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8HHHUKHli C.H. H llP• 
P4 - 10942 

npouecc HbJOTOHa B TeopHH B03MyweHHli c uenpepbiBHblM 

BKnJO'I9HH9M B38HMOil9liCTBHSl 

npelln0li(9Hbl HOBble HTepaUHOHHble CXeMbl peweHHSl 381l8'1H llJ TypMa

n~tyBHnnll no TeopHH B03MyweHHH C HenpepbiBHhlM BKnJO'I9HH9M onepaTopa 

aoaMyweHHH a xone HTepaUHOHHoro npouecca. 

3TH CXeMhl nony'leHhl Ha OCHOBe HenpepblBHOrO aHanora M9TOil8 Hbi0-

TOH8 C HCUOnb30B8HH9M llOUOnHHTenbHOrO HOpMHpOBOqHOrO ycnOBHll, $HKCH

pyiOwero aanaHHYIO ljlopMy onepaTopa aoaMyweHHH, 'ITO noaaonHeT onpene

nHTb ljlyHKUHIO BKni0'1911Hll B38HM01l9HCTBH!I (onepaTopa B03MYW9HH!I) B HTe

paUHOHHOM npouecce H HaliTH peweuae aana'IH. 

Pa6oTa BbJUOnHeHa B na6opaTOpHH TeopeTH'19CKOA cjlH3HKH OHHH. 

fipeDpBHT 06WJUIBeBHOrO BHCTBTfT& A,lepHWX BCCJieJIOII&BBI • Jly6H& 1977 

Vinitsky S.I. et al. 
P4 - 10942 

Newton Process in the Perturbation Theory with 
Continuous Inclusion of Interaction 

New iteration schems are suggested for solution of the Sturm
Liouville problem according to the perturbation theory with continouo
us inclusion of the perturbation operator in the course of iteration 

process. 
These schemes are obtaines on the basis of a continuous analo-

gue of the Newton method using additional normalization condition 
that fixes the given form of the perturbation operator. This fact 
allows one to determine the function of interaction inclusion (pertur
bation operator) in the iteration process and to find the solution of 

the problem. 

The investigation has been performed at the Laboratory 

of Theoretical Physics, JINR. 
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1. BeeoeHue 

KaK B3BeCTHO, B TeopHB B03MY~eHHH npB perueHBB 

o6~eii. 3a)J.aqB Ha C06CTBCHHbiC 3HaqeHHJI 

Sy - ARy = 0, 
/1/ 

rJJ.e S B R - nHHeHHble onepaTopbl, onpeJJ,eneHHble Ha HeKo

TopoM ~yHKUHOHanbHOM npocTpaHCTBe Y,a A -ae~ecTBeH
HOe qucno, npuMeHJICTCJI npeJJ,cTaaneHBe onepaTopoB S B 

R B BH)J.C cyMM 

S = S (G) = S 
0 

+ GS 1 , 

R = R(G) = R 
0 

+ GR 1 • 

/2/ 

rJJ,e G>O - ae~ecTBCHHbiH napaMeTp /KoHcTaHTa B3aHMO· 

)J.CHCTBBJI/, OT KOTOporo 3aBBCJIT A =A (G) B y = y(G) 
llpe)J.CTaBneHBC /2/ ll03BOnJleT CBCCTB perueHBC BCXO)J.HOH 

O)J.HOpO)J.HOH 3a)J.aqB /1/ K perueHBID nocne)J.OBaTenbHOCTB 

Heo)J.ltopoJJ.HbiX 3a)J.aq I 1/. 
llpB perueHHB 3a)J.aqB Ha C06CTBCHHbiC 3HaqeHBJI /1/, 

/2/ C llOMO~biD MCTO)J.a HbiDTOHa /2/ B ero HenpepbiBHOrO 

aHanora/3/ K ypaBHCHBJIM /1/, /2/ npHCOC)J.BHJIIDT )J.OllOn

HHTCnbHOC HOpMHpOBOqHOC ycnOBBC 

F(G,A(G),y(G)) =0, 
/3/ 

r)J.e F - HCKOTOpblH ~yHKUBOHan. 
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CacTeMa ypaaaeHBH /1/-/3/ npe~cTaangeT co6oiae
naaeiaoe ~YHK~HOHanbHoe ypaaaeaae 

¢(G,z(G)) =(S(G)y(G) -.\(G)R(G)y(G)) 

F(G,.\(G), y(G)) 
= 0 /4/ 

OTHOCHTenLHO napLI Z= z(G')=(A(G),y(G)), KOTOpoe B 
paMKax aenpepbiBHoro aaanora MeTo~a HLIOTOHa 3aMeag
eTcg 3BOniO~HOHHLIM ypaBHeHHeM 

¢' (G, z(G, t)) _dz(G, Q_ =-¢(0, z(G, t)) 
z dt 

/5/ 

aa nonyoca Os_t<oo c 3a~aHHLIM aaqanLHLIM ycnoBHeM 

z(G,O)=IA (G).y (C)\. 
0 0 

/6/ 

3aMeHa 3a~aqa /4/ 3BOniO~HOHHLIM ypaBHeHHeM /5/ npa
BO~HT K eCTeCTBeHHOMY o6o6I.QeHHIO npe~CTaBneHHg /2/ 
Mg onepaTopoB S = S(G), R = R(G) 

S = S(g) = S 
0 

+ gGS 1 , 

R = R(g) = R + gGR , 
0 1 

H ycnoaag /3/ ~ng 4>YHK~Hoaana 

F = F(g,.\(g),y(g)) = 0, 

/2 '/ 

/3 'I 

r~e g =g(t) - aenpepLIBHag 4>YHK~ag BKnroqeaag B3aHMo
~eHCTBHg /onepaTopoB B03Myi.QeHag S 1 H R 1/, y~oaneTao
pgiOIUag rpaaaqHLIM ycnoaagM 

g(O) = 0 H g(oo) = 1. /7/ 

cllyHK~HIO g(t) MO)I(HO onpe~enBTL pa3nHqHLIMH CllOC06aMH 
/eM., aanpaMep, I 4/ /. O~HaKo onTHManLHLIH cnoco6 aae
~eaag 4>YHK~HH g(t) B 3BOniO~HOHHOe ypaBHeHHe /5/ ~on
)l(eH 6LITL CornacoBaH C ~HHaMHqecKOH H aCHMllTOTHqeCKOH 

