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BseneaHe 

EcnH H6KOTOpoe KOnH"'6CTBO 8TOMOB C02Q86T CHnbHOCBH38HHyiD rpynny, TOr-

na aTa rpynna MomeT KaK enHHoe uenoe nosapa"'HB8TbCH B KpHcTanne OTHOCHTenbHO 

aeKoTopbiX oceli, T.e. coBepwaTb TopcHOHHbie Kone6aaHH. EcnH naaaag rpynrra aa

XOAHTCH B OTHOCHT6nbHO rny6oKOfi !IOT6HllH8nbHOfi HMe, OTB6"18IDW6fi 38 TOpCHOH

Hbi6 CTeneHH CB060llb1 0 Torna 3TH KOne6aHHH MOlliHO C"'HT8Tb rapMOHH"'6CKHMH. Ta

KHe Kone6aHHH nonmHbl pacnpocTpaHHTbCH B BHA6 TOpCHOHHhlX BOnH. TaKoe npen

CT8BneHH6 ll03BOnHeT BB6CTH llOHHTHe TOpCHOHHbiX $OHOHOB 0 KOTOpbl6 B6AYT C6DH, 

Ill 
K8K 06bl'iHbl6 <jloHOHbl • 

/2/ 
CymecTByiDiiiYID AHH8MH'I6CKyiD TeOpHID KpHCTannH'!6CKOfi perneTKH MOlliHO 

/3 4/ 
o6o6mHTb aa TopcRoHHbie cTeneHH cso6onbi ' • OcaoBHbie npenrronomeaHH aaKmo-

'18IDTCH B cnenyiDmeM: rpynrry CHnbHOCBH38HHblX 8TOMOB paCCM8TpHB8IDT K8K lli6CT• 

KYID CHCT6Myj BHyTp6HHH6 Kone6aHHH B rpyrrne He paCCM8TpHB8IDTCH 0 rrpenrronara

eTCH0 'ITO 3HeprHH 3THX KOne68HHH H8MHOro 6onblli6 3HeprHH TOpCHOHHbiX KOne6a

HHfi rpy!Illbl; !IOT6HUH8n, o6ycnaBnHB8IDiiiHfi TOpCHOHHbl6 KOne6aHHH, AOnJKeH 6b!Tb 

H8CTOnbKO CHnbHbiM, "'T06bi CT8HOBHnCH B03MOJKHbiM yqeT TOnbKO KB8Ap8TH"'HbiX '!ne

HOB B paanomeHHH !IOT6HUH8nbHOfi 3HeprHH B pHA ITO OTKnOH6HHHM HAep H3 nonoJKe

HHH paBHOB6CHHo Ecnl! KpHCTann HOHHbifi, TO MOne)(ynHpHOl! rpynne !IpH!IHCbiB86TCH 

H6CKOnbKO 38pHAOB, lli6CTKO CBH38HHbiX C rpynnofi COOTB6TCTB6HH.O ee CHMM6TpHH. 

TipH 3TOM rrpeae6pera6TCH AHH8MH'I6CKOfi llOfiHpH38UH6fi HOHa. 

llHH8MHKa KpHCTannH'I6CKOfi perneTKH 

TionoJKeHRe Rt,..., aToMa H3 

M6HTapHOH H'lefiKH 3al1HIIl6M B BHAe: 
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J!..;~,~~~~i:ft)~J;b~ §=:tJ;;;e-(i} 'R'f'"· /" ~ r ,,~ ,.,, 



~-rue Kt, 
~p ltJ 

-rronoJKeuae ueuTpa MaCChi )'- -ott Monexynlipuott rpyrrrrbl; 

-el; 
-OTX!IOHeHHe H3 liO!IOJKeHHli paBHOBeCHli ~-ott MO!IeKy!IlipHol!: rpyn-

!Ihl; 

-IIO!IOJKeHHe paBHOBeCHli r -ro 8TOM8 B ,.. -ott rpyrrrre OTHOCHTe!IbHO 

ee ueuTpa MaCChiO 

e~ (t} - yrnoBoe OTK!IOHeHHe r -oft rpyiiiihl H3 liO!IOJKeHHli ~8BHOBeCH!I, 
noTeauaanhHali auepraa xpacTanna U • U(fi 1 •••• RJ 1 •••• J HMlieTcH 

¢yuxuaea oTxnoaeaaa auep aa rronoJKeHHli paBHOBecaa. Paanarali ee B pliu, c To~-

HOCTblO JlO KB8Jlp8TH'IHhiX 'IrreHOB IIO!IY'IHM: 

u : u Co) + UC4) + 

rJ~e 

.t~['"'·~(aa~ .. t)·i" + s .... ;tc••J .. ")·a"+ 
+ 1.£_ 'f' T \1'" t /" T \1" I T < 2 > 

"'" ,. , -c••>. 1 l., 
;:t-.. ~ 7• .. )·s .... " + fJ .... ":tf\C•Jtn. "')g.. + U + + t::J ,.. 't' v~ r r /" 't' \f' r 'or .... 

5"" = r I e·= r 

, (11 (II) "'(tR) h. 

IP,.~ ~ ;); <P .,r; ;); 't'xzG. 'i); 

( 3) 

( 4) 

~(Ril) 
~ c:;;.J = 

th(Ra)(,._ t:_\ fh(Rt)rllt M_\ th(aa)('" .. ) 
't' ~" ,. fli 't', ,. r1 i 't' ':z JA tJ; 

l'h(luy("' k.\ tf..(•;~,..,.\ J._(DJ( ... ._). 
'±'zx t'tii'-(~~pfjj \fizz f' 11 

H T,Jl, 
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11

1 
Ill 

th (RR) m h _ d1 u. 
'i'dr (~ r-}- ~s~ "ds ~ 

C( ·p 
5=0 ... e=o 

d1
U A; (R 9)G ) k I t 0 

'i'"'r n .. ~sE de; e:o. 

