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6araee B.H., 51HcceH ,[1. P4 - 12407 

CneKTp MIOOHHOro aTOMa 192 0s 

npoeeAeH~ pac4eT~ cneKTpa ~ ~HTeHC~BHOCT~ El-nepeXOAOB 
B MIOOHHOM aTOMe 1920s. ,[IJl.A .AAepHbiX BOI1HOB~X <I>YHK~~~ ~cnpo-
6oeaHbl MOAen~ aKc~ailbHoro ~ HeaKc~ailbHoro .AApa c <I>~Kc~poeaH
H~M~ 3Ha4eH~.AM~ napaMeTpOB Ae<!>opMa~~~ ~ KOI1I1eKT~BHa.A MOAei1b 
~onoca-51HcceHa. Ha~AeHo 3Ha4~Tei1bHOe pa3I1~4~e MemAY npeA
CKa3aH~.AM~ pa3H~X MOAei1e~. 

Pa6oTa e~nOI1HeHa B na6opaTop~~ TeopeT~4eCKOA 
<I>~3~K~ OH51H. 

npenpHHT 061>ellHH9HHOro HHCTHTyTa lU18pHblX HCCne!IOBSHHA • .Uy6Ha 1979 

Bagaev V.N., Janssen D. P4 - 12407 

Spectrum of Muonic Atom 192os 
The calculations of the spectrum and of the E1-transi

tions intensities in the ~- 192os atom are reported. The 
following models generating the nuclear wave functions have 
been tried: the axial rotator model, the three-axial rota
tor model and the collective model by Janssen and Jolos. 
The differences in the predictions based on these models 
are large enough to the detected experimentally. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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BBE,LIEHHE 

KaK ~3eecTHO, y MIOOHH~x aTOMoe c c~nbHO Ae<!>opM~poeaHH~M~ 
.AAPaM~ Ha6niOAaeTc.A 3Ha4~Tei1bHOe E2-e3a~MOAe~cTe~e, on~caH
HOe enepe~e ,[lmeKo6coHOM ~ B~neTcoM /1 • 2 1 . K HaCTO.A~eMy epeMe
H~ ~MeeTC.A 3Ha4~Tei1bHOe KOI1~4eCTBO pa6oT, nOCB.A~eHH~X 3TOMY 
eonpocy~- 141 . DAHaKo cneAyeT OTMeT~Tb, 4TO e 3T~x pa6oTax 
o6~4HO paCCMaTp~BaiOTC.A TOJlbKO C~JlbHO Ae<!>OpM~poeaHH~e .AApa, 
H~mH~e ypoeH~ KOTOp~x xopowo on~c~eaiOTC.A MOAei1biO mecTKoro 
aKc~ailbHoro poTaTopa. 

B AaHHOA pa6oTe M~ pacCMaTp~eaeM MIOOHH~~ aTOM C .AAPOM 
~3 nepeXOAHO~ o6nacT~- ~- 192 0s. KaK ~3eecTHO, 3T~ .AAPa 
.ABI1.AIOTC.A M.ArK~M~ ~ HeAOCTaT04HO XOpOWO On~C~BaiOTC.A KaK 
MOAei1biO meCTKOrO POTaTopa, TaK ~ B~6pa~~OHHO~ MOAei1biO. 3TOT 
CI1y4a~ .ABJl.AeTC.A KaK 6~ npOMemyT04H~M MemAY ABYM.A ynOMAHYT~
M~ e~we. ,[InA on~caH~.A cneKTpa ~- 192 0s MOmHo ~cnonb30BaTb 
MOAei1b 6opa-MOTTei1bCOHa, KOTOpa.A Y4~T~BaeT KOI1e6aH~.A noeepx
HOCT~ .AAep, 4TO ~ CAenaHO B pa6oTe n 51. 3AeCb AAePH~e 
COCTO.AH~.A 192 0s M~ paCCMaTp~eaeM B paMKaX MOAei1~, npeAJlO
meHHO~ AI1.A on~caH~A nepexOAHbiX AAeP ,[lmonocoM ~ 51HcceHoM 116 ~ 
HaM~ TaKme npo~3BeAeH AI1.A cpaeHeH~A pac4eT cneKTpa ~- 192 0s 
e npeAnonomeH~~.4TO ero AAPO on~c~eaeTc.A e paMKax MOAei1~ 

Aae~Aoea-<l>~n~nnoea. 

