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MeTOA $a30B~X $yHK4~~ An~ AanbHOAe~CTBY~~~X 
C$ep~4eCK~ C~MMeTp~4H~X nOTeH4~anOB 
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Paae~eaeTC~ MeTOA $aaoe~x $YHK4~~ AanbHOAe~CTBy~~~x c$ep~4eCK~ 
c~MMeTp~4H~x noTeH4~anoe, y6~ea~~x Ha 6ecKoHe4HOCT~. AoKa3~eaeTc~ 
cy~eCTBOBaH~e aC~MnTOT~4eCK~ KOMneHC~py~~ero onepaTopa /AKO/ An~ 
TaK~x noTeH4~anoe, 4epea KOTop~A e~pa~a~Tc~ onepaTop~, conp~~eHH~e 
c o6o6~eHH~M~ eonHOB~M~ onepaTopaM~. BbiBOA~Tc~ $aaoe~e ypaeHeH~~ c Ko
pOTKOAe~cTey~~~M~ 3$$eKT~BH~M~ noTeH4~anaM~, 3aB~C~~~M~ OT 3Hepr~~-

6 3T~ ypaBHeH~~ KaK 6a3~CH~e $YHK4~~ BXOA~T n~He~HO He3aB~C~M~e pewe
H~~ ceo60AHoro paA~anbHoro ypaeHeH~A WpeA~Hrepa. nocKOnbKY 3$$eKT~e
H~e n0TeH4~an~ ~Bn~~TC~ KOPOTKOAe~CTBY~~~M~, TO $a30B~e $yHK4~~. 
YAOBneTeop~~~~e paccMaTp~eaeMbiM $aaoe~M ypaeHeH~AM,~Me~T KOH~4H~e 

3Ha4eH~~ Ha 6eCKOHe4HOCT~. 4epe3 3T~ 3Ha4eH~A B~pa~a~TC~ $a3~ pacce~
H~~- K paccMaTp~eaeM~M $a30B~M ypaeHeH~~M np~MeH~M~ o6~4H~e MeTOAbl 
HaXO~AeH~A ~X peweH~~ - ~Tepau~OHH~e, Bap~aU~OHHble, MeTOA n~Heap~aa-
4~~. MeTOA ~opManbH~x P~AOB ~ APYr~e. 

Pa6oTa B~nonHeHa B na6opaTop~~ TeopeT~4eCKO~ $~3~K~ O~A~. 

Coo6weHHe 06beDHHeHHOrO HHCTHTyTa AnepHhlX HCCnenOB8HHA, lly6Ha 1979 

Ivanov K. I., Marinov A.T. 

The Variable Phase Method for Long-Range Spherical 
Symmetric Potential s 

P4 · 12576 

The variable phase method for long-range spherical symmetric 
potentials which decrease at infinity as some reverse powers of the 
distance and even slower ones is developed. The prove of the existen
ce of the asymptotically compensating operator is given. The modified 
Lypmann-Schwinger equations for the long-range spherical symmetric 
potentials have been used to obtain phase equations with short-range 
effective potentials, the basic functions of whic~ satisfy the free 
radial Schrodinger equation. Using values of the phase functions 
at the infinity one can express the phase shifts. The phase equations 
are solvable by iterative methods and by the method of formal series. 

The investigation -has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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1. BBB,aBHHB 

MeTO,II. l!laJOBbiX lilYHKIJ;HB, npH KOTOpOM HCllOJlbJyeTCJI CTaH

,D.apTHOe l!laJoBoe ypaBHeHHe Kano,D.)I(epo- lia6HKoBa /1.2/, cTaHoBHT

CJI MaJJOJ~eKTHBHbiM B CJJyqae ,D.aJJbHO,D.eBCTBYIOlllero llOTeHUHaJJa, 

y6biBaiOlllero Ha 6eCKOHeqHOCTH KaK o6paTHaJI BeJJHqHHa MO.D.YJJJI 

· pa,D.Hyc- BeKTopa r: HJJH ellle Me,D.neuuee. B JTOM cnyqae 

06blqHo BbiBO,II.BTCJI ,11.pyroe l!laJOBOe ypaBHeHHe, B KOTOpOM BMeCTO 

BOJJHOBbiX lilYHKIJ;HB CB060,D.HOro ,II.BH)I(eHHJI yqaCTBYIOT JJHHeHHO He

JaBHCHMble peweHHJI pa,D.HaJJLHoro ypaBHeHHJI Illpe,D.HHrepa c noTeu

u;HaJJoM, paBHbiM ,D.aJJbHO,D.eBCTBYIOllleH KOMllOHeHTe ,D.aHHOrO llOTeH

IJ;HaJJa 12/.TaKOB llO,II.XO,II. npHMeHHM, eCJJH, HanpHMep, llOTeHUHaJJ 

MO)I(HO npe,D.CTaBHTb B BH,D.e cynepnOJHUHH KYJJOHOBCKOrO H KOpOT

KO,D.eBCTBYIOlllero cl!lepHqeCKH CHMMeTpHqHoro llOTeHIJ;HaJJa. 0,D.HaKO 

eCJJH ,D.aJJbHO,D.eBCTBYJOlllaJI KOMllOHeHTa llOTeHUHaJJa He JIBJJJieTCJI 

KYJJOHOBCKHM llOTeHUHaJJOM, TO, B006llle rOBOpJI, HaXO)I(,II.eHHe COOT

BeTCTBYIOlllHX peweHHH ypaBHeHHJI Illpe,D.HHrepa, HCllOJlbJyeMbiX 

KaK 6a3HCHble I!IYHKIJ;HH B HOBOM l!laJOBOM ypaBHeHHH - BeCbMa 

CJJO)I(HaJI MaTeMaTHqecKaJI Ja,D.aqa . ll03TOMY ,II.JJJI 60JJbWHHCTBa 

,D.aJJbHO,II.eBCTBYJOlllHX llOTeHIJ;HaJJOB MeTO,II. l!laJOBbiX lilYHKUHB B TaKOM 

BH,II.e MaJJO HCllOJJbJyeTCJI ,II.JJJI qHCJJeHHbiX pacqeTOB 4la3 pacceJIHHJI. 

