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ByKaHnOBH4 ~.P .. TpycKoea H.~. P4 - 12795 

Anre6pa HenonH~X HHTerpanoe 3aAa4H ABYX ~eHTPOB 
KBaHTOBOH MeXaHHKH 

C nOMO~biO KOMMyTa~HOHH~X COOTHOWeHHH nony4eH~ peKyp
peHTH~e ~OpMyn~ H COOTHOWeHH~. KOTOp~e CB~3~BaiOT Me*AY C060H 
HHTerpan~ 3aAa4H ABYX ~eHTPOB KBaHTOBOH MeXaHHKH, HMe~He 
nepeMeHH~H HH*HHH npeAen. BcneACTBHe He3pMHTOBOCTH onepaTopos 
E H f e cooTBeTCTBYKJ~eM 3TOMy cny4aKJ cKan~pHOM npoH3ee

AeHHH e nony4eHH~e ~opMynbl BXOA~T npoH3BeAeHH~ co6cTBeHH~x 
~YHK~HH H HX npOH3BOAH~e. 

Pa6oTa e~nonHeHa e fla6opaTOPHH TeopeTH4eCKOH ~3HKH 
011R 11. 

npenpHHT 0151t8JlHH8HHOrO HHCTHTYT8 RJl8pHblX HCCn8JlOB8KHA, .Llyi5H8 1979 

Vukajlovich F.P., Truskova N.F. P4 - 12795 
Algebra of Incomplete Integrals of the Two-Centre 
Problem in Quantum Mechanics 

By means of commutation relations a number of formulae 
and recurrent relations are obtained. These connect two
centre integrals with variable low integration limit. Since 
in this case operators E and A are not Hermitian opera
tors with respect to corresponding scalar product, there 
are products of two-centre eigenfunctions and its derivati
ves in obtained formulae. 

The investigations has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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BBE,l\EHI1E 
/ 1 2/ B pa6oTax · 6~no noKa3aHo, 4TO 3aAa4y o ABH*eHHH 4ac-

TH~~ B none ABYX $HKCHpoBaHH~X KynOHOBCKHX ~eHTPOB /3aAa4y 
ABYX ~eHTpOB KBaHTOBOH MeXaHHKH/ MO*HO pewaTb KaK 3aAa4y 
TeOpHH B~PO*AeHH~X HeKaHOHH4eCKHX npeACTaeneHHH onpeAeneH
~X HeKOMnaKTH~X rpynn. npH 3TOM peweHH~ 3aAa4H ABYX ~eHT
poe MO*HO nocTaBHTb B COOTBeTCTBHe 6a3HCaM yKa3aHH~X npeA-
CTaBneHHH TaKHX rpynn. I 

0 ~ 6 3/ AHHM H3 cneACTBHH 3TOrO ~Bn~eTC~ nony4eHHa~ B pa OTe 
nHHeHHa~ anre6pa ABYX~eHTPOB~X HHTerpanoe, KOTopa~ npeA
CTaBn~eT co60H ~aKTH4eCKH anre6py MaTpH4H~X 3neMeHTOB B~-

6paHH~X HeKaHOHH4eCKHX npeACTaBneHHH paCCMaTpHBaeM~X rpynn. 
,l\aHHa~ pa6oTa ~en~eTc~ npoAOn*eHHeM H o6o6~eHHeM pa6o

T~ 1 31 • nony4eHH~e c noMo~bKJ KOMMyTa~HOHHbiX cooTHOWeHHH 
¢QpMyn~ H peKyppeHTH~e COOTHOWeHH~ CB~3~BaiOT Me*AY C060H 
ABYX~eHTPOB~e HHTerpan~ C nepeMeHH~M HH*HHM npeAenoM. 

Heo6XOAHMOCTb paccMoTpeHH~ TaKHX HHTerpanoe B03HHKaeT, 
HanpHMep, npH B~4HCneHHH MaTpH4H~X 3neMeHTOB KynOHOBCKOro 
OTTanKHBaHH~ 3neKTpOHOB B AByXaTOMH~X MOneKynax 141 . 

nony4eHH~e B pa6oTe COOTHOWeHH~ TaK*e ~Bn~IOTC~ cneACTBHeM 
rpynnoe~x CBOHCTB peWeHHH 3aAa4H ABYX ~eHTPOB. 

3A,l\A4A ,l\BYX UEHTPOB 

HanoMHHM, 4TO 3aAa4a o ABH*eHHH 4aCTH~~ e none ABYX ~HK
cHpoeaHH~x KynOHOBCKHX ~eHTPOB B C~epOHAanbHOH CHCTeMe Ko
OPAHHaT CBOAHTC~ K HaXO*AeHHIO C06CTBeHH~X 3Ha4eHHH H orpa
HH4eHH~X C06CTBeHH~X ~YHK~HH CHCTe~ ypaBHeHHH /S,S/ 

2 2 
2 a a R EJ ...2 m2 

11 1 
[(e -1)::;-nr+2e"7"+-

2 
-(~ -l)+ae+Aj- --]ll .(e:R)=O, a 

a~ a~ e2-1 J 

3 . 



