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3axapbeB B.H ., MenbHHKOB B .H. P4 - 11841 

Peweaue o6paruoR aanaqu pacceaaua a Koaeqao-paaaocrHOM 
npu6nulKeHHH 

BnepBbie ynanocb 'aoccraaoaurb noreauuan a Koaeqao-paaaocrHOM 
npu6nnlKeHHH MeronoM co6crseauo o6paraoil aanaqu, a He nyreM rrpouenypbl 
'npo6 u owu6oK' ( ucnonb3YIOWeR MHoroKparaoe peweaue rrpHMoil aanaqu 
u urepauuoHHYIO nonroHKY noreauuana non naHHbie pacceannH). llo cox rrop 
STOMY npenRTCTBOBana DpHHUHUHanbHaR pa3HHUa CITeKrpanbHblX CBOHCTB 
oneparopa lllpellHHrepa u ero nncKperaoro aaanora. H OBbii! Me roll ocao
BhlBaerca ua qucro anre6pauqecKoil Monenu o6paraoil 3allaqu, rrpennolKeH
uoR paaee/1~ H npasunax nepecqera HCXOllHhlX napaMerpoB pacceauua. 

Pa6ora a·bmonaeaa B Jia6oparopHH reoperuqecKoil ljluanKH OIHU1. 

npenpRHT 06beOHHaHHOI"O HHCTHTyT8 anepHbiX HCCnenOB8HHll. ily6Ha 1978 

Zakhariev B.N., Melnikov V.N. P4 - 11841 
Finite-Difference Approximation for Inverse Scattering 
Problem 

' For the first time potentials are reconstructed in a finite-
difference approximation using a genuine inverse scattering method 
instead of multiple repeated solutions of a direct problem with 
iterative fitting of scattering data. Up to now a fundamental differencE 
between spectral properties of the Schroedinger operator and its 
discrete analog hindered to do this. 

The investigation has been performed at the Laboratory 
c:J Theoretical Physics, JINR. 

Preprint of the Joint lnsti tute for Nuclear Research. Dubna 1978 

I. BBE,[!EHHE 

B HacToHmee apeMJI cymecrayer rny6oKaJI acHMMeTpHJI 

B pa3BHTHH TeOpHH npJIMOH H o6pa THOR 3a,IJ;aq /03/ KBaH

roaoii MexaHHKH. MHoroqucneHHblM 3tiKlleKTHBHbiM anropur

MaM peWeHHJI ypaBHeHHJI llipe,IJ;HHrepa MO:>KHO llpOTHBOllO

CTaBHTb JIHWb pe,!l;KHe npHMepbl BOCCTaHOBJieHHJI noTeHUHa

JIOB no ,IJ;aHHbiM pacCeJIHHJI/ 2 I. )1.0 CHX nop, KaK npaBHJIO, 

03 pewaeTCJI He Henocpe,!l;CTBeHHO, a C llOMOIUblO npJIMOH. 

flpHMepOM nocne,IJ;HHX TaKHX pacqeTOB MOryT CJiy:>KHTb pa-

60Tbl 13 1. 

Hau6onee yHHBepcanbHble H wupoKo pacnpocTpaHeHHbie 

cnoco6bl peWeHHJI npJIMOH 3a,IJ;aqH OCHOBblBalOTCJI Ha KOHeq

HO-pa3HOCTHOM /K-p/ npH6JIH:>KeHHH .D;H$$epeHUHaJibHblX 

ypaaHeHHH .D;BH:>KeHHJI. Ho noKa He 6bln npe,IJ;no:>KeH K- p 

MeTO,!l; nOCTpOeHHJI B3aHMO,IJ;eHCTBHJI no cneKTpaJibHblM xa

paKTepHCTHKaM ypaBHeHHJI C HenpepbiBHOH 3aBHCHMOCTbiO 

OT KOOp,IJ;HHaTbl. 

llpaa,IJ;a, He,IJ;aBHO 6hln npe,IJ;no:>KeH K-p aHanor Knaccu

qecKoii TeOpHH 03 B nocTaHOBKe renb$aH,IJ;a-lleBHTaHa14 ~ 
MapqeHKO !51, a TaK:>Ke B paMKax R-MaTpHqHoro $opMaJIH3-