4 

/npa t-. oc I 4>opMaMH onepaTopa ¢. 3To ~ocTHraeTcg 
nyTeM npHCOe~HHeHHg HOBLIX ~OnOnHHTenLHbiX ycnOBHH 
Mg onpe~eneaag 4>YHK~HH g(t): 

d.\ dy 
F, (G,.\,y)--+ F (G,.\,y)-d =-Fy(G,.\,y), 

A dt Y t 
/8/ 

g(O)=O, 

K 3BOniO~HOHHOMY ypaBHeHHIO /5/ H HaqanLHOMY ycnOBHIO 
-/6/, KOTOpLie npHHHMaiOT BB~ 

r~e 

dg d,\ dy 
¢ -+¢ --+¢- =-¢. 

g dt ,\ dt y dt 

g(O) =0, .\(O,O)=A (0), y(O,O)=Y0 (0), 
0 • 

( 

S(g)y - .\R(g)y ) 

¢ = ¢ (g • .\' y) = F{g, .\' y) 

F(G,.\, y) 

g = g(t), ,\ = .\(t, g(t)), y = y(t, A (t, g(t)), g(t)), 

d.\ a.\ ax dg 
-=-+- --
dt at ag dt 

dy ay ay d.\ ay dg 
-=-+--+---· 
dt at ax dt ag dt 

/5 'I 

/6 'I 

/9/ 

/10/ 

TaKHM o6pa3oM, peweaae 3a,[(aqa aa co6cTBeHHLie 3Haqeaag 
/1/, /2/ CBe.[(eHO K peWeHHIO 3BOniO~HOHHOrO ypaBHeHHg 
/5 f C aaqanLHLIM ycnOBHeM /6/, qTO ll03BOngeT onpe-
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... 

AenHTL npu t .... "" A* H y* - co6cTBeHHOe perneHHe 3aAa'IH 

111, 1210 KpoMe Toro, a npouecce perneHHB 15 I, 16 I 
H3naraeMbiB MeTOA ll03BOmleT onpeAenHTb clJyHKIJ,HIO BKniO'Ie

HHJI. B3aHMOAeBCTBHJI. g(t), KOTOpaB. YAOBneTBOpB.eT rpaHH'I • 

HLIM ycnoBHB.M 17 I, Ha aceii nonyocu 0 ::;_ t < "" o 

B AaHHoii pa6oTe AnB. perneHHB. 3aAa'IH 111 nocTpoeHLI 

HOBble HTepall,HOHHble CXeMbl, npeACTaBnB.IOIIJ,He co6oii AHC • 

KpeTHYIO annpOKCHMaiJ,HIO 3BOniOIJ,HOHHOrO ypaBHeHHJI. 15 '/ 
c Ha'lanLHLIM ycnoaHeM 16 10 Bo3MO:>KHOCTH 3THX HTepa

IJ,HOHHbiX CXeM HnniOCTpHpyiOTCJI. Ha npHMepe pellleHHJI. pa

AHanLHOrO ypaaHeHHJI. lllpeAHHrepa, B03MyllJ,eHHe llOTeHIJ,Hana 

B KOTOpOM MOAenupyeT Bbi'IHCnHTenLHble npoiJ,eCCbl, B03HH" 

KaiOIIJ,He llpH perneHHH CHCTeM HHTerpOAH4l4JepeHIJ,HanbHbiX 

ypaBHeHHB / 5/ H CHCTeM, COCTOJJIIJ,HX H3 6onblllOrO 'IHCna 
la 1 

AH4l4JepeHIJ,HanLHLIX ypaaHeHHB · 
1 

20 Hmepat#UOHHa.R cxeMa meopuu eo3MYUieHuii 

,lJ.HCKpeTHaB. annpOKCHMaiJ,HJI. 3BOniOIJ,HOHHOrO ypaBHeHHJI. 

15 'I no napaMeTpy t peanu3yeTCB. c noMOIIJ,biO MeTOAa 

3iinepa1 51nonyocL 0 <;_ t <"" pa36HaaeTcB. y3noaLIMH Toq

KaMH t k I k =0, 1 ,2, 0 o ol c nepeMeHHLIM mar oM r k 

tk+l= tk + 7 k' t = 0 0 

0 
1111 

B AanLHeiirneM AnB. KpaTKOCTH 6yAeM ucnonL3oaaTL B o6o3-

Ha'leHHH aenH'IHH, 3aBHCJI.IlJ,HX OT t , HHAeKC k npH t = t k , 

onycKaB. 3anHCL caMoro apryMeHTao BLipa:>KeHHB. 1101 
3aMeHHM KOHe'IHOpa3HOCTHbiMH aHanoraMH 

~ = 
k 

-g -
g k+ 1 k ' 11 k -

A -A 
_\i..±..l._..k..' v = 

k 
~-t._LYk_. 

7 k 1121 Tk Tk 

Ka:>KALIB mar HTepauuoHHoro npouecca no MeTOAY 3iinepa 

.IJ;nJI. 3aAa'IH. 15 '/ · 16 '/ COCTOHT B TOM, 'ITO npH 3aAaHHbiX 

3Ha'leHHB.X g k, A k' y k HaXOAB.TCJI 3Ha'leHHB. lnepauuoHHLIX 

nonpaBOK ~ k, 11 k, V k H3 COOTHOllleHHJI. 

