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An analytical solution for reflected and transmitted 
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1. BBE,O,EHHE 

Bo MHOrHX o6naCTXX ~H3HKH qaCTO npHXO~HTCJf HMCTL 
~eno c pacnpocTpaueuueM Bonn B nepuo~uqecKux noTenuua
nax. B KaqeCTBC npHMCpa MO:>KHO Ha3BaTb onTHKy, aKyCTH· 
Ky, ~H3HKY TBCp~oro Tena, HCHTpOHHYIO ~H3HKY H ~pyrue. 
06Liqno BCC 3a~aqa, OTHOCBIUHCCJf K 3TOH npo6neMe, pewa· 
IOTCJf npu6nH:>KCHHO. E~HHCTBCHHLIM HCKnroqeHHCM BBnBCTCJf 
cnyqaii paccesuus ua noTeuuuane Kpouura- lleuuu 11 ; npe~
CTaBnBIOIUCM co6oii O~HOMCPHYIO nepHO~HqecKyiO 6eCKOHeq
HYIO peweTKY 8 - o6pa3HLIX noTeuuuanoB. B uacTOXIUeii 
pa6oTe ~aeTcs Toquoe peweuue 3a~aqu o pacnpocTpaueuuu 
BOnH H qacTHU, OnHCLIBaCMLIX BOnHOBOH ~YHKUHCH, B none 
o~noMepuoro noTeuuuana, ecnu paccesuue ua e~HuaqnoM 
nOTCHUHane cqaTaCTCJf H3BCCTHLIM. 3TO OKa3anOCb B03 • 
MO:>KHLIM 6naro~apg TOMy, qTo y~anOCL Bblpa3HTL aMnnHTy· 
~Y oTpa:>Keuus OT n nepuo~uqecKH pacnono:>KeHHLIX noTeu
uuanoB qepe3 aMnnHTY~Y pacceBHHJf Jla O~HOM noTCHUHane. 
llO~XO~ K peWCHHIO 3TOH 3a~aqa ~OpMynupyCTCJf BO BTOpOH 
qacTH uacTOJIIUeii pa6oTLI ua npuMepe paccesuus cKanspuoii 
HepenBTHBHCTCKOH qaCTHULI Ha CTyneuqaTOM llOTCHUHane. 
3TOT llO~XO~, B006IUC rOBOpB, H3BCCTCH, HO 3~CCL OH npa· 
MCHJfCTCR 3uaqaTenLHO wupe, qeM o6Liquo. B qacTHOCTH, 
on 6Lin ucnonL30BaH B pa6oTe 121npu uccne~oBaHHH B3aHMo· 
~CHCTBHJf ynLTpaxono~HLIX HCHTpOHOB C nOBCPXHOCTLIO TBep· 
~LIX Ten. 

B TpeTLeii qacTH uacTORIUeii pa6oTLI paccMaTpHBaeTcs 
paccesuue ua nepuo~uqecKoii uenoqKe noTeuuuanoB, BLIBO· 
~HTCR peKyppeHTHOC COOTHOWCHHC, CBR3LIBaiOIUCC paCCCR· 
HHC Hall nOTCHUHanax C paCCCJfHHCM Han-1 llOTCHUHane, 
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H HaXO,AHTCJI TO'IHOe aHanHTH'IeCKOe Bblpa)J(eHHe ,AnB OTpa
)J(eHHJI oT nony6ecKoHe'IHoii ueno'IKH. B 'leTsepToii qacTH 
,AaeTCJI peiiieHHe peKyppeHTHOrO COOTHOIIIeHHJI ,AnB KOHe'IHO
ro ll H TeM CaMhiM ,AnJI BCeH Ja,Aa'IH H B DJITOH - yKa3biBa
eTCJI CDOC06 DOCTpOeHHJI O,AHOMepHOH 6nOXOBCKOH I!JyHKUHH. 

2. PACCEJIHHE lJACTHahl 
HA CTYIIEHlJATOM IIOTEHL(HAJIE 

~nB 60nhiiieH KOHKpeTHOCTH 3,AeCh 6y,neT paCCMaTpH
BaTbCJI pacceJIHHe HeiiTpoua, xoTJI see HJno)J(eHHoe npuMe
HHMO K ni06biM BOnHaM. Heii:TpOH ODHCbiBaeTCJI BOnHOBOH 
I!JyHKUHeH, onpe,nenJieMOH ypaBHeHHeM Illpe,AHHrepa, KOTO
poe MO)J(HO JanucaTh cne.AYIOIUHM o6pa3oM: 

[~- u(r) + k 2 ]'II (r) = 0, 

r,ne k - BOnHOBOB BeKTOp, a u(r) - DOTeHUHan, no,neneHHhiH 
Ha li. 2 /2m , m- Macca HeHTpOHa. llyCTh DOTeHUHan 
3aBHCHT TOnhKO OT O,AHOH KOOp,AHHaTbl H npe,ACTaBnBeT 
C060B I!JYHKUHIO, H306pa)J(eHHYIO Ha puc. 1. 3TO CTyneH'Ia-

Rn\i'~ 

'fl~ 

n 
n 

+ \t'n -1 

n-1 

I 
I 
I 

... ... ..... ..... ..... ...... 