B uacTOJillleii pa6oTe paccMaTpHBaiOTCJI TaKHe l!laJoBLie ypaB

HeHHJI ,II.JJJI ,D.aJJbHO,D.eBCTBYIOlllHX cl!lepHqecKHX CHMMeTpHqHbiX noTeH

UHaJJOB, B KOTOpbie BXO,II.JIT BOJJHOBbie lilYHKIJ;HH CB060,D.HOrO ,II.BH)I(e

HHJI H 3~eKTHBHble KOpOTKO,D.eHCTBYIOlllHe llOTeHIJ;HaJJbi, JaBHCJilllHe 

OT 3HeprHH. 3TH l!laJOBble ypaBHeHHJI BbiBO,II.JITCJI H3 MO.D.HI!IHUH" 

poBaHHbiX ypaBHeHHB JIHnnMaHa- IIIBHHrepa, nonyqeHHbiX B pa6o

Te / a / llpH llOMOlllH TaK Ha3biBaeMOrO aCHMllTOTHqecKH KOMlleH

CHPYIOlllero onepaTopa (AKO)Z. B pa6oTe 13/.D.OKaJauo cy

llleCTBOBaHHe AKO ,II.JJJI noTeuuHanoB, y6biBaiOlllHX ua 6ecKouequocTH 
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KaK r - a ,lln.ll a E (1h , 1] , YcTaHoaneHHMe HaMH peJynbTa-

Thl OTHOC.IITC.II K ropa3,ll0 6onee WHpOKOMy Knaccy ,llanLHO,lleBCTBYJO

~HX llOTeHUHanOB, y6MBaiO~HX He TOnbKO KaK HeKOTOpa.ll OTpHua

TenLHa.ll CTeneHb r, HO H Me,llneHHee TaKOH npOH3BOnbHOH CTeneHH. 

llocKonLKY S-MaTpH'iHOe onHcaHHe npouecca pacce.RHH.II Ha 

,llanLHO,lleHCTBYIO~eM llOTeHUHane H BhlBO,ll MO.llHcPHUHpoBaHHbiX ypaB

HeHHH JlHnnMaHa- lliBHHrepa OCy~eCTBn.IIIOTC.II C llOMO!UhiO o6o6weH-
n .'4,5 ,6 / 

HhiX BOnHOBhlX OnepaTOpOB u ± , Mhl paCCMaTpHBaeM 

/B pa3,llene 2/onpe,lleneHHe H HeKOTOpbie CBOHCTBa 3THX onepaTOpOB 

,lln.ll ,llanLHO,lleHCTBYJO~HX llOTeHUHanoB, KOTOpLie Y.llOBneTBOp.IIIOT 

C$OpMynHpOBaHHhlM HH)f(e ycnOBH.IIM. )l;oKa3a TenbCTBO cy~eCTBOBa

HH.II AKO H BhlBO.ll MO.llHcPHUHpoaaHHhlX ypaaHeHHH llHnnMaHa- lliBHH

repa MeTO,llOM, HCllOnh30BaH·HhiM B 13/, ,llaHhl B pa3,llene 3. B pa3-

,llene 4 BhlBO,ll.IITC.II $a30Bble ypaBHeHH.II H ycTaHaBnHBaiOTC.II OCHOB

Hhle caoiicTBa Hx peweHHH. HeKOTOPLie peJynLTaTLI, nony'ieHHMe 

B pa3,llenax 2, 3 H 4, BhiTeKaiOT Henocpe,llCTBeHHO H3 COOTBeTCTByiO

~HX pe3ynbTaTOB ,llnJI ,llanbHO,lleHCTBYIO~HX c$epOH,llanLHhiX llOTeH

UHanoB, paCCMaTpHBaeMhlX B pa6oTe /7 1• llOJTOMY Mhl 3,lleCb He 

npHBO,llHM HX llO,llp06Hhle ,llOKa3aTenLCTBa. 

0THOCHTenbHO paCCMaTpHBaeMhlX HaMH C$epH'ieCKH CHMMeTpH'i

HhlX ,llanLHO,lleHCTBYJO~HX llOTeHUHanOB npe,llnonaraeTC.II, 'iTO OHH 

.I!Bn.IIIOTC.II Be~eCTBeHHhlMH cPYHKUH.IIMH MO,llyn.ll pa,llHYC- BeKTopa ... 

TO'iKH TpexMepHOrO BeKTOpHoro npOCTpaHCTBa R 3 • H 'iTO OHH 

Y.llOBneTBOP.IIIOT cne,llyiO~eMy o6~eMy ycnoBHIO /8 /: 

K) U(r) E L 2(R3
) +- L 

00

(R 3
). 

