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EtiiiiMOB B.H. P4 - 12007 

Moaenb rpaHH'IHbiX ycnosal! TeH3opnoro B38HMOael!cTBHSI 
B aaaaqax asyx K Tpex eyKnoeos, I. Moaenb 6e3 sneuiHero 
noTeeueana B 381l8'1e asyx eyKnoeos 

Pac,cMoTpeea aaaa'la asyx eyxnonos c y'leTOM TeH30pHbtX can B npea
nonolKeHHH, 'ITO B38HMOileiiCTBHe HyKnOHOB Om!CbiB8eTCSI MOnenblO r'p8HH'IHblX 
ycnOBHR. noK838HO, 'ITO B STOM cny'lae BHeMaCCOB8SI t -M8TpKU8 MOlKeT · 
6h1Tb onpeaeneea 6ea o6bi'!Horo ncnonbaosaHKSI HeKoTopoii npenenbHOi! npoue
ayphl anSI noTenneana cneueanbnoro seaa. BbtpalKeHne anSI sneMaccosol! 
t -M8TpHIIbl K HeKOTOpbte COOTHOWeHKSI, cywecTBeHHble rtpH paCCMOTpeHKK 
38.Il8'1H TpeX HyKnOHOB B MOilenK rpaHK'IIIbiX ycnOBHll, nony'leHbl H8 OCHOBe 
TOnbKO rpSHK'IHbiX ycnOBHH, H8KnanbiB8eMbiX H8 BHeMSCCOBbte llBYX'I8CTH'IHbie 
BOnROBble cj>yHKUKR. 

Pa6oTa Bbtnonaeaa B lla6opaTopan nel!Tpoanol! cj>n3HKR 0115111. 

Coo6weHHe 06be.IlRHeHHOr'O HHCTHTyTa HnepHbiX IICCnenOB8HHli, ny6Ha 1978 

Efimov V,N, P4 - 12007 

Boundary Condition Model of the Tensor Interaction 
in the Two- and Three-Nucleon Problem. I. The 
Model without the External Potential in the Two
Nucleon Problem 

The two-nucleon problem is considered with the tensor 
forces assuming that nucleon-nucleon interaction is described by a 
boundary condition model, It is shown that in this case the off-shell 
t-matrix can be determined without the usual utilization of a certain 
limiting procedure for a special local potential, The expression for 
off-shell t-matrix and some relations important for the consideration 
of three-nucleon problem have been obtained with the help of 
boundary condition imposed upon the off-shell two-particle wave 
function only. 

The investigation has been performed at the Laboratory 
of Neutron Physics, JINR, 
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1. BBEJ(EHHE 

O.nHoil H3 npocThiX ao3MO)l(HOCTeil tlleHoMeHonoruqecKo

ro yqeTa KOpOTKO,!I.eHCTBYIOlllHX KOMllOHeHT HYKJIOH-HYKJIOH

HhlX B3aHMO,!I.eHCTBHH, KOTOpble B HaCTOJIUlee BpeMJI He 

MoryT 6hiTh nocne.noaaTenhHO nonyqeHhl B paMKax Me3oH

HoH TeopHH, JIBJIJieTCJI HCllOJlb30BaHHe MO,!J.eJIH rpaHH'IHhiX 

ycnoBHH /Mo.nenh rY I /1 1
• Mo.nenh rY c llOCTOJIHHOH nora

putilMH'IeCKOH npOH3BO,!I.HOH H C BHeWHHM llOTeHUHaJIOM, BH,!J. 

KOTOporo cne.nyeT H3 Me30HHOH TeOpHH JI,!J.epHbiX CHll ~/ 
JIBDJieTCJI ,!I.OCTaTO'IHO XOpOWO 060CHOBaHHOH tileHOMeHOJIOrH

qeCKOH MO,!J.eJihiO HYKllOH-HYKllOHHOrO B3aHMO,!I.eHCTBHJI, co

.nep)l(all.leH ropa3.IJ.O MeHhwe cao6o.IJ.HbiX Mo.nenhHhiX napa

MeTpoa, qeM, HanpuMep, H3BeCTHble noTeHuuanbl PeH:.na /3/ • 

3aMeTHM, 'ITO llOTeHUHaJibl C TBep,!l.biM KOpOM jnoTeHUHaJibl 

XaMa.IJ.bi-,[I.)l(oHcToHa /4/, PeH:.na c TBep.IJ.biM KopoM 13/u .np./ 

JIBJIJIIOTCH qacTHhiM cnyqaeM Mo.nenu rY, Kor.na noraputl!Mu

qecKaH npOH3BO,!I.HaH BOJIHOBOH tilYHKUHH Ha pa.nuyce rpa

HH'IHhiX ycnoauH: cTpeMHTCH K 6ecKoHe'IHOCTH. Cne.nyeT 

OTMeTHTb TaK)l(e, 'ITO ,!J.JIH HHTepnpeTaUHH HYKJIOH-HYKJIOH

HhiX B3aHMO,!I.eHCTBHH npH He60JihWHX 3HeprHHX ycneuiHO 

HCll0Jlb30BanaCh npocTaH MO,!J.eJih rY 6e3 BHeWHero llOTeH

UHana /5,6'. 
Bae.neHue tlleHoMeHonoruqecKHX HyKnoH-HYKJIOHHhiX no

TeHuuanoa, yqHTbiBaJOUlHX KOpOTKO,!I.eHCTBYIOlllHe CHJlhl cor

naCHO MO,!J.eJIH r Y, npHBO,!I.HT B 3a,!l.a'laX .IJ.BYX H Tpex HYKJIO

HOB K onpe.neneHHhiM TPY.IJ.HOCTHM. Bo-nepahlx, B03HHKaeT 

BOllpOC 0 KOppeKTHOM onpe.neneHHH BHeMaCCOBOH .IJ.BYX-

qacTH'IHOH t -MaTpHUhl, TaK KaK ,!J.JIH TaKHX llOTeHUHaJIOB 
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ee Henb3JI Haii:TH H3 o6bi'IHoro ypaBHeHHJI JlHnnMaHa