~ I I 
I I I 
n-21---------------- ---~-1 

n-1 n-2 2 1 

Puc. 1. OmpaJICeHue om ooHoMepHozo cmyneH'Iamozo nomew 
ijUQAa. IJomeHijUQA UMeem n ZpaHUI.# U OeAUm npocmpaHcmao 
Ha n + 1 'lacmeu. BoAHa, naoaro~qa.11 Ha n -ro zpaHUI.#Y, o6o3-
Ha'laemc.R t/J~ • OmpaJKeHHa.R aoAHa paaHa ~ t/J~. R i o6o3-
Ha'laem aMnAumyoy ompaJICeHUJI om 'lacmu nomeHI.#UaAa, pacno
AOJICeHHOU npaaee i - U zpaHUijbl. 
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TaB I!JyHKUHB, HMeiOIUaB n cKa'IKOB Han rpauuuax, nepeuy
MeposaHHhiX cnpasa Haneso, H paJ,nenBIOIUaB see npocT
paHCTBO Ha ll + 1 'laCTeH, nepeHyMepoBaHHbiX TaK, 'ITO 
i -JI 'laCTh Haxo,nuTcJI nesee i-ii rpaHHUhl. ITycTL cnesa 

u m+ 
Ha n -ro rpaHBUY na,naeT sonua c aMnnHTY.AOH -rn • Tor,na 
aMnnuTy,na oTpa)J(eHHOH sonHhl 6y,neT Rnt/J~. r.ne Rn -
aMnnuTy,na oTpa)J(eHHB oT n rpauuu. Haii,neM peKyppeHTHoe 

COOTHOIIIeHHe Me)J(,Ay R n H Rn _ 1, ,AnB 3TOrO HaH,AeM t/J:_ 1 , 
Kor.na t/J + = 1 . 3anurneM ypasHeHHe ·,nnB t/J + 

1 
: 

n n-

t/J+ = t/J+ R ei¢n-1. r 
n-1 n-1 n-1 n 

ic/Jn-1 + ic/Jn-1 
e + t n e /2/ 

Ka)J(,noe cnaraeMoe H Ka)J(,AhiH coMHO)J(HTenL B npasoii qac-
, TH HMeeT 4JH3H'IeCKHB CMbiCn. ~eHCTBHTenhHO, B nepBOM 

cnaraeMOM HMeeM: nepBhiH MHO)J(HTenL - aMnnuTy,na na
,naiOmeii BOnHhl, BTOpOH - aMDnHTy,Aa OTpa)J(eHHJI OT 'laCTH 
noTeHuuana, pacnono)J(eHHoii npasee (n-1) -ii rpaHHUhl, Tpe
THH MHO)J(HTenh - 4Ja30BhiH - DOKa3hiBaeT, KaKaJI 4Ja3a Ha-
6eraeT y OTpa)J(eHHOH BOnHhl K TOMY BpeMeHH, KOr,Aa OHa 
OT (n-1) - H rpaHHUhl ,AOH,AeT K ll- H, 'leTBepThiH MHO)J(HTenh -
aMnnHTy,Aa OTpa)J(eHHJI OT ll -ii: rpaHHUhl, DJIThiH - yKaJbi
BaeT Ha ysenuqeuue 4Ja3hl no Mepe pacnpocTpaueHHB sonHhl 
Hanpaso oT rpaHHUhl n .no rpaHHUhl n-1 . BTopoe cnaraeMoe 
pasHo aonHe c aMnnuTy,noii t/J~ "" 1. nporne.nrneii c aMnnu
Ty,noii npOXO)J(,AeHHJI 't~ qepe3 n-IO rpaHHUY H ,AOCTHrweii 
rpaHHUhl n-1 c ,nononHHTenLHoii I!JaJoii ¢ n-1 · 06cy,nuM 
BCTpeTHBIIIHeCJI 3,AeCh 0603Ha'leHHJI. llpe,nnonaraeTCJI, 'ITO 
DOTeHUHan B o6naCTH n-1 HMeeT BenH'IHHY Un-1 , TOr,Aa 

cpn_ 1 = k n-l n- 1 , r,ne Cn_ 1 - pa3Mep (n-1) -it o6naCTH, a 

------ + 
k n- 1= y' k2 -u n- 1 . KpoMe senH'IHH r;; H t n • BXO.ABIUHX B 
Bhipa)J(eHHe /2/, HaM B ,nanLHeHWeM DOHa,A06JITCJI BenH'IH
Hhi r ~ u t ~ . Benu'IHHhl r ~ npe,ncTaBnJIIOT co6oii aMnnu
TY.Abl OTpa)J(eHHbiX OT ll -ii rpaHHUhl BOnH, KOr,Aa nepBH'IHaJI 
BOnHa HMeeT e,AHHH'IHYIO aMnnHTY.AY H na,naeT Ha 3TY rpaHH
UY cneBa HnH cnpasa COOTBeTCTBeHHO. AMnnHTY.Ahl BOnH, 
nporne.nrnux n -10 rpaHHUY, s 3TOM cnyqae o6o JHa'laiOTCJI 
t ± . Tpe6oaaHHe HenpephiBHOCTH aonHosoii llJyHKUHH H ee 

n 
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UpOB3BO,ZJ;HOH Ha rpauuu;e npBBO,ZJ;BT K cne,ZJ;YIOIIUIM Bblpa.>Ke
HBJIM ,ZJ;nJI r ~ B t~ : 

k - kn-1 
- n --- • r+- -r = --

n- n k + k n-1 
n 

ki = yk2-ui. 

113 /2/ cne,ZJ;yeT, 'ITO 

2kn + 
t -
n- kn+ kn-1 

tn 
2kn-1 

k 11 + k n-1 

/3/ 

t
+ i¢n-1 

+ ne 
r/Jn-1 = ---- 2iTn-1 /4/ 

1-r 11 R 11 _ 1 e 
IIonL3YJICL TeMB >Ke npueMaMB, 'ITO u npu uanucauuu ypas
HeHBJI /2/, HaH,ZJ;eM Bblpa>KeHBe ,ZJ;nJI aMnnBTY,ZJ;bl OTpa>KeHBJI 
Rn 