M3 JToro 

onepaTopa 

H = H0 + U 
onepaTopa 

ycnoBH.II BhlTeKaeT H
0 

- orpaHH'ieHHOCTL (l-1 0 ·- 6.) 

U H caMOCOllp.ll)f(eHHOCTh llOnHoro raMHnhTOHHaHa 

Ha o6nacTH onpe,lleneHH.II D (H
0

) i }{ : L 2( R 3) 

u. 
C$opMynHpyeM 6onee no,llpo6Ho ycnoBH.II, KOTopbiM Y.llOBneTao

p.IIIOT noTeHuHanhl U . 

1/ 6y,lleM npe,llnonaraTL, 'iTO cPYHKUH.II rU(r) E L 1 (A), 

r,lle A- npOH3BOnbHOe KOMllaKTHOe 6openeBO llO,llMHO)f(eCTBO MHO

)f(eCTBa R J = ! r I r ? 0 I H 'iTo cy~ecTayeT TaKoe f3 > 1/ 2. 
'iTO 

\U(r) l O ( r f3- 2 ), (r • 0) . 

4 

2/ Cy~ecTayeT HeKoTopoe R 0 0. TaKoe, 'iTO cy)f(eHHe <jlyHK-
, ;! ) ) 

UHH U Ha HHTepaane [R
0

, oc• .IIBnlleTC.II C (l R 0 ' 

cPYHKUHeH. 

llyCTL I, 3 (R 1
1 

; R ) - MHO)f(eCTBO acex cPYHKUHB .- ( r) ' 

E- C 3(R ~ \ {OI) , TaKHX, 'iTO 

r (O) = 0, r'(r) ' 0, lim r (r) ~ oo , M 
0 

- sup 
r-+oo r · R 

·- 0 

6y,lleM npe,llnonaraTb, 'iTO 

r r • ( r) 

r ( r) 

3/ Cy~ecTayeT TaKoe M -., 0 H TaKa .II cPYHKUH.II 

Y.llOBneTBOp.IIIO~a.ll ,lln.ll n106oro o > 0 ycnoBHIO 

r ._ I ' :l( R 1 R ) 
~ . 0 • 

r ( r) = 0 (r 1 t- o ) . (r .. no), 

'iTO ,lln.ll npOH3BonLHoro r ?. R 0 • 

IU(r) I _ 
M 

T (r) 
\U '(r) i - ~_r_'1~L

r 2(r) 

iU '(r) I M ·1u" I Mr'tr\ -------- ( r) .-- ____ ..\.!.J_ 

r r (r) rr2(r) 

C$opMynHpoaaHHbiM ycnOBH.IIM y,lloaneTBOP.IIIOT. KpoMe cTeneH-

HhlX noTeHUHanoa U = con st. r-a, (u > 0), TaK)f(e 

a/ norapH$MH'ieCKHe noTeHuHanLI 

-a -{3 
U = const.r ln r, (O~ u ~ 1. {3 > 0. r :::_ R 0 > 1); 

6/ noTeHUHanhi BH.lla 

U = c on st I ln ln r • ( r __ R 
0 

" 1 ~ e) 

H ,llpyrHe. l.JacTHbiM cny'iaeM paccMaTpHaaeMMX noTeHuHanoB liB

n.RIOTC.II llOTeHUHanbl, HMeiO~He KynOHOBCKOe llOBe,lleHHe Ha 6eCKO

He'iHOCTH. 

5 



lf3 YCJIOaBJI 3 CJie,llyeT, 'ITO ,llJIJI JII06oro ,llaHHOrO k '.• 0 

v
0 

(k) = suplr ! r ~ R
0

, k 2 - U(r) = Ol < ""· 11.11 

I<J>yHKUBIO ll O C'IBTaeM paaHOH R O' ecJIH MHO)I(eCTaO , aXO,IlJIIUee 

a 11.11, JlaJIJieTcJI nycTbiMI. BoJbMeM n106oe o" 0 H onpe,lleJIHM 

cl>YHKUHIO 

k / 0 ° 
f /). eCJIB sup ~· (k) 

k · o 0 

l 
sup v (k) 

r (k) '" 
o M 

K (---- -l r(R )) I O, eCJIH sup,, (k) 
k 2 o k · oo 

oo: 

""• 

r,lle K (r) - cl>YHKUBJI, o6paTHaJI cl>YHKUHH r. Jlerxo noKaJaTb, 'ITO 

r O (k) JlaJIJieTCJI C 2(R ~ \ l 0 l) - cl>YHKUHeH. 3Ta cl>YHKUHJI 

yqaCTayeT a HeKOTOpbiX onpe,lleJieHHJIX, KOTOpbie aCTpelfaiOTCJI 

a paJ,Ilenax 2, 3 H 4. 

0TMeTHM, 'ITO ace cl>opMyJibl a HaCTOJIIUeH pa60Te HallHCaHbl 

a MepHOH CHCTeMe, a KOTOpOH Macca pacceBaaiOIUeHCJI 'laCTHUbl 

m - ~~ H tJ . 1. 

2. BOJJHOBb/E OllEPATOPb/ ,[fJJ.R ,[fAJlbHO,[fEllCTBYIOIIJHX 

Ctl>EPHIJECKH- CHMMETPHIJHb/X llOTEHaHAJJOB 

BoJIHoable onepaTopbl 11 ± napbl caMoconpR)I(eHHbiX onepaTopoa 

(H, H O ) a CTaUHOHapHOH TeopBB pacceJIHBJI onpe,lleJIJIIOTCJI npH 

llOMOIUH peryJIJipHbiX peweHBH pa,llBaJibHOrO ypaaHeHHJI lllpe,llHHrepa . 