TEOPH5l 

raM~IlbTOH~aH, on~C~BaiO~~A COCTO.AH~.A MIOOHHOrO aTOMa, 
3an~c~eaeM e B~Ae: 

->-> 2 
H = H + Cap + {3mc +HN 

N ~ 

OH cocTo~T ~3 Tpex 4I1eHoe: 

/1/ 

1 I H N - raM~IlbTOH~aH .AAPa, on~cb1ea10~ero e3a~MOAe~cTe~e 
HYKI10HOB MemAY co6oA, 

->-> {3 2 v 2/ cap + me - onepaTop ,[l~paKa, on~CbiBaiO~~I-1 AB~meH~e 

MIOOHa, a i ~ {3 - 06bi4Hble 4eTblpexp.AAH~e MaTp~~bl ,[l~paKa, 

3/ H~N - B3a~MOAeACTB~e MIOOHa ~ ecex HYKI10HOB B RAPe 
c y4eToM paA~a~~OHH~x nonpaeoK. 
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6araee B.H., .RHcceH A. P4 - 12407 

CneKTP M~OHHoro aToMa 192os 

npoeeAeH~ pac4eT~ cneKTpa ~ ~HTeHC~BHOCT~ El-nepeXOAOB 
e M~OHHOM aToMe 19 20s. Anfl fiAePHbiX eonHOBbiX <I>YHK~~i1 ~cnpo-
6oeaHbl MOAen~ aKc~anbHoro ~ HeaKc~anbHoro fiApa c <I>~Kc~poeaH
H~M~ 3Ha4eH~fiM~ napaMeTpOB Ae¢opMa~~~ ~ KOnneKT~BHafl MOAenb 
~onoca-.RHcceHa. Hai1AeHo 3Ha4~TenbHOe pa3n~4~e MemAY npeA
cKa3aH~fiM~ pa3H~X MOAenei1. 

Pa6oTa B~nonHeHa B na6opaTop~~ TeopeT~4eCKOi1 
<!>~3~K~ OH.RH. 

npenpHKT 061>el1KKeKKOrO HKCTKTYT8 SIJlepKblX KCCne!lOB8KHA • .ay6Ka 1979 

Bagaev V.N., Janssen D. P4 - 12407 

Spectrum of Muonic Atom 192os 

The calculations of the spectrum and of the E1-transi
tions intensities in the ~- 192os atom are reported. The 
following models generating the nuclear wave functions have 
been tried: the axial rotator model, the three-axial rota
tor model and the collective model by Janssen and Joles. 
The differences in the predictions based on these models 
are large enough to the detected experimentally. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1979 

;. 

BBEAEHHE 

KaK ~3eecTHO, y M~OHH~x aToMoe c c~nbHO Ae¢opM~poeaHH~M~ 
fiAPaM~ Ha6n~AaeTcfl 3Ha4~TenbHoe E2-e3a~MOAei1cTe~e, on~caH
HOe enepe~e AmeKo6coHOM ~ B~neTcoM /1 • 2 1 . K HaCTOfl~eMy epeMe
H~ ~MeeTCfl 3Ha4~TenbHOe KOn~4eCTBO pa6oT, nOCBfl~eHH~X 3TOMY 
BOnpocy ~- 141 . 0AHaKO cneAyeT OTMeT~Tb, 4TO B 3T~X pa6oTaX 
o6~4HO paCCMaTp~Ba~TCfl TOnbKO C~nbHO Ae¢OpM~pOBaHH~e fiApa, 
H~mH~e ypoeH~ KOTop~x xopowo on~c~ea~TCfl MOAenb~ mecTKoro 
aKc~anbHoro poTaTopa. 