R = r + + 'I'+ R e i¢n-1. t-
n n n-1 n-1 n 

+ 
2i¢n-1 

+ + - - ) R r 11 + (tn t 11 -rn rn e n-~ 

- 2i¢n-1 
1-rnRn-1e 

u auanoruquo ,ZJ;nJI aMnnBTY,ZJ;LI npoxo>K,ZJ;eHBJI T 
11 

+ i¢n-1 
+ t n e T n -1 

Tn = r/Jn-1 T n-1= -~2~i(/)rn~1----
1-r- R e -

n n-1 

/5/ 

/6/ 

Ilony'ieHHble peKyppeHTHble COOTHOWeHBJI U03BOnJIIOT Haii· 
TB R 11 u T 11 , BCXO,!J;JI B3 R 1 ""r "{ B T 1 '"'t ~ unu npose,ZJ;JI 
soo6pa.>KaeMyro 0 -ro rpauuu;y c T ,..1 u R 0 -o. B KaqecT-

o v 

se npuMepa npuMeueuuJI scex 3TBX nocTpoeuuu paccMoT-
puM pacceJIHBe ua npJIMoyronLHOM 6apLepe: n-2, Kor,ZJ;a 

+ - + - 06 r+ -u .. u 1 ,R1 .. r 1 .. r 2 ,T1=t 1 .. t 2 . 03Ha'IBM 2 =-r 2=r0 u 
yqTeM, 'ITO cornacuo /3/t+t- -r+r -s 1. H3 Bblpa.>KeHBJI 

2 2 2 2 /5/ cne,ZJ;yeT, 'ITO 

2i¢1 
R = r 0 (1-e ) 

2 1 2 2i¢1 -r 
0
e 

/7/ 

6 

a B3 Bblpa>KeHBJI /6/, 'ITO 

i¢1 (1- r g ) 
T 2 = e 

2 2i¢1 
1-r 0 e _ 

/8/ 

Bse,ZJ;eM o6o3uaqeuuJI: k/yu 1 = chx. 
-2X 

Tor,ZJ;ar
0

=e u 

R = ~¢1 :---
2 sin(¢ +2Ix) 

1 

T2 
ish2x 

sin(¢ +2ix) 
1 

sin¢ 1 

v sin2 ¢ + sh 2 2 x 
1 

ish2v 

v sin 
2
¢ 1 + sh2 2 x 

= arctg (th2x. ctg¢ 1 ) . 

2 

-i7] 
e 

-iTJ 
e /9/ 

Kor,ZJ;a 3HeprBJI ueiiTpoua k MeHLwe 6apbepa u 1 • Tor,ZJ;a 
x = ix" , ¢ 1 = i ¢ ", r,ZJ;e x" u ¢ ;' - ,ZJ;eiicTBBTenLHLie 
senB'IBHbl, B /9/ npeo6pa3yeTCJI O'ieBB,!J;HbiM o6pa30M. 
Ecnu k 2 <0 B U1<0,TO ro=exp(2ix). r,ZJ;e x=arccosJk2 /u1. 

R = ~.!h_ ___ . 
2 sin(¢ + 2 x) 

1 

T2"" _s\.11~
sin(¢ +2x) 

1 
/10/ 

PacCMOTPBM Tenepb npe,D;enLHbiH cnyqaii u1 .... 00 'r1 -->0, HO 
u

1 
f= 2p = const. Tor,ZJ;a ,ZJ;nJI u 1> 0 BMeeM ¢ 1 = 

"A.." ·_;-2 n · , ·cTT k·/f ) = I 'P
1 

= I v p r 1 B X = I X "' I -
2 

- ~....:::=- ,a Bblpa>KeHBJI 
y2P 

/9/ npBHBMaiOT cne,ZJ;yiOID;BH BB,ZJ;: 

sh ¢ " p p - i7J 
R = 

1 ----= e 2 
sh ( ¢ ~- + 2ix ") ik-P 

yP2+k2 
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i sin 2 x" ik 
T = ------- -. --- = 2 

sh ( ¢ " + 2i x ") ik-p 
1 

1J =rr- arctg-~, 
p 

__ ik -i1) 
--=--==- e 

V P2 + k2 

1111 

'ITO cosna.naeT c aMIIJIHTy,D;aMH oTpa:>KeHHH H npoxo:>K-

.neHHJI npH pacceHHHH Ha o-noTeHUHaJie: U(X)c2p()(X). 

3. PEKYPPEHTHb/E COOTHOHJEHHJI /l,JIJI BOJIH, 
OTPA)J(EHHb/X OT IIEPHO/l,H{[ECKOFO 
IIOTEHaHAJIA. OTPA)J(EHHE 
OT IIOJIYEECKOHE {[HQH IIEPHO/l,H{[ECKOH 
aEIIO{[KH 

PaccMoTpHM Teneph oTpa:>KeHHe OT nepHO,D;HY.ecKoro 

rroTeHuuana, rrpe.ncTasneHHoro Ha puc. 2, rrpe.nnonaraH, Y.To 

aMIIJIHTY,D;hl OTpa:>KeHHH r ± H IIpOXO:>K,D;eHHH t + Ha O,D;HOM 

IIOTeHUHaJihHOM 6apbepe H3BeCTHhl. llpHMeM ,D;JIH IIpOCTOThi, 

'ITO IIOTeHUHaJihHhiH 6apbep l6apbep MO:>KeT 6hiTh TaK:>Ke 

H JIMOH H B006IUe mo6oii cPYHKUHeiil CHMMeTpH'IeH, T.e. 

r 1 r - = r u t ± ~ t . ci>a3a ¢ i . Ha6eraiOmaH Me)l(.ny 

rroTeHuuanaMH, pasHa <Pi ~¢ c k P • Bocrronh3oBaBIIIHCh Bhi

pa:>KeHHeM 151, 3aiiHIIIeM peKyppeHTHOe COOTHOIIIeHHe Me)I(,D;y 

~~-o_j_h n n n 
n n -1 2 1 0 

Puc. 2. Ilepuoou'lecKaJI t~eno'IKa npou3BOIIbHbiX ooHoMepHbiX 
nomeHt~Ua/loe. IlyHKmupoM cnpaea o6o3Ha'leH eoo6paJKaeMblii 
nomeHt~Uall, aMnAumyoa ompaJKeHUJI om Komopozo Ro paeHa 
HY/110. 
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aMIIJIHTY,D;OH Rn OTpa:>KeHHJI OT ll nepHO,D;OB H aMIIJIHTy,D;OH 