IliBHHrepa. BO-BTOpbiX, WHPOKO HCllOnb3yeMble TpexqacTH'I· 

Hble ypaBHeHHJI cl>a.D,.D,eeBa /7/ B 3TOM cnyqae He HMeiOT 

O.D.H03Ha'IHbiX peweHHii: 181• Heo.D,H03Ha'IHOCTH B03HHKaiOT 

TaK)I(e H npH peweHHH COOTBeTCTBYIO~HX TpexqaCTH'IHbiX 

ypaBHeHHH Ilipe.D,HHrepa, Ha 'ITO 6blnO BllepBble yKa3aHO 

O.D,HO~aMHnb~eM aBTOpa .D,aHHOH pa60Tbl npH paCCMOTpeHHH 

CHCTeMbl Tpex TO)I(.D,eCTBeHHbiX 6030HOB, B3aHMO.D,eHCTBHJI 

KOTOpbiX Ha ManbiX paCCTOJIHHJIX OllHCbiBaiOTCJI TBep.D,biM 

KOpOM 191. 

B pa6oTax 11o- 141 6bln npe.D,no)l(eH e.D,HHbiH MeTO.D. npe

o.D,oneHHJI yKa3aHHbiX BbiWe TPY.D.HOCTeii: B MO.D,enH rY 
C ~eHTpanbHbiM B3aHMO.D,eHCTBHeM. 3TOT MeTO.D, OCHOBaH 

Ha npe.D,nonO)I(eHHH 0 TOM,'ITO .IJ.BYX'IaCTH'IHble BHeMaCCOBble 

BOnHOBble ~YHK~HH Y.D.OBneTBOpJIIOT TeM )l(e CaMbiM rpaHH'I· 

HbiM ycnOBHJIM, 'ITO H BOnHOBble ~YHK~HH Ha MaCCOBOH 

llOBepXHOCTH /1,5,61_ Ilocne.D,HHe, KaK H3BeCTHO, CBJI3aHbl 

Henocpe.IJ.CTBeHHO c Ha6nro.D,aeMbiMH ~a3aMH pacceJIHHJI. 

bblnO llOKa3aHO, 'ITO yKa3aHHbiX rpaHH'IHbiX ycnOBHH H Bbl· 

TeKaiO~HX H3 HHX cne~H~H'IeCKHX CBOHCTB .IJ.BYX'IaCTH'IHbiX 

BHeMaCCOBbiX BOnHOBbiX ~YHK~HH BllOnHe .D,OCTaTO'IHO .D,nJI 

nonyqeHHJI .IJ.BYX'IaCTH'IHbiX BHeMaCCOBbiX t ·MaTpH~ /B 

llpH6nH)I(eHHH ~eHTpanbHOrO B3aHMO.D,eHCTBHJI/ B MO.D,enH 

ry KaK 6e3 BHeWHero llOTeH~Hana, TaK H npH HanH'IHH 

TaKoro noTeH~Hana /10,111. Pa3BHTbiH B /10,11/ MeTO.D. pewe

HHJI 3a.D,a'IH .IJ.BYX 'laCTH~ B MO.D,enH rY cy~eCTBeHHbiM 

o6pa30M OTnH'IaeTCJI OT MeTO.D,a pa60Tbl /1 5 /, OCHOBaHHOrO 

Ha TOM, 'ITO pe3ynbTaTbl, COOTBeTCTBYIO~He MO.D,enH rY, 
MOryT 6b1Tb nonyqeHbl C llOMO~biO HeKOTOpoii: npe.D,enbHOH 

npo~e.D,ypbl, npHMeHJieMoii: K noTeH~Hany cne~HanbHoro BH

.D,a. B pa6oTax /12-14~ MeTO.IJ.H'IeCKHX ~enJix 6blna pac

CMoTpeHa npocTeii:waJI TpexqacTH'IHaJI 3a.D,a'la - cBJI3aHHOe 

COCTOJIHHe Tpex TO)I(.D,eCTBeHHbiX 6030HOB C ~eHTpanbHbiMH 

napHbiMH B3aHMO.D,eHCTBHJIMH H HyneBbiM nonHbiM yrnOBbiM 

MOMeHTOM. bblno llOKa3aHO, 'ITO ecnH B3aHMO.D,eHCTBHJI 

'laCTH~ HMeiOT MeCTO TOnbKO B OTHOCHTenbHbiX S- COC

TOJIHHJIX H OllHCbiBaiOTCJI MO.D,enbiO ry 6e3 BHeWHero llOTeH

~ana, TO nocne.D,OBaTenbHOe HCllOllb30BaHHe CBOHCTB .D,ByX

'IaCTH'IHbiX BOnHOBbiX ~YHKUHH B MO.D,enH rY ll03BOnJieT 

TO'IHbiM o6pa30M CBeCTH TpexqacTH'IHOe ypaBHeHHe Ilipe

.D,HHrepa K O.D,HOMepHOMY HHTerpanbHOMy ypaBHeHHIO, HMero-
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~eMy o,n;H03Ha'IHOe peweHHe. MeTo.D. nony'leHHJI O.IJ.H03Ha'I