B AaHHoi1 pa6oTe M~ paccMaTp~eaeM M~OHH~i1 aToM c fiAPOM 
~3 nepeXOAHOi1 o6nacT~- ~- 192 0s. KaK ~3eecTHO, 3T~ fiAPa 
fiBnfi~TCfl MflrK~M~ ~ HeAOCTaT04HO XOpOWO On~C~Ba~TCfl KaK 
MOAenb~ meCTKOrO pOTaTopa, TaK ~ B~6pa~~OHHOi1 MOAenb~. 3TOT 
cny4ai1 fiBnfleTCfl KaK 6~ npOMemyT04H~M MemAY ABYMfl ynOMfiHYT~
M~ e~we. Anfl on~caH~fl cneKTpa ~- 192 0s MOmHo ~cnonb30BaTb 
MOAenb oopa-MOTTenbCOHa, KOTOpafl Y4~T~BaeT KOne6aH~fl noeepx
HOCT~ f!Aep, 4TO ~ CAenaHO B pa6oTe n 51. 3AeCb fiAePH~e 
cocTOfiH~fl 192 0s M~ paccMaTp~eaeM e paMKax MOAen~, npeAno
meHHOi1 Anfl on~caH~fl nepeXOAHbiX f!AeP AmonocoM ~ .RHcceHoM 116 ~ 
HaM~ TaKme npo~3BeAeH Anfl cpaeHeH~fl pac4eT cneKTpa ~- 19 2 os 
e npeAnonomeH~~ ,4TO ero fiAPO on~c~eaeTcfl e paMKax MOAen~ 
Aae~Aoea-<l>~n~nnoea. 

TEOPH.s! 

raM~nbTOH~aH, on~C~Ba~~~i1 COCTOfiH~fl M~OHHOrO aTOMa, 
3an~c~eaeM e B~Ae: 

->-> 2 
H = H + cap + {3mc + H N 

N ~ 

OH cocTo~T ~3 Tpex 4neHoe: 

/1/ 

1 I H N - raM~nbTOH~aH fiAPa, on~CbiBa~~ero e3a~MOAei1cTe~e 
HyKnOHOB MemAY co6oi1, 

->-> Q 2 v 

2/ cap + ,_..me - onepaTop A~paKa, on~Cb!Ba~~~l-1 AB~meH~e 
M~OHa, a i ~ {3 - o6bi4Hble 4eTblpexpfiAH~e MaTp~~bl A~paKa, 

3/ H~N - B3a~MOAei1CTB~e M~OHa ~ BCeX HYKnOHOB B fiAPe 
C y4eTOM paA~a~~OHH~X nonpaBOK. 
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B AaHHOM cny4ae H~N npeACTaanHeT aaa~MOAeHcTa~e M~OHa 
CO CpeAH~M CTaT~4eCK~M noneM, C03AaBaeM~M HYKnOHaM~ 

HApa. noTeH~~an, C03AaBaeM~H HAPOM B C~CTeMe KOOPA~HaT , 
CBH3aHHOH C HAPOM, ~MeeT B~A 

V(r, 8 ', ¢ ' ) = <l> ( r) + _1_ (V 20 (r, a0 ,a 2lY 20 t (8 ',¢ ') + 
2 

+ V 22 (r, a~, a;)Y22 (8:¢' ) + V 
2

•
2 

(r, a~, a;)Y 
2

_
2 

(8 ', ¢ ')) , 
/2/ 

<!>YHK~~~ V2m(r,a~,a2) paBHbl: 

V (r, a',a')=2y-'!1!. _L ( fp (r')r' 4dr'-
2m 0 2 5 r 3 

0 
2m 

00 ,5 5 
r - r - r p 2m(r') ----- - - - - dr,)' 

r, 

131 

rAe P 2m( r') onpeAenHeTCH COOTHOWeH~eM : 