/f\ (9R) lh"' _ '(/ u. -+ 

'i'"r (,.r)- deE ds~ ~~:~ I 

{0) 
3.aech 

~
(99} ~ 

(~~1- r) u. 
o<F ,_ t;-

- -oc -- p 
~-=0 
e=o· 

lt - SHeprHH perneTKH B paBHOBeCHOM liO!IOJKeHHH; 

lL"" - rrepBhie IIpOH3BO)lHbie, KOTOpbie HC'Ie3810T1 IIOCXO!IbKy p83!IOJKe-

HHe B ~HJl IIpOBe)leHO B OKpeCTHOCTH paBHOBeCHOrO IIO!IOlKeHHli, 

lfHC!I8 cf>!:t~ r) J <ft•Qr~ ?J H T,Jl, H83hiB810TCli CH!IOBh!MH ~HCT8HT8MH H 

orrpeuenliro1aua~euae p gC. -cnaraeMol!: canhr, uel!:cTsyromea ua ~ )- ro Monexy

!Ilipuyro rpyrrrry1 B03HHK8IOmyro IIpH Tp8HC!IliUHOHHOM OTK!IOH8HHH ( rl- Ol!: rpyrr-

libl aa rronoJKeHHH pasuosecali, Huuexchi (R R) oauaqaroT, ~To cana, soauaxaromali 

IIpH Tp8HC!IliUHOHHOM OTK!IOHeHHH nro6ol!: rpyii!Ihi 1 uettcTByeT H8 Tp8HC!IliUHOHHhie 

CTerreHH CB060Jlbl upyrott rpyiiiibi, Hut:teKC (R e) 03H8"!8eT, ~TO CH!I8 1 B03HHKa

romali rrpH rrosopoTe ua Manhrl!: yron nro6oll: rpyrrnhr, uettcTsyeT ua TpaucnHUHOHHhie 

CTerreHH CB060Jlhl Jlpyrott H T,)l, 

06hi'IHO OCH HHepUHH MO!IeKy!IlipHh!X rpyrrrr IIpOXOJlSIT "!epe3 HX ueHTpbi HHep

UHH, B 3TOM cny'Iae KHHeTH~eCK8li 3HeprHli KpHCT8!I!I8 38IIHIIIeTCli B BH,Qe: 

T=tl:M (t~t + 1-L §"'·l ·U"" ""f' .,. }" M fo f" .,. ,. 
rue 

Oca 

Mf: fH"; 
lp. 

KOOpJlHH8THOtt 

H8!IbHh!MH, 

- rronuaSJ Macca ~ -ott rpyrrrrhr; 

- Teaaop auepuaa J'- -ott rpyrrrrbi, 

CHCTeMhl HylKHO liOil.06paTb T8K 1 ~T06bi Teaaophl 61>1/IH uaaro-

3uaH li>YHKUHIO narpaHJKa L: T -U,,rrony'IHM H3 ypaBHeHHtt 

tL 'JL 
d.t d t ... 

f 

~L a-s ... = 0 
f 
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ypaBH6HHH ,l:{BHJK9HHH: 

M ~~~~ = -L q;cuL. ~) s" r /A kf (;; r 

- ~ ,.h(ee) 
I e ... · -L 'f ( .._ ") -c"' ,. ,. kf p-'1 ( 

-· ~ J..CRsrm ") ~ .. 
L 'f \f t Bt } 
r~r 

- L <P (
96tp i)~( I 

hl 

(5) 

B BbiBO,l:{e KOTOpb!X HCllOllb30B8H8 !jlopMyna paanoJK&HHlt llOT9HilH8llbHoft SHeprHH 

(2) B pHA ITO OTKllOH9HHHM HASp H3 nonOJK9HHlt p8BHOB9CHR. q8CTH09 pernaHH9 

ypaBH6HHH { 5) Hill9M B BHA8 BOnHhi: 

~tM 
)A 

e; 

~ 

~~ 

~~ 

i(2f'k· 'R;- {A)t) 
e 

t (2iik. t ~ -(A)t) 
e 

( 6) 

onarO,l:lapSI nepHO,l:lH'18CKHM CBOilCTB8M perneTB;H, MOJKHO HCK8Tb peill6HH8 TOllb

KO ,l:{llH aTOMOB O,l:{HOlt sneMeHTapnol!: !1'18ftKH m = o. Toraa ypaBH9HH!I ,l:{BHJK9HHlt 

38llHillYTCH B BH,l:{e: 

t.c)
1 w (k} = c (RaJ(r) w (k} + c<ruJtk) ?<k) 1 

w~f(k) : d'\kJ WcrJ + cc"lfJ7Ck),(
7

) 

~(k) \ (7: .. (k) 

~ m I ; f<kl= rt<'J 
7:·t) (;;) 

rae 

-+ 
W(k'J= 

w~t>cr) 

6 

'-,....IIIWI. 

,. 
) 
!W 

(' 

II~ 
II 

I 

~· 

t 
•ll 

~.t .,, 

l 

t - '!Keno MoneKynHpHbiX rpyrrn B sneMeHTapaol! gqeltKe; 

r - 'IHCllO OAHHO'!Hb!X BTOMOB, T.e. T8KHX rpynn, KOTOpb19 COCTOSIT TOllbKO 

H3 OAHOI'O BTOMB; 
-(Ra) c: -AHH8MH'I9CK8H M8TpHil8 TpBHCllHilHOHHO-TpaHcnHJlHOHHbiX CTerreael! CBOOO-

Abl paaMepaocTell 3 (t+r) X 3 (t+r-) j 
~~ ' c -AHH8MH'16CK8H M8TpHil8 Tp8HCnHJlHOHHO-TOpCHOHHbiX CT9ll6H&II: CBOOO,l:lbl C 

-(ea) pa3MepHOCTbiO 3 t )C' 3 (t +I") j 

c - AHH8MH'I9CK8SI MaTpHna p83M6pHOCTH 
-(98) c - AHH8MH'I9CK8H MaTpHJl8 p83M9pHOCTII 

3 (t +r) ~ '5 t; 
3t X ~t. 

8neMeHTbi AHHaMnqecKoll MaTpllnhl onpeaeneHbi cneayiOmnM oopaaoM: 

C(RR)(k) 
"'r ,. t 

- 1 ~<P.(Ra) i MJ4 M 'L (o "") -21it k· (it!-'th) 
I t " "'P ,. t e r r ' 

(8) 

c(Re)(k)= tf .\ ~(R9)(0n) -2utr(~;-i;.) 
"f r,. i Mr 1 ;~ '1'"'~ ,. r e 

II T.A. 

