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E<jHIMOB B.H. P4 - 10189 

HHTePpanbHOe ypaBHeHHe AnH BOnHOBOH $yHKUHH TpeX 

TOlKAeCTBeHHblX 'i8CTHU B MOAenH Pp8HH'iHblX ycnOBHH. 

VI. npu5nHlKeHHOe OAHOMepHOe ypaBHeHHe. HeoAH03H8'iHOCTb 

peweHHfi ypaBHeHHfi ~anaeeBa 

LlnH CBH38HHOPO COCTOHHHH C HyneBblM UOnHblM yPnOBblM MOMeHTOM 

Tpex TOlKAeCTBeHHblX 5030HOB 1 B38HM0AeHCTBYIOWHX TOnbKO B OTHOCHTenb

HbiX S -COCTOSIHHHX, ASH MeTOA BblBOAB npH5nulKeHHOPO OAHOMepHOPO 

ypaBHeHHH B MOAenH PpBHH'iHbiX ycnOBHHo MeTOA npHMeHHM npH y'ieTe 

BbiCWHX napuHanbHbiX KoMnoHeHT. HccneaoBBHbi HeOAH03HB'iHOCTH peweHHfi 

ypaBHeHHli ~anneeBa nnH npoH3BOnbHbiX aByxqacTH'iHbiX napuuanbHbiX KOM

noHeHT. 

Pa5oTa BbmonHeHa a Jla5opaTopuu HeliTpOHHOfi $H3HKH OH5H1. 

Coo6meHMe 06beAMHeHHOrO HHCTMTyTa RAepHWX HCC~eAOBaHHH 

,ll,y6Ha 1976 

Efimov V.N. P4 - 10189 

The Integral Equation for the Wave Function of 
Three Identical Particles in the Boundary Condition 
Model. VI. An Approximated One-Dimensional Equation. 
Nonuniques of the Solutions for the Faddeev 

Equations l 
For the bound state with the zero total angular momen 

tum of three identical bosons, interacting only in rela
tive s-states, the method is presented to deduce the ap
proximated one-dimensional equation in the boundary condi- I 
tion model. The method is applicable when taking into ac
count the higher partial components. The nonuniques of 
the solutions of the Faddeev equations for the arbitrary 
two-particle partial components has been studied. 
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§ 1. Bseaenue 

B pa6oTax I 1• 
2
/ 6hmo paccMoTpeuo ypasueuue ~aaaee

sa B KOOPUHHBTHOM npeUCTasneHHH UnB CBB38HHOPO COCTo

BHH9 Tpex TO*UeCTBeHHhlX 6030HOB B npeAnonO*eHHH, qTo 

nonHbiH yrnOBOH MOMeHT CHCTeMbl paseH HynJO, qaCTHUhl 

B38HMOAeHCTBYIOT TOnbKO B S -COCTOBHHBX, H HX B38HMQ

UeHCTBHe OllHCbiBBeTCB MOaenbJO rpaHHqHhiX ycnOBHH 6ea 

suewuero· noTeauuana. Ebmo noKaaauo, qro a aToM cny

qae uenocpeacTaeHHO asyMepHoe ypasHenue ~aAUeesa He 

HMeeT OllH03HaqHOPO peweHHB, OllH8KO ORO TOqHhiM o6pa30M 

CBOllHTCB K OllH03HaqHoMy OllHOMepHOMY ypaBHeHHJO, KOTQ

poe cneayeT paCCM8TpHB8Tb K8K MOllH~HK8UHIO ypaBHeHHB 

~BAUeeBa anB CHHPynBpHbiX B38HMOUeHCTBHH, OllHChiBBeMhiX 

MOAenbro rpaHuqHhiX ycnosuii. 

B pa6oTe /2/ nonyqeHHoe OllHOMepHoe ypasHeHue 6hmo 

peweuo anB 3Ha"'eHHii napaMeTpos Moaenu rpaHH"'HhiX yc

nosuii, COOTBeTCTBYJOWHX TpHnneTHOMY 8 -B38HMOll9HCTBHIO 

HeiiTpOH8 H llpOTOHa, H llnB 8HepPHH CBB3H Tpex 6030HOB 

6hmo nonyqeHo E 0 = 7,43 MaB, "'TO cywecTBeHHO oTnuqa

ercB oT 3Ha"'eHHB Eo= 12,69 MaB, HaiiaeHHoro AnB Tex lKe 

caMhiX napaMeTpos ua asyMepuoro ypasHeHHB ~aaaeeaa 131. 
naHHaB pa6oTa HOCHT MeTOllH"'eCKHH xapaKTep. Bo-nepBbiX, 

BBHlly 6onhworo paa/"'HB peaynbTaTos Eo= 7,43 MaB 121 
H Eo= 12,69 MaB /

3 
paccMarpusaeTcB HOBhiii H 6onee 

S~~eKTHBHhlii MeTOA peweHH9 OllHOMepHOPO yp8BH9HHB, "19M 

MeToa, ucnonhaosaHHhiii a pa6oTe 121. Bo-sTOphiX, npeAna

raeTcg npu6nu*eHHhiH MeTOll nonyqeaug OllH03HB"'Horo oa
HOMepuoro ypaBHeHH9, OCHOBBHHhiii HB HCllOnb30B8HHH pg-
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AOB ~yphe. nocnenHee o6CT09TenhCTBO KpailHe cymeCTBeHHO 

npa paccworpeHaa peanacraqecKaX rpexHyKnOHHhlX cacreM 
( orna'IHbie oT Hyng nonHbie op6uTanhHbJe MOMeHTbi, yqeT 

nayxqacTa'IHhlX asauMoneilcrauil B Bhlcmux napuuanhHhlX 

KOMDOHeHTaX, HaDpiiMep, TeH30pHbiX C11n). npoaeneHbi 

qucneHHbie pacqeTbi, KOTOpbre nonTaep)!-:naiOT pesy nbTaT 

pa6oTbi /2/ 

§2. To'IHoe onHoMepHoe ypaaHeHue 

B pa6ore I 1/ noKa3aHo, 'ITO a Monenu rpaHH'IHbiX yc

noauA DpH y'leTe ABYX'IaCTll'IHbiX B3811MOAeHCTBllH TOnbKO 

a s-cocT09Hll9X us ypaaHeHH9 ~anneeaa cnenyeT, 'ITO 
¢yHKUH9 KaHana CB938HHOH CllCTeMbl Tpex TOEEAeCTBeHHb!X 