R n-
1 

oTpa:>KeHHJI OT n-1 nepuo.na~ 

r + (t 2 -r 2 )e 2 i¢ Rn-1 
R = ----. -:--------. I 121 

n 1 21¢ R 
-re n-1 

3TO COOTHOIIIeHHe MO:>KHO J!PHBeCTH K 6onee npOCTOMY BH,D;Y, 

ecnu c.nenaTh npeo6pa3oBaHHe Rn = rSn , B pe3yJihTaTe no

JIY'IHM: 

1 +aSn 1 s = ------. 1131 
n 1-b 2 S n-1 

r.ne b=rexp(i¢ ), a a=(t 2-r'2 )exp(2i¢ ). ,LI,JIH CHMMeTpH'IHhlX 

IIOTeHUHaJIOB HeTpy,D;HO ,D;OKa3aTh, H 3TO C,D;eJiaHO B IIpHJIO

:>KeHHH, 'ITO eCJIH 0603Ha'IHTh 

- -iTJ 
r = I r I e , 1141 

TO IIpH 

k
2 > 0 

2 2 - 2 i TJ /15/ 
t -r =-e 

B Bhlpa:>KeHHH I 141 MO,D;YJih r o603Ha'leH I r I. 3TO HMeeT 

CJie,D;yiOIUHH CMhiCJI: eCJIH IIOTeHUHaJI ,D;eHCTBHTeJihHhlH, TO 

I r I= I r I - .neiiCTBHTeJihHaJI BeJIH'IHHa, eCJIH :>Ke IIOTeH

uuan co.nep:>KHT MHHMYIO .no6aBKY, To npu Bhl'IHCJieHHH lr I 
3HaK 3Toii .no6aBKH MeHHTh He cne.nyeT. TaKHM o6pa30M, 

B CJiyqae KOMIIJieKCHhlX IIOTeHUHaJIOB BeJIH'IHHa lrl TO:>Ke 

KOMIIJieKCHa, KaK, BIIPO'IeM, H 1) • 

PaccMOTPHM cHa'lana cnyqaii n -•"", npu 3TOM S n H 

Sn _
1 

-+ S"" = S H ,D;JIJI S rronyqaeTCJI cne.nyiOmee KBa.npa T-

HOe ypaBHeHHe: 

2 2 S b -(1-a)S+1=0, 

peiiieHHe KOTOporo paBHO: 
---2--2 

8 , 1-a ± y (1-~---=-!~-. 
2b

2 

1161 

1171 
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113 I 17 I cne,IJ,yeT, 'ITO HMeeTCB ,IJ,Ba B03MO)I(Hblx peweHHB 

.D.JIB R = R: 

r 2 2 
R= --p-a-y (1-a) - 4b ), 

2h 

R'~_r-(1-a+ y(1-a)2 -4b2 ). 
2b 2 

1181 

0TMeTHM MHMOXO,IJ,OM, 'ITO peWeHHe KBa,IJ,paTHOrO ypaBHe

HHB X 
2 --2 p X + q 

2 ~ 0 MO)I(eT fiLITh 3aOHCaHO B BH,IJ,e 

X , = Q /p:Q- ± y-p-q 1191 
1,2 I • I v p + q + v p- q 

CooTBeTCTBeHHO BLipa)l(eHue .D.JIB R MO)I(eT 6b1Th npe,IJ,cTaB

JieHo B BH,IJ,e, aHaJIOrH'IHOM «<JopMyJiaM <f>peHeJIB: 

R, R , "" e -i</J vl-at2b ± yl-a -2b -----------==:::=.------::=.- . 
yl-a +2b :v yl-a-2b 

1201 

113 .IJ.BYX Bbipa)l(eHHH 1201 B Kat.t:eCTBe aMOJIHTY.D.LI OTpa)l(e

HHB CJie,IJ,yeT Bhi6paTL Bhipa)l(eHHe 

-ich /1=-i-:;..2!) - ,/1-a-2b R "' e _.___ ___ _ 

yl- a +2h + y 1-a-2b 
"1211 

DOCKOJILKY OpH b~O OHO OpHBO,IJ,HT K pa3yMHOMY pe3yJIL

TaTy R= D. BocnoJILJoaaawucL BLipa)l(eHHBMH 1141 u 1151, 
npHBe,IJ,eM 1211 K BH.D.Y 

R = e -i<J> v cos ( TJ-¢ ) + lr 1- v cos ( TJ- ¢) -lr I 
v cos ( TJ-¢ ) + IT I + v cos ( TJ -¢ ) - I r I 

0TMeTHM, 'ITO R CBB3aHO C R' COOTHOWeHHeM 

, -2i¢ 
R·R = e . 

1221 

1231 

B cnyt.t:ae noTeH:uuana KpoHura-IIeHHH, Kor,IJ,a e,IJ,HHH'IHLIH 

DOTeHUHaJI paBeH 2 Po (x), HMeeM: 

10 

( !, 
) 

'i 
j. 

;\ 
' 

R= e-ikP 
V k + p tg ~J'.. - ,; k- p ctg Ji.L 

2 2 
1241 ---------------------

1 kP kP v k + p • tg - + v k - p c tg ---
2 2 

3,IJ,eCL CO,IJ,ep)I(HTCB BCB HH«<JopMa:UHB, HMeiOll.{aB OTHOWeHHe 

K .D.H«<JpaKUHH. 