6 

¢g~k +¢A 11 k + ¢yvk=-¢, 15 "I 

B.BnB.IOIIJ,erocB. KOHe'IHOpa3HOCTHOB annpOKCHMaiJ,HeB ypaBHe

HHJI. 15 f, cnpaaeAnHBOrO llpH Ka:>KAOM t= t k, rAe 

- ( S(g,Jy k -A kR(g JY k) ' ((S1y ,-A kR 1y ,J) 

¢ c F(gk' .\k,yk) ,(Pgc Fg(gk,Ak,yk) 

F(C , A k, y k) 0 

1131 

(-R(g)y 

0 A- FA (g,.k"k': k) ) , 

C"J -A /(gk)) 
¢ y ~ F y (g i A k' y k) · 

FA(G, Ak,yk) 
F (C, A , y ) 

y k k 

YpaaHeHHe 15 '1 3KBHaaneHTHO cneAYIOIIJ,eii cucTeMe ypaa

HeHuii: 

(S(g ) -A R(g ))v =-G(S -A R )y ~ 
k k k k 1 kfkk 

-(S(g ) -A R(g ))y + /L R{g )y , 1141 
k k k k k kk 

F (g , .\ , y ) ~ + F , (g , A , y ) 11 + F (g ,A , y )[ v j = 
g k k k k (\ k k k k y k k k k 

=-F(g ,A ,y ), 
k k k 

1151 

F (C,A ,y ) 11 + F (G,A ,y )[v] =-F(C,A ,y )o 1161 
A k k k y k k k kk 

PerneHHe v k H 11 k npeAcTaBHM a BHAe cyMM 
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V =U +Vi 
k k k 1171 

f1 = f1 ( 1) + f1 ( 2) ~ 
k k k k' 

r,IJ.e uk H wk Y.Il.OBneTBOpJIIOT CHCTeMe ypasHeHHH 

IS(g ) -A R(g )lu =-IS(g )-A R(g )ly +f1(1) R(g )y • 
k k k k k k kk k kk 

IS(g k}- A kR(gk)lw k =-GIS 1-A k R 1ly k~ k +fl c:)~ kR(gk)y k' 

1181 
KOMllOHeHTbl U B Vi , B CBOIO O'lepe,IJ.b, npe,IJ.CTaBHM B BH,IJ.e 

k k 
cyMM 

u = u<l)+ f1 O)u <2) , 
k k k k 1191 

w = (w (1) + /! (2) w (2) ) ~ 
k k k k k' 

rne u (1) 
,.., u k , 

u ~2), Vi ~1), w ~2) Y.IJ.OBneTBOpJIIOT CHCTeMe ypas-

HeHBB 

(S(g )-A R(g ))u (1) =-(S(g )-A R(g ))y 
k k k k K. k K. k 

(S (g )-A R(g ))u (2) = R(g )y , 
k k k k k k 

(S(g )-A R(g ))w (1)=-G(S -A R )y , 
k k k k 1 k1k 

(S(g ) -A R(g ))w (2) = R(g )y . 
k k k k k k 

1201 

llo.IJ.cTaBnJIJI Bblpa)KeHHe ,!l,nJI f1 k I 17 I B cooTHomeHBe I 151 
H ucnon&3YJI paseHCTBO u(2)= v. (2), KOTopoe cne,IJ.yeT H3 

ypaBHeHHH 1201, nony'IHM k k 

8 

IF (g ,A ,y )+F (g ,A ,y )[u(2)]\(f1(1)+f1(2)~ )= 
A k k k y k k k k k k k 

=-F(gk,Ak,yk) -Fg(gk,Ak,yk)~k-

- F (g A y ) [u (1) ] - F (g A y ) [ w (l)F • 
y k' k' k k y k' k' k k "' k 1211 

Ypasueuue /211 nuueii:uo JaBHCBT OT napaMeTpa ~ , OTCIO.IJ.a k 
cne.IJ.YIOT Bblpa)KeHBJI ,IJ.nJI f1 ( 1) H f1 (2) : 

k k 

[ (1) ] 
F(gk,Ak,yk)+F (gk,Ak,yk) uk 

f1 (1) = - y ·---- , /22/ 
k F (g A y )+F (g A y )[u<

2
) 

f1 (2) = -

k 

A ll k' k y k' k k k 

F g (gk ·\' y k) + F y (g k' Ak, y k )[ w ~1) ] 

--------------------------' 
[ (2) ] 

F, (g , A , y ) + F (g , A , y ) u 
1\ k k k y k k k k 

/23/ 

llo,IJ.cTaBnJIJI Bbl'IHCneHHble no clJopMynaM /221, 123/ JHa'leHBJI 

f1 ~ 1) u 11 ~,2) B acuMnTOTH'IecKoe ycnosue /161, uaii:,IJ.eM 

Bblpa)KeHBe ,IJ.nJI napaMeTpa 1:, , : . K 

-
F(G,A ,y )+F (G,A ,y )[u(1)1+1F (G,\ ,y )+F (G,\ ,y j:u(

2
)1lf1(1) 

t; =- k k y k k k A k k y k k k k 

k F (G,A ,y )[w<0 ]+1F, (G,A ,y )+F (G,A ,y j:u<
2
)]lf1 (

2
) 

y kk k 1\ kk y kkk k 

/24/ 

TaKHM o6pa30M, senH'IBHbl ~k, F k' Vk B COOTHOWeHBJIX /10/
/12/ onpe,!l,eneHbl, 'ITO ll03BOnJieT HaHTB 3Ha'leHBJI g , 
A k , y , ecnu r Ja,IJ.aHo. lhepauuoHHblH napaA~tp 

+ h5 k+ 1 k r k Bbl upaeTCJI H3 ycnoBHJI MHHHMYMa HeBJI3KB 

0 = I I ¢ (g +T !; , A + T f1 , y + T v )\ \ . k k kk k k k k k k c 
/251 
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lloCKOJibKY Ha'laJibHOe YCJIOBHe /6 'j Ja,IJ.aHO B JIOKaJibHOH 