2 2 
2 a a R E 1 2 2 

[(1-71 )--271-+-(1-71 )+b77-A·- _m_] 
a112 a11 2 J 1 -772 E J(77;R)..0,/16/ 

a2 2 [a:5":r + m ] W. (a)-0, 
a J 

/16/ 
ITI/1;R)I <"", I TI/"";R)I < oo , IE/ ±1;R)I< "". 

3AeCb a -R(Z1+Z2) , bxR(Z2-z1 ); z1, z2- aapRA~ Ky-
nOHOBCKHX ~eHTpoe; R - paccToRHHe Me>KAY aapRAaMH; AJ -
KOHCTaHTa paaAeneHHR. CHCTeMa eAHHH~: 0 • me • e "'1. 

B cny4ae AHCKpeTHOro cneKTpa (E j < 0) peweHHRMH CHCTeMbl 
ypaBHeHH~ /1/ RBnRIOTCR OpToroHanbH~e Me>KAY C06o~ $YHK~HH 16 1 

ima -
'1' 1 (cf.1'/.a;R)=Nj"llj(cf;R)Ej(TJ ;R)e ly2TT, /2/ 

COOTBeTCTBYIOIJ4He C06CTBeHHbiM 3Ha4eHHRM A j,.,\ j(R), E j •Ej (R). 
j =N, L, m - Ha6op C$epH4eCKHX KBaHTOBbiX 4HCen, COOT8eT
CT8YIOII4H~ KBaHT08biM 4HCnaM 06beAHHeHHOro aTOMa C aapRAOM 
(Z 1+ Z 2) ; N j "'N j(R) - HOPMHP0804H~~ MHO>KHTenb, KOTOpbl~ 
06bJ4HO 8bi6HpaeTCR TaK, 4T06~ 

R3 oo +1 2TT 2 2 
gf dcffd77fda(( -71 )'l't(f..1'/ . a;R)'I'J(cf.1'/.a;R)-8

1
J 

1 -1 0 /3/ 

k2 
EcnH cneKTp Henpep~8H~~ (E j- r ~ 0 ) , peweHHRMH CHC-

TeM~ ypaBHeHH~ /1/ R8nRIOTCR $yHK~HH / 7 / 

ima -
'l'j (f,,TJ,a,k,R) - Nj •ll/f.,k;R) E /TJ,k;R)e ly2TT, /4/ 

COOTBeTCT8YIOIJ4He co6CTBeHHbiM 3Ha4eHHRM Aj ,.,\j(k,R). (Nj • 
-N 1(k,R), j =oL,m). 

$yHK~HH /4/ YAOBneT80pRIOT COOTHOWeHHRM 171 

Ra"'" +1 217 ..2 2 
g-f d(fdTJ fda(~ -71 )'l't(f..TJ,a,k;R)'I'j(f,,1'/,a,k';R)- /5/ 

1 -1 0 

,;. 81j 8(k-k'). 

• 

OnepaTop~, AHaroHanbH~e Ha cHcTeMax $yHK~H~ /2/ H /4/, 
HMeiOT cneAYIOIIIH~ BHA

16
·
8 1

: 

A 2 2 a2 a 1 a2 
E~- [(cf-1)~+2.f-+acf+~-]-

R2(cf2_772) a.f a.f f -1 aa2 

2 a2 a 1 a 2 
- [(1-71 ~- -2TJ- + b77+ -- --:;--2]. 

R 2 ( cf 2_71 2) a11 2 a 11 1 -71 2 a a 
!6! 

L 
. a --1-z aa . 171 

,\ 
(1-TJ 2) 2 a

2 
a 1 a

2 
~.:....-[((,- 1)- + 2cf-- +&cf+ -- --]+ 
(cf2_772 ) ae: 2 af, e-1 aa 2 

<e-1> 2 a
2 

a 1 a2 
+ -- [(1-71 )-- -271-- +h77+ -- ---J. 
(f.~~ a112 a11 1-TJ 2 a a 2 

/8/ 

rAAe E - onepaTop 3HeprHH; L z - qpoeK~HR yrno8oro MoMeHT a; 
A - onepaTOp, C06CTBeHHble 3Ha4eHHR KOTOporo pa8H~ KOHCTaHTe 

paaAeneHHR AJ 181
• 

MaTpH4H~e 3neMeHT~ KynoHoecKoro oTTanKH8aHHR 3neKTpoHoB 
B A8yXaTOMHbiX MOneKynax 14 1 , a TaK>Ke pa3nH4H~e MaTpH4Hble 
3neMeHT~ 8 aAHa6aTH4eCKOM 6a3HCe 8 3aAa4e Tpex Ten, 83aHMO-
AeHCT8YIOIIIHX no aaKOHY KynoHa 16 •9 1 , 8~pa>KaiOTCR 4epea A8yx-
~eHTpoe~e HHTerpan~ 8HAa 

f f "" f 
A (x):Ao(x)- I dcflli( nj. 