6030HOB C HyneBb!M DOnHblM yrnOBb!M MOMeHTOM ~fMeeT 

BRA: 

r.jdr, p )= --
1
--[0(c-r)A (r,p) + O(r- c) ctJ (r, p) i, 

4 77rp 

rne O(x) = 1, x > 0; 0 (x) = 0, x < 0, 

4 

<l>(r,p)= ~rqdqeiy'Eqr sinqpY(q), 
77 0 

1 ... ... - i ,j r1 
Y (q) = -- J dr d p g(r ,E )e x 

477 l l 1 q 

x [t/J<r
2
,p ) + 1/J(r ,p )), 

2 3 3 

g(r, E>= _ _.!_ 
r 

-iC\/F. 
_e __ -=- [f /) (r- c)+ co '(r- c) l, 
f -icy E 

0 

( 1 ) 

(2) 

(3) 

(4) 

3 2 -> -> E = E - -q , £ = -E 
0

- nonHag 9Heprug, r . , p . -
q 4 1 1 

KOOpllllHaTbl .HKo6u (i= 1,2, 3), f O , C - napaMeTpbl MOAe

nu rpaHH'IHhlX ycnoa~A (cooTaeTCTBeHHo norapu¢Ma'leCKa9 
DpOII3BOAHa9 nayxqacTa'IHOH BOnHOBOH ¢yHKUllll H panuyc 
rpaHII'IHbiX ycnoauA). 

B Bbipa:lKeHH9X (1), (2) nayMepHa9 ¢YHKUH5I A(r,p) 

II onHoMepHa5I ¢yHKUII5I Y(q) 9Bn9IOTC5I He113BeCTHbiMll ¢YHK

Ull9MH, nng onpeneneHII5I KOTopbiX Heo6xoniiMbi naa ypaaHe'

HII5I. npu BBeneHllll HOBhlX nepeMeHHhlX R,a 

. v'
3 

2 2 4 2 
r = R sm a, p = --R cos a , R = r + -- p 

2 3 
(5) 

B o6nacTH r<c A<r,p)=A<R,a) KaK ¢yHKUH9 .a ynoaneT-
aop5IeT llHTerpanbHOMY ypaBHeHHIO 

• ( 77 277 ) mm -+a--a 
3 ' 3 

4 O(c-r>[ A <R, a)+ -== J da '0 (c- Rsina')A<R,a ')] = 

rne 

v'3 
1 E. -a I 

3 
(6) 

-O(c-r>F<R,u), 

F <R, a) 4 

v'3 

min (~+a ~-a) 
3 ' 3 

J da , e (R sin a, - c ) ¢ (R' a ') ' 

1~-al (7 ) 
3 
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a B KB'IeCTBe BTOporo ypaBHeHHSI MQ)!(HO HCll0Jlh30B8Th Bbi

pa)!(eHHe (3). B o6naCTH r < c , R>c npasaH 'laCTh (7) 
ypaBHeHHSI (6) OTJlH'IHa OT HY11H, 1:1 B pa60Te /1/ 6b!JlH 

nony'leHhl TO'!Hhle perneHHSI 3TOrO ypaBHeHHH, Bblp8)!(810lliHe, 

cornacao (7), (5) H (2), nsyMepHyro <PYHKUHIO A(r,p) 
'!epe3 OtlHOMepHyiO tPYHKUHIO Y (q) • 113 BHtl8 tPY HKUH If 

g(r,E) (4) cneayeT, 'ITO B (3) HHTerpl:lpOBBHHe He 

BKnroqaeT o6nacTb R < c, noaToMy aHarrHTH'IeCKHe perneHHH 

ypasHeHHH (6) npH R>c (<lJopMymr (19)-(24) pa6oTbi/l/) 

ll03B011HIOT C llOMOllihiO ( 1 ) H (2) HCKJliO'IHTh H3 ( 3) tlBY

MepHyiO <PYHKUHIO A (r, p) H nony'IHTb TO'IHhiM o6pa3oM 

OtlHOMepHOe ypaBHeHHe, KOTOpOe HMeeT crrenyiOlliHH Blftl! 

rne 

6 

00 

1/J(q)=_g_Jqq'dq' [T(q,q')+ V(q,q')]l/J(q'), 
Tf 0 

. ..jE 
1/J (q) = qe IC q y (q) ' 

+l cosp
1 

c - f
0

j 
0

<p
1 

c) 
T(q, q') = -~-- J dx x 

f0 -ic..jEq-l q 2 +q' 2 +qq'x -E 

x [cosp
2

c -icvEq,j
0

(p
2

c)], 

p2 = 1.. q 2 + q ,2 + qq 'x , p 2 
I 4 2 

2 1 ,2 , 
q + -q + qq X' 

4 

V ( q, q ') = 1 [VI ( q 'q ') + V 2 ( q, q ')), 
q'[f

0 
-icvEq] 

2 

( 8) 

(9) 

( 10) 

3 v (q,q') = - 2 
l 

j3c 
f RdR[-~ 
c Rcosa 0 

cos4< 
Q <mQ.jo (qpo) + (11) 