/1/ 
Ma/1 1 . B pa6oTax 6b1JIH pa3BHTbi K-p MO,IJ;enH /o.D;HOMep-

Hbie , MHOrOKaHaJibHbie H MHOrOMepHble/ 03, B KOTOpbiX 

c noMOIUbiO KOHeqHoro qucna qucTo anre6pauqecKHX one

pauuii ycTaHaanuaanacb ToqHaJI CBJ13b napaMeTpoB pac

ceJIHHJI - nono:>KeHHH pe3oHaHCOB Ev H HX npHBe,IJ;eHHbiX wu

PHH - C B3aHMO,IJ;eHCTBHeM /B K-p nO,IJ;XO,IJ;e, KCTaTH, CHHMa

eTCJI npo6neMa yqeTa COCTOJIHHH C 6eCKOHeqHOH 3HeprHeH, 

H peweHHe 03 CTaHOBHTCJI YCTOHqHBbiM, XOTJI 03 C HeJipe

pbiBHOH KOOp,!l;HHa TOH HeKoppeKTHO nocTaBJieHa/. 
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O~HaKo Bee 3TH pa6oTw He ~aBanu peuenTa npu6nu
~eHHoro peweHH~ 03 C HenpepbiBHOH KOOp~HHaTHOH Ja
BHCHMOCTLIO. ,[l,eno B TOM, qTo peWeHH~ ypaBHeHH~ lllpe
~HHrepa 

- 1._ '¥ "(r) t- V (r ) '¥ (r ) -" E 1JI ( r ) , 
2 

H ero K- p aHanora 

/1/ 

- __ 1
2 

[ '¥ (n +- 1) ·- 2 tp (n) , 111 (n-1) I t-V (n) 11' (n) ~E tp (n) /2/ 
2c\ 

6nH3KH numb npu cpaBHHTenhHO HH3KHX 3Heprus:x. B ~op
ManHJMe ~e 03 B Brpy BOBneKaeTC~ BeCb CneKTp /Knro
qeByiO ponL npH BMBO~e ypaBHeHHH 03 HrpaeT COOTHOWe
HHe nonHOTM C06CTBeHHMX ~YHKIJ,HH onepaTopa lllpe~HH

repa/. llpuqeM yKaJaHHoe npoTHBopeque He ycTpaH~eTCH 
npu yMeHLWeHHH wara ,t., K-p ~H~epeHD,HpoBaHH~. XoTH 
npa 3TOM yBenaquBaeTc~ pa3Mep 3HepreTuqecKoB: o6nacTu, 
r~e 6nB3KH CBOHCTBa peweHHH /1/ H /2/, HO ee OTHOCH
TenLHWH Bee B npe~enax Bcero cneKTpa He B03pacTaeT 
/BMecTe c ,!\ - 1 pacTeT H BepxH~~ rpaHHIJ,a Bcero cneKTpa 
K-p Ja~aqu/. 

llpu noucKe Bwxo~a H3 coJ~aBweroc~ nono~eHH~ o6-
paTun Ha ce6~ BHHMaHHe TOT ~aKT, qTo BepXHHe COCTO~
HH~ "xopoweB:" qacTH cneKTpa /r~e 6nH3KH peweHH~ ~HCK
peTHOH K-p H HenpepMBHOH 3a~aqj C pOCTOM ~- 1 no~HH
MaiOTC~ B o6naCTL, r~e npHMeHHMa TeOpH~ B03My~eHHH. 
3To o6e~ano ynpo~eHH~ npu onepupoBaHHH c BMCWHMH 
COCTO~HH~MH. KoHeqHo, B TeopHH B03My~eHHH ~HrypupyiOT 
pa3nHqHwe Ma TpHqHwe 3neMeHTM OT nOTeHIJ,Hana, KOTOpMH 
B 03 HeHJBecTeH. Ho JaMeqaTenLHO, qTo nepBwe nonpaB
KH K C06CTBeHHMM 3HaqeHH~M OKa3MBaiOTC~ HeqyBCTBH
TenLHMMH K ~eTan~M ~OpMM noTeHIJ,Hana H 3aBHC~T nHWL 
OTero cpe~Hero 3HaqeHH~ V. 3TO OTKpWBaeT B03MO~
HOCTL, 3Ha~ H3 cneKTpa HenpepWBHOH 3a~aqu 3HaqeHHe V , 
BwqucnHTL ~OBOnLHO TOqHO cneKTp K-p MO~enH/nono~eHH~ 
R -MeTpuqHwx peJoHaHcoB/ npu Tex 3HaqeHH~x E, r~e 
noTeHIJ,Han Mo~o cquTaTL ManwM B03MyllJ,eHHeM. PacqeTw 
npOBO~~TC~ aHanHTHqeCKH C noTeHIJ,HaROM V (n) B /2/, 
HMeiO~M ~OpMy npJIMOyronLHOH ~MM C rny6HHOH V. 
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HoBoe npen~TCTBHe Ha nyTH peweHH~ 03 B K-p npu-
6nu~eHHH 06Hapy~HnOCL, KOr~a BM~CHHnOCL, qTO, B OTnH
qoe OT HenpepLIBHoro cnyqa~. r~e c pocTOM E ynyqwa
IOTC~ ycnOBH~ npHMeHHMOCTH TeOpHH B03MyllJ,eHHH, B K- p 
MO~enH caMa~ BepXHHH qacTh cneKTpa OKa3LIBaeTC~ CTOnL 