4. PEil/EHHE PEKYPPEHTHOFO COOTHOil/EHHJI 

AnB peweHHB peKyppeHTHoro cooTHoweHHB 1131 c,IJ,e

naeM OO,IJ,CTaHOBKY 

Pn s ""---
n q 

n 
1251 

Tor,IJ,a .D.JIB 

HeHHH: 

P n H Q
11 

DOJIY'IHM CJie,IJ,YIOIUYIO CHCTeMy ypaa-

P =(q ta.p 
n n-1 n-1 

) c 

q 
2 1261 

=(Q -bp )c 
n n-1 n-1 

r,IJ,e C - OpOH3BOJILHaB OOCTOBHHaB. ,[I.JIB OpOCTOThl Mbl ee 

MO)I(eM noJIO)I(HTL paaHoii I. YpaaHeHHB 1261 MO)I(HO nepe

DHCaTL B MaTpH'IHOM BH,IJ,e: 

r,IJ,e 

I; n = Ml;n-1 ' 

p 
l;n"'( n), 

qn 

1271 

M = ( a 1 
2 ). 

-b 1 
1281 

Ma TPHUY M MO)I(HO paJJIO)I(HTL no 'leTblpeM 6aJHCHLIM: 

........ 
M=ai+,Ba. 1291 
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r,LJ;e I - e,LJ;HHH'IHaJI, a ;; - MaTpHUbi IIayJIH ax 
Ko3cWlHUHeHTbi pa3JIO)KeHHJI paBHhi: 

,a y H a 
z 

2 2 
a+1 1-b . 1+b a-1 

a=-2- • f3x= -2- • {3 y=l-2 • {3 z= 2-. 1301 

1-:13 peKyppeHTHoro cooTHoweHHJI 127 I cne,LJ;yeT: 

t: =Mn.t:. 
t, n so 131/ 

qT06bi Ja,LJ;aTb t 0 • aoo6pa3HM ce6e MhiCJieHHO, 'ITO npaaee 

caMoro rrocne,LJ;Hero noTeHn;uana Haxo,LJ;HTCJI ewe O,LJ;HH no

TeHn;uan, OTpa)l{eHHe OT KOTOporo paBHO Hymo: R O = 0 
TOr,LJ;a MO)I{HO ITOJIO)KHTb P

0
= 0 , Q

0
=1: 

0 t = ( ). 
0 1 1321 

Pa3JIO)KHM CITHHOp IHJIH ,LJ;BYXKOMITOHeHTHbiH BeKTopl t
0 

Ha 
...... 

,LJ;Ba C06CTBeHHbiX CITHHOpa Ma TpHD;bl {3 a 
-+ -+ 11 -+ 

1 f3a pa -t =-[ (1+--)t +(1- -)( l=U +U 1331 
0 2 {3 0 {3 0 + -

HeTpy,LJ;Ho BH,LJ;eTh, 'ITO ,LJ;JIJI u + BbiiTOJIHJIIOTCJI cne,LJ;yiOmue 
COOTHOWeHHJI: 

,{3J.u±= ±f3u±; f({3J)u±,.,f(± f3)u± 1341 

C y'leTOM 3TOrO Bblpa)l{eHHe 1311 3aiTHCbiBaeTCJI CJie,LJ;yiD
illHM o6pa30M: 

-l' ..... ~----+ 
1 II {3a n f3a t = -I (a t {3) (1 + ---) + (a- {3 ) (1 - -- )] ( . 

n 2 · {3 {i 0 1351 

OTCIO,LJ;a HeTpy,LJ;HO HaHTH 3Ha'leHHe p 
11 

H q , a 3Ha'IHT, H 
R . I I II n . 

p n [ (a+ {3 ) n - (a- {3 ) n ]({3 x-i /3y ) 
R =r --=r 

n q n 
n (a+/3) ({i-{3 )+(a-{3)II ({3 +{3 ) z z 

1361 

. 12 2 2y{ 2 2' 
CornacHo 1301 f3x-If3y=l. {3= v'f3x+f3 +f3z= (1-a) -4b /2Yqu-

TbiBaH TaK)I{e 1181, HMeeM: f3+/3z=-b2~/ru {3-f3z~ b2R'/r , 

no3TOMY ,LJ;JIH R
11 

MO)I{HO JanucaTh cne,LJ;yromue Bbipa)l{eHHJI: 

12 

·, 

r 

R -2i$ 
n=e 

n 
1 -A 

R '-A 11 R 

11 
1-A 

n 

=R'~-=R 
R'/R-A11 

= R l- R 2 -:;:n;-2;q;--- . 

1-A 
n 

1- A11 R/R' 

1371 

r,LJ;e 6biJIO HCITOJib30BaHO COOTHOW8HH8 1231 H BBe,LJ;eHO 
o6o3HatfeHHe 

A = _!!_::_f:i_ 
a+ {i 1381 

11HTepeCHO OTMeTHTh, 'ITO eCJIH B COOTBeTCTBHH C 1211 
. I . 

noJIO)KHTh R~R0 e-KP H R
11
zR

110 
exp( -1<:/J). To pe3yJihTHpyiO-

mee Bblpa)l{eHHe ,!J;JIR R nO 

1 -A
11 

R = R -----
no o 1 -- R 2 An 

0 
1391 

6y,LJ;eT HMeTb 60JibWOe CXO,!J;CTBO C aMITJIHTY,!J;OH OTpa)KeHHR 

OT npRMoyroJibHoro 6apbepa 17 I, nocKOJihKY A 
11 

urpaeT 

ponb exp (2i ¢ 1 ) B Bhipa)l{eHHH 17 I. )].eilcTBHTeJibHo, pac

CMOTpHM 6onee ITO,!J;p06HO Bbipa)l{eHHe ,!J;JIR A. IlpHHHMaR BO 

BHHMaHHe Bblpa)KeHHe ,!J;JIR K03$$HD;HeHTOB a H f3 B 1381, 
nonyqaeM: -----------

A = _sir!J.J1::.52.J._:-J_y_c:_~s2 Ci;PJ..~:.-1 r j_~. 
sin ( r1- ch ) + i v cos 2 ( r1- ¢) -lr 12 1401 

CpaaHeHHe c 1221 noKa3biBaeT, 'ITO A MO)I{eT 6hiTh rrpe,LJ;

CTaaneHa KaK e 2 iy, KOr,LJ;aiRol<1. H IAI<1. KOr,LJ;a Ro 

MO)KeT 6biTb npe,LJ;CTaBJieHO KaK 8Xp(-2ix) aHaJIOrH'IHO Bbi

pa)KeHHIO 17 I ,LJ;JIR .k2
"" 0 , u 1 ~> 0. AHanorHR MO)I{eT 6biTh 

pacnpocTpaHeHa H Ha ,LJ;pyrue o6nacTH k2 H u 1. 