• 

+ 
sin4K 

0 

Q(R) 
F 

0 
(q, R )) F 

1 
<R,q ') , 

2c 
v (q,q') = 

2 2 
J 

- Fo<R,q) 
RdRI..j6 F

2 
<R,q')+ 

sin(y 0+~) -c 
..;3 

-F (q,R)siny 0 4c -J· (qp ))F <R,q')l, 
0 ----0 0 3 + h/6 Rcosa

0 sin(y0+ ~) 

2 
3 qc . ( ) 

F0 (q,R) = f 0 j 0 (qp 0) - 4 -p;-l 1 qp0 ' 

( 12) 

4 ) · ( ) a - 4 + --, Q<R> = Kojo (a(+)Ko - KoJo '\-) Ko ' (±)- - ..;3 

rr/2 

F 
1 

<R,q) = J daG<R,q,a)sin~(!:... -a), 
ao ..ja 2 

u/2 4 rr 
F 

2 
<R, q) = f daG<R, q,a) sin-=-(-- a), 

al y3 2 

a I 

F <R,q>= J daG<R,q,a), 
3 a 

0 
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G(R,q,a) = eiyEq(Rsina-c) 
y3 

sin (-qR cos a), 
2 

...}3 -----
p = --yR2 2 

0 2 - c ' 
. c 

a = arc sm-
0 R' 

1T 
K =--a 

0 2 0 
4 

Y 0 = -::=-Ja _ TT V 3 ° 6 ), a 1 

2rr 

3 
- a a. 

B o6nacTH R < c, cornacHo (7), npaBaH qacTb ypaBHe

HHH (6) paBHa Hynro, O.UHaKO 9TO ypaBHeHHe HMeeT HeTpH

BHaJihHOe peiUeHHe BH.Ua 

A(R,a) = B<R)sin4a, ( 13) 

rne B(R) - npoHaBonbHaH ¢JYHKUHH oT R • Cnenc TBHeM 

9Toro HBJIHeTCH To, 'ITO npu R < c, cornacHo ( 1 ) H ( 5), 
tPYHKUHH KaHana t/J (r, p) HeO.UH03Ha'L!Ha H HMeeT BH.U: 

t/J(r,p)=F<R)(R 2 -2r 2 >,R=yr
2 + :p 2 

<c, (14) 

npH'L!eM F<R> HBnSieTCH rrpouasonbHoti tPYHKUHA R. 

TaKHM o6paaoM, ypanHeHHe ¢anneena B Monenu rpaHH'I

IlbiX ycnOBHH He HMeeT O.UH03Ha'IHOI'O peiUeHHH, O)lHaKO 

H80llH03Ha'L!HOCTb (14) tPYHKUHH KaHana He 6yneT BnHSITh 

Ha BH.U HJ.lpa V(q,q') ( 10) ypaBHeHH H ( 8), BbiTeKaroruero 

H3 COOTHOilleHHH (3), TaK KaK HHTei'pHpOBaHHe B (3) He 

BKnroqaeT o6naCTh R < c, 'ITO 6brno yKaaaHo Bbrme. Heo.uHo-

3Ha'L!HOCTh tPYHKUHH KaHana COBepilleHHO HecymecTBeHHa 

TaK)I<e I1pH orrpenenel!IHI ITOJIHOfl TpeX'IaCTH"!HOH tPYHKUHH 

'I' (;,p), HMerorueti Bua: 

8 

...... 
'l'(rl,pl)=t/J(rl ,p 1) + t/J(r2 ,p2) + t/J(r3 ,p3), ( 15) 

TaK KaK B o6nacTH R<c 9Ta tPYHKUHH, cornacao (14), 
6yneT HMeTh Bnonae onpeneneaaoe 3Ha'L!eHHe: 

...... 
'l'(r,p)"" 0, R < c , (16) 

a npH R > c tPYHKUHH KaHana t/J (r, p) B ( 15) onpenenSI-

eTcg B COOTBeTCTBHH C (1) O.UH03Ha'L!HbiM o6pa30M, eCnH 

H3BeCTHhl pemeHHSI ypaBHeHHH (6) H {8). 
KoHKpeTHoe pemeHHe ypaBHeHHH (8) CBH3aHo c onpene

neHHhiMH TPY.UHOCTHMH, o6ycnoBneHHhiMH MenneHHbiM aaTyxa-

HHeM Hnep V 1(q,q') (11) H V 2(q,q') (12) no nepeMeH-

HhiM q,q' (no KpaAHeA Mepe, KaK npOH3Be.UeHHe 1/q Ha 

OCUHnnHpyiOIUHH MHO)!(HTenb). PeiUeHHe nono6HbiX ypaBHeHHH 

CTaHnapTHbi!I.> MeTO.UOM CBe.UeHHH HX K MaTpH'L!HbiM ypaBHe

HHHM C noMOillhlO KBanpaTypHbiX <flopMyn faycca .UnH KO-

He'IHOI'O HHTepBana HHTerpupoBaHHH -1 < x<+l He BnonHe 

KOppeKTHO MaTeMBTH'IeCKH, TaK Ka~ npH 9TOM OKa3hlBaeTC5I 

dq - q 2 dx, 'ITO npHBOllHT K MaTpHUaM C 6eCKOHe'IHO 

pacTyiUHMH 9neMeHTaMH / 4/, nnH peiUeHHH ypaBHeHHH (8) 
B pa6oTe /2/ 6brn HCIIOnh30BaH MeTO.U, 3aKnroqaroiUHHCSI 

B pa36HeHHH HHTepBana HHTei'pHpOB8HHH H8 llB8 y'L!aCTK8 

(0, q O) H (q0 , oo) H BBe.UeHHH BO BTOpOM y'laCTKe HOBOH 

nepeMeHHOA x = q '2-q2 H <flopManbHoro Beca e-ax c no

cnenyroiUHM HCnOllb30B8HHeM KBanpaTypHbiX <flopMyn faycca 

c 9THM BecoM. l1cKoMoe 3Ha'leHHe 9HeprHH CBH3H E0 =- E 
paccMaTpHBanocb KaK rrpenen E