P 
2

m (r ') = I P (r ')Y ; m (8 ', ¢ ') dU • /4/ 

Ecn~ C4~TaTb, 4TO pacnpeAeneH~e aapHAa a HApe on~CbiBaeTCH 
<t>opMynoH: 

... Po 
p(r) = ------- --- ----- --------- - - ------------- --------------, /5/ 

1 + exp 1 -~+~~(r- c (1 + a~ Y20(8,¢)+a2 (Y 22(8,¢) + Y 
2

•
2 

(8 ,¢)))) I 

To, npeAnonaraH Ae<t>opMa~~~ Man~M~, Mo~eM aan~caTb paano~e
H~e nnOTHOCT~ a6n~3~ T04K~ a~= 0, a~ = 0: 

-+ 

... , a~i~--1 
p ( r) = po (r) + ao--aa' a~= o 

, 
a 2= 0 

-+ 

, ~~i2._ I , 
+ a2- aa' a2= 0 

a,= 0 
0 

!61 

C y4eToM 3Toro paano~eH~H <!>YHK~~~ 
caTb a cneAY~~eM B~Ae: 

V (r, a', a '2 ) MO~Ho aan~-2m 0 

4 

.. 

4ln3 , l exp 1-----(r -C) 
00 t ,4d , 

4rr c , ( r -------------- r r -
V (r, a' • a'2) = 8ln3y-5- _t_r_3a m o -- 14ln3( ~c)l)2 

2m 0 (1 + e xp -t-- r 

- r 
4 ln3 , 

exp 1-----(r - c) l 
t 

---------------· 
4 ln3 , 2 

(1 +exp 1----- (r - c)!) 
t 

, 5 5 
r - r 

--------- dr . 

171 

Y4~ T~aaH, 4TO npo~aaeAeH~e nocTOHHHoro MHO~~TenH Ha nepa~H 

4neH B CK06KaX B B~WeHan~CaHHOM B~pa~eH~~ npeACTaBnHeT 
C060H B AaHHOM np~6n~~eH~~ Ben~ 4~HY KBaApynonbHOrO MOMeHTa, 
M~ Mo~eM aan~caTb 

V2m(r-, a~ , a;)= Q ;mf(r) , 

rAe f (~ - npOH~Ka~~aH <!>YHK~~H, paBHaH 

f
. 1 
(r)= - - (1-

r 3 

4ln3 , 
expl -----(r - c)l 

t r · 5 _ r 5 
r ----------------------- -------- dr , 
~ 4 ln3 , 2 r ' 

(1+ exp l-----(r - c)l ) 
t 

------------------------------------------ ). 
4ln3 , 

00 e xp 1--t---( r - c) l 

r ------------------------ r'
4
dr 

4ln 3 , 2 
0 ( 1+ e xpl ----- (r - c) ll 

t 

Y4~T~BaH a~pa~eH~e /8/, MO~eM aan~caTb raM~nbTOH~aH 
B cneAY~~eM B~Ae: 

H ~N = f (r) (~ Q ~k y 2k (8, cp)). 

!81 

/9/ 

/10/ 

3AeCb Mbl y4n~ cneAY~~y~ CBH3b Me~AY KBaApynonbHbiM~ MOMeHTa
M~, 3aAaHH~M~ B C06CTBeHHOH ~ na6opaTOpH~X C~CTeMaX 

KOOPA~HaT 

Q* - Q' D 2 * (8 ) Q' D 2 * Q' D2 * 2k- 20 kO i + 22 k2 + 2·2 k· 2 ' /11/ 

Heo6xoA~M~e AnH 6aa~ca A~aroHan~aa~~~ aonHoa~e <t>yHK~~~ M~oHa 
B~fi~paeM B B~Ae 
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r/J ~k <0 
1/ r11 

i/r 11 

11 
G nk (r) X k (8, ¢) 

' 11 I' 