Ha:H,LJ;eM Terre ph aMnJIHTY,LJ;Y npoXO)I{,LJ;eHHR T . Ee He

o6xo,LJ;HMO Haxo,LJ;HTh He3aBHCHMO OT IR I B cny'laRx, KOr,LJ;a 

llOTeHD;HaJI CO,LI;ep)I{HT MHHMbie ,!J;06aBKH. PaCCMOTpHM pe

KyppeHTHOe COOTHOWeHHe 1121 H 3aiTHWeM ero eiD;e O,!J;HHM 

cnoco6oM: 

·..t.. 2 2 2i¢ 
f+(t2 -r2 )e 21'~' R 11 • 1 Rn-1+(Tn-1-Rn·1)e r 

R = --------- = -----------. 11 
2irb 2i¢ 

1-re R 11 _ 1 1-R
11

_ 1e r 1411 
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llpH nonyqeHHH BTOpOrO aapHaHTa peKyppeHTHOrO COOTHO
WeHHJI ( n -1) noTeHu;uanoa oT 2 ,IJ;o n - ro axmoquTenhHO 
npHHHManHCh xax e,IJ;HHhiR noTeuuuan. B~a~pa)l{eHHe /41/ 
noJaonJieT Bblpa3HTh Tn_ 1 qepe3 R n- 1 HnH aaanoruquo 

T n qepe3 R n: 

2 2 r 
2 

r 
T = R -(1-a)-R +- /42/ 

n n b2 n b2 

Kaa,IJ;paTHhiR TpexqneH a npaaoil qacTH HMeeT cornacuo 
ypaaHeHHJO /16/ xopHH R H R ', noJTOMY T 2 MO)I{HO npe,IJ;-. n 
CTaBHTb KaK 

T: = (Rn -R) (Rn -R' ). /43/ 

llo,IJ;cTaBHB a Ka)I{,IJ;yro cxo6xy I 43/ no,IJ;xO,IJ;JIIUee Bblpa)l{eHHe 

H3 /37/ ,IJ;nJI R n, nonyquM: 
·~ 2 

2 -2hp n (R'-R) 
Tn ""e A 

2
, /44/ 

(R'-An R) 

HnH 

T 
n 

-i¢ n/2 1 R 2 -2i¢ 
= e A __ -__ e 

1- An R 2 e 2i¢ 
/45/ 

B JTOM a~a~pa)l{eHHH TaK)I{e o6Hapy)I{HBaeTCJI cxo,IJ;cTBO co 
cnyqaeM pacceJIHHJI Ha npJIMoyronhHOM 6apbepe /8/, KaK 
H B Bblpa)l{eHHH ,IJ;nJI aMnnHTY,IJ;hl OTpa>KeHHJI /39/. 

llpH HaR,IJ;eHHhiX 3HaqeHHBX R n H T n He cocTaanJieT 
Tpy,IJ;a HaRTH BCIO BOnHOBYIO ~YHKUHIO B JU060M MeCTe BHYTPH 
nepuo,IJ;Hqecxoro noTeHu;Hana. ~eRCTBHTenhHO, aonHa, na
,IJ;aroiD;aJI cneaa Ha k -R noTeHu;uan, pasHa: 

i¢ 
t/J+= _T~n~k~e--~-----

k 1-Rn.ke2i¢ Rk 
/46/ 

+ 
a aonHa, yxo,IJ;JIID;aJI Haneao, pasHa RktPk . AHanoruqHble 
BblpalKeHHJI MOlKHO HaRTH H ,IJ;nJI BOnH cnpaaa OT k - ro UOTeH
D;Hana. BHyTpH llOTeHu;Hana pemeHHe CO,IJ;eplKHT BXO,li;JIIUHe 
H BblXO,l{JIID;He BOnHhl, BH.l{ KOTOpbiX He 3aBHCHT OT HanHqHJI 
.l{pyrHX llOTeHu;HanOB, H TOnhKO K034M}IHUHeHTbl npH 3THX 
~yHKD;HJIX u;enHKOM H nonHOCTbiO onpe,IJ;enJIIOTCJI aMnnHTy,IJ;a
MH aonH, na,IJ;aiOIUHX cneaa H cnpaaa. 
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5. IiJIOXOBCKHE BOJIHhl 

MeTo,IJ;, ucnonbJOBaHHhiR 3,IJ;ecb, noJaonJieT HecxonhKO 
HHaqe B3rnJIHYTb Ha npo6neMy 6nOXOBCKHX BOnH B O,li;HOMep
HOM cnyqae. OH ,IJ;aeT B03MO)I{HOCTh paccquTaTb 6noxoacxyro 
~YHKD;HIO npH npOH3BOnhHOM B3aHMO,IJ;eRCTBHH JneKTpOHa C 
"aToMoM". PaccMoTpHM cHaqana 6ecKoHequyro nepHO.l{Hqec
xyro u;enoqxy noTeHu;Hanoa. llycTb aonHa, na,IJ;aroiD;aJI Ha i -R 
aToMa cneaa, pasHa t/Jt , a aonHa, yxo,IJ;JIID;aJI Haneao, -
t/J ~ · llOCKOnhKy nonHaJI BOnHOBaJI ~YHKUHJI ,l{On)I{Ha 6b1Tb 
6nOXOBCKOR, TO BOnHhl, OTHOCJIIUHeCJI K (i -1)-My aTOMy, 
paBHbl COOTBeTCTBYIOIUHM BOnHaM i -ro aTOMa C ,li;OllOnHH
TenbHblM ~aKTOpOM BH,IJ;a e -ipd , r,l{e p -npOH3BOnhHOe 
qucno, a d - nepHo.l{ pemeTKH. 3anumeM Tenepb cucTeMy 
ypaaHeHHR ,l{nJI t/J .± 