HbiX Tpex'laCTH'IHbiX ypaBHeHHH B MO.D,enH ry, HCDOnb30· 

BaHHbiH B /12-14.', npHHUHDHanbHO OTnH'IaeTCJI OT paCCMOTpeH· 

HOB B pa6oTax '16,17/ MO.D.H~HKaUHH Henocpe.IJ.CTBeHHO ypaB

HeHHH cl>a.D,.D,eeBa /7/, OCHOBaHHOH Ha cneUH~H'IeCKHX CBOHCT· 

BaX .IJ.BYX'IaCTH'IHOH t ·MaTpHUbl B MO.D,enH rY. )J.nJI .D,OCTH· 

)l(eHHJI nonHOH O,ll;H03Ha'IHOCTH MO.D,H~H~HpoBaHHbiX ypaBHe

HHH cl>a,n;.n;eeBa B pa6oTax 116 •17 -' oKa3anocb Heo6xo.IJ.HMbiM 

BBeCTH .D,ononHHTenbHble rpaHH'IHble ycnoBHJI .D,nJI Tpexqac

TH'IHbiX ~YHKUHH KaHanOB, KOTOpble He cne.D,yiOT H3 MO,n;enH 

rY .D,nJI .IJ.BYX'IaCTH'IHbiX B3aHMO.D,eHCTBHH, a TaK)I(e BBeCTH 

npOH3BOnbHbiH napaMeTp, 'ITO .D,enaeT 3TH ypaBHeHHJI, B 

OTnH'IHe OT ypaBHeHHH pa6oT/l3,14/, cy~eCTBeHHO MO.D,enb

HbiMH Ha TpeX'IaCTH'IHOM ypOBHe. MeTO.D,, pa3BHTbiH B pa-

6oTaX /12-14/, 6bln Hcnonb3oBaH TaK)I(e npH paccMoTpeHHH 

ypaBHeHHH cl>a.D..D,eeBa ,n;nJI yKa3aHHOH BbiWe npocTeii:weii: 

TpeX'IaCTH'IHOH CHCTeMbl /14,lB, 19/ H 6bln o6o6~eH Ha 

cnyqaii: 6onee cno)I(HbiX TpexqacTH'IHbiX CHCTeM B pa6o

Te l2°(HecKonbKO HHOH MeTO.D. paccMoTpeHHJI ypaBHeHHH 

cl>a.D,,n;eeBa B MO,n;enH rY 6e3 BHeWHero llOTeH~Hana ,n;nJI 

CHCTeMbl TpeX TO)I(.D,eCTBeHHbiX 6030HOB 6bln npe.D,nO)I(eH 

B pa6oTe 1'.21/. 

B HaCTOJIIUeil H B HecKOnbKHX nocne.IJ.YIO~Hx pa6oTax 

6y,n;eT pacCMOTpeHO o6o6meHHe Ha cnyqail TeH30pHbiX HyK

noH·HyKnOHHbiX B3aHMO.D,eHCTBHH MeTO.D,a, HCDOnb30BaHHOrO 

paHee /l0-14JinJI peweHHJI 3a.D,a'l .D.BYX H Tpex qacTHU c ueH

TpanbHbiMH napHbiMH B3aHMO.D,eHCTBHJIMH, OllHCbiBaeMbiMH 

MO.D,ellbiO ry. liy,n;eT paCCMOTpeH, KaK B /22,23/.D,nJI ueH· 

TpanbHbiX B3aHMO.D,eHCTBHH, BapHaHT MO.D,enH rY .D,nJI TeH-

30pHbiX B3aHMO.D,eHCTBHH C 3aBHCJI~HMH OT 3HeprHH nora

pH~MH'IeCKHMH npOH3BO,ll;HbiMH. )J.anee 6y.D,eT llOKa3aHO, 'ITO 

B cnyqae MO.D,enH rY HaH6onee KOppeKTHbiM MeTO.D,OM 

nony'leHHJI O,!J,H03Ha'IHbiX Tpex'laCTH'IHbiX ypaBHeHHH JIBnJI· 

eTCJI MeTO.D,, OCHOBaHHbiH Ha HCDOnb30BaHHH ypaBHeHHJI 

Ilipe.D,HHrepa, TaK KaK B 3TOM cnyqae O.D,H03Ha'IHbl llHWb 

nonHble Tpex'laCTH'IHble BOnHoBble ~YHKUHH H T-MaTpHUbl, 

a HX ~a.D..D,eeBCKHe KOMllOHeHTbl /coOTBeTCTBeHHO ~YHKUBH 
KaHanOB H KaHanOBble t ·MaTpHUbl/ HeO.D,H03Ha'IHbl H HMe

IOT 'IHCTO ~OpManbHbiH CMbiCn. KoHKpeTHbiH BH.D. HX Heo.D,· 

H03Ha'IHOCTeH 6y.D,eT HCCne.D,OBaH TaKHM )l(e CllOC060M, KaK 
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3TO 6blno c~enaHo B cnyqae ueHTpanLHbiX B3aHMo~eiicT
BHH /24,25.-~ 

AHanH3Y 3a~aqu Tpex HyKnoHoB 6y~eT npe~wecTao

BaTb paCCMOTpeHHe 3a~a'IH ~BYX HYKllOHOB B MO~enH ry 

C y'leTOM TeH30pHbiX B3aHMO~eHCTBHH. 3TO paCCMOTpeHHe 

6y~eT OCHOBaHO Ha DOcne~oBaTellbHOM HCDOllb30BaHHH rpa· 

HH'IHbiX ycnOBHH ~ll.ll BHeMaCCOBbiX ~BYX'IaCTH'IHbiX BOllHO • 

BbiX liJyHKI.(HH, KOTOpble JIBnJUOTC.Il o6o6meHHeM paCCMaTpH· 

BaeMbiX 06bi'IHO ycnOBHH ~n.ll liJyHKUHH Ha MaCCOBOH DO· 

BepXHOCTH/1,6,26/. TaKOH DO~XO~ MO)I(HO C'IHTaTb B HeKO· 

TOpOM CMbiCne "'IHCTbiM" MeTO~OM rpaHH'IHbiX ycnOBHH, 

TaK KaK OH He Tpe6yeT HCDOllb30BaHHJI npe~enbHbiX npo· 

ue~yp ~n.11 noTeHuuanoa cneuuanLHoro BH~a /15,26,27:, a 

npe~ene BOCUpOH3BO~.IILUHX MO~enb rY. 