F nk (r) X -k(O, ¢) 
/12/ 

rAe Fnk(~ M Gnk(~ COOTBeTCTBeHHO ManaR M 6onbWaH KOMnOHeH
T~ BOnHOBOA $yHK4MM M~OHa C HOpMMPOBKOA 

f(F2 + c2k)dr = 1. nk n /131 

$yHK4MM rp ~k (r) HBnH~TCH C06CTBeHHbiMM tlJYHK4MHMM raMMnbTOHMa
Ha 111, ecnM He y4MT~BaTb KBaApynonbHOrO B3aMMOAeACTBMH. 

raMMnbTOHMaH, onMc~sa~~MA HAPO, aanMc~saeM cornacHo 
MOAenM A~onoca-RHCCeHa B BMAe n61: 

+ 
H =W21 ~b2 b2 + 

11 11 11 

+ + 
+ ~ b211b211 ; b211b211 + 1 

1- ..... 20 ([ b 2 b 21 00 v' ( 1 - ----------)( 1 - -------------)+h. c.)+ 
w w 

1141 

~ b + b 
+ + 11 211 211 

+ w31([b2b2b 2loo v' 1- ----------- + h.c.)+ 
w 

+ + l + ~ w421 [[b2b2]I [b2b2]1 oo 
I= 0,2,4 

3AeCb w - nono~MTenbHoe 4enoe 4Mcno, a HaweM cny4ae pasHoe 
10. 4McneHHble 3Ha4eHMH K03$tlJM4MeHTOB w21 , w20 , w31 , w 4~J 
onpeAenHnMCb M3 MMHMMyMa OTKnOHeHMH TeopeTM4eCKMX 3HeprMM 
0~ 3~Cnj_pMM+eHT_fnbHbiX AnH nepBbiX 5 HM3Kone~a~MX COCTOHHMA 
21, 22' 41' 42' 3 1' 

Co6cTBeHH~e tl>YHK4MM s~weHanMcaHHoro raMMnbTOHMaHa Mcnonb
aosanMCb B 6a3MCH~X BOnHOB~X tlJYHK4MHX, KOTOp~e MMenM BMA: 

\>.Ijnk;F'M >= ~ (IjM 11 \FM) r/J, t/1. 11 

MJI1 "IMI nk 
1151 

3AeCb I , MI M j , 11 - KBaHTOBble 4MCna yrnOBbiX MOMeHTOB 
HAPa M M~OHa. 

MaTpM4H~e 3neMeHT~ KBaApynonbHoro saaMMOAeAcTBMH a 3TOM 
6a3MCe MMe~T BMA: 

6 

<>.'I 'j 'n 'k '; FM \ H11 NQ
2 

\Aljnk; FM > = 

2- , -
=-V:!(-1) J+J+F v' 2j, + 1 W(I 'j 'Ij; F2)(j '2'h0 \j lh) X 

x e2 fdr(F , ,(r)F (r) + G, ,(r)G (r))f(r) x<A 1'\\ G \\ >.I > . 
n k nk n k nk 2 

1161 

~HTeHCMBHOCTM AMnOnbHbiX nepeXOAOB COOTBeTCTBeHHO onpeAenH~T
CH Bblpa~eHMHMM 

A if (n' f 'F'-+ nfF) = (E i -E r )
3 

(2f + 1)(2F+ 1)(2F'+ 1)(f100\ f'O) 
2

x 

x \ ~ (-1)i-ti ~I [(2j + 1)(2j + 1)] "'\n fj\ r \n 'f'j')C(Ij 'F ')C(IjF) x I 17 I 
jj I 

X W(fj f'j';V:!1)W(jj'FF'; 11) \
2, 

rAe C(I j F) - K03$tlJM4MeHTbl, BXOAH~Me B paano~eHMe BOnHOBbiX 
tlJYHK4MA COOTBeTCTBY~~ero ypOBHH no 6a3MCH~M BOnHOB~M 
tlJYHK4MHM: 