3(2t tl'} - oil: Ypasaeaae (7) HBnHeTcH ceKynHpHbiM ypasaeaneM 

a. 
II8HH OTHOCHTenbHO G\) • HTaK, ,l:lllH KBJK,l:{OI'O BOllHOBOI'O B8KTOpa HM89TCSI 

CTe-

3( 2.t +r) 3H8'18HHlt CAJ
2
( f)) j a""/ 2 ,. .. 3(2t+t')1 K8JK,l:{06 H~ KOTOpblX llpH-

H8,l:{ll9lKHT Apyrolt AHCIIepCHOHHOi!: KpHBOlt, KalKAOMY 3H8'18HHIO d' ( f} COOTBeTCT

ByeT KOMnneKC 3 (t+lo') Tpa~CllHilHOHHbiX aM!lllHTYA w~ (f) H 3t TOpCHOHHbiX 

8MlllliiTYA Kone6aHHlt '? ! ( j ) , 
LlnH Toro, 'IT06bi perneanH ceKynSipaoro ypasaeanH ObinH oaaoaaa'!HhiMH, aeo6-

XOAHMO ,l:{008BHTb cne,l:lyiOmHe ycnOBHH OpTOHOpMHpOBKH: 

_?F [w~Cfl w~ Cf.J + ?~ c fJ 71:Cf.J] = ~i' ) 

!( ... > r r '/ ~ it *r r -* '3(2i••) s (9) 

f.; w:(j) wr C J ~·~·>" 7·.C 1 J? P <j)- "'r Srt· 
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Ha aTHX- ycnosul! BbiTeKaeT, 'ITO 

N [ ~r} r 2 :S(2t-+1') I }.t r) 12 ] 2: L. lW: C J. ) l + I:. ? ~ ( i 
k =-1 l'"" j•W(t+r)+f 

) = N 

rae N -oaaaqaeT 'IHcno aneMeHTapHbiX !!'leeK KpHCTanna. 

CooTHOlllel!Hll MeJKAY CHnOBblMH KOHCTal!TaMH 

!13 onpeaeneHHll CHnOBblX KOHCTSHT ( 9) KSK BTOpblX npOH3BOAHbiX IIOTeHllH-

anhHOII 3HeprHH BbiTeKaeT, 'ITO OHH l!Bnl!IOTC!I CHMMeTpH'IHbiMH OTHOCHTenbHO De-

pecTaHOBKH BCeX HHA9KCOB, B MaTpH'IHOII aan11cH nonyquM: 

- 'r 
<flR}(;'t) = ~(Rltt ;Ji 
<P(Re(; ~) = cpceattf) i ~(ee) } 

'Y {ft 

(10) 

~ {99) 1\ 
~ (r fl. 

CnnOBhl9 KOHCTSHTbl He AOnJKHbl M9H!!ThCll 0 ecnH B9Ch KpHCTann CABHHyT Ha Ma

nbll1 BeKTOp, 11Hb!MH cnoBaMII, ypaBHeHH!I ABHJKeHI!ll AOnlKHbl 6b!Th IIHBapl!aHTHblMH 

OTHOCI!TenhHO ManhiX CABHroB KpHcTanna, Ha aToro ycnoBnll BhiBOAliTCll cneJlyiO

Ullle COOTHOlli9HIIll: 

L th(iR)(~ "') = 0 
h ( ~p )A l 

~ ~ (eR)(~ "'}== Q (11) 
L 'f" O(B JA t • hf I 

Hcnonhayl! ( 10), nony'IHM: 

2: th (R9} (hot"') = 0 nr 't'otp r r ( 12) 

HO TOpCHOHHO-TOpCIIOHHbie CllnOBble KOHCTSHTbi He YAOBneTBOpl!IOT 3TOMy COOTHO-

llieHHlO, T.e. 

8 

j 
'~ 

,~; 

·~ 

~~I 
1! .. ~~· 
~~ 
~!; i 

I .... 

2:. <P~'c; 1) " o nf -r 
Ycnosae HBBapHaHTROCTH noTeanaanbHOI! aaepraa KpHcTanna npu nosopoTe aa 

6ecKouequo Manblll yron seaeT K cneay10nu•M BbipaJKeHHliM: 

L ,nCall)(* ... } R ~ = 2: A\ (RR} (tn h ).R ~ 
"'T 't'"'X )At f "'t 1~~ pf " 

(13) 

L ~(96)(ttl"')- '~eR)(nstt)Rt + L ~(9Rl(mn\RJ.- =Q 
t\ t 't'ol~ ,. t fx=' 't' ot ~ f t z h t '1' ()(:Z f' lj ~ 

KOTOpble BbiiiOnHliiOTCll llpH UIIKnH'19CKOII nepeCTSHOBKe HHJl8KCOB 'X,~,z. 

npeo6pa30B8HHe M8TpHU CHnOBblX KOHCTSHT 

KalKJloe npeo6paaosauae S coaepJKHT TpaacnHUHIO f a MaTpany D•(n.,.} , 
OIIHCbiB810iiO IIOBOpOT,OTpalKeHHe HnH 39pKanbHbii! IIOBOpOT, s npeo5pa30Bb!B88T -, 

seKTop B apyrol! BeKTop R no npasany 

SR ::: DoR+ f- R' 
PaccMoTpHM Tonhxo TO'Ie'IHbie npeoopaaosaHHll D ,....._ 
R }A OHlil nepeBOAl!T B cooTBeTcTBYIOlli.YIO TO'IKY 

(t•O}'.KalKJlyiO TO'IKY pemeTKB 
;t ... • 
K /"' , npuaaaneJKamyiO TOll JKe 

pellleTKe, KaJKaoe npeo5paaosaalile l!BnlleTcl! npeacTaBneaaeM aneMeHTa Toqequol! 

rpynl!blo To'I9'1Hbl9 rpynl!bl nepBoro po)la COJl9pJKaT TOnhKO IIOBOpOTbl c.l I c,,~l 
c, / a TO'I9'1Hb19 rpyllllbl BTOporo p0Jl8 COllepJKaT BCe OCTSnbHble aneMeHTbl 

cnMMeTpaa. EcnH onpenenliiT&nb I D( MaTpH'IHoro npencTaBneHHll nauaoro aneMeH

Ta pasea +1, Torna aneMeHT npuuannelKliiT K Toqeqaol! rpynne nepsoro pona, ecnu 

J D ' = - ~ - TO'Ie'IHOII rpynne BTOporo pona. nonllpHble BQKTOpa npeo6pa30BbiBa

IOTCll cneJlyiOlliHM 00p830M: 

9 



DR~- Rp~ ns; = ..... ""', 
S P' ( 14) H 

AKCH8nhHbi9 B9KTOp8 H9 M9Hli!OT 3H8K8 npH HHBepCHHX, DeKTOp yrna liBnlleTCfl SK

cnanhHbiM BeKTopoM, 't!To6bi coxpaHHTh npaBHnhHbiit 3KSK npH ero npeo6pa3oBaHH-

51x, HylKHO 11:3 Hero HCKniO'IHTh Ha:BepCHIO, MaTeMSTH'IeCKH SToro MOlKKO AOCTHrHyTh 

cneAyJOIUHM rryTeM: 