X 

f "" f 2 1-' 
A/x)- fd(TI 1 ( (f, -1) n1 , 

X 

A f A f OOO .£ a Af OO f 2 1-' a 
A (x) "'A o<x)- I d(lli~ a[ nj, Al-'(x)-! d(lli( (f. -1) ae n j' 

.,. "'" 0 191 
tf tf fa tf L 2 11-a 
A (x)= A 0 (x)-f d(TI1( -n1 • Al-'(x)- fd(TI 1( (cf -1) -a TIJ. 

aR x R X 

1Af "" f 2 11 a a 2 f 
00 

f 2 11 a2 
Al-'(x)-j d(TI 1( (cf -1) a[ aR n1• A11 (x)-Jdf.TI1cf(cf-1) aR2n 1. 



a TaK>Ke 4epes aHanont4Hble ~HTerpanbl no 1J c saMeHo.:i 
1 

A ... B, x ... y, Id~ ... Id7J, ~ ... TJ, n 1 ... S 1 • lli ... 2i. 
X y /10/ 

B BblpameH~Hx /9/ 

e .o,1,2,a, ...• " -~ 1 1 3 
- 2'2'2' .... ecn~ m=m'± 1, 

0. 1 • 2 ..... ecn~ m:::.:m', m'± 2, 

j = N • L • m ; i = N ', L ', m '. 

np~ 3TOM lli=lli(~;R). nj cll/~;R). EI-E1(7J;R), 

E J .. E i ( 1J ; R) - AJlH cny4aH A~cKpeTHoro cneKTpa; 

ll 1 • ll 1 (~. k ;R). IT i- IT/~· k' ;R). E 1 -E1 (TJ ,k;R), 

E i = EJ ( TJ. k '; R) - AJlH cny4aH HenpepbiBHoro cneKTpa. 

HHTerpanbl /9/, ~Me~~e nepeMeHHbiH H~mH~.:i npeAeJl 1~x< ... 
~ aHanor~4Hble ~HTerpanbl no 7J , ~Me~~~e nepeMeHHbl.:i H~mH~.:i 

npeAen -1 SY < + 1 , 6yAeM Ha3b1BaTb HenonHbiM~ ~HTerpanaM~ 
3aAa4~ ABYX ~eHTPOB, np~ X•+1, Y--1 COOTBeTCTBy~~e ¢op
MyJlbl ~ peKyppeHTHble COOTHOWeH~H MemAY ~HTerpaJlaM~ B~Aa /9/, 
~ aHanor~4HbiM~ ~HTerpanaM~ no 1J c saMeHo.:i /10/, nony4eHbl 
a pa6oTe /3/ . 

AnrE6PA HHTErPAnOB 

Bb1BeAeM npemAe ecero HeKoTopble acnoMoraTeJlbHble cooTHo
weH~H. PaccMOTP~M ~HTerpan 

6 

/11/ 
00 2 a A 

I(x)- Id(ll1 [-+(( -1)~cnil, 
x a., a., 

rAe C- C ( ~. R) - KaKo.:1-n~6o onepaTop A~¢¢epeH~~poeaH~H no 
( . R ~Jl~ yMHomeH~H Ha ¢YHK~~~ OT ~ ~ R . HHTerp~pyH 
BblpameH~e /11/ ABa pasa no 4aCTHM. nony4~M c y4eToM ypaa
HeH~.:i /1/ 

• 

.. a 2 aA .. a 2 a A 

I d~IT .[-(~ -1)- c n. l- I d~[-(~ -1)-n .len. + 
x 1 a~ a~ J x a~ a~ 1 

J 

2 A a A 

+(X -1) Ill'. (x)C(x,R)ll.(x)- ll.(x)[-a C(x,R) n .(x)]l. 
1 J 1 X J 

/12/ 

rAe 

ll~(x) -<aa~ IT 1 )~=x. IT 1(x) .. (ll 1 )~~x. lli(x)=(lli)~ .. x . 

np~ 3TOM onepaTOpbl A~¢¢epeH~~poBaH~H B KBaApaTHbiX CK06KaX 
Ae.:iCTBY~T TOJlbKO BHyTp~ COOTBeTCTBY~~X CK060K. 

BaeAeM cKanHpHoe npo~saeAeH~e (W1 .Wj)x cneAY~~~M o6pasoM: 

R3 oo +1 2rr 
( w. • W. ) - - I d ~ I d 1J I d a ( e -TJ 

2
) w~ w . 