\>. n P ; FM > = ~ C(I jF) \>. I j nk ; FM >. I 181 
Ij 

PE3YnbTATW PAC4ETOB ~ 06CYmAEH~R 

~cnonb3YH s~weHanMcaHH~e tlJopMyn~, M~ npoMasenM pac4eT 
cneKTpa 11-

1920s 1Ta6n. 1 I. npM pac4eTe y4MTbrsanocb a nepsoM 
nopHAKe snMRHMe nonHpM3a4MM saKyyMa. KpoMe Tore, Y4MT~sa
nMCb nonpaBKM, CBH3aHH~e C nonHpM3a4MeA HApa, npM y4eTe 
3TMX nonpasoK Mbl cneAOBanM pa6oTe 117 1• npM aHanMae y4MTbrsa
nMcb neps~e ABa ypOBHH OCHOBHOA nonce~, OCTanbH~e ypOBHM 
He Y4MT~BanMCb, nOCKOnbKY MX 3HeprMM ropa3AO B~We. 

HaMM TaK~e 6brn Bbi4McneH cneKTP 11-
192 os a cny4ae, KOrAa 

HAPO onMc~saeTCH B paMKax MOAenM AaB~AOBa-$MnMnnosa 
1Ta6n. 11. Heo6xOAMMoe aHa4eHMe ~ onpeAenRnocb no tlJopMy
ne 718/ : 
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Ta6m-1~a 

3HepnH1 1-1 OTHOCI-'ITenbHble l-'IHTeHCI-'IBHOCTI-1 2p-1 nepeXOAOB 11-l920S 

Tlln 
QepsoA I 2 3 4 5 
ll0)!;8Jlll: 

Bopa-Morre~coaa 529!,5 5360.3 5385.5 5497.0 5591.0 
euepru (!taB) 

BBf8RCBBHOC'l'll 0.0976 0.3298 0,0909 0.4580 0.0237 

~~oBa~nuosa 

auepru (KaB) 5290.9 5364.2 5392.1 5496.7 5597,9 

BHf8HCBBROCU .II76 .3371 0.0967 0.4154 0.0331 

.U.OJioca-.iiHcceaa 5331,9 5401.9 5422.5 5537.7 5628.3 

eueprBB (xaB) 

BHT8HCBBHOCU • II73 0,3374 O.IOI2 0.4007 0.0369 

{3 = [ __ !~~! 7'2 
A 712 E--X l 

2+ 

rAe X-eenl-141-1Ha, 3aBI-1C.A~a.A OT y. An.A cpaeHeHl-'t.A a Ta6n. 1 
TaK>Ke np1-1eeAeH cneKTp 11 -192 Os, KOTOpbll:i nony4eH a pa6oTe / 15 / 

Ha OCHOBe MOAenl-1 oopa-MOTTenbCOHa. 
Bl-1AHO, 4TO pa3nl-141-1.A a cneKTpax AOBOnbHO cy~ecTeeHHbl, 

OC06eHHO OTnl-14aeTC.A cneKTp B cny4ae, KOrAa .AAPO Onl-1CbleaeT
C.A a paMKax MOAenl-1 A>Konoca-HHcceHa. 

0TMeTI-1M, 4TO cne-KTp l1- 192 0s 3KCnepl-1MeHTanbHO He onpeAe
neH. no3TOMy OT 6YAY~l-1X M~OHHblX 3KCnep!-1MeHTOB Mbl MO>KeM 
O>Kl-'IAaTb OTBeTa Ha eon poe: KaKa.A 1-13 MOAenel:i ny4we onl-'ICbleaeT 
AaHHOe .AApo? 

AeTOpbl Bblpa>Ka~T 6naroAaPHOCTb P.B.A>Konocy 3a none3Hble 
06CY>KAeHI-1.A. 
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