(det i5) n E); = e~~ • (15) 

noTeHIIHSnhHSH SHeprHll peweTKH OCT89TCll HeH3M9HHOit rrpH rrpeo5pa30B8HHliX 

/5/ 
THITB (14) H (15) , 3THM lKe CBOitCTBOM o6naA89T rapMOHH'IeCKSll 'ISCTh IIOT9H-

UHBnhHOll SHeprHH (2), Anll KOTOpOit HMeeM: 

- (2) -~ ) D ll ( .... R~ (tL .. c~'{ --liM ) ) = U ...... D R'P (t ···· . 

l1crronh3Yll ( 2) 1 ( 14) H ( 15) 1 nony'IHM ljlopMynhi rrpeo6p830B8KHH CHnOBbiX KOHC-

T8HT: 

- T 4>(R1t}(*t h'). i5 ~(RR) (m ~) D · p' r = p r 

(det D)D T.q>(o"'(;' ;: ) · D ,. ~(Rei (f () 

(de t D)I{ <P <••'(; ~)-D = 4> ce•'(; ( ) , 
(16) 

D ~ ~ceet;: ~). D = 4> ceel (f t) 
EnaronapH HeKoTOpbiM npeo6pa3oBaKHHM, ynaeTCll coKpaTHTh 'IHCno ne3aBI!CHMbiX 

Cl!nOBbiX KOKCT8HT. 

nepeqncnHM STI! rrepo6pa30B8HI!ll, EcnH B9KTOp ~~~t) I!KBapH8HT9H OTHO-
-/ -,~,... k.) r; 

CHTenhHo rrpeo6pa30BSHHH CHMMeTpHH D 
1 

D Rlf tj :: (~ t} 1 Torna cnnoBbre 

KuHCTSHTb! B STOM HarrpaBn9HHH HBnliJOTCH TOlKe H9H3M9KKbiMH OTHOCHT9nhHO STO

ro rrpeo6pa3oBaKHll 

10 

I 

I' 
...,, 

"'T ;RRR}("' h) -1 ._ 
v · 'i' ,. r ·D -

(det f>')D': ~(Re(,~· t )· D ~ 
<Pcut; r) 
q;(Re)~ t) 

(det D?It ~ce•~ i) · D' = ~Ce•J(~ t) (ln 

D~ ¢<1; t)· i>' =- <1>1; r l. __ 
Ecnn npeo6pa3oBaane j)U rrepeBonnT B~KTop,.. R(;r)~ ~e~Top 'R {( ;), 
nanpaBneanhrit B npoTHBononoJKnyro cTopony lfR(~j)= R(fp~1To nnH cnnoBbiX 

KOHCTSHT aToro HanpaBneHHll rronyqaeM cnenyromHe 3SKOHhl rrpeo6pa30BSHHH: 

D' ~ ;pcu) c; T). D' = q; l(RR)(;;) I 

T 

( dei ff) D~~(ReJ(f f)·D' = ~ (eR)(;;) 
(de t i1) o· ~ <1) (II("' r )· D. = ~ Tael C" ; ) 

. f f 
(18) 

n·~ q;rsBt;:tJ·D" = qs ~~(; t) 
3TH ljlopMynhi rrony'ISIOTCH IIpH IIOMOIUH ( 10) H ( 16), 

113 CHMMeTpHH MSTpHII CHnOBbiX KOHCT8HT ( 10) H nepHOIIH'IHOCTH KpHCTan

nH'IeCKOit p9W9TKH BbiT9K89T 1 'ITO ,-

cp<••t; ~) = ~(Uti f) 

~(9Rt; 1) 
T 

~(R8)0 -h) 
-'1' (tr 

11 

T 

cF(R"t; r)=<P r1~f); 
( 19) 

~~''{~ ~) ~ <f>~el( ~-;J. 



J1TaK, '!TOtSbi orpaHH'IHTh '!Hcno aeaaBHCHMbiX cHnOBbiX KOHcTaHT, ayJKao Bb16paTh 
-J v.n 

ace TO'!e'!Hbie npeo6paaoBaHH.II THna D H J.1 nm1 onpeneneaaoro aanpaaneHH.II 

B KpiiCTannH'!9CKO!i peWeTKe, nanbwe npeo6paayeM 06WHil BHA M8TpHilbl CHnOBbiX 

KOHCT8HT, UpiiMeHll.ll BbipaJKeHHll ( 17) Hnlf ( 18), H cpaBHHBaeM C TOil JKe M8Tpl1Itei!, 

nonyqaeM8ll CHCTeMa ypaBHeHIIi! ll03BOnl!eT COKp8THTb 'IIICnO H938BHCHMbiX CHnO

BhiX KOHCT8HT, MaTpllllbi CIInOBbiX KOHCT8HT npyrHX HanpaaneHHi! nony'!aiOTCll ny

T9M npeo6pa30B8Hllll nony'!eHHOi! MaTpHUbl UpH UOMOWH ( 16) Hnlf ( 19), lJucnOBbie 

aaa '!9Hllll CIInOBblX KOHCT8HT nony'laiOTCll H3 3KCUeplfM9HT8nbHbiX A8HHb!X, 

J10HHbie KplfCTannbi 

BaaHMO):(ei!CTBH9 liOHOB, KOTOpbi9 C'IHT89M TO'!e'!Hb!MH 38pl!!j8MH HnH rpynnoi! 