1 J X 8 X -1 Q 1 J /13/ 

rAe 1 $ x < oo wr-Wt(~.7J;a;R ). Wi-Wi(~.TJ.a;R)-

- AJlH A~CKpeTHoro cneKTpa; W'!' -W.*(~.TJ. a, k;R), W ... 
1 1 J 

= W i (~. TJ, a .k ';R) - nnH Henpepbl BHO ro cneKTpa. 
np~ X = 1 onepaTOpbl /6-8/ H BJlH~TCH 3pM~TOBbiM~ onepaTO

paM~ a cKanHpHOM npo~sBeAeH~~ /13/. CneAoBaTeJlbHo, a 3ToM 
cny4ae ~MeeM 

2A ~ REA Rt; A 
(Wi • - -2-C Wi )1 .. (- -2- WI • CWJ) 1 • /14a/ 

A R2E A A R2E A 
(W 1• (A--

2
-)CWih=((A--

2
-)'l'1 ,CWj) 1 , /146/ 

(W 1 • Cz cwi ) 1 - (L zw 1 • cwi ) 1 • /14a/ 

rAe C=C (~.R) - HeKoTopbl.:i onepaTop. 
np~ 1~ X< oc ~CnOJlb3YH BblpameH~H /6/, /]/ ~ COOTHOWeH~e 

/12/, nony4aeM nocne HenocpeACTBeHHoro ~HTerp~poaaH~H 

7 



R2E A R2E A 

('Pi • - -2- C 'PJ \ ~ (- -2- 'Pi' C'PJ \ + 

R3 2 A a A 

+gNi N J (x -1)B0 (-1)1 II '1(x)C(x,R)IIJ (x)- II1(x)[Ji""C(x,R)ITJ (x))l, 1 15al 

A R2E A A R2 E A 

('Pi,(,\- -2-)C'Pj)x•((A -~)'Pi ,C'Pj )x + 

R3 2 2 A a A 11561 
+ -N. NJ(x -1)B ( -1)1 IT'1 (x) C(x,R) II. (x)- II .(x)[ -C (x,R) IT .(x)] !. 

8 I J I ax J 

np~-t 3TOM m,.m'. CooTHOW~HHfl ~151 f!BJlf!IOTCfl CileACTBHeM 

·He3pMHToaocTH onepaTopoa E , ,\ a cKamiPHOM npo~-taaeAeHHH 
I 1 31 AJlf! CJly 4af! ' Kor A a 1 < X < 00 • np~-t X -1 COOT HOWeHHR 

l15al-11561 nepeXOAfiT COOTBeTCTBeHHO B COOTHOWeHHfl l14al
l1461. 

PaccMOTPHM KOMMyTaTopbl 

2 A n-1 2 ( [-!L.!.,(n]~~[((2-1)(( ...L+t· n-1))+(n), 
2 ((~71 l a( 2 1161 

[A- R2E ,(n]. 2rl n [((2_1)((n-1_a_+ l-~n-1) )+(n ]. 
2 ce-77l . a( 2 1171 

3 2 2 
YMHOIKHM 1161-1171 Ha 'PtdO-'Pt +(( -71 )d(d77da 

H npOHHTerpHpyeM no ( B HHTepBaJle (x, oo), no 7l B HHTepBaJle 

[-1,+1] H no a B HHTepaaJle [0,2rr] • nollaraf! C(( ,R) .( 0 

H HCnOJ1b3Yfl Bblpa>KeHHfl 1151, nOI1Y4HM npH ill• m' 

R 2 n+2 
- y(E i -EJ) Ni N i (A (x) B0 (-1) -A 

0
(x) B 2(-1))- (x 2 -1)N iNJ B 0 (-1) x 

n-1 ~ n 
x lnx rr .(x)IT.(x)-x u:(x)II.(x) +X rr . (x)W (x) I -

I J I J I J 1181 

-2N 1NiB0 (-1)n(A~- 1 
(x)+ (n~ 1) A 0 (x)- ¥2-A

0
-

2
(x)); 

8 

• 

R2 n+2 n 2 2 2 
(,\ 1-AJ·- -(E.-E. ))N .N. (A (x)B0 (-1)-A (x)B (-1))-(x -1)1\I.NJ.B (-1)x 2 I J I J •'i 

X lnx0
-

1 rri (x)rrj (x)+X
0 II i(x)llj(x)-X

0
llj (x)IT j(x) I - 1191 

- 2N
1
Nj B

2
(-1)n I A 01-

1 (x) + (n;1) A 
0
(x)- (n;1

) A
0

-
2

(x) 1. 

0TCIOAa npH i Ia j HMeeM 

B0 (-1) ~y B2 (-1), 1201 

~A n+2 (x)- .!..(~ +n(n +1))A n (x) + n(n-1) A n-2 (x) -nAn- 1 (x)-
2 2 2 . 1 

1211 

-(x2-1)1 ~ x
0

-
1 
II i(x)IIj(X)+ ~n ITi(x)IIj (x)- ~n IIi(x)ITi (x) 1- 0, 

R2 R2 
rAe a=- yCEt-Ej) • f3 ~,\i-AJ-y(Et-Ej ), y =;. 
np~-t i • j 

A 1 n(n+1) n n(n-1) n-2 n 2 n-1 2 ) 
nA~- (x)+ 2 A (x)-

2 
. A (x) -- 2 (x -1)x II i(x ·1221 

An-1 
CI1eAOBaTei1bHO, ace HHTerpaJlbl A 1 (x) MO>KHO BblpaaHTb 4epe3 

HHTerpaJlbl A n+2 (x) , A 0 (x) , A 0
-

2 (x) H 4epe3 COOTBeTCTBYIOIJIHe 

paAHaJlbHble ct>yHKLIHH II 1(x), IIJ(x) H HX npoH3BOAHble. 131 
CoOTHOWeHHe 1201 ~OBnaAaeT C COOTHOWeHHeM 1161 pa60Tbl • 