0
(0) npH a-+0, onpenenHe-

MhrA npH6nH)!(eHHO no HeCKOllbKHM 3Ha'L!eHHHM E 
0 

(a), 

Bbl'IHCnSieMbiM npH a ~ 0. nnSI napaMeTpOB MO,UenH rpaHH'I

HbiX ycnOBHH f O = -0,253 H c = 1,095 <flepMH, COOT-

BeTCTBYIOIUHX TpHnneTHOMY S -B38HMO.UeHCTBHIO Hei1TpOH8 

H npoToHa, 6brno nony'L!eHo Eo = 7,43 M9B. OnHcaHHhrA 

Bbiille MeTOll XOTH H ,UOCTaTO'IHO a<fl<fleKTHBeH, HO 06naaaeT 
cyruecTBeHHhiMH HenocTaTKaMH. Bo-nepahrX, Heo6xonHMO 

peiUeHHe HCXO.UHOI'O ypaBHeHHH anSI pgna 3H8'1eHHH a , H, 
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BO-BTOpbiX, BCeraa HMeeT MeCTO O!liH6Ka, CBSI38HH8SI C 

8KCTpanonSIUHeii no a B TO'IKY a=O • ( B pa6oTe /2/ TaKaSI 

OlllH6Ka anSI aHeprHH CBSI3H oueHHBaeTCSI KaK ~E =0,2 MaB). 

TioaTOMy B aaHHOH pa6oTe anSI pellleHHSI ypaBHeHHH (8) 
6bin HCnOnb30B8H IHIOH, 'IeM BO /2/ MeToa, OCHOBBHHbiH 

' Ha npaMeHeHHH cneuaanbHOH KBaapaTypHoil: cpopMynhi faycca 

HenocpeaCTBeHHO anSI 6eCKOHe'IHOf'O HHTepBana HHTerpHpO

BBHHSI /S/ : 

oo N (N) (N) 
fdxf(x).,I.A. f(x. ), 

I I 
0 i= 1 

( 17) 

(N) (0) (N) 
rae xi - KOPHH nonHHOMa Jlareppa L N ( x) , A i -

COOTBeTCTBYIDWHe Beca. TipH pellleHHH ypaBHeHHH (8) BBO

aanaCb HOBaSI nepeMeHHaSI 

X= Bq' ( 18) 

H HCnOnb30Banacb KBaapaTypHaSJ ¢opMyna (17) C 'IHCnOM 

y3noB N=12 H N=16, npaqeM napaMeTp B B (18) paccMar

pHBancg KaK cBoero poaa BapHaUHOHHbJH H accneaoBanacb 
3aBHCHMOCTb E 0 OT B • 3Ta 38BIICHMOCTb noKa3aHa Ha 

p II C y H K e, II3 KOTOpOI'O BHUHO, 'ITO Eo aoCTIIf'aeT M8KCII

M8J1bHOf'O 3Ha'IeHHH E 0 = 7,65 MaB np!I B = 1,15 ¢epMII 

anSI N =12 H npH B =0,9 ¢epMH ang N =16. 3HalJeHHe E
0 

= 
= 7,65 MaB oqeHb xopolllo cornacyeTcSI c pe3ynbTaToM 

pa6oTbi 121 H co 3Ha'IeHI:leM Eo = 7,70 MaB, no

ny'IeHHbiM B pa6oTe 16 1 npa pellleHHH ypaBHeHHH WpeaHHrepa 

anH TOll .IKe CBMOH MOlleJibHOH 38il8'IH. 

~3. TipH6JIH.IKeHHOe oaHOMepHoe ypaBHeHHe 

CBeaeHHe asyMepHoro ypaBHeHHH ~aaaeesa K TO'IHOMY 

oaHOMepHOMy ypaBHeHHID (8) OCHOB8HO Ha TOM, 'ITO anSI 
CHCTeMbl Tpex TO)l<aeCTBeHHbiX 6030HOB C nOJIHbiM Yf'JIOBbiM 

MOMeHTOM L =0 B MoaenH rpaHH'IHbiX ycnoBHJ1 c yqeroM 

aByX'I8CT'HlJHb!X B38HMOaeiiCTBHH TOJihKO B S -COCTOHHHSIX 

H3BecrHo TO'IHOe aHanaTH'IecKoe pemeHrre *BHyrpeHHero" 

10 

~ 

, 

Eo 
7,8 

1. 6 ~ ,, 
~ ' I \ 

7.4 r I ' 
I ' 
I '-

1.2 r I 
I 

1. 0 1-
I 
I 

-'- ........ ........ 

I 
6,8' 

I 

6,6 

0, 8 1,0 1,2 1,4 1,6 1,8 8 
3aBHCHMOCTb aHepraH CBSI3H Tpex 6o30HOB E 0 (MaB) oT 

napaMeTpa B (cpepMH) B (18) anSI lJHCna y3JIOB B KBaapa

TypHoi-i qJopMyne (17) N =12 (cnnolllHBSI nHHHSI} H N=I6 
(nyHKTHpHaSI JIHHHS!). 

ypasHeHHS! (6} (lflOPMYJibl (19)-(24) pa6oTbi /I/). 3TO 

o6CTOSITeJ1bCTBO He HMeeT MeCTB anSI 6onee CnO.IKHbiX cny

qaeB ( L 1- 0 , yqeT BbiCIIlHX napuHanbHbJX KOMnoHeHT t > 0 
llBYX'IBCTH'IHbiX B38HMOlleHCTBHH}, H B 3THX cnyqagX Heo6-

XOllHM KBKOH-TO npH6JIH)I{eHHbiH MeTOll pellleHHSI COOTBeTCT

BYIDIIlHX "BHyrpeHHHX" ypasHeHHH THna ypaBHeHHSJ (6). Ta-

KHM MeroaoM, nparoaHbiM ang nro6biX 3Ha'leHHH L H f 
MO)KeT cny)KHTb MeTOll, OCHOBBHHbiH Ha npeacTaBneHHH pe

llleHHH ypasHeHHH THna t6J B BHlle pgaos ~ypbe. HH*e 

8TOT MeTOll 6yaeT npHMeHeH K paCCMOTpeHHOMy Bbiiile 

npocTeiillleMy cnyqaro, ang KOToporo H3BeCTHO TO'IHoe pe-

llleHHe. 