2. 3A,4A qA j(BYX qACTHl( C HEl(EHTPAJlbHblM 
B3AHMOj(EHCTBlfEM 

)J.n.ll DOllHOTbl H3llO)I(eHHJI H pa~H e~HHCTBa HOpMHpOBOK 

H onpe~eneHHH nepe~ paCCMOTpeHHeM MO~enH rY B 3a~a

'laX ~BYX H Tpex HYKllOHOB C y'leTOM TeH30pHoro B3aHMO· 

~eHCTBHJI BKpaTUe 6y~eT H3llO)I(eH 4JopManH3M 3a~a'IH ~BYX 
'laCTHU/2S•aO<s3aHMO~eHCTBHe KOTOpbiX onpe~en.lleTCJI "Hop· 

ManLHbiM" HeueHTpanLHbiM noTeHuuanoM V. B Ka'leCTBe 

BOllHOBOH liJyHKUHH CB060~Horo COCTOJIHHJI IV =01 B03bMeM 

liJyHKUHIO \ksll~', COOTBeTCTBYIOI.UYIO onpe~eneHHbiM 3Ha'le· 

HHJIM DOllH~rO CDHHa S, ero DpOeKUHH IL H OTHOCHTellbHOrO 

HMDYllbCa k IHCDOllb3yeTCJI CHCTeMa e~HHHU, B KOTOpoii 

2n ~ ~ = 1, m - npuae~eHHa.ll Mac cal: 

->-> 
_. -• i kr c ) 1 11 <ra\ksp> o- e X a. 

Sjl 

r~e X Sf1 (a) • CDHHOBaJI liJyHKI.(H.Il, a • COBOKYDHOCTb 

CDHHOBbiX nepeMeHHbiX a 1 ,a2 ~BYX 'laCTHU. BonHOBble 

liJyHKI.(HH 111 Y~OBneTBOp.IIIOT cne~YIOIUHM ycnOBHJIM HOpMH· 
pOBKH H DOllHOTbl: 

6 

-+ ...... 3 ...... -+ 
<k's/.t'\ks/1> = (2rr) o(k'- k)o ' 0 , ' 

ss 1111 121 

-> 
-> dk -> }:, r \ksll> ----<kslll = 1. 

S/l ( 2rrf 
131 

CooTBeTCTBeHHO cao6o~Ha.ll liJYHKUHJI rpHHa 

-1 
G (Z),, (H -- Z) , 

0 0 
141 

r~e H O • raMHllbTOHHaH ~BYX CB060~HbiX 'laCTHU B CHCTeMe 

ueHTpa Mace, Z - 3HeprH.Il Ia o6meM cnyqae KOMnneKCHa.lll, 

6y~eT HMeTb BH~: 

3 "' "' 
.: k 's '11 'I G 

0 
( Z) 1 k.s p> ~ (~rr~-~~k ' =-~2~_t>_ 's 8#----

k 2 - z 
lSI 

Bae~eM ~anee BHeMaccoayro ~ayx'laCTH'IHYID t ·MaTpH· 

u.y t ( Z), HopMHpoaaHHYIO ycnoaueM 

<k's/.t'\t(E- iO)\ks/1> "' -4rrA(k's/.t',kSf1), 161 
2 9 -> -· 

r~e k = k'- - E. E - 3HeprH.Il, A(k 's '11 ', k sfl) 

aMDllHTy~a pac,Ce.IIHH.Il, a TaK*e BHeMBoCCOBYIO BOllHOBYIO 

liJyHKUHIO if,(Z)\ks/1' C HMDYllbCOM k Ia o6IUeM cny· 

qae k 2 I Z/, cnHHOM s H ero npoeKuHeii 11 npu 

OTCYTCTBHH B3aHMO~eHCTBHJI (V -• 0). KaK H3BeCTHO, 

~nJI t ·MaTpHI.(bl t(Z) H BOllHOBOH liJYHKI.(HH ·t/J(Z) 

HMeiOT MeCTO ypaBHeHHJI JlHDUMaHa • lliBHHrepa ''28·30.': 

t(Z) = V- VG
0

( Z)t(Z), 

t( Z) = V- t(Z)G0 ( Z)V, 

t/J(Z) = 1- G
0 

(Z)Vt/J(Z). 

171 

181 

191 

H3 ypaaHeHHii 17 I H 191 BbiTeKaiOT Ba)I(Hble ~n.11 ~anL· 

Heiiwero COOTHOWeHHJI: 

t(Z) = Vtfl(Z), 1101 

t/J( Z) = 1- G
0 

( Z)t( Z), 1111 
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a H3 141, 171 H 181 ,!J,JUI 3pMHTOBbiX B3aHMO,IJ,eHCTBHH 

v f ·~ v cne,IJ,yer: 

+ 
t (Z) t( Z*). 1121 

HHTerpaJILHoe ypaaHeHHe 191 ,IJ,JIJI BHeMaccoaoil aonHoaoil 

4JyHKUHH ljt(Z)Iksll> C llOMOI.QLIO 141 MO)f(}IO 3allHCaTL 

B BH,IJ,e ,!J,H~epeHUHaJILHOrO ypaBHeHHJI 

--) ....... 4 

(H0 - Z)ljt(Z)Iksll> = (H 0 - Z)lksll>- V!jt(Z)Iksll>, 

r,IJ,e 

1131 -+-+ ~ ...... 2 
<riH 0 1r'> = -o(r- r') v _,. 

r 

)l,JIJI pa3JIO>KeHHJI DO napuHaJILHbiM KOMllOHeHTaM BBe

,IJ,eM COCTOJIHHJI C op6HTaJILHbiM MOMeHTOM V H ero npo

eKUHeH m H C llOJIHbiM CllHHOM S H COOTBeTCTBYIOIUeH 

npoeKUHeH 11.: 

< ~lf'm > • / Y n (~. <alsll> -, X (a), 
A r rn s11 

1141 

r,IJ,e ~ Yf'm (t) = Y rrn ((}, ¢) - c4JepHqecKaJI rapMOHH

Ka, f - e,IJ,HHHqHbfH BeKTOp B HanpaBJieHHH t, a - co

BOKYDHOCTL CllHHOBbiX nepeMeHHLIX, a TaK>Ke onpe,IJ,eJIHM 

06LJqHLIM o6pa30M CllHB-yrJIOBYIO 4JyHKUHIO C llOJIHLIM MO

MeHTOM J H npoeKUHeil M: 

A 

<1alfsJM>= ~ (fsmpjJM)<r'\Pm><alsll.>, 
ID/1. 

