N 

0 

npl-1 p k-/< 0, 

np~-1 p k = 0. 

0TCIOAa ai-1AHD, 4TO AOJl>KHO ablnOJlHRTbC~ ycnoa1-1e cf>ak(O)~O, 4T06bl 
1/Ja 6blna HenpepblaHOH ¢YHK4l-1eH. TaKl-IM o6paaoM, nony4aeTCA, 

4TO ablpa>KeHl-le 

--+ --+ ( --+ --+ --+ 1 
l/la(p2, ... ,pN)=det <Pa (p2)¢a...(p3) .. . ¢a (pN) 

2 ~ N 
1121 

cnpaaeAfll-laO np~-1 acex 3Ha4eHl-1RX KOOPAl-1HaT P i(i =2,3, ..• ,N), npl-14eM 
11DAH04aCTl-14Hble11 aOJlHOable <tJyHK4l-1H cf>a. ADJl>KHbl o6pa~aTbCR a 

I 
HYJlb a Ha4aJle KOOPAHHaT. noACTaal-IM Tenepb 1121 a 1101 l-1 6y-
AeM C4l-1TaTb Pk npOl-13a01lbHbiM, a ace ocTallbHble KODPA1-1HaTbl 

OT11H4Hb1Ml-1 OT HyJl~: 
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[h (J) )- fa ]¢a (pk ).A 2 +[h(f/k) -fa ]¢a (/k)·Ak 3 + · ·· k Z 2 -11 , 3 3 , 

... +[h(p: }-faN ]¢ aN(pk)Ak ,N=B(p k)·/'l(r; , ... ,pk-l'pk+ l , ... ,pN ). 

3AeCb A k, i - anre6paY14ecKoe AOnonHeHY1e 3!leMeHTa <t>a
1 

(p_,~) Y13 
onpeAe!lY1Te!l.R /12/. 04eBY1AHO, 4TO B 3TOM paBeHCTBe {3 tp) 
MOmeT 6~Tb OT11Y14HO OT HY!l.R TO!lbKO B OAHOM C!ly4ae, KOrAa 

[ h(pk)- f a i ]¢a ! (pk )""cai8 (pk) /13/ 

Y1, KOHe4HO, Cal f 0. CneAOBaTe!lb HO, B Ka4eCTBe 110AH04aCTY14H~X 11 

$yHK~Y1~ MOmHO 6paTb He TO!lbKO peweHY1.R ypaBHeHY1.R /11/, HO 
TaKme 1-1 peweHY1.R HeOAHOPOAHOro ypaeHeHY1.R /13/. Bnpo4eM, YA06-
Hee 06"beA Y1 HY1Tb Y1X B OAHO ypaBHeHY1e, C4Y1Ta.R, 4TO Ca B /13/ 
MomeT npY1HY1MaTb n~6~e 3Ha4eHY1.R. 0 TOM, KaK ero pewaTb, roeo
PY11lOCb e npeAbiAYtlle~ rnaee. 

Pe3y!lbTaT~ paC4eTOB HY1mHeA rpaHY1~~ 3HeprY1Y1 OAHOMepHO~ 
Y1 TpexMepHO~ CY1CTeM N $epMY1 0HOB C OC~Y1111l.RTOPH~M B3aY1MOAe~
CTBY1eM, a TaKme TpeXMepHO~ CY1CTeMbl C 11 rpaBY1Ta~I10HHbiM11 

B3ai1MOAe~CTBI1eM npi1BeAeHbl B Ta6n. 1-3, rAe MOmHO cpaBHI1Tb 
MOA11$11~Y1poeaHH~~ 1-1 npocTo~ MeTOAbl Kappa 1-1 no eTa MemAY co6o~, 
a TaKme c MeTOAaMI1 Xonna . 