OKpeCTHOCTH HCKOMOrO pemeHHJI A*, y* , npouecc Bbl· 

'IHcneHHJI g , A , y c noMom~>JO iiJopMyn /12/-/25/ non-
k k k 

HOCTbiO onpe,IJ.eJieH ,IJ.liJI BCeX k , npH 3TOM iiJyHKUHJI BKJIIO· 

'leHHJI B3aHMO,IJ.eHCTBHJI g CTpeMHTCJI K 1 npH k-. oo B COOT· 

BeTCTBHH c ycnoBHeM /7/: 

3. Peweuue paouaAbH020 ypa6H€HUJI mpeounzepa 

PaccMoTpHM npuMeHeHHe npe.IJ.JIO)KeHHoii HTepauuoHHoii 

cxeMbl K pemeHHIO pa,IJ.HaJibHoro ypaaHeHHJI lllpe.IJ.HHrepa 

{1) l d 2 
¢ = , __ +q(x)-A ly(x) = 0 /26/ 

dx 2 

c rpaHH'IHblMB ycnoBHJIMH 

¢ (2)= y(a) = 0, a = 0 • 

/27/ 
¢(a)= y(b) = 0 

H YCJIOBHeM HOpMHpOBKH 

( 4) b d 2 
¢ = J dxy(x)l- +q(x) -Aiy(x)=O. 

a dx2 
/28/ 

3a,IJ.a'la /26/-/28/ Ha KOHe'IHOM HHTepaane [a, b] npe.IJ.CTaB
JIJieT co6oii annpoKCHMaUHIO Ja,IJ.a'IH .IJ.HCKpeTHoro cneKTpa 

.D.JIJI ypaBHeHHJI /26/ Ha nonyocu [0,""). 
B TeopHH BOJMymeHHii noTeHuuan q(x) npe.IJ.cTaBnJieTcJI 

B BH,IJ.e CYMMbl 

q(x) = q
0
(x) + Gq 

1 
(x). 

B qacTHOCTH, 4 (x) MO)KeT HMeTb BH.IJ. 
1 

b 
q (x)y(x)= Jdx'K(x,x')y(x'). 

1 a 

10 

/29/ 

/30/ 

llpe.D.JimKeHHaJI a pa6oTe I 51 Bbi'IHCJIHTeJibHaJI cxeMa 

pemeHHJI HHTerpO.IJ.H~epeHUHaJibHbiX ypaBHeHHH ll03BOJIJieT 
Ha Ka)K.IJ.OM mare HTepauuoHHoro npouecca pemaTb rpaHH1.f· 

Hble 3a,IJ.a'IH ,IJ.JIJI .IJ.H414JepeHUHaJibHbiX ypaBHeHHH nepeHOCOM 

BOJMymeHHJI Gq 
1
(x) v k B npaayro qacTb ypaBHeHHJI /14/ 

C Janal,IJ.biBaHHeM (k->k-1).CXO,IJ.HMOCTb 3TOH HTepaUHOHHOH 

cxeMbl HMeeT MecTo npH )KeCTKHX orpaHH'IeHHJIX Ha HOPMY 

onepaTopa Gq 
1
(x). llpe.IJ.JIO)KeHHaJI B ,IJ.aHHOH pa6oTe HTepa

UHOHHaJI cxeMa I 12/- /25/ c HenpepbiBHblM BKJIIO'IeHHeM 

onepaTopa BOJMymeHHJI Gq 
1
(x) no3BOJIJieT ocna6HTb ycno

BHJI orpaHH'IeHHOCTH HOpMbl onepaTopa q 1(x) H 0606mHTb 

HTepauuoHHYIO cxeMy pa6oTbl I 51 .,nn11 3Toro BMecTo peweHHJI 

JIHHeHHblX Ja,IJ.a'l /20/ cne,IJ.yeT pewaTb BOJMymeHHble JIHHeii

Hble Ja,IJ.a'IH, KOTOpble HMeiOT BH;IJ,: 

lS(O)-AkR(O)Iu~) =-(S(gJ!-AkR(g~)y k-

- gkG(Sl-AkRl)uk-1' 

l S(O)- A k R(O) l u ~2 ) = R(g ) Y k • 

!S(O) -A R(O)lw (1)=- G(S -f.. R ) y -
k k 1 k 1 k 

- g kG(S 1-A kR l)w k-1 • 

lS(O) -A R(O) \ w (2) = R(g )y , /20 '/ 
k k k k 

r,IJ.e U k-
1 

H W k-l C'IHTaiOTCJI H3BeCTHbiMH Hl npe,IJ.bi,IJ.ymero 
HTepaUHOHHOrO mara. llpOMO,IJ.eJIHpyeM HTepaUHOHHblH npo

uecc /5 "/ Ha npHMepe npe,IJ.cTaBneHHJI onepaTopa q(x) B 

BH.D.e /29/, r,IJ.e 

q (x) = (1 + G)q(x), 
0 

q (x)=-q(x), 
1 

/31/ 

11 



G > 0 - Be~ecTBeHHblii napaMeTp lxoHcTaHTa B3aBMO
,neiicTBBJII. Ha Ka)K,nOM ware BTepauuouuoro npouecca He
o6xo,nuMo npu 3a,naHHbiX 3HaqeHBJIX g lt' A k' y k pewBTb xpae
Bble 3a,naqu 1201, r.ne onepaTopbl S(g I!• R(g k), S 1 , -R 1 BMeiOT 
BB,n 

d2 
S(g ) = -- + q (x) + g kG q 

1
(x) , 

k dx 2 o 

R(g ) = 1, 
k 

S 
1
= G q 

1
(x), 

R = 0. 
1 

1321 

KpaeBble 3a,naqu 1201 pewaroTCJI qucneHHO MeTo,noM npo
roHKB I 7 I ,nnJI xouequopa3HOCTHbiX ypaBHeHuii, annpoxcu
MBpyro~ux 1201 c ToquocTLIO nopJI,nKa -h 2 Ha paBHOMepuoii 
CeTKe y3nOB Wh=!x

1
=a X =X -th, ... ,X =X +h, .•. ,XN=bl. 