Pa3nO*HM <PYHKUHID 

~ypbe no nepeMeHHOH a 

(5): 

O(c-r)A(r, p) B ( 1} B PSill 

, onpeaengeMOH COOTHOIIleHHSIMH 

11 



0(c-r)A(r,ph0(c-Rsina)A<R,a)=:£A <R)sin2ma, (19) 
m m 

HMeH B BHay rpaHHqHwe ycnOBHH: 

A<O, p) = 0, 0 ( c - r)A (r , 0) = 0 . 

DoacraHOBKa pa3nO>KeHHH (19» B ypaBHeHHe (6) IIpllBOaHT 
K cneaywmeA cucreMe nnaeAHwx ypasHeHnA nnH Kos¢¢H:uHeH
ros 'Am<R): 

:£Smm' (R)Am'(R) =-Fm(R), 
m 

rae 

s , (R) = 0 4 
+ ---D <R> v3- mm' ' mm mm 

4 rr/2 
D , (R) = -- f daO(c- R sin a) x 

mm rr 0 

x sin 2m a 

. <" 2rr ) min -+a ---a 
3 '3 

f d ''2'' a sm m a , 

J.R.. -a J 
3 

4 rr/2 

F <R>= -- f da0(c-Rsina)sin2maF<R,a). 
m rr 0 

(20) 

( 21 ) 

(22) 

(23) 

p eWe Hue CHC TeMbl (20) MO)l<HO 38IIHC8Tb C IIOMOillblO o6-
pa THoA Ma TPHUbi 8 -I B BHUe 

A <R>=-:£ s-I ,(R)F ,(R). (24) 
m , mm m 

m 

12 

f 
I 

:\ 
\I 

Bbipa>KeHne (24) aaer B03MO>KHOCTh c rroMOillhlO (I) H: 
(2) rronyqH:Th ll3 COOTHOWeHHH (3) oaHo~epHoe ypaBHeHH:e, 
aaanornqaoe ( 8), Koropoe, oaHaKo, 6yJJ.er rrpH:6mr>KeHHbiM 
rrpn yqere KOHeqHoro q!fcna qneaos B pa3no>KeHnn (19): 

t/J (q)= £_ f~q 'dq '[T(q,q ') + W fq,q ')] tj; (q '), 
rr 0 

(25) 

rae T(q,q') orrpeaenHercg Bbipa>KeHHeM (9), a W(q,q'), 
B ornuque or V(q,q') (10), H:Meer sun: 

W(q,q') = ---
1--::::--[W (q,q')- W (q,q')], 

q' [ f - icy E ] I 2 
0 q 

2 --=-c (26) 

wi <q,q')=4vaf 
(' 

(I) -I (I) 
RdR :£ G (q,R)S ,(R)F , <R,q'), 

, m mm m 
mm 

2(' 
(2) -1 ( 2) 

f RdR :£ G (q,R>S , (R) F , <R,q '), 
mm' m mm m 

w
2 

(q ,q ')= 4 
2 

- c 
V3 

(I l cjo (q Po ) 
G (q,R) = [2------cos2mK

0 
+ 

m R cosa 0 

+ ~ F 
0 

(q, R) sin 2m K 
0

] sin ~ rr , 

(2) cjo(qpo) 
G (q,R)= sin2m(E...- a ) -

m R cos a 3 0 
0 

- ..L F 
0 

(q, R ) sin 2m (a 
0 

- .!!_) sin~ . 
m 6 3 (27) 

13 



-l 
8 Bblpa:>KeHHSIX (26) H (27) 8 , (R) - MBTpHUB, o6-mm 
paTHaSI MaTpHue (21), rae, cornacHo (22), 

D ,<R)= 
mm 

__!_ sin 2m'rr [ sin2<m-m')llo 

11m' 3 m -m' 

sin2<m+m')ao ), rnfom ', 
m+m' 

2 0 211111 [ 
-sm-- ao 
77ID 3 

~in4m~DJ, m = m', 
4m 

a F(l) <R, q) 
m 

H F( Z)(R,q) 
m 

B COOTBeTCTBHH C (23) 

HMeiOT BRa: 

F(H<R >= m ,q 

rr/2 
4 0 2mrr I d 0 2n G (R ) -sm-- asrn ta ,a, q , 

11IT• 3 . ao 

(2) 2 ~ ~ 
F <R,q) = -- I da[cos2m(- -a) -cos2mK 0 )G<R,a,q)+ 

m ~ a 3 
0 

rr/2 
+ _!_sin 2mrr I da sin 2ma G<R, a, q). 
~ 3 a

0 

YpaBHeHHe (25) 6bmo pemeHo anSI pSiaa 3Ha'leHHH M 
'lHCna qneHOB B paano:>KeHHH (19) C llOMOillbiO KBaapaTypHOH 

iflopMynhr (17) c N=12 H aaMeHhi nepeMeHHOH (18). KaK 

14 

I 

I 
I 

1 

H npe:>Kae, napaMeTp B C'lHTancSI sapHaUHOHHhiM, H anSI 

Ka:>Kaoro aaaqeHIHI M OThiCKRBancSI MaKCHMYM 9HepraH CBSI3H 

Eo B aasHCHMOCTH or B • B T a 6 n Hue npHseaeHhi 

nony'leHHhie MaKCHManbHhre 3Ha'leHHSI E 0 anSI M = 8, 12, 
16 H 20, npa'leM BCB OHH COOTBBTCTBYIOT oaHOMy H TOMY 