EcnB noTeHUHan y,lloaneTaopReT ycnoaHJIM 11, 21, H 31, TO MO)I(HO 
+ 

,llOKaJaTb CYIUeCTaoaaHBe ,llayx peryJIJipHbiX peweHHH U f (k ; r), 

(£1 = 0, 1, ••. ;) 3TO~O ypaBHeHHJI CO CJie,llyiOIUeH aCHMllTOTBKOH 

Ha 6eCKOHe'IHOCTB (k > 0) 

+ 
uf- (k, r) 

i ±irr£/2! :tiK(k,r) 
+ -- e e 

r -• oo - 2 

±i[20£ (k)-rrf + K (k, qJ 
- e l. 

B 3TOH cl>opMyne k = ...; E, I E - 3HeprHJI pacceHBaiOIUeHCJI qacTHUbii, 

K (k, r) 
r 

I ...; k 2 - U(x) dx -t k r 0 (k). 
r 

0 
(k) 

6 

a o £ (k) - aemecTaeHHble cl>aJbl, JlaJIJIIOil{BeCJI HenpepblaHO .llBcl>

cl>epeHUBpyeMbiMB cl>YHKUBJIMB k Ha R ~ '\ I 0 l. Onpe,lleJIBM cl>YHK

UBB 

± • 1 -2- ± m 
<l>m£ (k;r) = r---../-;Up (k; r)Y p (8, ¢), (k > 0), 12.11 

-+ 1 2- m 
<I> 0 (k; r) = - - y-- Jo (kr)Y £ (8, ¢). 

m' r rr ' 
12 .21 

3 
r,lle r • 8. ¢ - ccl>epB'IeCKHe KOOP.IlBHaTbl TO'IKB npocTpaHCTaa R • 

m y £ - HOPMBpoaaHHble ccl>epB'IeCKBe cl>YHKUHH Jlannaca I r = 0,1, . . . • • 

m = 0, ± 1. ... , ±£) . B j r (z) - cl>YHKUBH PBKaTTB- EeccenR 111. 

llyCTb C ~(R ~ ) - MHO)I(eCTaO acex HenpepblaHO .llHcl>cl>epeHUHPYe-

MbiX cl>YHKUHH nepeMeHHOH k Ha Rl C KOMnaKTHbiMH HOCBTeJIJIMH, 

OT,IleJIHMbiMB OT HYJIJI. HeTpy,llHO llOKaJaTb, 'ITO MHO)I(eCTaO 

C 6 (R.!) nnoTHO a rHJih6epToaoM npocTpaHcTae L 
2
(R 1 ). 

Ha C l(R 1) onpe,lleJIBM on epa TOphi w ± o H w oo cl>opMynaMH 
0 + ffiL ffil 

+ ·• 
(w- o f)(r) 

!TIL 

+ -+ r <I> r:r (k; r) f(k) dk • 
0 

0 4 00 - + 

(wmP f)(r) = ( <I> mP (k;r) f(k)dk , 
0 

B npo,llOJI)I(HM HX no HJOMeTpH'IHOCTH Ha ace npOCTpaHCTaO L ~(RJ). 
J13 aell{eCTaeHHOCTB cl>aJ 0 p (k) abiTeKaeT, 'ITO llO,IlllpOCTpaHCTaa 

+ -Ran w mP B Ran w mP rHJib6epToaa npocTpaH-

cTaa J( coana,llaiOT 

I . • 

Ran wmP ~ Ran w mP ,. L mf 12.31 

H 'ITO llO,IlllpOCTpaHCTBa / 2.3/ nonapHO OpTorOHaJibHbl. 

BoJIHoable onepaTopbl n ± napbl (H ,H 0) onpe,lleJIRIOTCJI xax 

HenpepblaHble JIHHeHHble OT06pa)l(eHBJI J{ ' J{ , Cy)l(eHHJI KOTOpbiX 

Ha JIBHeHHOH o60JIO'IKe L 0(C (;) BeKTOpOB MHO)I(eCTa Ln~f= 
·-· w~nf [ C ~ (R ~ ) ]. JlaJIJIIOIUeHCJI llJIOTHbiM MHO)I(eCTaOM B J{ , 

Ja,llaiOTCJI cl>opMyJIOH 

((11±1'- L 0
(Cd))</J)(r) 

+ () . 
L ((w - ,IW r1 )<J..)(r) r 111 111 · 

Ill , 

12.41 (<f.. • - L 0 (C~)). 

r,lle wO *p - onepaTop, conpJI)I(eHHbiH c rv f' . 
m 111 
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HeTpy.nHo y6e.nBThCJI B KoppeKTHOCTH JToro orrpe.neneHBJI. 
+ 0 

B caMoM .nene, H3 Toro, t{TO orrepaTophi w ~tl' u u•
111
r· B3oMeT-

puqecKue, rro.nrrpocTpaHCTBa /2.3/ - rrorrapHo oTporoHanbHbi, u 

cyQMa B rrpaBOH CTOpOHe paBeHCTBa /2 .4/ JIBJIJieTCJI KOHet{HOH, 

BhiTeKaeT H30MeTpHt{HOCTb on epa TOpOB ll _t B, CJie,llOBa TeJibHO, 

HX MO)I(HO IIpO,llOJI)I(BTb Ha BCe IIpOCTpaHCTBO J{ C COXpaHeHBeM 

HOpMbl. 