' 2 1 n n-1 

)l;anee no 
11(2)' r.ne 

k 

<}lopMynaM 1221, 1231 BblqucnJieM 3HaqeuuJip.~l)B 

F(gk,Ak,yk) 
b 2 
f dxyk(-d-+q (x)+g Gq (x)-Ak)yk, 
a dx2 o k 1 

b d 2 
F (g ,A ,y )[u< 1)]=2fdxy (-+q (x)+gGq (x))u 0 ). 

y k k k k a k dx2 o k 1 k 

(2). b d 2 (2) 
F (gk,A k' y k)[u k 'J =2f dxy k( -- +q0(x)+ gkG q lx))u k , 

Y a dx2 

b d 2 (1) 
F y<g k' A k'Y k)[ w ~>] =2£ dxy /"dx- + q

0
(x) + gkG q 1(x))w k , 

1331 b 2 
F, (g , A , y ) = - f dx y , 

1\ k k k a k 
b 

12 
Fg(gk,Ak,y k) = {dxykCql(x)yk, 

' 1 

.\ 
J 

a 3Haqeuue ek Haxo,nBM 83 <}lopMynbl 1241' r.ne F(G. Ak' y k)' 

F (G A y )[u< 1)] F (G A y )[u< 2)] F (G A y )[w (1)] 
y • k' k k , y • Il k k , y • k, k k 

onpe,nenJIJOTCJI <}lopMynaMu/331 c 3aMeHoii g k=l.HHTerpanbl 
B <}lopMynax 1221, 1231, 1241, 1331 BblqucnJIJOTCJI c no
MO~bro KBa,npaTypuoii <}lopMynhl Tpaneuuii c ToquocTLIO 
O(h 2). )l;anee no <}lopMynaM 1121 nepexo,nuM K 3HaqeHBJIM 
g k+ 1 , A k+ 1 , v k+ 1 , npu 3TOM rk BblqucnJieTCJI B3 ycnoBBJI 

MBHBMyMa rnaBHOH I<OMnOHeHTbl HeBJI3KB 1251, I<OTOpaJI 
BMeeT BBA 

r.ne 

o =max II 
k n 

n) (n-1) (n) II , (n+l)_2y( 1+Yk+ 1 (q(n)_A 

1

)Yk+1 
y k+ -+ k+ 

k + 

1 

/25 'I h2 

q<nt q(x ), y (n)= y (x ). 
n k k n 

IlpB BblnOnHeHBB ycnOBBJI 

0 < ( , k 
1341 

-7 
r.ne £ > 0 - ,nocTaToquo Manoe qucno I -10 I, uTepauu-
OHHblii npouecc 3ai<auquBaeTcJI. Ilpu 3TOM B cuny TeopeM 
0 CXOABMOCTB HenpepblBHOrO auanora MeTo,na HbiOTOHaiBI 
u cxo,nuMOCTB pa3HOCTHoii 3a,naqu IIITypya-JiuyBBnnJI /91 
BblnOnHJIIOTCJI cne,nyJO~Be COOTHOWeHBJI: 

lim g k = 1 + 0 (h 2) , 
k-+oo 

lim A = A * + 0 (h 2) , 
k-+oo 

limy k = y *(x) + 0 (h 2) . 1351 
k-+oo 
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4. flucAeHH&ae pac~em&a 

qucneHH~e Hccne}J.oBaHHH HTepauHoHHoro npouecca 
/5 "I, peanaJoBaHHoro cxe).WH /12/-/25/, npoBOAHnHCL 
,IJ.JIJI Ja}J.a'IH /26/-/28/ c noTeHuaanoM q(x): 

q(x) = q (x) + Gq (x), q (x) = (1 +G)q (x), q (x) =-q (x), 
o 1 o M 1 M 

rAe 

q (x) = -2MD[e-2a (x-x o) 2 -a (x-x ) /31 '/ 
M - e d] 

I 10. 11,12/ 
noTeHuaan Mop3e/3/cHa6opaMH3Ha'leHHinapaMeTpoa 

M = 4,69; D = 0,1055; a = 0,67; X = 2,15 ; 
0 

/36/ 

M =9,126; D =0,1040; a = 0,67; X =2,09; /37/ 
0 

M =9,126; D =0,0824; a = 0,697; X = 2,25. /38/ 
0 

B HaCTOJI~HX pacqeTaX 6~na HCnOJib30BaHa KOHe'IHO" 
pa3HOCTHaJI CeTKa no nepeMeHHOH X C nOCTOJIHH~M waroM 
h =0,0125, X 

1
=0, X N= b= 20, 'ITO }J.aeT anpaopHyiO OUeHKY 

a6coniOTHOH TO'IHOCTH pelynLTaTa -10-4. B HTepaUHOHHOM 
npouecce /5 "/ napaMeTp r k a~6apancJI aaToMa TH'IecKH 
B COOTBeTCTBHH C ycnOBHeM /25 1. HTepaUHH npeKpa~a-

-8 
JIHCb npH yMeHbWeHHH HeBJI3KH }1.0 BeJIH'IHH~ nopJI}J.Ka - 10 . 