:>Ke aHa'leHHIO B = 1,15 iflepMH. PeaynbTaThr, npaseaeHHbre 

B Ta6nHUe, yKa3biB8IOT Ha CXOaHMOCTb MeToaa R H8 TO, 'lro 

npa6nH:>KeHHhre 3Ha'leHHSI E0 HeaHa'iHTenhHO oTnH'iaiOTCSI 

OT 3H8'iBHRSI, nony'iBHHOI'O R3 TO'iHOI'O ypaBHBHHSI (8) 
(Ha 8,1% anSI M = 8 H Ha 5,5% anSI M =12). 3aMeTRM, 

'ITO B o6nacTa R<c, cornacHo (22), D , <R). B (21) 
mm 

HMBBT BRa: 

( ) 1 0 2mrr 
D , R = - Sill -3--8 , ' mm m mm 

H B COOTBBTCTBHH C (7) H (23) pemeHHeM CHCTBMhl (20) 
6yaeT A m(R) = 0 , m f, 2 , A 2 (R) npouasonhHO, TO eCTh 

pSia ct>yphe (19) aaer TO'lHOe pemeHue ( 13). 

Ta6nuua 

3aBHCRMOCTh 9Heprn:R CBSI3H E 0 ( M9B) rpex 6oaoHOB or 

qucna M qneHoB B paanQ)KBHHR ( 19). B nocneaHeM cTon6ue 

yKaaaao aaa'ieHae F 0 , nonyqeaaoe ua TO'IHOI'O ypasHeHRSI (8). 

M 8 12 16 20 

Eo 8,27 8,07 7,99 7,94 7,65 
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~4. 0 H80llH03HaqHOCTH peweHHH ypaBHeHHH 

<l>aaaeeBa B MoaenH rpaHHqHbiX ycnoBHH 

Bhrwe 6bmo noKaaaHo, 'ITO B MoaenH rpaHHqHhiX ycno

BHH ypaBHeHHe <l>aaaeeBa ang ~YHKUHH KaHana CHCTeMbl 

TpeX TO:tKll8CTBeHHhiX 6030HOB C nonHbiM yi"nOBbiM MOMeH

TOM L= 0 npH yqeTe aByx'laCTHqHhiX ·BaaHMoaeficTBHfi 

TOnbKO B napUHanbHb!X COCTOBHHBX C f = 0 ( f - yrnOBOH 

MOMeHT napbi qaCTHU). He HMeeT OllH03Ha'IHOI"O peweHHBo 

3To o6cTogrenbCTBO CBB3aHo c TeM, qTo npH R < c 

onHoponHoe ypaBHeHHe (6) HMeeT HeTpHBHanhHoe peweHHe 

(13), IIpHBOllBWee K HeOUH03HaqHOCTH (14) ~YHKUHH Ka

Hana. EcTeCTBeHHO B03HHKaeT Bonpoc o HeonH03HaqHoCTH 

ypaBHeHHH <l>anneeBa H KOHKpeTHOM BHne HeonHoaHaqHo

CTefi ~YHKUHfi KaHanoB nng 6onee o6wHx cnyqaeB L f- 0 
H f ~ 0. HH:tKe 6yneT paccMoTpeH aToT Bonpoc nng CH

cTeMw Tpex TO:tKll8CTBeHHhlX 6030HOB IIpH yqeTe npOH3BOnh

HbiX llByXqaCTHqHhiX KOMIIOHeHT f • KaK H rrpe:tKne, nng 

npocTOThi 6yneM c•nrTaTb L=O, qTo He BBnBeTcg npHHUH-

IIHanbHhlM OI"paHHqeHHeM. 

DpH BBeneHHH Tpex Ha6opoB KoopnHHaT ~Ko6H 
pi (i = 1,2,3) nonHag BOnHOBag ~YHKUHB 'Jl(~,pl) 
HMeTb BHU: 

-+-+ ..... ...., -+ ..... -+4 

'I' (r I ' p 1 ) = l/1 (r 1' P 1) + l/1 (r 2 ' P 2) + l/1 (r 3 'P 3 ) ' 

rne 

-->--> 
--> .... rp 

t/1 (r, p ) = I l/1 (r, p ) P ~ ( -) , e e l rp 

--> 
r i , 
6yneT 

(28) 

(29) 

p f(x)- IIOnHHOMbi ne:tKaHapa, a cyMMa ITO f conep:tKHT 

TOnbKO qeTHhie f H OI"paHH'IeHa MaKCHManbHbiM 3Haqe-

HHeM fmax Y'IHThiBaeMbiX KOMIIOHeHT llBYX'IaCTH'IHhiX 

B3aHMoneficTBHfi. TpHBHanhHoe o6o6weHHe MeToaa, H3Jlo

:tKeHHOI"o B pa6oTaX /1,6/, IIOKa3biBaeT, 'ITO t/Jf (r,p) B (29) 
MO:tKHO rrpeUCTaBHTb B BHne, aHanOI"H'IHOM ( 1): 

16 

1 . 
l/1 f (r, p) =--[ 0 (cf -r)A f (r,p )+ O(r- c f )<I> f (r, p )] , (30) 

4rrrp 

rne C f - panHyC I"paHH'IHhiX ycnOBHH nng llBYX'IaCTHqHOH 

BHeMaCCOBOH BOnHOBOH ~YHKUHH C yrnOBbiM MOMeHTOM f 

<lle<r,r)=! [q2 dqirv'E~h~n<rv'E~>ri e<qr)Y e<q>, (3t) 

j f (X) , h (l) (x) - COOTBeTCTBeHHO C~epHqeCKHe ~YHKUHH 
Eecceng H faHKeng rrepBoi"o pona. OnHa H3 cHcTeM ypaB-

HeHHfi nng H8H3BeCTHbiX ~YHKUHH A r (r' p) B ( 30) H 

y f(q) B (31) BbJTeKaeT, KaK H ypaBHeHHe (6) npH f=0 
B (30), H3 ycnOBHB 

-> -> 
rp -> ... 