)l;nll orrepaTopoB n ± BepHhi cne.nyiOmue TeopeMbi: 

Teo p eM a 2 . 1. llycTh rroTeHuuan U y.noBneTBOplleT ycnoBHJIM 1/, 

2/ H 3/ H IIYCTb F (A) • IIpOH3BOJibHaJI 6openeBa cPYHKUHJI Ha HH-

TepBane (- oo, oo) , Tor.na Ha IIJIOTHOH B }{ o6naCTH orrpe.ueneHHJI 

D(F(I-!
0 

)) on epa Topa F(H 0 ) 

a/ F(H) O ± , 0 ± F(I-! 0 ); 

6/ S - MaTpuua, orrpe.nen.ReMaJI cooTHoweHBeM 

s ~ n ~ n ~-, /2.5/ 

KOMMYTBpyeT C orrepaTOpOM F(I-!
0 

) . 

TeopeMa 2.2. llycTh F (A)- rrpoB3BOJibHaJI BemecTBeHHaJI , Bo3-

pacTaiOmaJI H BhiiiYKJiaJI C 3(- oo, oo) ·clJyHKUHJI H IIYCTb IIOTeH • 

uuan y.noaneTBOp.ReT ycnoBBJIM 1/, 2/ H 3/. Tor.na .nn.R BeKTopoB 
0 c 1 tf; H3 L ( o) 

n± tf; = sl~m e i tF (H) De -i tF (HO)tf;. 
t l+OO 

/2.6/ 

r.ne D - He 3asuc.Rmuii: oT t orrepaTop, orrpe.neneHHhiii: Ha L 
0
(C0\ 

)l;oKa3aTeJibCTBa JTHX TeopeM npHBO,llJITCJI TaK )l(e, KaK H ,llOKa • 

3aTeJibCTBa COOTBeTCTBYIQUlBX YTBep)l(,lleBBH .llJIJI cclJepOB,llaJibHhiX 

noTeHuuanoa, KOTOpbJe paccMaTpuaaiOTCJI B pa6o! e '7:. HeTpy.nHo 

noKa3aTb, t{TO Ka)l(,llOe B3 no.nnpocTpaHCTB L - "' Ran n ± 
paBHO opTorouanhHOH cyMMe acex no.nnpocTpaHCTB /2 .3/, TaK t{TO 

onepaTop /2.5/ JIBJIJieTCJI YHHTapBhiM . 3JieMeHTbl MaTpBUhl JTOrO 

onepaTopa a npe.ncTasneHBB, onpe.nen.ReMOM c$epuqecKBMH cPYHK

UHJIMH Jlannaca, Bblpa)l(aiOTC.JI Henocpe,llCTBeHHO qepe3 $a3bl o e- (k) . 

CJie,llOBaTeJibHO, eCJIB Mhl Haii:.neM 3TH $a3hl, TO CMO)I(eM ocymecT

BBTb S·MaTpuqHoe onucaHue npouecca pacceJIHHJI u Bhlt{HCJIBTh 

rrapuuaJibHble JcP$eKTHBHble ceqeHB.II. 

8 

.~ 

0TMeTHM, t{TO cPOpMyJia /2 .6/ Bhlpa)l(aeT llpHHUHll BHBapHaHT· 

HOC TH liBpMaHa- KaTO \J , cor naCHO KOTOpOMY BOJIHOBhle orrepaTOpbl 

rrapbl ( I-I I-! 0) COBIIa,llaiOT C BOJIHOBbiMB on epa TOpaMH napbl ( F (H) 
F(I-!

0
)). 

3 . ACHMIITOTHl/ECKH KOMIIEHCHPYTO.I1JH11 OIIEPATOP Z 

llyCTb 1) 0 • rrpOB3BOJibHOe t{BCJIO, a !!,7] ( r) • HeKOTOpall 

C;l ([O . ,)) -$y HKUHJI CO CJie,llyiOUlHMH CBOHCTBaMB 

(p) gr
1 

(OJ 0. (P 0. 1. 2.3). O :; gl)( r)::_ 1. 

g rl (r) 1. ( r > r7l. 0 , g' ( r) -.: C/ r7. 
- - T/ -

r.ue C - nocTOJIHHaJI, He 3aBBCJIUlaJI OT TJ · Onpe.nenuM Ha o6nacTH 

u,
0 

I (k , r) l k " 0 . r - ~ 0 I cPYHKUHIO 

0 . 0 ' r < r (k) - o/ 2 . - - 0 

w (k, r)~ g o/ 2 (r - ro(k) •_§-) 
2 

rot-8 1 

r wo(k. t) ga (t-ro(k))dt, r o(k)- ·} :::r:;;ro(k) . 
r 

0
(k ) 1 

ro( k )+o t 
w 0(k,r )g

01 
( r - r 0 (k)) ~- J w0(k , t )ga p ·- rJdt, r .::. r0(k) . 