~e no~Bep~eHHOH BnH~HHIO ~OpMM noTeHIJ,Hana, KaK H 
npu Manwx E /Hau6onee 6naronpH~THa ~n~ K-p Teopuu 
B03My~eHHH cpe~HHH qac~h cneKTpa/*. YKa3aHHYIO Tpy~
HOCTh y~anoch npeo~oneTh, ucnonLJYH cna6o HapyweHHYIO 
CHMMeTpHIO cneKTpanhHMX CBOHCTB K- p on epa TOpa lllpe
~HHrepa OTHOCHTenhHO cepe~HHM E ~ ).__ cneKTpanhHOrO 

~2 

HHTepBana. 8 pe3ynLTaTe MO~HO BMBeCTH npaBHna -

KaK no ~aHHMM pacce~HH~, OTBeqaiOIIJ,HM ypaBHeHHIO /1/, 
cTpOHTh cneKTP K-p Ja~aqu. Heo6xo~HMMe ~e 3HaqeHH~ 
npuBe~eHHMX wupHH y

1
7 . cny~allJ,He, BMecTe c E v,ucxo~

HhiMH napaMeTpaMH B K- p MO~enH 03, BblqHCn~IOTC~ no 
~BYM Ha6opaM I E

11 
\ , I E 1~ \ /~n~ ~BYX cnoco6oB Ja~a-

HH~ rpaHoqHMX ycnoBHH B R-MaTpuquoM ~pManHJMe/ 
/6/ 

C noMOIIJ,LIO TeopeMW 0 ~BYX cneKTpaX . 
B pa3~ene II ~aeTcJI KpaTKoe onucaHHe o~HoMepHoB: 

K- p Mo~enu 03. B pa3~ene I II o6cy~aeTca npoue~ypa 
BwqucneHH~ napaMeTpOB Ev , Yv K- p MO~enu 03 no 
~aHHMM pacce~HH~ BCXO~HOrO ypaBHeHBJI /1/ B ~aiOTC~ 
npBMepM qocneHHOrO BOCCTaHOBneHB~ V (r) B K- p npH-

6nu~eHHH. 

II. TOqHA.H MOJ(EJib OEPATHOH 3AAAqH 

,[l,ns: noTeHIJ,HanoB KOHeqHoro pa~ayca ~eB:cTBH~ 
V(r>a)=O Ja~aqu pacceHHH~ y~o6Ho pewaTL B paMKax 
~opManHJMa R- MaTpuqHoB: Teopaa, TaK KaK npu 3TOM 
CBOHCTBa CBCTeMM onpe~en~IOTC~ ~HCKpeTHMM Ha6opOM 
napaMeTpoB E

1
• , y

1
; • CoqeTaHBe ~e TaKoro no~xo~a c 

* 3K30TBKa BMCOK03HepreTHqeCKHX CBOHCTB K-p 3a~a
qa npoHBn~eTC~ ellJ,e, HanpBMep, B TOM, qTO ~HCKpeTHMe 
CB~3aHHMe COCTOJIHB~ B03MO~HM He TOnLKO H~e Henpe
pMBHOrO cneKTpa, OTBeqaiOIIJ,ero pacce~HBIO, HO B BMWe 

ero /HenpepwBHMH cneKTP orpaHaqeu csepxy E <.l. I. 
,f\2 
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I<- p npu6niDKeHHeM )l.enaeT I<OHe'IHhiM o6ll(ee 'IHcno nap 
! Ev y) I' = 1, 2 ... N ., a I /l . 