O<ca -r){dfl .,.dQ_,P 0 (-)ll1 (r,p) = 0, f < e 
L r p l. ip - max 

(32) 

BBnBIOlli8I"OCB cnenCTBHeM COOTHOlli8HHB, CBB3biBaiOruei"O 
-> -> -> 

3aBHCHMOCTb OT r IIOnHOH TpexqaCTHqHOH ~YHKUHH 1{1 (r, p) 

C 3aBHCHMOCTbiO OT j7 BHeMaCCOBOH nsyxqaCTHqHOH BOnHo

BOH ~YHKUHH / 6 , 7/. 3Ta CHCTeMa ypaBHeHH(J B o6naCTH 

H < c =min (c e) ( R - weCTHMepHbiH panHyC-BeKTOp, onpe-

nene HHbiH B ( 5) ) OllHOponHa H He conep:tKHT Y f (q) : 

rne 

4 
A a <R, a)+-=-I 

l. v'3 f' 

rr 2.rr ) min(- +a,--- a 
3 3 

f 
I; -a 1 

da 'K ft' (a, a ')A f.' <R,a ') = 0, 

(33) 

K ee, (a ,a ') = ( 2e + 1) P e (cos e 
1 

) P f, (cos e 
2 

) , 
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() 
_ cos 2a + 2 cos2a' 2cos 2a + cos2a' 

ca; I - _ , cos() 2=-

y3sin2a y3 sin2a' 

Cymecraoaaaae aerpaaaanbHbiX pemeaaif cacreMbi (33) 
npH npOH3BOnbHbiX f, KaK H B paCCMOTpeHHOM Bbillle cny-

qae f=0 1 MO~eT npHBeCTH K HeOAH03HaqHOCTH ~YHKUHH 
KaHanoa (30). Hanaqae TaKHX pellleHHH, a TaK~e HX KOHK

peTHbiH BH,ll, nono6HbiH Bbipa~eHHIO ( 13) ,llnSI f = 0, MO~HO 

ycTaHOBHTb C nOMOllibiO HeKOTOpb!X coo6pa~eHHH1 HMeiOlliHX, 

C HallleH TOqKH 3peHHSI, .llOCT8TOqHoe ~H3HqeCKOe o60CHO

BBHHe H npo3paqHbiH CMbJCn. 3TH C006pa~eHHSI OCHOB8Hbl 

Ha TOM 1 qTo ,llnSI f= 0 H3BeCTHO TOqHoe aHanHTHqecKOe 

pellleHHe ( 13) CHCTeMbl ( 33), TO eCTb ~aKTHqeCKH O,llHO

pO.llHOI'O ypaaHeHHSI (6). CaSiaaaHaSI c 3THM pemeHHeM 

HeOAH03HaqHOCTb ~YHKUHH KaHana (14) HMeeT TaKOH BH.ll, 

qro B COOTBeTCTBHil C ( 15) B o6naCTH R < C nonHaSI BOn

HOBBSI ~YHKUHSI, a He TOnbKO, cornaCHO ( 32), ee s -npoeK

UHSI, ro~necTBeHHO o6pamaeTcSI B Hynh. TiocnenHee o6cro

SITenbcTao HMeeT Mecro npH yqeTe TonhKO .uayxqacraqHbiX 

S -KOMnOHeHT TaK)Ke H .llnSI npOCTpaHCTBeHHb!X KOMnOHeHT 

nonHoH BOnHOBOH ~YHKUHH Tpex HyKnOHOB B cnyqae L = o/B( 
YKa3aHHhie Bbillle ~aKTbi paaeHCTBa HyniO npH R< c npo-

crpaHcraeHHhiX BOnHOBbiX ~YHKUHi!:, SIBnSIIOlliHeCSI cne.UCTBHeM 

TOqHb!X pellleHHH COOTBeTCTBYIOlliHX ypaBHeHHH ( OAHOpO.llHOe 

ypaaHeHae (6) nnSI Tpex 6oaoHoa H aHanoraqHbie ypaaHeHHSI 

AnSI Tpex HyKnOHOB) HMeiOT npOCTOH ~H3HqecKHH CMbiCn: 

3anpemeHhl TaKHe TpexqaCTHqHhle COCTOSIHH~ KOI'.lla nepe

Kpb!BaiOTCSI KOpb! BCeX nap B3aHMO.lleHCTBYIOlliHX qaCTHU, 

TaK KaK B MO.llenH rpaHHqHbiX ycnOBHH HMeHHO o6naCTb 

R < c cooraercTayeT nepeKpbiTHIO acex rpex Kopoa. 

B paccMarpaaaeMOM cnyqae cacTeMhl Tpex To~necTaeH
HhiX qacrau c L =0 H npoaaaonbHbiMH f o6nacTH nepe

KPhiTHSI acex Kopoa cooTBeTcrayeT o6nacTb R < c =min <ce ), 
H HaM Ka*eTcSI anonae noraqHbiM noTpe6oaaTb, qro6hr H a 

3TOM cnyqae npa R<c nonHaSI aonHoaaSI <flYHKUHSI (28) 
o6pamanacb a uynh: 

18 

-> --> (c) -> -> (c) -> -> 

'I' (r I ' p I ) = l/J (r I ' p I) + l/J (r 2 'p 2 ) + 

(c) 

+ l/1 <r 3 ,p 3 ) =0, R<c = min(cf ). 