1 

r + ·'· + t i¢ 'f'. e 
1·1 /47/ 

t/J + = t/J - e 2 i¢ 
1 i 

t/J~=rt/J+ 
1 i 

+ - i¢ 
t/Ji+t e t 

CM~a~cn :nux ypaaHeHHR anonHe npo3paqeH H He Hy:>t<,naeTcJI 
B KOMMeHTapHJIX. llpHHJIB BO BHHMaHHe COOTHOWeHHe 

,/,- ipd ,/, - ,,,+ -ipd·'· + 
'P z::e "P , 'P -e 'P , 

i+l i i-1 i /48/ 

nonyqHM O,l{HOpO,li;HYIO CHCTeMy ypaBHeHHR, KOTOpaJI MOlKeT 
HMeTb HeTpHBHanbHOe peWeHHe TOnhKO UpH paBHOM HyJUO 
,l{eTepMHHaHTe: 

i¢- ipd i¢+ ipd 
(te -1Xt e -1)-r2 e 2i¢ 

2 2 2i¢ i¢ 
= (t -r )e + 1 -2te cospd = 0. 

YqHTbiBaJI COOTHOWeHHe /15/ H 3aUHCbiBaJI 

-i77 
t,,. i 1 tl e 

/49/ 

/50/ 
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f 

I-

I 
I 

2 
/3TO COOTHOWeHHe ,IJ,JIJI k > 0 TaK>Ke ,IJ,OKa3aHO B fipU.tJOJICe-

HUU/, rrp8Be,IJ,eM ypaBHeHue I 49 I K BH.IJ.Y 

sin ( TJ -¢ ) = It I cos pd . /51/ 

llp8 JII060M 3Ha'leHH8 p , KOTOpOe B CJiyqae CHMMeTpH'IHbiX 

liOTeHI..{8aJIOB 8MeeT CMbiCJI Bb16HpaTb TOJibKO Ha HHTepBaJie 

p.:: (0, 11/d), HMeeM uenoe MHO>KeCTBO KOpHeH k ypaaue

H8JI /51/, Ka>K,IJ,biH 83 KOTOpbiX lipHHa,IJ,Jie>KHT O,IJ,HOH 3Hepre

T8'1eCKOH 30He, lipH'IeM pa3Hble KOpHH OTHOCJITCJI K pa3-

HbiM 30HaM. QqeB8,IJ,HO, 'ITO Ha OCH k B03MO>KHO Cyll.{eCT

BOBaH8e 6eCKOHe'IHOrO MHO>KeCTBa TaKHX HHTepBaJIOB, 'ITO 

k, rrp8Ha,IJ,ne>Kall.{ue 3T8M 8HTepaanaM, He Y.IJ.OBJieTBOpJIJOT 

ypaBHeH8fO /51/ H:H lip8 KaK8X ,IJ,eHCTBHTeJibHbiX p . JT8 

8HTepBaJibl COCTaBJIJifOT 3alipeTHble 30Hbl. 

0.IJ.8H 83 crroco6ou o6o6weHHJI O.IJ.HOMepuoro cnyqaJI Ha 

TpexMepHbiH COCT08T B rrpeo6pa30BaH8H O,IJ,HOMepHoro pe

WeH8JI c rroMOIUbJO rpyrrrroBbiX orrepauuH:. llony'leHuoe pe

weH8e 6y,IJ,eT rrp86JI8>KeHHhiM, 8 ,IJ,JIJI ou.eHK8 Ka'leCTBa 3Toro 

lip86JI8>KeH~IJI Tpe6ytoTCJI ,IJ,OliOJIHHTeJibHble HCCJie,IJ,OBaH8JI. 

HHTepecHo OTMeT8Tb, 'ITO c noMOWbJO H3JIO>Keuuoro Me

TO,IJ,a MO>KHO 8CCJie,IJ,OBaTb JIJ06ble, He 06JI3aTeJibHO rrepuo

,!J,8'1eCK8e, rpaH8'1Hhle ycnoB8JI. llycTb, HarrpuMep, rroTeH

U.8aJI COCT08T 83 ll rrepHO,!J,8'1eCK8X 3BeHbeB, liOCJie 'lero 

B 8rpy BCTyrratoT rpaHHI..{bl. llyCTb OTpa>KeHHe OT rrpaBOH 

rpaH8Ubi paaHo Po , a oT neuoH: - Pn+l . 3arr8weM cucTeMy 

ypaaHeH8H ,IJ,JIJI 1/; ± 
n 

i¢ n 
+ -f -lj; e 
n n 

ic,bn 
/52/ 

Pn+ 1 
e 

2 ic,b 
" 2 0 Rn I ( Tl~ - R n_J e__ __ h __ 

---------1 -
21u 0 

1- Rn e l'o 

1/;- = !/;+ 
ll ll 

/53/ 

Ycnoaue pa3peW8MOCTit , ruil CHCTeMbl npHBO.IJ.HT K ypauue

HHIO: 

·J j L ! ;! 1<.) 
- CJO ·) •) :! ll_J ' ll 

l-R e p - [ R c ( T- - R ~ ) e u,, I e 
n o 11 n n 0 Pn+l. /54/ 

16 

.I 

0TMeTHM, 'ITO ypaBHeHHe /54/ He 3aBHCHT OT p. qT06bl 

uonuoaaJI lilYHKUHJI 6blna cTauuouapua, oTpa>Keuue ua rpa8u

uax peweTKH .IJ.OJI>KHO 6b1Tb nonHhiM, T .e. I Po I= IP n+ 1 I"' 1 . 
llpH 3T8X YCJIOBHJIX ypaBHeHHe /54/ HMeeT ,IJ,HCKpeTHOe MHO

>KeCTBO ,IJ,eBCTBHTeJibHbiX KOpHeB k. ,[(HCKpeTHbiB CTieKTp 

k MO>KeT TipHBO,!J,HTb K pa3JIH'IHbiM ,IJ,HCKpeTHbiM CTieKTpaM p 

B pa3HbiX 30HaX, 'ITO, B CBOIO oqepe,IJ,b, MO>KeT BJIHJITb Ha 

JaceJieHHOCTb 30H. 