1151 

Y.IJ.OBJieTBOPJIIOIQYIO ycnoBHJIM oproroHaJILHOCTH H noJIHOTbl: 

<f sJMI r 's 'J''M' > = onn, o , o , o , , 
u_ ss JJ MM 

~ lfs.JM > <EsJMI = 1. 
fsJM 

1161 

1171 

B .IJ.aJILHeilweM 6y,IJ,eM paccMaTpHBaTL TOJILKO TaKHe BJa

BMOAelcTa••· AJI• XOTOPWX Coxpaa•erc• DOnHWi MOMeHT 

J a ero npoexiUI• M, a AJI• 4laxcaposaaawx J a M 

8 

aae,IJ,eM cocTOJIHHJI I kfs> H 1 r!'s > /271, CBJI3aHHble 

K03~HUHeHTaMH npeo6pa30BaHHJI 

< d's 'I kfs > ~ jr (kr)<f '£ o s, s , 1181 

I j e (x) - c4JepHqecKaJI 4JyHKUHJI lieccen11l H y,IJ,oaneraopg-

IOIUHe yCJIOBHJIM: 

2 00 
2 - ~ J lkfs>k dk<kfsl= 1. 

rr fs 0 

1191 

00 2 
~ r I rPs > r dr < rful = 1. 

1201 
fs o 

Pa3JIO>KeHHJI nnocKoil aoJIHbl ... I k s11 > H BHeMaccoaoil son-

no 4JyHKUHJIM 1151 6y,IJ,yT HOBOH 4JyHKUHH 1/t( Z)l k s ll > 
HMeTL BH,!J, !2S/: 

r,IJ,e 

< ralksll > = 4rr ~ 
JMf£ 's' 

< ra 11/t (Z)Ik Si-t>= 

<?alP's 'JM> <r P's 'lkes > < fsJMik11 >, 

1211 

= 4rr ~ < ral r 's'JM > < rf's'll/tJ(Z)Ikfs > dsJMik11 >, 
JMPP's' 

A 

< P sJMik11 > = ~ (Psffi1LIJM)Y0* (k). 
m rm 

1221 

B COOTBeTCTBHH C 1211 ,IJ,JIJI 4JyHKUHH rpHHa 151 6y,IJ,eM 

HMeTL: 

--+ --+ 

< k 's'jJ.' IG
0 

(Z)Iksll. > = 

~ J• ~ 
=(4rr) 2 ~ <k'!i.'lf's'JM><k'E's'IG 0(Z)Ikfs><fsJMikll>, 

JMPP' 1231 

'n''IGJ(Z)I n 1:> 1:> rr 8(k'-k) I < k t s k {_ s > = u , u , -- ------ ' 241 o r e s s 2k2 k 2 _ z 

9 



< raiG (Z)Ir'a'> = 
0 

!. < talfsJM > < rfsiGJ(Z)Ir'f's'> < f's'JMit'a'>, 

JMPP'ss' 
0 1251 

J (0) 
< rfsiG

0
(Z)Ir'C's' > = oEP' o 

88
,< riGp (Z)Ir'>, 1261 

dO) , 2 "" 2 j p (pr)j p (pr ') 
< r I (Z)I r > = -- J p dp ------------- = 

e " o P2- z 
-- -- c 1) -- I I 

=iyZjp(r<yZ)hp (r>,jZ), 27 

r)l,e h(p(x) • c4JepuqecKaJI 4JyHKI.J,HJI raHKeJIJI 1-ro po)l.a, 

r < (r > ) - MeH&wee l6on&weel 3HaqeHHe r H r '. 
AHanoruqHo )l.JIJI Hen.eHTpaJI&Horo noTeHn.HaJia V 6y)l.eM 

HMeTb: 

< ;aiVI;'a'> = 

~ J ~ 
!. < ra~sJH > <rfsiV I d's'>< P's'JMir'a'>, 

JMff 'ss' 

J 
< rfsiV lr'C's'> = dsJMIVI f's'JM >, 

-> -> 2 -> 
<ksiLIVIk's'IL'>=(417) !. <klllfsJM>x 

JMff' 

x < kP s 1 v J 1 k 'E , s, > < r 's 'JMI "k, ll '>. 

1281 

1291 

1301 

)J,JIJI JIOKaJibHbiX DOTeHI.J,HaJIOB MaTpHI.J,a 1291 HMeeT BH)l.: 

<rfsiVJir'E's'> ~- _.!__ o(r- r')V r.f' .(r). 131/ 
r •2 s.. s 

113 pa3JIO)I(eHHB )l.JIJI 1/J(Z) /221 H )l.JIJI V 1281, 1301 
H H3 COOTHOWeHHJI 1101 CJie)l.yeT: 

10 

~ ~ 2 ~ 
<k's'IL'It(Z)Iksll>=(4rr) I <k'IL'I f's'JM>x 

JMff' 

·x < k 'P's' ltJ(Z)Ikfs > <f sJMI'iiL >, 
132/ 

1 

' 

J 
) 

r.D.e 

J J J 
t ( Z) = V 1/J ( Z). 133/ 

B qacTHOCTH, .D.JIJI JIOKaJI&HbiX noTeHn.HaJioB 1311, cornacHo 

1331 c yqeToM I 181 H 1201, HMeeM: 

J DO 2 < k, p, s, It ( Z)l kP s > -= !. r r dr j 0, (k 'r .) X 

f"s"o t 

X v:'s'; f"s"(r)<rf"s"ll/JJ(Z)Ikfs>. /341 

YpaaHeHHJI JiunnMaHa-lllBHHrepa .D.JIJI napu.uaJI&HblX KOM· 

DOHeHT 1/J J(Z) H t J(Z) COOTBeTCTBeHHO B pa3JIO)I(eHHJIX 

1221 H 1321 CJie)l.yiOT H3 171 - 191 H C yqeTOM 1191, 1201, 
1231 · 1261 H 1281 - 1301 HMeiOT BH)l.: 

tJ(Z) = VJ - VJG~(Z)tJ(Z), 1361 

tJ(Z) = V J- tJ(Z)G;(Z)V J, 1371 

V'J(Z) = 1- G~(Z)V Jl/JJ(Z). 1381 

,[I,JIJI JIOKaJibHOrO DOTeHI.J,HaJia 1311, )l.eBCTBYIO~ero TOJlbKO 

B 06JiaCTH f :S C J, H3 ypaBHeHHJI 1381 H JIBHOrO BH)l.a 

tilYHKI.J,HH rpuHa 1261' 127 I B COOTBeTCTBHH c 1341 CJie)l.yeT' 

qTo npH r > C J 1/J J(Z) HMeeT CJie)l.yiO~HB BH)l.: 