BenH'IHHhl E1• .IIBnJIJOTC.II co6cTBeHHhiMH JHal.feHHJIMH 
)l.n.ll ypaBHeHHJI 121 C rpaHH'IHhiMH ycnOBHJIMH 

IJI (0)~ 0; 'I' (NJl) .. IJI (N-·l)=B'!I (N), 
1, l' I I· 131 

r)l.e 111
1 

(n) 'II (E "'E 1,, n ) , 

a B - npoHJBOnhHa.ll I<OHCTaHTa, R - MaTpuua HMeeT npo-
CTOH BH)l.: 

2 
Y,~ 

N 
~ R(E) ·- , E ---E 
l I' 

141 

H B3aHMHO-O)l.H03Ha1.fHO CBJIJaHa C MaTpHIJ.eH pacce.IIHHJI 

S (E), Tai< 'ITO E u H y 11 onpe.IJ.en.IIJOTC.II no Ja)l.auuoii 

~aJe pacce.IIHH.II. llo.IJ. perneHHeM I<-p 03 6y)l.eT no)l.paJy

MeBaThC.II BOCCTaHOBneHHe 3Ha1.feHHH V(n) (n~1, .. N) no Ha-
6opy l E 1, .y 

1
,!; 1 ~ 1, 2 .... N. 

_nocTOHHCTBOM OnHChiBaeMoro HH)I(e MeTO)l.a HaXO)I()l.eHHJI 

V~) .IIBn.lleTC.II ero npocToTa H uarn.II.IJ.HOCTh lnol.fTH I<ai< 

B np.IIMOH Ja)l.a'lel no cpaBHeHHIO C nO)l.XO)l.OM Ha OCHOBe 
ypaBHeHHH THna renh~aH)l.a-JleBHTaHa. 

BocnonhJyeMC.II TeM, 'ITO cocTO.IIHH.II 111 (n) o6paJyJOT 
I' 

OpTOHOpMHpOBaHHhiH H nonHhiH Ha6op: 

N 
~- \II ( ) Ill ( ) "' I .A • -. a n .. v n 'I / , n === ovv / , , _l. , 

n=l 1 a : 1 /2 , a / "" 1 
N n<--N lSI 

~ 'II (n) 'l1 (m) =0 jl\ • a . v v l' mn n 161 

Ecnu B 121 nono)I(HTh n =N, TO Mhi nony'IHM O.IJ.HO anre6-

pauqeci<oe ypaBHeHHe )l.n.II___8BYX HeHJBeCTHhiX V (N) H 
1JI (N-1), T.I<. '111, (N) =Y v2 a, a 111

1
, (Ntl) onpe.IJ.en.lleTc.ll v 1' 

H3 131. 
llpHMeHHM paaeucTBo llapceaan.11 161 I<ai< ycnoaue op

TorouanhHOCTH ~YHI<UHH '11,/ OT 3HepreTH1.feCI<OH nepeMeH

HOH v npu paJHhlx JHa'leHH.IIX I<OOp.IJ.HHaThl, 'IT06hl HJ6a
BHThC.II OT O)l.HOH H3 HeHJBeCTHhiX 'II,, (N-1). YMHO)I(HM 
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I 
1 

'I 

' 

)l.n.ll 3Toro o6e CTopoHhi 121 npu n~ N ua 1!1
1
/ (N) 

cyMMHpyeM no 1· , nocne qero uaxo)l.HM 

N 2 2 V (N) ·- \ a L E 'II (N) - 1/\ 
Nl "-1 I I· 

3Ha.ll V (N), HaXO)l.HM '11 (N-1) H3 121 npu 
I' 

n =N 

2 2 'II (N-1)""2\ [V(N)-E 1,+11~ ]'!1
1
,(N)-'!I (N+1). 