3.uech 8 1 > 0 - npoB3BOJibHoe qucno, Y.llOBJieTBopliiOUlee ycnoBHIO 

o t < min (o/2, o/ (3C)) , a cPYHKUH.JI w0 onpe,lleJI.IIeTC.JI H3 

TpaHCUeH,lleHTHOrO ypaBHeHBJI 

r + w
0 

[ y' k 2 - U(x)dx ~ kr-kr
0

(k). 
r 

0
(k) 

/3.1/ 

JlerKO BH,lleTb, t{TO cPYHKUB.JI W JIBJIJieTCJI Henpepb!BHO .llBcPcPepeH· 

UBpyeMOH cPYHKUBeii: Ha c.J
0 

H t{TO npB I' 0 

1 t- (J w ar 0 

C llOMOUlblO cPYHKUBB W onpe.neJIBM ,llJIJI BeKTOpOB 

AKO Z clJopMynoii: 

. 1. ± (- n+[L 0cc )l 
'i' - 0 

+ ·• 1 2· m oo + + 
( Z tf;-)(r )=--y-- :2: Ye (8,¢) f u £"(; r + w (k,r ))Cw 0en+ tf;- )dk . 

r 77 m,r o m - /3.2/ 
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)l;ng :noro onepaTopa cnpase.nnHBa 

Teo p eM a 301. )l;ng mo6oii 4!yuxuuu f(k) .,:: c;c R 1~) 

+ • 
a/ (Z w ~f f)(r) E- J{; /303/ 

+ 0 - ik 
2
t 

6/ slim (Zw - 0 - wo)(e f) = Oo 
- ffi[ ffil 

t -. t-oo /304/ 

)]; ox a 3 aTe nbc T B o: llycTb supp f ~~ [ , 
0 

, N 
0

], (l 
0 

> 0, ~0 > t 0 )o 

QqeBH.llHO, .nng .llOCTaTO'IHO ManbiX r MO.llynb HHTerpana /303/ 

Menbwe uexoTopoii nocTORHHOH M mf 0 llpu .nocTaTO'fHO 6onbWOM 

Ha OCHOBaHHH /3ol/ B 3TOM HHTerpane nOJIBHTCJI 3KCnoHeHTa 

exp ( ± ikr) , Kone'IHOCTb uopMbl sexTopa /3o3/ .noxa3biBaeTCR 

nyTeM npuMeneuug TeopeMbl PuMana-Jie6erao 
1lTo6bl .llOKa3aTb yTBep>K.lleHHe 6/, paCCMOTpHM 4!YHKUHIO 

± • ± 0 ± ik 2
t .... 

C o (r:t) =o((Zw o-w o) (e f)(r) = rnr ffil Inl 

N 0 + · 2 1 2 rn ± . - lk t 
. -r- v--;;·Yp (0 , ¢)I f(k)lur (k;rtw) - Jp(kr)le 

/3o5/ 

dk. (t > 0) 0 

( 0 

8bi6Hpag .llOCTaTO'fHO 6onbWOe t H HHTerpHpyg no 'faCTJIM OTHO-

CHTenbHO exp ( ± ik 2 t ) , nony'IHM oueuxy 

+ -· I C ~r (r; t) I s M mP I t, o ~ r ~ v to 

Ecnu r ?:: v t , TO HMeeT MecTo npe.ncTasneuue 

+ .... 
c - p(r ; t) m, 

y rn (0, ¢) ±i( Pt 1)77/2 Oo (r) l ___ e _______ l e [. 1 

rv 211 

I + :t i(f +1)17t 2 0 - (r) I, 
+ e e. 2 

/306/ 

No 

I 
+ +· 2 ak Pn (k,r)e - I(k t + (- 1) r) f(k)dk, (a = 1.2)o 
t,a 

+ 0
0

- (r) 
t,a 

l o 

10 

)l;ng 4!YHKUHH Pi , BXO.llJIIJ.IHX B /3o6/, nony'faiOTCJI cne.nyroiJ.IHe 
L , a l 

paBHOMepHbie OTHOCHTenbHO k C:'- (£
0 

' NO OUeHKH 

a + a Pp- (k, r) M p 
• 1 I 

--·--· ·- -· -- <. ·-------

ak a - r (r 1/ 4 ) 

a ± (k,r) 
a Pr, 2 - ----I.$ Mp , 1--------

. ' aka 

r · v t , (a 0, 1) , 

r .ne M p - HeKOTOpag llOCTOJIHHaJio 11:3 3TH X OUeHOK BbiTeKaeT Hepa

BeHCTBO 

Mp + 
IOp, 2 (r) l .$ -----· -·-- . r ' t 0 

r + t 

+ 
8 HHTerpane Of .nenaeM 3aMeuy k - z + r I (2t) o llocne uu-

' 1 
TerpHpOBaHHJI no 'faCTJIM, npH KOTOpOM nOJIBJITCJI HHTerpanbi ~pe-

Heng, nony'IHM 

M 

IO~ t C•l I" ~ -~~:,-;,-;~~-~-· 
? Mp (r ·- 2N t)- 1 0 • 

v t s r ~ 3N
0
t, 

r ;:: 3N0 to 

C llOMOIJ.IbiO .llOKa3aHHbiX HepaBeHCTB HaXO.llHM, 'ITO 

± .... 2 1 1 II C f (r ; t >I I S cons to ( ----- ~ -----------), 
m yT r 2 (t 118 ) 

oTxy.na cne.nyeT yTBep>K.neuue 6/o 
v 0 1 / 3/ 

11:3 3TOH TeopeMbl BbiTeKaeT, 'ITO .nng nro6oro BeKTOpa t/J E L (C
0

) 