<d's'll/1 (Z)Ikfs>=or'P os's jp(kr)-

- i jz < v z-r , s , I t J ( Z) I kf s > h ~ 1} ( r jz). 139/ 

AHanoruquo B3 /11/ cne)l.yeT ca.a3J. ueJK.AY napiiPJI•BblMB 
KOMDOHeHT&MB 1/J J(Z) B tJ (Z): . 

1/JJ(Z) = 1- G~ (Z)tJ(Z), /40/ 
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OTKy,IJ;a BblTeKaeT Henocpe,D;CTBeHHOe Bblpa)l(eHHe KOMllOHeHT 

t - MaTpHU,bl qepe3 BHeMaCCOBYIO BOJIHOBYIO 4JyHKU.HIO: 

<k'f's'ltJ(Z)Ikfs>=(k' 2 -Z)[a a, --~a(k'-k)-e -e s s 2k 2 

- f r 2dr jf,(k'r) < rf's'lt/IJ(Z)Ikfs >]. 
0 

/41/ 

HaKoHeu., H3 /13/ H /22/ nerKo nonyqHTb ,D;HI}xl>epeHu,HanL-

Hble ypaBHeHHJI ,IJ;JIJI napu,HaJibHblX KOMITOHeHT lj1 ,J (Z) 
B cnyqae noKaJibHoro noTeHu.sana /31/: 

[-L + _?_ -~- _ ..tit~±J2 + Z] <d's' It/! J(Z)\kfs > = 
dr 2 r dr r 2 

= ( Z- k 2) < r f's' lkCs > + 

+ ~ V0 ; '.n,,~r)<d"s"lt/IJ(Z)Ikfs>. e ,, 8 ,,t s t r s 

3. MO/l,EJih r PAHHqHblX YCJIOBHH B 3A){A qE 
,4BYX HYKJIOHOB C TEH30PHbiM 
B3AHMO/l,EHCTBHEM 

PaccMoTpHM Mo,IJ;eJib rpaHHqHbiX ycnoBHH jrY I B 3a,IJ;a

qe ABYX HyKJIOHOB c yqeTOM TeH30pHoro B3aHMo,IJ;eilcTBHJI. 

B 3TOM cnyqae noJIHblH cnHH s ABYX HYKJIOHOB coxpaHJieT

CJI i'JO<s, HanpHMep, napu,HaJibHble KOMITOHeHTbl t -MaTpH

IJ,bl 6y,IJ;yT HMeTb BH,IJ;: 

<k 'f's' it J(Z)ikfs >-=a , < k 'f's it J(Z)\kfs >. 
s s 

/43/ 

)J.anee orpaHHqHMCJI TOJibKO cnyqaeM cMewaHHblX coc

TOJIHHH C S = 1, KOTOpbiH He CBO,IJ;HTCJI K CJiyqaro u,eHTpaJib

HblX B3aHMO,IJ;eHCTBHH, paCCMOTpeHHblX B pa6oTaX /10,11/, 

12 

1 
\ 

t 

H B COOTBeTCTBHH C 3THM CllHHOBble HH,IJ;eKCbl BCIO,IJ;Y 6y,IJ;eM 

onycKaTb. YqHTblBaJI, qTO f H f' B /22//H, COOTBeTCTBeH

HO, B /43// npHHHMaiOT 3HaqeHHJI f_ = J- 1 H f+= J + 1, 
6y,IJ;eM paCCMaTpHBaTb KOMITOHeHTbl < rf' lt/IJ(Z)I kf > 
BHeMaCCOBOH BOJIHOBOH 4JyHKU,HH KaK KOMllOHeHTbl CJie,IJ;yro

IIJ,eH MaTpHU,bl: 

J 
<rf_ It/! (Z)Ikf_> 

<rf+ II/! J (Z)IkC > 
[ <r II/! J < Z) I k > J = c 

J 
<rU.;, (Z)Ikf + > 

·/44/ 
<r£+11/1 J(Z)\kf+>• 

PeweHHe 3a,IJ;aqs ABYX HYKJIOHOB B MO,IJ;eJIH rY c yqeTOM 

TeH30pHoro B3aHMO,IJ;eHCTBHJI OCHOBblBaeTCJI, KaK H ,IJ;JIJI 

U,eHTpaJibHblX B3aHMO,IJ;eHCTBHH /10, 11 I, Ha CJie,IJ;yiOIIJ,HX npe,D;

llOJIO)I(eHHJIX: 

1/ BHeMaCCOBble BOJIHOBble $yHKU,HH 1/J \ Z) YAOBJieT-

aopJIIOT rpaHHqHblM ycnoBHJIM: 

<rP' 11/JJ(Z)\kr>=O, r < cJ, /45/ 

r,IJ;e 

d J ) c (---r[<rl.p (Z)Ik>] (+) 
J dr r = c J 

J 
f J- 1 

f J 
[f J l 

f J 

J 
f J + 1 

) ' 

J J ) 
= [f ](r[<rii/J (Z)\k)] (+)' 

r = c J 

/46/ 

/47/ 

(-+) 
c J = c J + f, f -> 

v f J f J 
BHH, , J ± 1 

0, C J - pa,IJ;HYC rpaHHqHblX YCJIO

- MO,IJ;eJibHble napaMeTpbl, He 3aBHCJI-

IIJ,He OT 3HeprHH; 