B ma6A. 1 noKa3aHa CXOAHMOCTb npe}J.JIO)KeHHOrO HTepa • 
UHOHHoro npouecca /5 ''l AJIJI Ja}J.a'IH /26/-/28/ c noTeHUHa
JIOM /31 '/ C HafiopOM 3Ha'leHHH napaMeTpOB /36/ OT Ha· 
'laJibHOrO npH6JIH)KeHHJI A0 =0,6 npH KOHCTaHTaX B3aHMO· 

AeicTBHJI G= 0;0.5;1. 
llpH peanHlaUHH paccMaTpaaaeMoro HTepaUHOHHoro 

npouecca AJIJI noa~meHHJI ycTOH'IHBOCTH B JJ.aHHOM cnyqae 
npBMeHeHa MOJJ.HcPHKaUHJI MeTO}J.a HbiOTOHa, B KOTOpOH 

dA . --1 .... const. 
dt t-> 00 

0co6~H HHTepec npe}J.CTaBJIJieT CXO}J.HMOCTb HTepaUHOH" 
Horo npouecca /57 oT Ha'lanLH~x npa6nH)KeHHH, cooT· 
BeTCTBYIO~HX pemeHHJIM Z 

0 
= (,\ 

0
,y 

0
(x)) 3a}J.a'IH /26/ • /28/ 

c noTeHuaanoM q (x). B 3TOM cnyqae HTepauaoHHaJI cxeMa 
I 11/- /25/ H /20 'I npeJJ.CTaBnJieT co6oB: o6o6~eHae Hl-

14 

,-
1 

[ 

I 
1 

'; 

j 

I 

aecTHbiX cxeM Teopaa B03My~eHHB: I 1-61. B ma6A. 2,3,4' 
DOKa3aHa CXO}J.HMOCTb HTepaUHOHHOrO npouecca /5'1 ,IJ.JIJI 
3a}J.a'IH /26/-/28/ OT Ha'laJibHbiX npH6JIH)KeHHH z , COOT" 

0 
BeTCTBYJO~Hx noTeHuaany q 

0 
= (1 + C)q M(x) npH paJJIH'IHbiX 

KOHCTaHTax C c Ha6opaMH 3Ha'leHHH napaMeTpoa /36/,/37 I 
H /38/ COOTBeTCTBeHHO. 

Ha puc. 1 H 2 H306pa)KeHa ljyHKUHJI g(t) ,IJ.JIJI Ha6opoa 
3Ha'leHHH napaMeTpoB noTeHuHana Mop3e /36/ H /37 I co
OTBeTCTBeHHO npH HeKOTOpbiX 3Ha'leHHJIX KOHCTaHTbl BlaH· 
Mo.u.e:B:cTBHJI G. BHAHO, 'ITO noae}J.eHHe 4>YHKUHH g(t) pal
JIH'IHO }J.JIJI pa3H~X Ha6opOB 3Ha'leHHB napaMeTpOB nOTeH· 
UHana /31 '/ H pa3Hb1X G • 

5. 3aKAIO~eHue 

llpe}J.CTaaneHHble B }J.aHHOH pa6oTe HOB~e HTepaUHOHH~e 
cxeMbl, a TaK)Ke npoBe,B.eHH~e 'IHcneHH~e accneAOBaHHJI 
CXO}J.HMOCTH nOCTpOeHHbiX HTepaUHOHHLIX npoueCCOB ,ne· 
MOHCTpHpyiOT HOBble B03M0)KHOCTH npHMeHeHHJI· aenpep~B
HOrO aHanora MeTOAa HLIOTOHa B TeOpHH B03My~eHHH }1.JI.B 
pemeHHJI ,3a,na'IH THna illTypMa·JIHyBHJIJIJI /CMOTpH, Hanpa· 
Mep, /5,6/ I. llpeaMy~ecTBOM .naHH~x HTepauaoHH~x cxeM 
no cpaaHeHHIO c I 1.2,5,6/ JIBnxeTcJI Henpep~aHoe BKJIIO'IeHHe 
onepaTOpa B03MytneHHJl 'C nOMO~biO 4>YHKUHH BKJIIO'IeHHJI 
B3aHM0}1.eHCTBHJI g(t). 0DTHMaJibHbiH BHA cPYHKUHH g(t) ycTa· 
HaanaaaeTcJI HenocpeACTBeHHO B xo.ne HTepauaoHHoro npo
uecca /5 'J, 'ITO oKaJanocL B03MO)KHbiM 6naro.napJI npacoe
AHHeHHIO K 3BOniOUHOHHOMY ypaaHeHHJO /5 I c Ha'lanLH~M 

ycnOBHeM /6/ ,nononHHTeJibH~X YCJIOBHH /8/, lilHKCHpyro· 
IUHX 4>opMy onepaTopa npH t_.Q H t .... oo.4>YHKUHJI g(t) HMeeT 
AOBOJibHO CJIO)KHYIO KOH4>HrypaUHIO /eM. puc. 2/, oco6eHHO 
npH 60JibWHX 3Ha'leHHJIX KOHCTaHTbl B3aHM0}1.eHCTBHJI G , 
no3TOMY OHa He MO)KeT 6b1Tb Onpe,neneHa 3apallee, KaK 3TO 
npe.nnaranocb, HanpaMep, B pa6oTax/4/. KpoMe Toro, npe.n
no)KeHHble HTepauHoHHble cxeMbl MoryT 6b1Tb npaMeHeHbl 
K pemeHHIO MHOrOKaHanbHOH 3a}1.a'IH pacceJIHHJI, KOTopaJI 
ljopMynHpyeTCJl KaK 3a,naqa Ha C06CTBeHHble 3Ha'leHBJI B 
paMKax HenpepblaHoro aHanora MeTo,na HLJOTOHa /a/. 

. B 3aKJIIO'IeHHe aaTopbl 6naro,nap.aT K.H.,lJ;aHBJIOBY 3a 
nOMOIUb B pa6oTe. 
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... Ta6JIRUa 2. Cxo.llHMOCT:& liTepa.uHoHHoro npouecca (5 11 ) ;r.JIH. 3a.IUi"'ll (26)-(28) c napaye'!'Jl81111 
00 

noTeHUHaJia Mopse M=:ft,,9f/J=-0,105"6"; .t-"'~6~·::r.,=-J,tfnpH pa3.liHllH1iX KOHC'l'SHTax 
»3amroneacTBwH c;. ... o, '- ·0.1 · 1. 