. iH 0 t - iHt ± * ± ± 
shm e z e t/J = n + t/J , (t/J = n ± t/J), 
t -+ -;(XI -

- iH t 
slim (ZU ± - J) e 0 t/J = Oo 

/307/ 

t -t + 00 
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<l>opMynoB. /3.7 I Bbipa)l(aiOTCH conpg)l(eHHbie on epa Tophi n 'j. qepe 3 

AKQ Ha MHO)I(eCTBaX U ± [L 0(C ~)] , HBTIHIOIIIHXCH nnOTHb~MH B 

Rann±. 
MeTO.IlOM, HCllOTib30BaHHbiM B /3<npH KOTOpOM paCCMaTpHBaiOT

CH HHTerpanhi bOXHepa OT CHTibHO HenpepbiBHbiX l))yHKUHH, MO)I(HO 

nony'IHTb ypaBHeHHH 

r.ne 

+ 
Z l{! - .. "' I slim 

f ·•0 ~ 

A H ± +oo HO -_____ z dP A 1/1 ' r -----
·-00 H

0
- A i" i£ 

± 0 1 
I{! ~ U ± 1/J, (I{! E L (C0)) , 

/3.8/ 

P ~ - npoexTopH03HatJHaH Mepa onepaTopa H. 11.3 3Toro 

ypaaHeHHH H H3 onpe.neneHHH onepaTopa Z BbiTexaeT HHTerpanh

Hoe ypaBHeHue 

+ 
Up (k ; r I W ( k , r)) = j p (k r ) + 

00 + , + 
I r ~; (k: r, r')(H? ) .. k 

2
)uy- (k; r' + w(k' r ')) dr', 

0 

(r) 
Hr 

a 2 r cr 1 1) 
- -- - --- + - ------- - ' 

ar 2 r 2 

... ± (k ') . . 1 . k ) ± k . ') 
)-'J p : r. r - 1 ik-J r ( r < w p ( r , ) , r,_ ~ mm (r, r , r 

/3.9/ 

/3.10/ 

~ max(r, r '). 

/3.11/ 

+ 
Bxo.nHIIIHe B /3.10/ cl>YHKUHH w f ( z) - l))yHKUHH PuxaTTH-

XaHxenH !2/, KOTOpble Bblpa)l(alOTCH KaK TIHHeHHble KOM6HHaUHH l))yHK

uuB. PuxaTTu-Eecceml ie(z) H PuxaTTu-HoB.MaHa np (z) 

+ 
w e ( z) = j p ( z) ± in r ( z) . 

KaK OTMe'laTIOCb BO BBe)leHHH, C llOMOlllblO HHTerpaTibHOrO 

ypaBHeHHH /3.9/ MO)I(HO pa3BHTb MeTO.Il l))a30BbiX l))yHKUHH H BbiBec

TH lj_)a30Bble ypaBHeHHH. 

12 

4. MET0,4 4>A30Bh/X 4>YHKIJHi/ 
,4Jl.R ,4AJibH0,4EilCTBYlOII{HX C4>EPHifECKH 
CHMMETPHifHhiX IIOTEHIJHAJIOB 

Jlerxo noHHTh, 'ITO .neiicTBHe one_paTopa H~q - k
2

, axo.ng

IIIero B HHTerpanbHOe ypaBHeHHe /3.9/, 3KBHBaneHTHO )leHCTBHlO 

HeKOTOporo 3~eKTHBHOrO llOTeHUHana, B KOTOpOM TIHHeHHO yqacT

ByeT onepaTop .nu~epeHuupoaaHHH a;ar. qTo6bi nony'IHTb cl>a3o

Bbie ypaBHeHHH, B KOTOpble BXO.IlHT 3~eKTHBHbiH llOTeHUHan, HBnH

lOIIIHHCH onepaTOpOM YMHO)I(eHHH, llOTIO)I(HM 

I 
up (k;r 1 w(k.r)) -· 

··--·· -- ;- 11 I f 
v 1 t w r "if w f (kr )X 1 (k ; r) 1 if (k r) x; (k: r) I , /4.1/ 

1 +- axi . a-12 
2- Wr a-~-- I J r - a~--- = 0 • 

J.i3 HHTerp,TibHOrO ypaBHeHHH /3.9/ BbiTeKaeT, 'ITO CHCTeMa l))yHK-

UHH (X~· X 2 ) HBnHeTcH peweHueM cne.nyiOIIIeii 3a.na'IH 

a r 2 e L 

---- X (k;r) ~ ~ a {3(k;r)Xf3(k;r). Ca ~ 1.2), ar a {3 1 a 

f 
X 

1 
(k; 0) ~ 0, 

p 
X

2
(k;r) : 0(1). (r •0). 