2/ ,IJ;JIJI paCCMaTpHBaeMOH MO,IJ;eJIH ry 6e3 BHeWHero 

llOTeHU,HaJia B 06JiaCTH r > CJ cnpaBe,IJ;JIHBO COOTHOWe-

HHe /39/; 
3/ BblllOJIHJieTCJI COOTHOWeHHe /41/, He CO,D;eplKaiiJ,ee 

B JIBHOM BH,IJ;e llOTeHU,Bana. 3aMeTBM, qTo yCJIOBBJI /45/ 
B /46/ ,IJ;JIJI BHeM&CCOBWX ~YHkU,Bi JIBJIJIIOTCJI 06061IJ,eBBeM 
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rpaHH'IHhiX ycnOB8B JJ.nJI MaCCOBhiX 4JyHKU8B, HCDOCpCJJ.CTBCH· 

HO CBJI3aHHbiX C «lJa3aM8 paCCCJIH8Jl 8 8CDOnb30BaHHhiX JJ.nJI 

8HTepnpeTaUB8 HyKnOH·HyKnOHHOrO paCCCJIH8Jl .13/, 

BBJJ. BOnHOBOH 4JyHKU88 ¢J(~ BO BCCM KOH4J8rypa-

UBOHHOM npOCTpaHCTBC cneJJ.yCT 83 /39/ 8 /45/: 

<re 'I·'·J(Z)\kf> = O(r- cJ)[B j (kr) 
'~" e ·e e 

- iv' z < v' U'it\Z)ikC> h~~\r,Jz)L 
/48/ 

r.11.e O(x) - CJJ.8H8'1HaJI cTyneH'IaTaJI 4JyHKU8Jl: 

O(x) = 1, x > O; O(x) = 0, x < 0. 

113 /48/ 8 /46/, /47 I aenocpeJJ.CTBeaao BbiTeKaeT Bblpa)Ke-

H8e JI.HJI nonyMaCCOBOH t ·MaTp8Ubl: 

r.11.e 

14 

J 
< v' z e_ It (Z)Ikf >=Bee 

B/ v c c J ,/z~ k c J> 
'+' ------------------ + 

y'Z ~ J(c J\··z) 

J 

+ Bor 
[,+ 

Cr (cJ y'Z, kcJ) 
----------------

~J(cJy'Z) \IZ 

J --
Cf (cJyZ, kc J) 
---------- + 

- J . 
< y'Zf it (~\kf> =Boo 

+ ' - - y' z ~ (c y'Z) 
J J 

+ B er+ 

J -
Bf_f (cJy'Z,kcJ) 
-----------------
~ J(cJy'Z) y'Z 

~J(x) 
D/ (x) 

I L-

-fJh~2h) 

--fJh( 1tx) 
f+ I , 

Dr: (x) 

/49/ 

D f, (x) 
B J (x,y) =I J (1)(x) e, e _ r he, 

r Jje (Y) 

J 
- ge(Y) 

J 
Dr (x) 

c/cx. Y) = I _fJhV~x) 
J 

-~ (x) 

f Jj e (x) 
I , 

J (1) J (1) 
Dr(x)=xhp_

1
(x)-(f +fe)he (x); 

g/(x) = Xjp _ 
1 

(x)- (f + fq')j f(x). 

I, 

llonHOCTbiO BHCMaCCOBaJI t ·MaTpHUa ODpCJJ.CnJICTCJI 83 

COOTHOWCH8Jl /41/ C Y'ICTOM JIBHOrO B8JJ.a ¢ J(Z) /48/ 
H Bblpa)KCHHB /49/ JJ.nJI nonyMaCCOBOB t ·MaTpHUbl: 

r.11.e 

< k' P 'it J(Z)\kP'> = BP'e (k' 2
- Z)Ff (k', k) + 

<yZV'ItJ(Z)\kb[. (k'c )-i 'Z(k'2_Z)h<;)(c y'Z)F~,(k~y'Z)]= 
+ Je, J \ r J L 

j r, (cJy'Z) 

= B (k' 2- Z)F
0 

(k',k) + icJy'Z <y'Z f'lt J(~\kf> x r, r r 

/50/ 

x [k 'c J je ,_
1 

(k 'c J)hi:)(c Jy'Z)- c Jy'Zje ,(k 'c J)hfc'~ 
1 

( c Jy'Z)], 

CJ 

Fe (k ',k) = [ r 2drjf(k'r)jf(kr). 
0 
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3aMeTHM, 'ITO npH Bbl'IHCJieHHH HeKOTOpbiX HHTerpaJIOB, 

BXO.D.JIIUHX B I 41/, liJYHKUHIO h ~ ~)(tv Z-) B I 48/ npu r > c .J 

Y.D.06uo npe)l.CTaBHTL, cornacuo /27 I, cne.D.YIOIUHM o6pa3oM: 

"riG(O) (Z)Ic ~' 
( 1) ~ '-- I f' .J .J 

he, (rv Z) ~ 

iyZjf, (cJyZ) 

KaK yKa3blBaJIOCL Bblllle, B pa6oTe /27 I MO)l.eJih ry 
B 3a)l,a'ie .D.BYX HYKJIOHOB C TeH30pHbiM B3aHMO)l.eHCTBHeM 

6blna paccMoTpeua KaK ueKoTopbiH npe,ll,eJI Ja)l,a'IH c no

TeuuuanoM y(c) cneu;uanLHoro BH)l.a, )l,eHCTByromero B o6-

nacTH f _::; C J' 11CllOJih3YJI ypaBHeHHe /42/ H JIBHblH BH)l. 

/48/ BOJIHOBOH 4JyHKD;HH B MO)l,eJIH ry, a TaKlKe ycJIOBHe 

/46/, MO:>KHO uenocpe,ll,CTBeuuo onpe)l.eJIHTL npe.D.eJILHoe 

3Ha'ieHHe, COOTBeTCTBYIOJ.Uee MO)l,eJIH ry, )l.JIJI npOH3Be)l,e
HHJI v<cv, Jcz): 

lim [V (c)(r)][r < ri!/JJ(Z)fk >] = 

=- (Z-k 
2
)e(cJ- r)[rj(kr)] + l[f J] -

1
- o (r- cJ) + 

CJ 

+ [1]o'(r- cJ)llc i+) < c ~)!!/JJ(Z)fk >], 

r)l.e BBe.D.eHbl no auanorHH c /44/ MaTpHD;hl 
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(c) V (c) 
[V (r)] ~ ( f _f.;,. (r) 

V (c) (r) 
r _ r + ), 

V (c) (r) 
e + e + V ?~ (r) 

+ -

[rj(kr)] = ( rj r_ (kr) 0 
0 . ), 

r J e (k r) 

1 0 
[1] = ( 0 1) . 