4. 3AKJJ104EHHE 

PacCMOTpeHbl ABa yny4weHHbiX MeTOAa o~eHKI1 Hl1mHe~ rpaHI1~~ 
3Heprl111 OCHOBHoro cocTO.RHY1.R N $epMY10HOB, AaH B~BOA opl1ri1-

Ha!lbHbiX ypaBHeHI1 ~, KOTOp~e peWeHbl T0 4HO MeTOAOM $yHK~11~ 
rp i1 Ha . npoBeAeHbl Y1 111l~CTpaT Y1BHble pac4eTbl , B cny4ae OAHOMepHo
ro rapMO HY1 4ecKoro o c~Y1 1l!l.R Topa eocnpO Y1 3BOA.RTC.R npemH Y~ e peayn b
TaTbl / 1 , 2 / , 0AHaKO A/1 .R TpeXMe pHOrO r ap MOHY1 4eC KO rO OC J.4 Y1 1l!l.R 
TOpa 11 11 rpa B Y1 T a ~Y10HHOr011 B3aY1MOAe~CTBI1.R O~e H K Y1 O T!l Y14a~TC.R 
OT no!ly 4eH H~X B l 1l. 8 CB.R 3Y1 C 3TY1M y Ka3a HO Ha B03MOmHble 
OWY16KY1, AOnytlleHH~e e 1 11. 

B 3aKn~4eHY1e aeTop C4Y1TaeT CBOY1M npY~.RTHbi M AOn roM no6naro
AaPHTb H.H.M11xa~noea 1-1 ~.A.rapeeea aa nnoAOTBOPHble AHCKyccHH. 

nPHJIOlKEHHE 

3anY1WeM ypaBHeHHe /5/ B AeKapTOBbiX KOOPAHHaTaX: 

{- .1!.:.(}
2
2+ a

2
2 + a

2
2)+ ~2-y(X 2+y 2+z2)-f Jtjf(x,y,Z)=f38(x)8(y)8(z). 

2p. ax a y a z · 

0HO OAHOPOAHO nOBC~AY, KpOMe OAHO~ T04KY1 - Ha4ana KOOPAH-
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HaT. JTO 03Ha4aeT, 4TO era MOmHO paccMaTpHBaTb KaK 06~4HOe 
ypaeHeHHe WpeA11Hrepa, peweHY1.R KOToporo nOA4Y1HeHbl HeKoTopoMy 
rpaHI14HOMY ycnoe11~ e 3To~ T04Ke. HMeeM: 

t/1 ( x ,y , z) =¢(x) ¢ (y)¢ (z), ( =f + ( + ( 
X Y Z 

[ fi 2 a2 
----- N 2 2p. a x2 + 2 y x - f x 1¢ (x)=0. 

4To6~ B~.RCHY1Tb PO!lb HeOAHOPOAH0CTI1, nOACTaBI1M 3TO peweHY1e 
B 11CXOAHOe ypaBHeHI1e Y1 npOI1HTerpY1pyeM no KaKo~-111160 KOOPAY1-
HaTe, HanpY1Mep no X, B 6ecKOHe4HO Mano~ 0KpeCTHOCTI1 HY!l.R. 

+0 +0 
liHTe rpan~ TY1na f ¢ ( x) dx Y1 TeM 6onee f x2 ¢ (x ) dx AOilmH~ 

-0 -0 
6b1Tb paBHbl Hy!l~- Y1Ha4e np11wnocb 6bl nonomY~Tb ¢ (x)- 8 (x) , 
4TO npOTY1BOpe4Y1T YC110BI1~ t/1 (0,0,0) =0. HHTerpY1poeaHY1e AaeT B KO
He4HOM C4eTe: 

- 2hl'-
2 

[¢ '(+0) - ¢ ' ( -0) ] ¢ (y)¢ (z) = f3 8(y ) 8 (z). 

Ecn~-1 ¢ '(+0)=¢'(-0),T.e. npOY13BOAHaR ¢ '(x) HenpepbiBHa np~-1 X=O, 
TOrAa aeToMaTI14eCKY1 {3 ~ 0 . Ecn11 me ¢ '(+0)=1 ¢' (-0), TO nony4aeT
C.R ¢ (y) ¢ (z)=COnSt. 8 (y) 8 (z), 4TO npOTI1BOpe411T YC110BI1~ t/1(0,0,0)=0. 
CneAOBaTe!lbHO, HY>KHO nonomY~T b f3 =0. 
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