11 ~ 11 

H npo-

171 

181 

Tai<HM o6paJoM Bhmonueu nepBhiH mar perneHHJI I<- p 03. 

llOBTOp.ll.ll TOT )l(e UHI<n npH n =·N-1 H T .)l.., onpe)l.enHM 

3Ha1.feHHJI noTeHUHana H ~YHI<UHH BO BCeX OCTanhHhiX Toq

I<aX o6naCTH BJaHMO)l.eHCTBHJI, nonhJY.IICh pei<yppeHTHhiMH 
cooTHorneHH.IIMH Tuna 17 I, 181 

N 2 
V(n)= \ ~ E IJI (n)-l/\ 2 : 191 

1'=1 " I' 

2 2 11' (n)= 2/\ LV(n+1)-E 1,+1/L\ ]1!1 (n-t1)-'11 (nt2). 1101 
J' ll t' 

cJ>opMynhi 191, 1101 YCTaHaBnHBaJOT CTporoe COOTBeT

CTBHe Me)I(.IJ.Y ua6opoM ! E,, , Y1/ I H V (n) 6eJ ypaaueuuii 
THna renh~aH)l.a-JleBHTaHa. 

/1-
KOHTpOnhHhle pacl.feThl Ha 3BM. . nO)l.TBep)l.HnH, 'ITO 

V (n) ycTOH'IHBO aoccTaHaBnuaaeTC.II no ! E v, Yv ! H TO'I

HOCTh pellieHHJI 03 MO)I(eT fihiTh npOH3BOnhHO nOBhlllieHa. 

Kai< cTano He.IJ.aBHO HJBeCTHo aaTopaM, 3neMeHTapHhlii 

cnoco6 perneuu.11 03, 6nHJI<Hii I< HJnO)I(eHHOMY Bhlrne, 6hln 
npe.IJ.no)l(eH Tai<)I(e a pa6oTe / 71 . 

Ill. IIPHEJIH)J(EHHOE PEHIEHHE 
OEPATHaH 3A,4AqH 

K- p MO.IJ.enh 03 MO)I(eT nocny)I(HTh ocuoaoii npu6nu)l(eH

HOrO MeTO)l.a BOCCTaHOBneHHJI V (n) =s V (r ), no )l.aHHhiM 

pacce.IIHH.II .IJ.n.ll ypaaueuu.11 111, ecnu .IJ.aTh anropHTM no

cTpoeHH.II ua6opa lEv , y I' ! )l.n.ll I<- p Ja)l.a'IH 121, 131 no 

cooTBeTCTBYJOIUHM napaMeTpaM .IJ.n.ll ypaaueHH.II I 11. 3To 

OI<aJanOCh HeTpHBHanhHhiM BBH.IJ.Y CYIUeCTBeHHOrO paJnH-
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'IHH eneKTpanbHhlX eBO~eTB K-p H HenpephlBHOrO onepa
TOpOB lllpe)l.HHrepa *, 0 qeM MO)I(HO ey)l.HTb, epaBHHBaH 
ypoBHH )l.nH 6eeKoHe'IHhlX npHMoyronLHhlX HM I V V ua 0 
HHTepaane O<r<a; 0(0)=0(1\l+l)=O!: 

9 ') 
K-p 1 miT \lt'iip m-77-

E =---(1-cos---)+V 0 ;E =----,;-----rV0 
m ,", 2 N + 1 111 2a ~ 

I 111 

TaK, ypoaeHL EN B noTeHuuane V (r) oKa3biBaeTeH B 
-2,5 /!/ pa3a awwe, <.JeM aepxHH~ ypoBeHb EN )l.nH ypaa
HeHHH /2/ jeM. pUC. Jaj. A Be)l.b K HeXO)l.HhlM BenH'IHHaM 
)l.a)l(e B OTHOeHTenbHO yeTO~'IHBO~ K- p MO)l.enH 03 npe)l.b

HBnHIOTeH )l(eeTKHe Tpe6oBaHHH. 
Bo BBe)l.eHHH y)l(e OTMeqanoeL, 'ITO nepee'leTy oT E 1, 

K-p 
HenpepbiBHO~ 3a)l.a'IH K E 1 , MO)I(eT OOMO'Ib TeOpHH 
B03MyiUeHH~. YenoaueM ee npuMeHHMOeTH MO)I(eT eny-