+ 

/52/ 

BoccTaHOBHM 

KOMllOHeHTaX 

llo auanoruu 

6y)l.eM HMeTL: 

)l,aJiee CllHHOBble HH)l.eKChl B napu;HaJibHblX 

t - Ma TpHD;bl H BOJIHOBOH liJyHKD;HH !/J J ( Z). 
C /43/ )l.JIJI TeH30pHOrO B3aHMO)l.eHCTBHJI 

<: r f's'll,&J(Z)Ikfs '~as's <d'si!/JJ(Z)fkfs >, /53/ 

npH'ieM B cnyqae s .. o. J ~ r, ~ r . Onpe,ll,eJIHM JIOKaJih-

HhlH onepaTop 8 H ero napuuanLHhle KOMnoueHTbl 8J 
TaKHM :>Ke o6pa30M, KaK 3TO 6blJIO C)l,eJiaHO )l.JIJI onepaTopa 

B3aHMO,ll,eHCTBHJI V B /28/ - /31/: 

< ~ l817'a'> l <~ lfsJM> x 
JMrf 's!! ' 

J ~ 
x<rfsl8 I r'f's'><C's'JMI r'a'>, /54/ 

< r rs 18 Jl r' f 's '> = oP£ , 8 ss, r ~2 8 (r- r ') Ol c J- r), /55/ 

----) ----) 2 ----) 
<ksfll8lk's'fl'>=(4rr) l <kflifsJM>x 

JMff' 

0, 

x <kPsi8Jik'f's'> < f's'JM!k 'fl'>. /56/ 

Tor)l,a H3 ycnoBHJI /45/ H auanorH'IHoro ycnoBHJI B cnyqae 

D;eHTpaJILHhlX B3aHMO,ll,eHCTBHH /10,11/, a TaK:lKe H3 /55/ 
cne)l.yeT 

J J 
E> !,& (Z) ~ 0, 

OTKy)l.a, C yqeTOM /40/, /19/ H /20/, BhlTeKaeT: 

8 J = 8 JG J(Z)t J(Z). 
0 

/57/ 

/58/ 

COOTBeTCTBeHHO H3 pa3JIO:>KeHHH /54/, /22/ H COOTHOille· 

HHB /57 I cne.D.yeT: 

8!/J(Z) = o. 
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'ITO COBMeCTHO C /11/ )J,aeT 

8 = ea
0
(Z)t(Z). /59/ 

PaCCMaTpHBaH COOTHOllieHHH /58/, /59/ npH 3HeprHH 

Z* H HCllOJ1b3YH 3pMHTOBOCTb onepaTopa 8 H CBOHCTBO 

/12/ t.-MaTpHIJ;bl,a TaK)I{e aHanorH'IHOe CHOHCTBO <iJyHK

UHB rpuHa G
0
(Z) /4/, nony'IHM cne.IJ.YIOIUHe paseHCTBa: 

J J J J JJ J 
8 ""t (Z)G 0 (Z)8 =8 G 0(Z)t (Z), /60/ 

8 ~ t(Z)G 0(Z)8 = 800 ( Z)t(Z), /61/ 

KOTOpble 6y)J.yT Ba)I{Hbl npH aHaJ1H3e TpeXHYKJlOHHOH 3a)J,a'IH. 

4. 3AKJI/OlJ.EHHE 

Bbipa)l{eHHH /49/ - /51/ )J.JlH t -MaTpHIJ;bl H COOTHOrne

HHe /52/ COBfla)J,alOT C pe3yJ1bTaTaMH pa60T '26,27.', B KO

TOpbiX COOTBeTCTBYIOIUHe Bblpa)l{eHHH 6bi11H nonyqeHhl KaK 

npe)J.eJlbl perneHHH ypaBHeHHH llunnMaHa -lllBHHrepa )J.Jl,!i 

TeH3opHoro noTeuu;uana V(e) cneu;uanbHoro BH)J.a, npe

)J,enhHax <iJopMa KOTOporo BOCllpOH3BO)J.HT MO)J,enh rY. l13 

H3JlO)KeHHOro Bblrne cne,D,yeT, 'ITO .IJ.JlH nony'leHHH ueo6xo

)J.HMbiX pe3yJ1bTaTOB B MO)J.eJlH ry OKa3biBaeTCH )J.OCTaTO'I

HbiM llOCTynHpOBaHHe rpaHH'IHbiX ycnOBHH /45/, /46/ )J.Jl,!l 

BHeMaccoBbiX )J.ByxqacTH'IHhiX sonHOBbiX <bYHKUHH. TaKoil 

llO)J.XO)J. COBeprneHHO He Tpe6yeT paCCMOTpeHH,!I npe)J,enh

HbiX npou;e)J.yp .IJ.llH KaKux-nu6o noTeuuuanos H B )J.anbHeil

rneM 6y)J.eT CJly)KBTb OCHOBOH )J.JlH aHa11H3a 3a)J,a'IH Tpex 

HYKJlOHOB B MO)J.eJlH rY 6e 3 npHBJle'leHHH KaKHX- HH6y)J.h 

)J.ononHHTenhHhiX ycnosuil. KpoMe Toro, H3 ycnosuil /45/, 
/46/ npOCTbiM o6pa30M nonyqaroTCH COOTHOllieHHH /60/, 
/61/, KOTOpble B pa6oTaX ,1!,20/ paCCMaTpHBalOTCH KaK CJle)J,

CTBHe cnen;B<iJBqecKHX CBOHCTB BHeMaCCOBOH t-MaTpHIJ;bl 

B MO)J.eJlB rY. 
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