4HCI10 ll B Bblpa>KeHHf!X 1161-1221 H BO acex nOCJleAYIOIJIHX 

MO>KeT 6b1Tb, B0061J1e roaopfl, J1106biM l.leJlbiM HI1H Hel.leJlbiM 4HCJ10M, 

Sb16paHHbiM C TaKHM YCI10BHeM, 4T06bl COOTBeTCTBYIOIJIHe HHTerpa

Jlbl CXOAHJlHCb. 

AHaJ1orH4HOe Bb14HCJ1eHHe KOMMyTaTopa 

2 A 2 t:2 
[ ':' R E n] c, n [ (1 2) I n-1 a n-2 (n-1) I n 
1\--- 11 - -11 11 -+71 -- -11 

2 • ((2-l) a11 2 
1231 

9 



H COOTBeTCTBy~~ee HHTerpHpOBaHHe C y4eTOM COOTHOWeHHH /15/~ 
a Tai<JKe C y4eTOM COOTHOWeHH.I'I /20/ npHBOART npH i ~ j 1 m • m 

K 

,9 A0 (x)-a A
2 

(x)- (x lL1)(ll '
1 
(x) II j (x) -IIi (x) II '/x) ). 

B~4HCI1RR KOMMyTaTop 

n-2 
A R2E n 2 a e ((2-1)7J 2n 2 2 a 

[A- -y- .( (( -1)""""F]. 2 2 
[2( +(n-1)(( -1)} a~ + 

a., <e-"1) "' 
n-1 

/24/ 

2( T/ 2 2 2 2A 2 1 3 2 
+ 2 2 [( (( -1)(-R E) -a((( -1)(n +-),-a( +Dm - /25/ a -"1 ) 2 

2A 
2 2R E 2 A ~ 

-n(( -1) -
2
-- n(( -1)A - g A ] 

H HHTerp~otpyR B BbiWeynOMRHYTbiX npe,qenax (x,oo), (-1 . +1). (0,2!7] 
C HCnO!lb30BaHHeM COOTHOWeHHH /15/ np~ot C a gn(g 2-l) _a_ ,no

a( 
ny4aeM a cny4ae i ~ j , m -m': 

A 2 ~ 2 2 n-1 2 
aA ~+ (x)-,9A t<x)+(x -1}1-Jl(x -1)IIi(x)IIj (x)-nx (x -1)II1(x)Ilj (x)+ 

n R2E j 2 m2 An 
+X II 1(x)IIJ(x)[AJ+--(x -1)+ax---ll-n(n+1)A 1(x)-

2 x2-1 /26/ 

An-2 ~E j n+3 3 n+2 
-n(n-1)A1 (x)+2[(--)(n+2)A (x)-a(n+-)A (x)-

2 2 

-2 n+l, 1.. n nj n-1 
-(n+1)(Aj-KEJ)A tX)+&(n+

2
)A(x)+n(m2-

2 
+Aj)A (x)]. 

A n+2 A n-2 An 
no,qcTaBilflfl B /26/ Bblpa)l(eHHR Allfl A 1 (x).A 1 (x). A 1 (x) 

H3 /21/, nony4aeM: 

-~A n+5 (X)+ I a,9(n+2) 
2(n +3) (n+3)(n + 1) 

- (n:)R
2
(E1 +EJ )IA

0
+

3
(x) -2a(n+ ~)A0+2 (x)-

2 
,9 n(n+2) 2 n+1 1 n 

-(n+1}[--2+ +At +Aj -R (E1+EJ)]A (x)+2a(n+2 )A (x)+ 
2(n+l) 2 

10 

2 2 & 2 n-1 n(n-1)(n-2) n-3 
+n[n +2m +A 1 +AJ-"'2(E 1+EJ)]A (x)- ~ A (x)-

2 2 n-1 
,.(x -1) [ x 0 (x -1) II 1 (x) II; (x)- nx (x 2-1) II lx) II j (x) + 

2 2 
n1, REt( 2 1) m a 2 (,8+n(n+1)) 

+X "j + ---.J X - + ax---- -rrX + -
2 X 2_1 ,:, 2 

1271 

n(n-1)x-2 3 III 
1
(x) II 

1
(x) _ x 0 { ~ _ (,9+n (n +1 )) n -1 

2(n+3) 2fn ... n x +2X lx 

X (ll i(x) II 'j(x)- n; (x) nj (x)) ]. 