B 3aKJIJO'IeH8e MO>KHO cKaJaTb, 'ITO MeTo.IJ., npuMeHeuuw:H 

3,IJ,eCb, npe,IJ,CTaBJIJieTCJI BeCbMa 3414leKTHBHhiM H MO>KeT 

OKa3aTbCJI TIOJie3HbiM B pa3JIH'IHbiX 06JiaCTJIX ll!H3HKH, ua

npHMep, B onTHKe, Kp8cTannorpall!uu u ,IJ,a)l(e B JI,IJ,epuo:H ll!u-

3HKe H 6uoll!H3HKe ,IJ,JIHHHbiX MOHOMOJieKyJIJipHbiX HHTeB. llpu 

3TOM couepweuuo ueo6JI3aTeJibHO npe,IJ,nonaraTh, 'ITO oT

,IJ,eJibHble TIOTeHI..{HaJibl CHMMeTpH'IHbl H 'ITO OHH pa3,IJ,eJieHbl 

HeKOTOpbiM paccTOJIHHeM r. Bnonue MO)I(HO npe,IJ,nonaraTb, 

'ITO f =0, TOr,IJ,a H f/J•k r =0 .Jionee TOrO, COBCeM He06JI3a

TeJibHO C'IHTaTb, 'ITO k, onpe,IJ,eJIJIJOll.{ee ¢. paBHO BOJIHOBOMY 

BeKTopy B aaKyyMe. MeTO.IJ. xopowo pa6oTaeT u Tor,IJ,a, Kor,IJ,a 

k B npoMe>KyTO'IHbiX TO'IKaX 'IHCTO MHHMOe. 

ABTop Bblpa>KaeT CBOJO npH3HaTenLHOCTL B.H.Jlyll.{u

KOBY 3a ,IJ,06po>KenaTeJibHOe OTHOWeHHe K pa6oTe H IO.H.llo

KOT8nOBCKOMY 3a none 3Hble o6cy>K,IJ,eHHJI. 

IIPHJIO)J(EHHE 

,[(oKa)l(eM, 'ITO 

k 2>0 aMTIJIHTY.IJ.hl r 

r 2 _ t 2 ,., e -2 iTJ. 

,IJ,JIJI CHMMeTpuquoro noTeuuuana npu 

H t CBJI3aHbl COOTHOWeHHeM 

/lA/ 

llycTb noTeuuuan orpauuqeu .IJ.BYMJI rpauuuaMu npu 

X 1 H X 2 • BHyTpH liOTeHI..{HaJia MO)I(HO BCer,IJ,a Bb16paTb TaKHe 

,IJ,eBCTBHTeJibHble JIHHeBHO He3aBHCHMble peWeHHJI ypaBHeHHJI 

Wpe,IJ,uurepa, 'ITO O.IJ.HO /cKa>KeM, y 8 (s) / CHMMeTpH'IHO, 

a .IJ.pyroe I Ya (x) I - auTHCHMMeTpH'IHO, npu'leM y 
8 

(x 
1

) = 

~ Y8 (X 2 )-..1, a Ya(x 2)=-Ya(x2 )= 1. llpe,IJ,CTaBHM BOJIHOBYJO 
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IPYHKUHIO cneaa ( 1/J £ ) , cnpaaa (1/J r ) H BHYTPH ( 1/Jin ) ITOTeH-
uuana cne,n;yromuM o6pa3oM: 

ik(x-.x1) -ik(x-x1 ) ik(x-x
2

) 
1/J e (x) = e + r e • l/J2 = t e • 

ljJ. (x) = a y (x) +by ( x) . 
In s a 

/2A/ 

Tpe6yR HenpepbiBHOCTH cl>YHKUHH H ee npoHJBO,n;HoB: Ha rpa
HHuax, ITpHXO,lJ;HM K cne,n;yiOIUeH CHCTeMe ypaBHeHHH: 

ik (1- r) = a P t b D , ik t = -a r + b D , 
/3A/ 

r,n;e C=Y~(x 1):-Y~(x2 ) ,D=Y~(x 1 )=Y~(x 2 ). PeweHHe :noB: 
CHCTeMbl paBHO: 

k
2 

+DC r = 

-DC+ k 2 -ik (D+C) 

2 
k + DC -i77 

-----===------ e ' 

/4A/ 

i k(C-D) 
t = --------- ~ 

k 2 
- DC - i k (D + C ) 

i k (C-D) -i77 
--~_..:.._.:___ ___ e . 

0Tcro,n;a H cne,n;yeT cnpaae,n;nuaocTb cooTHoweHHR I lA/ H 
B03MO)I(HOCTb npe,ZJ;CTaBHTb t B BH,ZJ;e 

JIHTEPATYPA 

1. Kronig R. deL. Penney W. Proc.Roy.Soc.,l931,130,499. 
2. HzHamoeu~ B.K. OH.RH, P4-7831, ,4y6Ha, 1974. 

/SA/ 

PyKonucb nocmynwza e u3oameAbCKuu omoeA 
23 UIOHJI 1977 zooa. 

18 