K ) t qf 2 f.J- }J If) (11.(1.) f 
I 0,3883 o,2999·IO-I 0,7780 0,7236 0,2420 0,3696 ~,!37! 0,9301 
2 0,4269 0,3676'I0-2 0,8890 0,9670 0,4340·!0-I o, 7884· m-1 -0,!294 0,273'7 
3 0,4332 0 ,IOI7 • IO...J I,OOOO 0,9999 ~:~::~~~ O,IO?I·IO-I ~.!3!9 0,328!·!0-I 
4 0,433! 0,5937·!0-5 0,8890 I,OOOO ~.I225·IO...J -O,I3I9 0,2I40·I0-3 
5 0,433I 0,4985·IO~ I,oooo I,OODD -0,8IOO·I0-5 -0, IOI7 • ro-4 -O,I3I9 -O,I569·I0-4 
6 0,433I o, I86I • m-9 I,OOOO I,OOOO 0,6493·!0~ 0,4I37•IO~ -O,I3I9 ~.I785·I0-5 

I 0,4232 0,7736·ID-I 0,6670 0,5074 0,3346 0,7255 -0,5I38 0,7607 

2 0,4606 0,3683·Io-I 0,7780 0,766I 0,48II·ID-I O,I8I5 -0,40II 0,3325 

3 0,4333 0,2584·ID·2 I,OOOO 0,9986 -a 2727·ro-1 0,8!74 -0,4687 0,2326 , -3 
4 0,433! 0,3077·!0-5 r,oooo 0,9999 -O,I892·ID 0,4295·IO...J -0,46!7 o, I340 • w-2 

5 0,433! 0,4580•!0-8 r,oooo I,OOOO -0,38I6·I0-5 0,2960·!0-5 -0,46!8 0,!467·!0-4 

6 0,433I 0,2964·!0-9 I,oooo I,OOOO 0,6522·!0-8 -0,2485·!0-8 -0,46!8 -O,I950·I0-7 

7 0,433I o,I444·ro-9 0,8890 I,OOOO -0, 7!29· w-ID 0,86II·IO-I2 -0,46I8 O,I562·ro-9 

I 0,3950 0,2098 0,2230 0,4002·!0-I 0,8745 !,0245 -0,8356 O,I794 
2 0,4736 0,!905 0,2230 O,II65 0,3523 0,558I -0,5995 0,343! 
3 0,4408 0,5982·!0-I !,0000 0,9768 -0,3275·!0-I 0,6!07 -0,7479 0,8604 
4 0,4347 O,II69·Io-2 I,OOOO 0,9968 -a, 6097 • w-2 0,84I7·I0-2 -0,7274 O,I995·IO-I 
5 0,433! 0,2329•!0~ !,0000 I,OOOO -0,!635·!0-2 o, 7278 • w-3 -0,726I 0,3254·10-2 
6 0,433! O,I70I•IO-o I,oooo 0,9999 0,35a:J•I0-4 -0, 74I9·I0-5 -0,7258 -0,5872·!0-4 
7 0,4331 o, I067 • w-B !,0000 I,OOOO ~.2327·IO~ 0,2477·!0-7 -0,7257 0,3547·!0~ 
8 0,433! o, 33a:J • Io-9 I,OOOO I,OOOO -0, 2329 • w-9 O,II08·IO-II -0,7257 0,3226·!0-9 

Ta6.mla 3. Cxo,JODIOCTI> HTepailiiOHBoro npouecca (5 1 ) .l!.llll IIWl'lll 

( " ) - ( 2K ) c n&palll!'fP&IO noTemg[&l!a llopse rJ: !li.3' · Cf>= O,JOfO • 
' 1 oJ..-:: 0,6/; X ... :Jp9 IqZ p&8JIJI'UIKX ltORC'!'BH'l'8X BSUIIOJl8IC'!BU ,;~ qJ; 0,6; J.C. 

K 1 d ~ i. Jl p(t) _}J {1.) t 
I O,I3?2 O,I462•Io-I 0,7780 0,6944 o,2I98·IO-I 0,7358·IO-I -a, 578I • ro-1 0,8926 

2 0,!382 O,I448'IO-G 0,8890 G,9685 O,II9U·I0-2 O,I673·IO-I -0,5232•!0-I 0,297! 

3 0,!382 0,4I38·I0-4 I,OOOO I,OOOO o, 330I • m-4 0,2220·!0-2 -0,5I49•Io-I o,4247· ro-1 

4 O,I382 0,9'745'!0-? I,OOOO I,OOOC 0,7!69·!0-4 -a, 52II • ro-4 -0,5!42·!0-I -O,IOIS•I0-2 

5 01 I3f32 o, r763 • ro-9 I,OOOO I ,0000 0,7325·!0-7 O,a:J38·I0-5 -0,5!42·!0-I o, 38a:J • ro-4 

6 O,I382 0,75!7·!0-IO r.c.ooo I,OODD o,I398· ro-9 O,I990·I0-8 -0,5I42·IO-I 0,3598•Io-7 

I 0,3542 0,!779 0,7780 0,3259 0,30Il 0,59I4 -0,6929 0,4189 

2 0,!035 0,7757·ro-I 0,6670 I,0883 -0,3759 0,2365'!0-I -0,3496 I,I432 

3 O,I485 0,269I·IO-I 0,5560 0,9626 0,8I05·IO-I 0,252!-I0-2 -0,3472 -0,226! 

4 O,I377 0,5523'!0-3 I,OOOO I,OOI4 -O,IOSO·IO-I o, 4950. w-2 -0,4060 0,3878·!0-I 

5 O,I38I 0,4754·!0~ I,OOOO I,OOOO o, 4130. ro-3 -0,!659·!0-3 -0,4III -O,I408·I0-2 

6 O,I38I o, 4823 • w-9 I,OOCO I,OOOll 0,1504'!0~ O,I562·IO~ ..:0,4II3 O,I407•I0-7 

... 
U> 



llpo,noiDKeHHe Ta6JIHUbl 3 

I 0,1661 0,8241 O,OOIO 4),0269 46,1439 1,3599 -I,6&3I -26,9281 
2 0,8963 0,6430 0,2230 4l,2932 3,2743 I ,3509 -!,6106 -1,1942 
3 0,4990 0,3978 0,2230 0,3219 -1,78!5 O,I35I -o,6947 2,7587 
4 0,1464 0,2!82 0,4450 0,92!3 -0,7923 0,8674·10-I -o,6526 1,3469 
5 0,1546 0,3526·!0-I 1,0000 0,9676 0,8094·!0-2 013642·!0-1 -D,6II7 0,4630•10-1 