(34) 

Ycnoaa10 (34) y.uoaneTaopSIIOT TonhKO ~YHKUHH cMemaaHoii 

CHMMeTpHH, ocymecranSIIOmHe nayMepHoe npencTaaneHHe 

rpynnbi nepecraHOBOK Tpex qacrau. TaKae ~YHKUHH y.uo6Ho 

paanO*HTb no I'Hnepc~epHqecKHM ~YHKUHSIM COOTB8TCTBYIO-

meft CHMMeTpHH 1 onpeneneHHbiM B pa6oTe / 9/, yqHTbiB851, 

qro B (29) BXOASIT TOnbKO qeTHbl8 nonHHOMbl ne)K8H,llpa: 

........ 
(c) -+ -> v rp 

l/1 (r,p)= ~ FK (R)vK (a,()), cos()=-
Kv v rp 

(35) 

r.ue F Kv (R) - npoaaaonbHbie ~YHKUHH meCTHMepHoro 
panayca R , v~ (a,()) - ~YHKUHH H3 pa6oTbi 191 , K 
npo6eraer qeTHbie 3HaqeHHSI, v = ~ K , ~ K- 2, ••• , He 

KpaTHo TpeM H orpaHJ.:JqeHo ycnoaaeM v ;:: 0. B qacTHOM 

cnyqae yqera nayxqacraqHbiX aaaaMoneiicTBHii a 8 - H d
COCTOSIHHSIX f B (29) npHHHMaeT 3HaqeHHSI 0 H 2, B CO

OTB8TCTBHH C qeM B (35) MOI'yT BXO,llHTb TOnbKO ~YHKUHH 
v 

v K c K = 2 ' v = 1 ; K = 4 • v = 2 H K = 6, ' V= 1. l13 

SIBHOI'O BHAB 3THX ~YHKUHH H H3 COOTHOlll8HHSI (30) cnenyeT, 

qro npH f, f' =0,2 CHCTeMa ypaBH8HHH (33) 6y.ueT HMeTb 

HeTpHBHanbHOe pemeHue an.ua: 

A0 <R, a)= F 1 <R)sin 4z + F2<R> sin6a + F 3<R>sin lh, 

A 
2
<R, a) = [- 2F 

2 
<R)sin2a + 4F 

3
<R)sin 4a] sin 2 2a, 

(36) 

r.ue F 1<R), F .2 (R), F
3 

(R)- nponaaonhHbie ~yHKUHH or R. Ecna 

CHCTeMa (33} HMeeT eme HeTpi:IBI:IanbHbie pemeHHSI .upyroro 

BH.ll8, qeM (36), TO 3TH pemeHHSI ,llOn)I(Hhl 6biTb OT6pomeHhi 

K8K He~I:I31:IqecKI:Ie, T8K KBK OHH 6y.llyT npHBOAHTb K OTnaq-
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• 

HOM OT Hyng nonHOH BORHOBOH ~YHKUHH B o6naCTH nepe
KpbiTHH KOpOB BCBX Tpex nap B3aHMOJlBHCTBYIOIUHX '!aCTHU, 
'!TO, C Hamel TO'!KH 3peHHH, ~H3H'!BCKif HeonpaBJl8HHO. 

llng ClfCTBMbi C yrnOBbiM MOMBHTOM L = 0 Tpex pa3-
Rif'!HbiX '!aCTifU IlORHaH BORHOBag ~YHKUHH BMBCTO (28) 
6yJleT lfMBTb BlfJJ: 

4--+ -+-+ --+--+ ---+---+ 

IJI(rl,pl) = 1/;1 (rl'pl) + l/;2(r2,p) + l/;3(r3, P3 ), (37) 

H Tpe6osaH!fe o6paiUBHHH ee B Hynb B o6naCTif IlepeKpbiTHH 

ncex Kopos R < c =min (ca) ( lfHJleKc a coorsercrsyeT 
pa3Rif'!Hb!M KaHanaM), IlplfBOJllfT, cornaCHO (37), K COOT
HOWBHiflO 

1
(c)-> --+ (c) -> -> (c) -> -> 

lf'J (rl,pl)+l/;2 (r2,p2)+1/;3 (r3,p3) =0, R<c, 

KOTOpoe, oqeBHJlHO, 6yJleT BhlilORHBHO, BCRif TORbKO 

(c)--+ -> (c) -> --+ (c)-> -> -> -> 
1/; 1 (r,p)=l/; 2 (r,p)=l/;

3 
(r,p)=x<r,p), 

PJlB )(' (;, ;) , KaK If IlpB.iKJlB, ~YHKUHH CI\1BW8HHOH CHMMBT
Piflf. OnHaKo, B ornHqHe oT (35), nnH 8ToA ¢YHKUHH, B 
COOTBBTCTBifH C /9/, 6yJleM lfMBTb pa3nO.iKBHife 

)('(;, p) =KI. [F Kv (R)v; (a,e) + ¢ Kv (R)w ~(a ,0)], (38) 
v 

PJlB JlRH K H V HMBIOT MBCTO Te .iKB CaMbiB orpaH!fqBHifH, 

'!TO H B (35), FKv(R) , <llKv(R) - npoH3BOnbHblB ~YHK-
UH H OT R • nng cnyqag L -1 0 B pa3nO.iKBHif HX THIIa ( 35) 

H (38) CnenyeT HCIIORb30BaTb PHIIepc¢epHqecK!fe ~YHKUHif, 
orrpeneneHHbie B pa6ore /10/. 
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