T0'!9'!Hh!X aapl!IIOB ( MOA9nb JKeCTKliX HOHOB), CKna):(biBaeTCl! 113 KynoHOBCKOrO no-

Tearmana n rroTeaunanoa npyroro npon:cxoJKAeHnll, nei!cTByJOWHX aa ManbiX pac-

cTO.IIHH.IIX. Bbi'!IIcnean:e cunoBbiX KOHCTaHT neKynoaoBcKoro nponcxoJKnean.ll npon:a

BOilHTCll MeTonoM, onncaHHbiM BhiWe. OnaaKo aToT MeTOn aenball nonaocTbiO npn:-

M9HliTb K Bbi'IIICneHHIO CIInOBblX KOHCT8HT KynOHOBCKOrO B38HMO):(ei!CTBHll, IIOCKOnb-

KY IIOT9HUII8n B38liMO)lei!CTBlill MelKilY TO'I9'1Hb!MH 38pS!Il8MH H93H8'1HTenbHO yMeHb-

uraeTC5l C paCCT05IHH9M, 

noTeHUHanhHYIO aHeprH!O KynoHOBCKOrO B38liMO)lei!cTBHS! T0'!9'1Hb!X aapl!AOB 

aarrameM cneny10mHM o6paaoM: 

(c) i "'t~ J. t t1, ~ U:= 2 L Lt:re:iit"'..-S"'-tV+S111xdP-R"-s~J.~&"x1~ c2o> pT M- . 1'f t 'f P 1' r r 't v t ., 
rne 2:1 

oaaaqaeT, 'ITO B cyMMe orrycKaeTcH '!nea c naaeKcaMH M a 1'\ 11 f• t 
( OllHOBpeMeHHO), e~ -aapllllbl p -ro 8TOM8 B JL -OM HOHe, 

Ha aToro rroTeauuana rrony'!aJOTCH cn:noBbie KOHCTaHTbi, PaccMoTpHM paHhille 

TpancnHUHOHHO-TOpCHOHHbie If TOpCHOHHO-TOpCHOHHbie CHnOBbie KOHCT8HTbl, noc-

KOnhKY aapSII!bi pacrrpeaeneHbi rpynnaMH, Toraa Momao paanoJKHTh aToT noTea-

UHan B pS!Il MynhTHIIOnei!, 

12 

· ~ e ~ { ftl tJI (3/ N } 
~ tit.'.r~-11'il = et- Lr + [r- [r-.,.l r .... X 

{ 
I (4) [{2./ [(3} L(4} } A 

x e +L + + + + -r ,. r r JA ···· tRl 1 

( 21) 

rae (ij ,d."' f -tf I -t d 
I\., ~ Ll L- e4. ,v1 · ~.o&Qs. ,Y 1- · tro & •.... l-r 0 'l r ~ • I 

L-vpa..3 
B Bbi'!HCneaHSLX ynoTpe6nlleTC.II TOnhKO nepBbie '!neHbi paanomean:g B pHil. Cxo.rm-

MOCTh ero ae H8CTOnhKO 6biCTpa, 'IT06bi MOlKHO 6binO llpHHS!Tb BO BHlfM8Hlf9 TOnhKO 

rrepBbii! oTnlf'!Hhii! OT aynH '!ned. Bbr'!ucneaue 6onhillero '!Hcna '!neaoB Tpe6yeT 

O'I9Hh Maoro apeMeHI!. 

MeTOA Bbi'IHCneHI!ll CHnOBbiX KOHCT8HT aenocpeACTB9HHO H3 TIOT9Hllll8na ( 20) 

OK83biB89TCll H8MHOrO a<jJ!jleKTIIBHee II TO'!Hee, Cn:nOBbl9 KOHCT8HTbl ( 4) nonyqa-

eM nn:!jJ!jlepeann:poaaan:eM c TO'IHOCTblO no 6ecKoaeqao Mano!i aenH'IHHbi nepaoro 

UOpS!IlK8 ( 9ra.d9~.J D' d) IIOT9HllH8nhHOi! 3H9prHH KynOHOBCKOrO B38HM0):(9i!CT

BHS! ( 20), nnll Tp8HCnHUHOHHO-TOpCHOHIIb!X CHnOBbiX KOHCT8HT nonyqaeM 

~ A;(ael(tl'l ~)·®~ 
~ 'i'oC~ f t ~ 

)4 t 
- rod a" d "'- ee e, 

=~1 • ;1ra e;L:IR•d.-d. ~tS~-J.-e"xci 1 M- r1- !' r r 1-

(221 
~= 
e)C=fl.,. = o 
-'t -4D. _..II 
R ·R~-Rr 

~~7.:~~:.!.~: .. ~ ~.:~ ~~!,5~j:~)(R·;» F·l;-~T 
"If..(&$}("" ~}·<9~ t't'"'p )At ~ = 

= e·ql'oadl'I~~~B .. t·c:vad~· '- = 1 = e"b ef. ~ - I ~- - = 
-, ~, <1 ~rL.)R+ P-d4+e:"dD -6>;JCd4 e"'~et~o 

(1. . V I I r ~'._Ji?-Rr 
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...,... 
eo{ -liBlll!OTCll e.QHHH'IHbiM BOKTOpOM B HB Ilp8BII9HHU Oi 

0 

rne 

II II. Ill. II 1J Ill .IIJillLJUIIUIIlllli.W~~~~·· Ill 

( 23) , 
- ftiM - ... 'R•1\ -"R 

'/" 't 

Tpa.Hcnl!ItHoaao-

Tp8HCilllltHOHHbi9 CHIIOBbiO KOHCTB.HTbl 
KyiiOHOBCKOro B38HMO.Q8ftCTBHH B CBH3H C 

/6 7/ ux nanhaoneftcTBYIO!llHM xapaKTepoM HYJK.HO paccMaTpHBaTb OT.Qenb8o ' , Baau-

MoneftcTane MYIIbTHIIOIIeft Il8Jl89T C paCCTOl!HHOM TOM 6biCTpee, '!OM Bbllll9 IlOplll(OK 

MyrrbTHrronl!, nosToMy MoJKeM IIpHHHTb cnenyiOmee npu6nHJKeaue. BMecTo paaMbi

Toro 38pH.Q8 BTOMOB CIIOJK.HOrO HOH8 IIpHHHM89M O.QHH TO'I9'IHblft 38pli.Q, CHIIOBb!O 

KOHCT8f!Tbl, IIpO!fCXO.Qlll!lHe OT Bb!Cll!IIX MYIIbTIIIIOIIetl, BKII!O'IBOM B CHIIOBbiO KOHCTBH

Tbl HeKyiiOIIOBCKOrO IlpOHCXOlK.Q9HHH 0 KOTOpb!9 OIIpenenHIOTCH H3 8KCII9piiM9HT8IIJ.