;8 I )I(HTb ' : 1 ._/ d 1 II V II , r )l.e d - paeeTOHHHe Me)l()l.y ypoBHHMH 
HeBo3MYIUeHHO~ 3a)l.a'IH, a II VII - uopMa B03MyiUeHHH. 
,l].nJI /1/ d nHHe~HO B03paeTaeT e HOMepOM eo6CTBeHHOrO 
3Ha'leHHJI I eM., uanpuMep, I 11/, a nepaaH nonpaBKa K 
Ev no Teopuu B03MyiUeHH~ nponopuuouanLHa epe.IJ.He.My 

3Ha<.JeHHIO noTeHuuana V: 
(l) o o 2 a _ 

E = < lJl 1 V I'P > =- fV(r)sin
2k rdr =V. /12/ 

v vi 11 a
0 

v 

3TO 03Ha<.JaeT, 'ITO BepXHHe Ev e B03paeTaiOIUeH TO'I
HOeTbiO eOBDa)l.aiOT e eo6eTBeHHhlMH 3Ha<.JeHUHMH )l.llH riO
Teuuuana npHMoyronLHO~ <iJopMbi (V =const= V ). Eenu 6bi 
TO )l(e 6hlnO enpaBe)l.nHBO )l,nH K- p ypaBHeHHH, 3TOrO 6hiJ10 
6w )l.OeTaTO'IHO )l.nH onpe)l.eneHHH E 1, K-p 3a)l.a'IH. Ho, KaK 
BH)l.HO H3 /11/, d paeTeT B K-p enyqae nHWb e poeTOM 
r· )l.O eepe)l.HHbi eneKTpanLHoro HHTepaana, a ua eaMOM 
Bepxy OKa3hlBaeTeH TaKHM )l(e ManhlM, KaK H BHH3Y eneKT-

pa /eM. puc. la/. 

.,.--IlO)l.OOHO~ Tpy)l.HOeTH He B03HHKaeT B npu6nH)I(eHHOM 
MeTO)l.e peweHHH 03 /MenbHHKOB H )l.p./2/ /, B KOTOpOM 
V(r)3aMeHHneH Kyeoquo-noeToHHHO~ /eTyneH'IaTo~/ <iJyHK
uue~. IlpaB)l.a, B OTnH'IHe OT K-p MeTO)l.a, 3TOT MeTO)l. He 
paenpoeTpaHJleTeH Ha MHoroMepHhl~ enyqa~. 

8 

v 

Jt(ll~. 

,J \ ·,.· - .> ,. 

& 

WWIMfM 
... • 

Puc.l. aiCpatmeHue cneKmpo8 K- p u Henpepr.a6HOU npJu•o
yzoAbHbiX JIM IN= 441; 61 - cpa8HeHue ucxoOHbiX no
meHf.IUQ/108 V(r) ypa8HeHUJI Ill, o6o3Ha~eHHbiX CnAOIUHbiMU 
/IUHUJIMU, c V (n), 80CC1110H08/IeHHbiMU 8 1(- p npU6/IUJICeHUU 
lnyHKIIIUP/. IIomeHf.IUQAbl u.we10111 no oOHOMY C8JI30HHOMY 
COCIIIOJIHUIO; N = 50, lllpU HUJICHUX COCIIIOJIHUJI E~P 6paAUCb 
pa8HbiMU E ~enp , ocmaAbHble nepec~U111bi60AUcbl. BpeMJI 
peaueHUJI OJ IHa 3BM CDC-6500 I - 2 c; 81 - eoAH06ble 
¢YHKf.IUU N- ZO COCIIIOJIHUJI 6 K- p 3QOQ~e C IIO~HOU CUMM€111-
pueu cneKIIpa oaHoculleAbHO ezo cepeOuH•a. To'4KU - K- p 
peaueHue; cnAoauHaJI AUHU.Il - ¢YHKf.IUJI N - zo ypoeHJI He
npepbi6Hou 3aOa~u. BuoHo, ~•o 3Ha~eHUJI (lyHKliUU N - zo 
coc11oJ1HUJ1 6 K- p c11y~ae co6naoa1011 no .wooy1110 c (lyHKflueu 
OCH06HOZO COCIIOJIHU.Il IIIOHKUe nyHKIIIUpHble /IUHUUI. 31110 
o6ecne~ueae11 cu.w.weapu10 nonpaeoK nepeozo npu6AWiteHUJI 
11eopuu 803MYIIIeHUU K Ev 3aOa'4U 121, 131, KOZOa 6 Ka
~eCJI6e Heeo3MYII#eHHozo ypa6HeHUJI paccMaapueaeacJI 1131. 
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K cqacTbiO, TaKoe CHMMeTpuquoe noae,IJ.euue K-p ue
B03Mymeuuoro /unu ,IJ.nJI V '"'const / cneKTpa no OTHo
weHHIO K cpe,IJ.Heii TOqKe (E =1/ ;\2 ) HMeeT He TOnbKO OT-