B cnei.IHanbHbiX cny4aRx HMeeM npH n -0 : 

2 
2 2a,9 2 3 2 ,9 

TA5(x}+[--
3
-+R (E 1+Ej)]A (x)+3aA (X)+[2+A1 +,\j-

- R2 (E1 + EJ) ]A 1(x)-aA 0 (x)-(x 
2
-1)[ -(x 2-l)II l (x) IIj (x)-

/28/ 
2 

R E j 2 m2 a 2 ,9 
-(Aj+ --(x -1)+&x---;;- --x +-) II 1(x)II

1
(x) + 

2 X .._1 2 2 

+ ( x
3

: - : x)(II1 (x)II J (x)- II[ (x) II J(x))] ; 

npH n"' 1 : 

2 
a2 6 3a,9 3 2 4 3 ,9 3 
-A (x)+[--+-R (Et+Ej)]A (x)+5aA (x)+2[-+-+At+Aj-
8 8 2 8 2 

2 2 1.- 2 2 
-R (E1+Ej)]A (x)-3aA~tx)-[1+2m +At +Aj-R (E 1+Ej)]A 0 (x). 

• 
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2 2 2 
~-(x -1)[(x -1 )x ll'. (x) O:(x)-(x -1)TI .(x)ll' (x) + x (,\ . + 

I J I J J 

R2E j 2 m2 a 2 (/3+2) 
+--(x -1)+ax- ::-r-;-- 2 x + -

2
-)TI 1(x)TijCx)- /29/ 

2 X -1 

- xl~ x3
- (/3+

2
)x + x

2
-

1
1·1 ll 

1
·(x)ll' (x)- W(x)TI .(x) 11. 

0 4 J I J 

KoMMyTaTopbl 

R2EA a 2 2 n-1 a 
[---.~n-),. n [(~-1)(~ _ 

2 aR c~2_7J2) a~ 

t:n·2 (n-1) .t: n
1

a 
+c, --)...., --

2 a R 

~
0

(a~+b7J) 
(~2_7J2)R 

2 A 2 
A R E n a 2 1J n 2 n ·1 a n. 2 ( n-1) n a 

[,\- --.~ -1= [( ~ -1)(~ -+~ --)+~ l--
2 aR <~ 2_1J 2) a~ 2 aR 

n 2 2 
~ (a~l'J +b7J~ ) 

R(~2 -7] 2) 

R2 E n a A R
2 E a 

a TaK>Ke aHanori14Hble KOMMyTaTOpbl (- -
2
-,l'J aR ),(,\--

2
-,7]

0 aR) 

nocne COOTBeTCTBY~~ero 11HTerpl1pOBaHI1R C 11CnOJlb30BaHI1eM COOT

HOUJeHI1i1 /20/ 11 /15/ npl1 c-C-L.c~l'JnL npi1BOART npl1 i f. j 
a R a R 

.n - m' K: 

1 o 1 2 a · 1 [ a R
2 

Eh a R~ J 2 f3 A (x)-a A (x)-- A (x)- -(--~J+y-(,\ . - )) A (x)~ 
R aR 2 aR J 2 

/32/ 

- ( x
2
-1)[ll'1(x) :R TIJ(x)- TI1(x) :R Tij(x)); 

t2 

• 

R
2

E f3 1An(x)- a 1 An+2(x)- ~ An+1(x)-An+2 (x) .2_ (--j) 
R aR 2 

-An(x)i._ (,\ . - R'l E j) +2n[ 1_An-1(x) + (n+1) 1An(x)- (n-1) 1An-2 (x)) .. 
aR J 2 1 2 2 

2 n a n a n-1 a 
-(x -1)[x TI'1(x)-TIJ(x)-x TI .(x)-ll'(x)-nx TI

1
.(x)-a TIJ. (x)); 

aR 1 aR J R 

n ~ 1. 

np11 i-j nony4aeM 

a 1 2 a R ~ a Ii E 1 --A (x)-A ( x)-(.::.....::J)-A 0 (x)-(,\ . --)• 
R aR 2 aR 1 2 

/34/ 

•( X 2-1)[ ll'1(x) _a_TI 
1
(x) -TI'

1
(x) ..]_ TI 'L(x)]. 

aR . aR . 

2 R2E 
A n+2(x)j_ ( R E i) +An(x)L(,\ . ___ i) +~A n+1 

aR 2 aR 1 2 R 

_ 20 [ 1_An-1 (x) + (n+1) 1An(x)- (n-1) 1An-2 (x)l-
1 2 2 

- -(x
2
-1)[x 0 ll'l(x) _a_ n l(x)- x

0
Tii(x) _a_ Ti j (x)-

aR aR 
/35/ 

-OX n-
1TI 1(x)a ~ TI 1(x)). 

nony4eHI1e COOTHOWeHI1i1 Me>KAY HenOJ1HbiMI1 yrJlOBbiMI1 11HTerpa

JlaMI1 B 0 (y) , 1B0 (y), B~ (y) , 1B~(y) aHanori14Ho nony4eHI1~ cooT

HoweHI1i1 Me>KAY HenonHbiMI1 paA11ailbHbiMI1 11HTerpanaMI1 A 0 (x) , 1A 0 (x), 
"'n 1 ""'n 
A 1(x) , A '{.x) • B 3TOM cny4ae BMecTo Bblpa>KeHI1R I 13/ cneAyeT 

BBeCTI1 CKanRpHOe npOI13BeAeHI1e 
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R3 oo 1 217 
('Pi. 'P

1
. )y = -

8 
f d~ f dry fda <e-77

2
) 'P~'P . . 