Hb!X .QBHHb!X, HTaK, Tp8HCIIl!UHOHHO-Tp8HCill!I{HOHHbl9 CHIIOBb!O KOHCTB.HTbl IIony'Ia-

OM C IIOTOHIU>'lllbHOit SUeprHeft TO'Ie'!Hb!X 38pl!l(OB 

U, (c)~ .1. ~·r.~ . ~:. ~t -" ] . (24J 

2. ~ Ff 1~;-+ s;- 'R r- t» rl 
f'r 

Bb!'IHCrreuue SrreMeHTOB .QHHBMH'IeCKolt MBTpHitbl 8Toro IIOTeHI{Hana IIpOH3BO.QHTCH 
171 

MOTOl(OM 3aarrb.Q8 , 3TOT MOTOl( Il03BOIIHOT TBKJKe Bbi.QerrHTb M8Kp0CKOIIH'I9CK09 

aneKTPR'Iecxoe none ~ • MoJKHo rroxaaaTb, 'ITO ua ero aaaqeuue ae anuHeT 

B38HMO.QeitcTBH9 MyiibTHIIOIIOft Bbl!Ue '!OM HyrreBoro II0pH.QK8, flpH HBIIH'IHH MBKpO

CKOIIH'IOCKOro 8IIOKTpH'!eCKOrO IIOIIH ypaBHeHHH l(BHJKeHHH {7) Ilp.HHHM8IOT BH.Q; 

ulW = ~(Rl)(r)W + c(Re}(k}i? - E I 
( 25) 

~../rz -= c(eR}a:JW' + c (ll(rJil 
3aecb 

(RR) (") (e) 

~ (k) = c(RRj (kJ + c(RR} (k} 1 

14 

(111 L (R~ em- l(UH8MH'I9CK8ll M8TpHita, OTB~'I8IO!ll8ll HOKYIIOHOBCKOMy B38HMO.QeftcTBHIO 

( HO BKIIIO'I8IO!ll8ll B3811MO.QOftCTBH9 MYIIbTIIIIOIIOft Bblll!O '!OM Hyneaoro I!Opli.QK8) j 

CCI . 'Ji:(Kit)(CJ -llHH8MII'IOCK8SI MaTpHita KyrrOHOBCKoro B38HMO.QeftCTBHll B IIpll6nHJKeHHII 

\.. /2,6, 7/ 
TO'IO'IHbiX 38pllliOB ·HOHOB, IIOIIY'I89M8ll MOTO.QOM 3BBIIb.Q8 t 

lfrEx 
.... ~E £=' \fM; ~I 

(26) 

\ 

Cal!3b c Teopueft ynpyrocTII 

EcnH p9lll9TK8 aeljlopMIIpyeTCH T8K 1 'ITO IIOIIy.'IBIO!ll8l!Cll CTpyKTypa OCTBOTCll 

II.Q98IIbHOft p9liiOTKOil 1 TO T8K8ll .QeljlopMBI{IIll H83biB89TCll Ol(HOpO.QHOl!, flapaMOTpbl 

.QOijlOpMBI{Hi!: - yrrpyrHe l!OCTOllHHb!O .-l!BlllllOTCll ljlyHKUIIl!MH CIIIIOBbiX KOHCTBHT 

KpiiCTBIIII8, CBl!3biBBIO!llH9 IIX COOTHOll!OHHll II03BOIIlllOT orrpe.QerrHTb 'IHCIIOHHOe 3H8-

'I9HII9 HOCKOIIbKHX CHIIOBb!X KOHCTBHTa K COlK8II9HHI0 1 'IHCIIO He38BHCHMblX yrrpyriiX 

IIOCTOllHHblX 06bl'IHO M9Hbllle 1 '!OM 'IHCIIO CHIIOBb!X KOHCT8HT, KOTOpble B l(BHHOil 

rrpo6neMe HYlKHO rrpiiHllTb BO BHIIM8HIIO, 

/2/ 
flpHMOHHM H3BeCTHblil MeTOll l(IIHHHbiX BOIIH 1 II03BOillliO!llHll CBll38Tb yrrpy-

rue IIOCTOllHHhie II CIIIIOBbie KOHCTBHTbl Kpi!CTBIIIIOB C TOpCIIOHHbiMH CTOIIOHliMH 

CB060l(bl, BorrHbl B TOOpHH yrrpyrOCTH COOTBOTCTBYIOT BOIIH8M - ljloHOHBM .Qllll MB

IlblX 3H8'I9HHil r 1 T.e, lliiHHHbiX BOIIH B TOOpHH KOrre6aHI!i! KpHCTBIIIIH'IOCKOi! 

pemeTKH, CpaBHOHIIO ypaBHOHHll l(BHlKOHIIll 8THX BOIIH l(89T COOTHOlliOHHO MOlKllY 

yrrpyrnMII IIOCTOllHHbiMII H CHIIOBbiMH KOHCT8HT8MII, flpn 8TOM B HOHHbiX KpHCT8II

II8X HYlKHO y'IHTbiBBTb Ilb9308IIeKTpnqeCKIIll aljlljleKT, 

llrrll Cp8BH9HIIll 8THX yp8B8GHHft HylKHO p83IIOli<HTb B pS!.Q ITO It I ypaa-

HeHHO .QBIIlKOHHll Kp11CT8IIIIH'IOCKOll pemeTKH (25), 3arrlllll9M BOIIHOBbil! BOKTOp B BH-

a& II p83IIOlKIIM I'\ pll.Q IIO e BCO BOIIII'IIIHbl, BXOl(HIIlHO B 8TO ypaB-

aeane. B KOHO'IHbiX peayrrbT8T8X IIOIIOlKIIM e = I. 
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P aanaraa B pS!.Q no e .QHH8MH'I8CKH8 M!!TpHJtbl ( 8) 
1 

nony'l88M; 

~ ~ ~ 
- (RR) -(a~ • 5'" ;t(al} k .f E' ~ c-(ll~ k k + ~ ~ = C -+ ''.,-Lr r + r 'fA 'fA r ~ . . . . . ) 

(27) 
(DJ ,.., ,,, 

~(I4!J,,....k)= c-(Je) ... i.£ ~c.U} k +i.e/'~ c(flf)k k + 
~'- L.,. r t L.,>- r~···· r • t). 