PH:UaTenbHbie nocne,IJ.cTBHJI ,IJ.nJI 03. XoTJI ,IJ.nJI npoH3BOnb
HbiX V(n) 3Ta CHMMeTpHJI HapywaeTCJI, MO)KHQ noKa3aTb, 
qTo ,IJ.nJI KpaiiHHX v ,11' = N + 1- v: 1/ tl2 - E 1/ =Ev' -1/f\2 . )J.eii

CTBHTenbHO, paCCMOTpHM K·p ypaBHeHHe /4/: 
2 

2 -1'1 V(n) 
-}[¢(nd)t¢(n-1)J=(1-;\E)e ¢(n), /13/ 

HMeiOmee cTporo CHMMeTpuqublii cneKTp: ecnu ¢- co6-
CTBeHHaJI ilJyHKUHJI ,IJ.nJI HeKOTOporo E, TO, 3aMeHJIJI (1- /\ 2E) 
ua -- (1-- t-.2 E), MO)KHO y,IJ.oaneTBOpHTb /13/ c ¢ (n) 
= (-1) 1\l;(n) /eM. puc. 1 e/. Ypaaueuue )Ke /2/ oTn;qaeTc.» 
OT /13/ nHWb qneHaMH nopJI,II.Ka i\2 V(n), KOTOpbie Manbi 
,IJ.nJI .IJ.OCTaToquo KopoTKoro wara /\, ,IJ.a)Ke ecnu noTeH
uuan He HBnHeTc.» ManbiM. K TOMY )Ke, B nepaoM npu6nu
)KeHHH pa3HHU,a C06CTBeHHbiX 3HaqeHHH C O,II.HHM l' ,IJ.nB 
/2/ H /13/ OKa3biBaeTCH: CHMMeTpHl{HOH OTHOCHTeJibHO 
1 I .1\2 /ecnu paccMaTpHBaTb /2/ KaK B03Mymeuuoe ypaa
HeHHe no OTHOWeHHIO K /13//. 11TaK, Mbl MO)KeM Bbi'IHC
nHTh Ev K- p 3a,IJ.aqu. IlpoBO.D.H TaKHe pacqeTbl ,IJ.nJI .IJ.BYX 
pa3HbiX 3HaqeHHB KOHCTaHTbl B B ycnOBHH:X /3/, nonyqa
eM ,IJ.Ba cneKTpa, H3 KOTOpblx MoryT 6hiTb onpe,IJ.eneHhi 

npHBe,IJ.eHHble WHpHHbi: 

2 E1; - E ' N -1 (E E , ) L'. ]J ]/ -- II Y ]/ • = ---- n ____ _r:_ . 
Ev-EN p.o=lfL;-(1/(EJJ-Ef-l) 

/14/ 

B pe3ynbTaTe nocTpoeHbl ucxo,IJ.Hble ,IJ.aHHble pacceJIHHH 
K- p MO,IJ.enH 03, H V (n) MO)KeT 6b1Tb BOCCTaHOBneH. 

Ha puc. 16 npe,IJ.cTaBneHbl pacqeTbl ,IJ.nJI pa3nuqublx 
ilJopM noTeuuuana V (r ). CnnowHDie nHHHH cooTBeTCTBYIOT 
noTeuu,uanaM V (r) ypaaueuux I 1/, a nyHKTHPHble o6o3Ha
qaiOT V (n), BOCCTaHOBneHHbiB no lEv •YJJ l. Bbll{HCneHHbiM 
cornacuo npou,e,IJ.ype, onucauuoii B pa3,IJ.ene I I I. 

ABTOpbl Bblpa)KaiOT 6naro,IJ.apHOCTb B .II.Xuryuoay, 
li.B.Py,IJ.JIKy, JI.A.CMOPO.IJ.HHCKOMy, A.A.Cy3bKO Ja MHoro
qucneHHble none 3Hble ,IJ.HCKYCCHB. 
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