6 0,1390 O,II45'I0-2 1,0000 0,9981 -D,1553·I0-1 O,II20•I0"1 -o,8'790 0,304I·I0-1 

7 0,1381 0,4943·!0-5 1,oooo 0,9999 -Q,8284·I0-3 o, 7779· ro-3 -o,8248 O,I948•I0-2 

8 0,1382 0,7994•!0"10 r.oooo 1,0000 -o,4833·10-6 0,!483·!0-5 -o,8228 0,2390•!0-5 
9 0,1381 0,4497'!0"!0 0,7780 I,OOOO -0,2607·!0-IO 0,1560•!0-IO -o,8228 0,5065•10-IO 

IO 0,1381 o,3563· 10-ra 0,7780 I,OOOO -o,II33·IO-IO o,3124· m-II -D,8228 0,1757·!0-10 

~ • 4. Cxo..-ocn •ft~oro upoll8cca {5 ) ~ aa,u'IJr (2' ) - { '-1 ) c 
ua~'l'p81111IDftiiQUU. lopae J1-~JU;9"~0114;.J:~S8~-l;.•"',S'~ p&li.Q'UIHX 

macmm a•--1elgf1M G = O.H t,O, :,11. 

' .t J' ~ ~ !t. ~'·J ~'A> I 
I 0,57S.•Io-l 0,5069·10-1 I,OOOO 0,6599 -o,6246•Io-I 0,8835·IO-I ..(),2285 0,6599 
2 0,3443•!0-1 0,9000·10-2 I,OOOO 0,9482 -o,23II·ro-1 0,2006•IO-I -o,I497 0,2883 
3 0,33J7·IO-I o,4638·ro-3 1,0000 0,9966 -o,235B·Io-2 o,3544·1o-2 -o,I22I 0,483I'IO-I 
4 0,3I85·IO-I 0,2661•I0-5 1,0000 0,9999 -o,2I85•I0-3 O,I709•10-3 -o,II56 0,3367·10-2 
5 013I85·IO-I 0, 9764 • IO..,a I,OOOO 1,0000 -o,2I85·I0-5 0,1205•10-5 -o,II53 o, 2939 • ro-4 
I 0,1733 0,1558 r,oooo 0,5040 0,5338 ·ro-I 0,3544 -o,5972 0,5040 
2 0,6760·10-I 0,6536·10-1 1,oooo 0,8653 -o,I057 · O,II58·I0-2 -o,2960 0,3613 
3 o,6357·ro-I 0,2339·!0-I 1,0000 0,8791 -o,4023·ro-2 o,4850·ro-4 -o,2952 0,1379•Io-1 

" 0,6522•IO-I 0,1495•IO-I 1,0000 0,8736 O,I647•I0-2 0,5I32·I0-4 -o,2897 -o. 5508. I0-2 
5 0,6I87.IO-I O,II97· 10-I I,OOOO 0,8849 -o,3345·I0-2 0,5392'10-4 -o,30II O,II29'I0-1 
6 0,6497.!0-I 0,1469• I0-1 1,oooo 0,8744 0,3068-I0-2 0,5909•10-4 -o,2874 -o,I053•IO"I 
7 O,M91·1o-1 O,I2I6·10-I 1,0000 0,8747 -o,5135•I0-4 0,5033•10-4 ..(),3043 0,3341•!0-3 
8 o,2274·1o-I 0,234I·I0-2 0,8890 1,0!68 -o,4743.ro-1 0, 4889. I0-4 -o,2971 0,1598 
9 0,3I27•I0-1 0,6622·10-3 !,0000 I,OOI9 0,853I·I0-2 o,4984·ro-2 -o,2390 -o,I484·I0-1 

IO 013184•10-I 0,2332•!0-5 I,OOOO r,oooo -3 o, 1266 • ro-3 -o,2293 -o,I956·I0-2 0,5752·!0 
II 013I85•10-1 0,3484•!0"9 1,0000 1,0000 o, 4424 • ro-5 o, 2073 • ro-5 -o,2307 -o,I019·I0-4 

I 0,6753 0,5566 0,4450 -o,5954·IG'I12477 I,0434 -1,5273 -o,I338 
2 0,9I23•Io-I 0,304! I,OOOO 0,9231 ..(),5840 0,3043·I0-1 -o,6252 0,9827 
3 0,7-'46·10-1 013266.10"1 I,OOOO 0,9330 -D,I677·10"1 0,1047'10"1 -o,6395 0,9844·!0-2 
4 0,3«7•I0-1 0,3829•!0"2 r,oooo 0,9879 -D,3999•Io-1 -D,6918•I0-2 -o,6021 0,5493·!0-1 
5 o,3235·ro-I 0,7459•10-3 I,OOOO 0,9982 -o,2Io5·ro-2 0,3027•10-2 -o,497I O,I032·IO-I 
6 01 3185·1D-1 O,I6IQ.1Q-5 1,0000 0,9999 -o, 5082 ·ro-3 o, 2839 • 10-J -D,4637 o,170S·I0-2 
7 o,3185 .ro-1 0,1274.10"9 I,OOOO I,OOOO O,II7I.1o-5 0,1283.10-5 -o,4614 0,2439.10-6 N -
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