B cl>opMyne /4.2/ 

e r 1 + . 
a = -- a ~, ----Wr (k;r)wp (kr)Jf (kr), 

11 22 i k 

a i 2 - ~ i~- w r (k ; r) i [Ck r) • 
e i 1 a21 -~ 2k-Wr (k;r)[we .(kr)]

2 

We (k;r) ~ Ve (k;r) - -~!r 1- w, rl, 
2 

Ve (k;r) =U(rl w(k,r)) 1(w~ 2 t2w;)[u(r+w(k,r)) - k2j -f 

, ) 2 
(1+Wr 1 

1- e ce t 1)[ ---- - - ---- - ---1. 
(r + w) 2 r 2 

, -1 a3w 3 , -2 iw 2 
I r + w, r I = (1 t w ) - --- - - - ( 1 + w ) (--- --) 

r ar 3 2 r ar 2 

/4.2/ 

/4.3/ 

/4.4/ 
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cl>yHKUHlO 14.41 6y,D,eM paCCMaTpHBaTb KaK 3cll¢eKTHBHbiB IIOTeHUHaJI, 

3aBHCJIIUHB OT 3HeprHH H KBaHTOBOrO 'IHCJia f. · HeTpy,D,HO IIOKa3aTb, 

'ITO ,D,JIJI JIJ06oro ,D,aHHOrO k > 0 MO)KHO HaBTH TaKHe IIOCTOJIHHble 

Yf (k) H q, (k) . 'ITO ,D,JIJI npoH3BOJI&Horo r ~ Yf (k) 

C f (k) 
14.51 1 We (k ; r )l 5 

r2r (r 1/ 4 ) 

HepaseHCTBO 14.51 noxa3biBaeT, 'ITO 3cll¢eKTHBHblii: noTeHuHan 

JIBJIJieTCJI KOpOTKO,D,eBCTBYJOIUHM. 

PeweHHe CHCTeMbl 14.21, ci>YHKUHH KOTOporo Y.D.OBJieTBOpJilOT 

ycJIOBHJIM 14.31, 6y,D,eM Ha3biBaT& perynRpHbiM peweHHeM. Jlerxo 

BH.D.eT&, 'ITO see perynRpHble peweHHJI CHCTeMbl I 4. 21 - JIHHeii:Ho 

3aBHCHM&Ie. Ka)K,D,Oe perynRpHoe peweHHe JIBJIJieTCJI peweHHeM 

CHCTeMbl H3 .D.BYX HHTerpaJibHbiX ypaBHeHHB, KOTOpyJO MO)KHO 

peWHTb MeTO,D,OM HTepaUHB. ECJIH Mbl HaWJIH HeKOTOpoe HeHyJieBoe 

peryJIJipHOe peweHHe (Xp
1

, X ~ ) CHCTeMbl 14.21, TO CMO)KeM 

nerKO Bbi'IHCJIHTb cl>a3bl Op (k), BOCIIOJib30BaBWHCb COOTHOWeHHeM 

2 iop (k) 
e 

p f 
x 1(k; oo) ·I x 2(k; oo) 

-------------------
x~(k ; oo) 

14.61 

J.ICHO TOr,D,a, 'ITO ypaBHeHHJI 14.21 JIBJIJIIOTCJI no CyiUeCTBY cl>a30Bbi

MH ypaBHeHHJIMH ,D,JIJI .naJibHO,IIeii:cTBYJOIUero noTeHUHaJia U(r). 

YpaBHeHHJI CHCTeMbl 14.21 MOryT 6biTb HCIIOJib30BaHbl ,IIJIJI 

IIOJiy'leHHJI HOBbiX cl>a30BbiX ypaBHeHHB. ECJIH BBeCTH aMIIJIHTY.D.HYIO 

ci>YHKUHJO 

1 
A p(k ; r ) ~2-i 

p . 
x 1 (k , r) 
--r-~-·--

x 
2 

(k , r ) 

TO nerxo nposepHTb , 'ITO OHa Y.D.OBJieTBOpJieT ypaBHeHHIO PHKaTTH 

14 

aA p(k ; r ) 

ar 
= - i-We (k ; r) l j f (k r ) 1 i w; (k r) A r (k ; r ) 1 2, 

~ (k ; r ) =O(r <2f+ 1 ~ . (r ... 0). 

14.71 

cl>a3oBaJI ci>YHKUHJI, onpe,D,eJIJieMaJI H3 COOTHOWeHHB 

1 1 2i A e (k ; r) . e 2iop (k;r) 

or (k ; 0) o· o. 
Y.D.OBJieTBopseT ypasHeHHIO 

14.81 

ao e (k ; r ) 1 . . 2 -------·-- ~ - ·-- we (k ; r) l Jp (kr) cosoe (k ; r)- ne (kr ) smoe (kr ) I . 14.91 
ar k 

fiOCKOJibKY noTeHUHaJI 14.91 JIBJIJieTCJI KOpOTKO,D,eBCTBYIOIUHM, TO 

peweHHe I 4 . 91, Y.D.OBJieTBOPRIOIUee I 4. 81, HMeeT xoHe'IH&Iii: npe,D,eJI 

npH r • "" • qepe3 KOTOpbiH Henocpe,IICTBeHHO Bbipa)KalOTCJI cl>a3bl 

or (k). 

fiony'ieHHbie cl>a30Bble ypaBHeHHJI MO)KHO peWHTb HTepaUHOHHbiM 

MeTO,D,OM, MeTO,D,OM JIHHeapH3aUHH H ,D.p. B CJiyqae MaJIOH KOHCTaH

Tbl CBJI3H npHMeHHM MeTO,D, cl>opMaJibHbiX pJI,D,OB : 10t,c IIOMOIUbiO xo

TOporo MO)KHO HaBTH OC06bie TO'IKH aMIIJIHTY,D,HOB ci>YHKUHH B KOMn

JieKCHOB IIJIOCKOCTH k. 

B 3aKJIJO'IeHHe aBTOpbi xoTJIT no6naro,D,apHTb A.A.ATaHacosa 

H B.ll.BenHxosa 3a none3H&Ie o6cy)K,D,eHHR. 
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