U T,~ ~ 
rae M8TpHllbl - 'ln8Hbl PS!l18 HMeiOT Ty lK8 CBMYIO p83M8pHOCTb

1 
'ITO M8TpH!lbl B 

neaoll qacTH ypaaaeHHll 11 HX aneMeHThi onpenen!IIOTC!I cnenyiOmHM oopaaoM: 

(oJ 
c(llll) ( r) = A I \ J/IUl) co K) 

o<~ r ' Mr M r ~ '1' oep fL t I 

(4 
cc••J ( r) .. A- I ~ tf.J~9} (0 Ill) 

otp f ~ M.u l r ~ "Y 0( r f r I 
I (28) (OJ 

ltJRJ J A . \ rl-. (9i.J ( o k) 
c()(p Crt ~ ~IJAMr'"L;- 'foe~ ~r., 

Cl~~~ ( t} = A , L_ 4>. (99) (D ';) 
ocr r ~1t Ir ~ o(~ f I 

0) 
c(RR) (fl. tJ = -21i • ~ ~ (U) c)}) X (" ~J (29) 

~,t 1 vMt Mt T 'f()(~ f r,. f 
(1.) l H T • .Q, ) 

({RR) ( r) = -4f ,::::-,t..CRP.>(ok)X roc.) X(~>".\ ('5o) 
,_, r~ f iMr M r L "roer 'f t ,.v,. t l ,. r; I 

ru•Xr (~} """"~!Jt..~L: 1 r~CL:~{.rl fL~hl ~ .. ""''" 
CBR38Hbl cnenyiOmHMH COOTHOm8HHRMH CHMM8TpHH: 

16 

(ol Co/ (oJ Col 
c(aa)(1J. f) = c (fUt} (t .u.} . c(R,I} ( r) ~ c(fll)('f )-
0(~ y- ~o<. I I o(~ f ~o(. r '(31) 

(" ~ . c:'1(r r) = c;~ (r,J i 
fCJ (Aj ~ (AJ (.41 

(f#tJ (~~wt) =-c•~ fri I . cut) (at)=- cc•fZJ 't } . (a2) 
~lt7 ~e(tr'- /J"J I ~ r r /U>ltl' f.t 

(AI r' C.tJ r 1 

Cfs•J ( ·l - c(IB) Ct. ) O<r,r rt;-- ~040 r ; 
(JJ (JJ (1,) 

c::;:n (r't) = c;,'tA ('tf)-= c~;~AtCt r} j 

~ ~ ~ 

C(~J ( r)-:: c(GR.) (f. ) = c(IU~) ( rJ . 
oc~trd f pec,rA t Cle,At f I 

(33) 

~J ~ (JJ 

~'; (rtJ ~ c;~ rl t;) , c~~l t(,. t) . 
Ecna aaeneM MaTpHilhi 

{riOO\ (fCOO 
oVM;o\ ovr::o 

(VM)= (34) ; (ff)-= 
. 
o o rrc 0 0 Vfut 

- I 

Tor.Qa H3 COOTHOmeHHll ( 11) H ( 12), KOTOpbiM y.QOBn8TBOp!IIOT CHnOBbi8 KOHCT8HTbi1 

BbJTeKaeT, 'ITO 

(01 {tJ (D} 

C(RaJ.({M) =0; cca~ ({f}=Oi (l•~!(vM}=•0 i <35 > 
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~!JILI'1L '·'-I'I[!I • .,IIJJIU!Ill .... ""--""· ,, . 

HO 
(Ill c CIIJ'(ff) + 0 

a T8KlKe r GfJ T "' 

((M) · (lRRJ .f{M') # 0 · 1ffl)· C cul.r.tfl=O · r \ c.., . , \1 r \' .. 1 '(36) 

(«t cc~AJ·(fif) =0 . 
P83/!0lKIIM B pS!l:t ITO e Bee OeTS/IbHb!e Bbip8lKeHI!Si ypaBH9HHSI l:tBHlKeHHSI 

KpHeTannHqeeKoll pemeTKII (25) (anH BKyeTI!'IeeKHX B9TBeA): 

(()::: 
(A) .L a (IJ ew +.z.£a> + .... 

w 
~ 
E 

w(o) + ~' w<~J +it w (I.J "t-

'l(O} + i£ "i(AJ 1- tt ~ (3.) + 

_ ~(o) ~C"l ~ 2. C(aJ 
- C + ''- C, +- .t.G (.... + 

I 

(37) 
... . . . } 

... 
YaeTOT8 8KyeTHqeeKHX BeTBeA eTpeMHTel'! K Hymo !Iplllk 1_.0, II09TOMY p83/IOJKe-

HI!e HaqHHaeTeR e nHHeAHoro qneHa, Herronb3yeM Teop1110 B03MymeauA, BseaeM 

p83/!0lKeHH~ ( 27) II ( 37) B ypaBH9HHe ( 25) II UpHp8BHI'!eM Hy/110 Bee KoacflljJHUII-

eHTbl !IpH p83HbiX eTerreJII'!X S , nonyqaeM l:t/IH K8lKl:tOA eTerreJIH S Ol:tHy eHe-

TeMy ypaBnenHl!, KaJKoe pemeHue eoaepJKHT perneaue rrpel:tbll:tYWeA eHeTeMbi ypas

HeHHll. 

B KaqeeTBe perneHHR nynesoro rropRl:tKa MOJKHO BbiopaTb 

w (~- (v'MJ a J i(D/- 0 (38) 

rae cr -IIIODOl! BeKTOp, npoBepHTb 9TO nerKO e liOMOillbiO eOOTHOIIIeHHl! (35}, 

HyneBol! qnea pa3noJKeHHR (37) MaKpoexorrHqeexoro nonS! paseH Hyn10, rroeKonbKY 

paBeH Hy/110 IIOI!Hb!l! 38pS!l:t 9/IaM9HT8pHOl! f!qel!KH, 

PerneHI!eM eHeTeMbi yp8BHeHHli 1 IIO/IyqaeMbiX IIpHp8BHIIB8HII9M HY/110 KoacflljJH

UHeHTa IIpH IIepBOl! eTeiieHH s 1 I'IBIII'!IOTeH Bb!p8lK8HHR: 
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• 

~~ -t;"l{P)· ~)il -t "r~ c(S;l("") u + fCUJ. [''', 
(39) 

(.t) (..t) 

0~=-l:k r~RJ.c(R~(VM"}il -.[k rce''·c<ea>{v'M)i1 . c r'~ t tr r 
MaTpi!Ua f IIOIIY'I89Tel'! eneayiOilliiM Oop830M, OrrpeaenHTenb MaTpHUbi 

L(O}:= 

- (ot 
( CIUV 

- (O) ccett) 

(0} 
(Crt&) 

- (01 

c<~'' 
(40) 

C-(tJ)(5(1t+r)-3J 
paseH Hyn10, HeHyneBol! orrpeaenHTenb HMeeT MaTpHua • Hal!aeM 

rf!J(zt ..... , - n · ~eo' r5Ctt+t J-JJ 
MaTpHUy I o5paTHYIO K M8TpHUe \.,.. ' II YB9/II!qi!M ee 

p8HI' 1 OKpylK81'! liOIIY'IeHHYIO M8Tp11UY Hy/!9Bb!MII M8TpHU8MII p83MepHOeTH 3 x3. 