1 y 0 I J 
/36/ 

rAe -1 :>: Y < + 1 , a eo ecex APYrl-1x paccMaTp!-1eaeMbiX Bblpa>KeHI-1fiX 
nPOI-13BeCTI-1 3aMeHy 

A .... B. a .... -b, x .... y, ~ .... 77. n .... ?, II' .... E'. 

Arlfl nony4eHI-1fl cooTHOWeHI-11:1 Me>KAY I-1HTerpanaMI-1 A~ (x) , 
1':~ (x) , 

AV 1Av 2 v v 1 v AV 1 v 
AIL (x) , AIL (x) , AIL (x) , BIL (y) , BIL (y) , BIL(y) , BIL (y), 
~;(y), rAe v , 1L- He 06fl3aTeJlbHO l.leJlble 41-1CJla, Heo6XOAI-1MO 
paccMaTpi-1BaTb KOMMyTaTOpbl BI-1Aa 

2A 
[A- R

2 
E.~ v(~2_ 1)1L]. 

2 A 

[A_ R
2 

E . 77v(1-ry2)1L], 

2A 2A 
[t _ R

2 
E. ~v (~ 2 _ 1 )IL af-1. [A- ~ E , ; (1_ 772t aa

71 
], 

/37/ 

[,\_ R2E. ~ v <~2-1t _a_J. 
2 aR 

[A_ R :E .ryv(1 _ 77 2 )IL aaR 1• 

[A- R2E ' ~v(~2-1t L]' 
2 aR 2 

2A 2 
[A-~. ryv(1-ry 2l~L 

2 aR 

CooTHOWeHI-1fl Me>KAY I-1HTerpanaMI-1 B np~-1 3TOM, KaK o6b14HO, coena
Aa~T C COOTHOWeHI-1fiMI-1 Me>KAY I-1HTerpanaMI-1 A C 3aMeHoi:1 

A->B, a .... -b, X-+Y, ll-+E,ll'-+E'. 

3AKI1104EHHE 

nony4eHHble B AaHHOi:1 pa6oTe COOTHOWeHI-1fl fiBJlfi~TCfl HeTpl-181-1-
aJlbHbiM o6o6~eHI-1eM COOTHOWeH!-11:1 pa60Tbl 131 • 0HI-1 cnpaBeAJ11-1Bbl 
np~-1 ecex B03MO>KHbiX sHa4eHI-1fiX R, a , b , i , j AJlfl KoHe4HbiX I-1H
Terpanoe A1-1CKpeTHoro 1-1 HenpepbiBHoro cneKTpoe, a TaK>Ke AJlfl 
KOHe4HbiX 1-1HTerpanoB, CBfl3biBa~I-1X Me>KAY co6oi:1 COCTOfiHI-1fl 
AI-1CKpeTHOrO 1-1 HenpepbiBHOrO cneKTPOB. DOJlbWI-1HCTBO 3TI-1X COOTHO
WeH!-11:1 npoeepeHO 41-1CJleHHO C noMO~b~ nporpaMMbl, KOTOpafl fiBJlfl-
eTCfl MOAI-1~1'1Ka1..11-1ei:1 nporpaMMbl ; g; AJlfl 1 :>; X< oo , -1 !>: y < + 1 

14 

AJlfl nony4eHI-1fl COOTHOWeHI-11:1 Me>KAY HenOJlHbiMI-1 paAI-1aJlbHbiMI-1 
1-1HTerpanaMH A(x)

21
npH E 1 ~Ej=k~2>0 cneAyeT paccMaTpi-1BaTb aHa-

norH4HO pa60Te KOMMyTaTOpbl BI-1Aa 

A n A n 2 a 
[A,~ J. [A.~(~ -1)-J. 

a~ 

A ll a 
[A,~ -1. 

aR 

A 2 
npH 3TOM CJleAyeT nOJlO>KHTb E -k /2 = const. 

/38/ 

nony4aeMble TaKI-1M o6pa30M COOTHOWeHI-1fl Me>KAY 1-1HTerpanaMI-1 
A(x) coenaAa~T C BbiBeAeHHbiMI-1 B AaHHOi:1 pa6oTe COOTHOWeHI-1fiMI-1 
/22/, /34/,/35/ .OAHaKo I-1HTerpanbl A(x) np~-1 3TOM He o6R3aTenb
HO KOHe4Hbl. 

0TMeTI-1M, 4TO BCe paccMaTpHBaeMble B AaHHOH pa6oTe COOTHO
WeHHfl He 3aBHCfiT OT KOHKpeTHOrO BHAa pa3JlO>KeHHH AJlfl ~yHK1..1Hi:1 

II I (x) , Ilj (x) , E I (y), E /Y) • npl-1 3TOM COOTHOWeHHfl Me>KAY 

HenonHbiMH HHTerpanaMH B(y) no yrnoBbiM nepeMeHHbiM 77 coena
Aa~T C COOTHOWeHHfiMH Me>KAY HenOJlHbiMH HHTerpanaMH A(~ no 
paAHaJlbHbiM nepeMeHHbiM ~ C 3aMeHOH 

A->B , a-> - b, x .... y, II .... S.II' .... ?'. 

/ 3 / 
TaKHM o6pa30M, KaK H B pa6oTe , Mbl HMeeM anre6py HH-

TerpaJlOB, COCTOfi~Y~ H3 CyMMbl ABYX He3aBHCI-1MbiX anre6p. 
C nOMO~b~ nony4eHHOH anre6pbl HenOJlHbiX ABYXI..IeHTPOBbiX HH

TerpanOB MO>KHO BbiBeCTH pa3JlH4Hble COOTHOWeHHfl Me>KAY MaTpH4-
HbiMH 3JleMeHTaMH saAa4H ABYX l.leHTpoe. MaTpi-14Hble 3JleMeHTbl npH 
3TOM Bb14HCJlR~TCfl B HenOJlHbiX HHTepBaJlaX H3MeHeHHR nepeMeHHbiX 
~. TJ • HanpHMep, npH i- j , yMHO>Kafl /34/ Ha B0 (y) , a aHano-
rH4Hoe Bblpa>KeHHe AJlfl B Ha A 0 (x) H Bbi4HTafl OAHO 1-13 APyroro, 
nony4aeM: 

3 2 
R N 2 ( A2 ( ) O(y) o 2 a R E 1 R -
8 

I X B -A (x)B (y))-(--)•- V 1. 
aR 2 2 1 

/39/ 

-(x
2 

-1) B0 (y)W a (x, R) -(1-y 2)A0 (x) W b (y, R), 

rAe 

3 
w (x,R) ~ ~N 2

1 [ll'
1
(x)Ln .(x) -ll

1
(x) _£_11

1
' (x)], 

a 8 aR I aR 
/40/ 
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3 

Wb(y,R) ~~ N~[Ej(Y) :REi(y)-Ei(y):REi(y)). 

B~pameHI1e /39/ o6o6~aeT TeopeMy renbMaHa-~eHHMaHa 1 10 1 

peXOA11T B Hee np11 X= 1 , y ,. -1 . 
YMHomafl /34/ Ha B2 (y) , a cooTBeTcTey~~ee e~pameHI1e 

Ha A2 (x) 11 B~411Tafl OAHO 113 APyroro, nony4aeM 

R 3 
2 2 2 R2 E . 

- N i ( B0 (y) A (x)- B ( y) A 0 (x)) ..L (A i - --1
) ,. 

8 aR 2 

·- Uii + (i -1) B 
2
(y) W /x.R) +(1-y ~A2 (x) W b (y,R). 

3AeCb 
R3 oo 1 277 2 2 z1 z 

Vu ,._J d~ fdTJ fda(~ -TJ )'1' .*(--- --.!!)'Pi 
8 I Y 0 I r1 r2 

R3 oo 1 277 2 2 z z 
Uii""gf d~fdTJfda(~ -TJ )'l'tZ(~-.::..g)'l'i, 

I Y o r1 r2 

z .R ~71 • r 1 .. R(~+ 17 ), r 2 - Rc~- 17 ). 
2 2 2 

/41/ 

11 ne-

AJlfiB 

/42/ 

noA06H~M o6pa30M MOmHO nony411Tb TaKme 11 APYrl1e COOTHOWeHI1fl 
MemAY HenonH~MI1 MaTpi14H~MI1 3neMeHTaMI1 3aAa411 ABYX ~eHTpOB. 

~CnOnb30BaHI1e nony4eHH~X B AaHHOH pa6oTe COOTHOWeHI1H 
MemAY 11HTerpanaMI1 An(x) , B n(y) no3aon11no c03AaTb AOBonbHO 
3~~eKTI1BH~H anropi1TM B~411CneHI1fl MaTpi14H~X 3neMeHTOB Kyno
HOBCKOrO OTTanKI1BaHI1fl 3neKTPOHOB B ABYXaTOMH~X MOneKynax 
11 B~411Cni1Tb 3Heprl1~ A11cco~11a~1111 MoneKynw H2 B aA11a6aTH-
4ecKoM 6a311ce 141 

ABTOPW 6naroAaPH~ ~.A.CMOPOA11HCKOMy, c.~.BI1H11~KOMy, 
B.C.Henemi1Ky, n.~.noHOMapeay, n.H.CoMoBy 3a ~eHHWe o6cy*
AeHI1fl. 
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