3Ty M8Tp11Uy pa3):t9/!HeM ljJopMS/IbHO Ha IIOl:tM8Tp11Ubl 

r(U) rc~) 
F =I r(~A/ Fe'" I (41) 

eOo/IIOl:t8Sl TOI!bKO p83M9pHOCTII liOl:tM8TpHU, 

B KaqeCTBe perneHHI'! CIICTeMbl ypaBHeHHl! BTOpOI'O IIOpS!l:tK8 ( £,&) MOlKHO 

B3HTb 

W(a}= (fMJf 
I 

.... ()J 0 p = ( 42) 

OTO perneHHe l:tO/IlKHO ob!Tb OpTOI'OH8/IbHbiM K HeOl:tHOpOl:tHOli '!SeTH ypaBHeHI!SI, 3a-

!II!WeM a-ro ycnoBHe B cneJlyiOrueM BRae: 
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.-_L....,._~_."'I.,.,JJ~,l.! ,J, ...... ~'-''' 

f7; M,..)(c.l'ftt -4tLI [t A]+ (r ~)} kr k/l- ZroLrtJ E'\r, 
~) rAlj r (48) 

rn• (:n) ~(rA) (uJ + (tAt\ (tAr+ (rAt 91, 
T (JJ 

[t A] ~ ~ (fM) · C crt.rt) · riM) 
~Ti ct 'tit \1 

T ~J l-tl 

(tAtR) 4111.,. .. ('iM} Lf~· r(RR/ rc;·'·(lJM) 
(44) 

. T ~J (AJ 

(tAt''- 41i1,t. ('lM)·C~~- rca.~. C~·'{VM) 1 (45) 

T (A) (A} 

(t hfR1= ur1~. (VM) ·(.<~. F<t~. Ci'RI{.JM} 1 

~S) T ~ (A) 

( n) = "~"' (fMJ. C~· f!INI. c:'~-crn) J 

[ t] = -:zf\to. 
T C.J 

(VM). c;rJ. rcu). (~) I 

e frtO 0 

(~} _, 0 ~ 0 

' . 
0 0 et ... 

VMt.; 
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KB8.Qp8THbl8 [ r)..] H Kpyrnhle CK05KH ( t ,\) S!Bn5UOTCSI M8TpHlt8MH 3 X 3, a 

M8TpHlt8 c t] HM&eT p83M&pHOCTb 3 X 3 ( t + f ) • 

Cxo5XH y.QOBneTBOpS!IOT HeKOTOpbiM COOTHOWeHHSIM CHMMeTpH·II.llnH KB8Ap8THbiX 

CXOfSOK H8XO,QHM: 

T '1' 

[tA]=[Ai]~[tA] =(.At] , (46) 

HnH ~~fA]= [o'~A o] ::[ fP'tA] p rr~t]. 
- -~ 

06paTH8SI M8TpHlt8 f S!BnsreTCSI CHMM&TpH'IHOII M8TpHn;ell, IIOCKOnbKY M8TpHn:a c 
CHMM8TpH'IH8SI, 

Ha aToro BbiTexaeT, 'ITO 

T T T 
rc"~=rrc•PJJ i F(RBj==[F(Bil)] I r-(68} r-rces)] 

:a (47} . 
liCIIOnb3YSI 3TO CBOltCTBO H CBOitCTBO 8HTHCHMM&TpH'IHOCTH M8TpHltbl 

-(A) c (32), 

H8XO,QHM 0 11:0 Kpyrnhle CK06KH ( 45) S!BnSIJOTCSI CHMMeTpH'IHbiMH OTHOCHTenbHO rre

peCT8BOBKH .QBYX rrepBbiX H .QBYX rrocne.QHHX HH.QeKCOB 

(oet~A) ~ (rAcx t) (48) 

MoJKHO TaxJKe rroxaaaTb, 'ITO 

(0( t ~A) = (toe A r) . 
(49) 

0pH HanH'IIIII TOpCII:OHHbiX CTerreaeJt CB060,Qbl Kpyrnble CK06KH He SIBnSIJOTCSI CHM

MeTpH'IHb!MII: OTHOCII:TenbHO O.QHOlt II8pb1 HH.QeKCOB 

(0( t~A)f(tot~A) I 
(50) 

/2/ 
XOTSI S!BnSIJOTCSI OHII: CII:MMeTpH'IHbiMII: B 05bi'IHOlt T&OpHH ,QnHHHhiX BOnH 0 B KOTO-

polt paCCM8Tpii:B8lOTCSI TOnbKO Tp8HCnS!ltHOHHbl8 CTQII~H CB060.Qbl, 

Opu p8CCMOTpeHHH yrrpyrHX CBOltCTB HOHHbiX KpHCTannOB HylKHO O.QHOBpeMeHHO 

p8CCM8Tpii:B8Tb H IIOnS!p11:38UIIJO KpHCTanna, B03HII:K8JOmyJO 11p11: .QeljJOpM8!tHII:, 3aKOI< 
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_uo __ ,' ..... J_...c_...._, ___ 

fyxa CBH3hlBaeT ae~opMauaro H MBKpocxorra~ecxoe sneKTpa~ecxoe none c aanpH

)1{9HHeM, KOTopoe co3aaeTcH canaMa, aell:cTBYIDlliHMH aa xpacTann, YpaBaeBae .LlBH

)1{9HHH yrrpyroll: BOnHbl B KpHCTBnnH~9CKOil: peru a TK9 C Y~9TOM 38KOH8 fyKa 38ITH

rue M B Bane: .. -t ~ d~ ~ u,oc - I co(,~ err ax. -L [ eAf"'i" "' N . (51) 

~>. ). t (A t I I ' 

3necb ~ -nnOTHOCTb KpHCTanna; 

~(x'} - cnaraeMaH ynpyroro cnBHra B To~xe )( 

C~lj ~ - sneMeaTbi T9H3opa ynpyrax nocTOSIHHbiX; e,,!t -sneM9HTbl T9H30pa nL930Sn9KTpH~9CKHX KOS~~HUH9HTOB; 
Ep - cnaraeMaSI Maxpocxona~ecxoro sneKTpH~ecxoro nona, 

Perna a H H ameM B BHne nnocxax Bona: ...,.._ t _ U 2n I'·R- ;.,., u41(- _ C( e 
c =E e2r£"k·R-L~t 
'-cc _oe 

noncTaBnHSI B ypaBaeaHe (51), nonyqaeM: 

s (A). Y. .. = 4if ~ C..1,.~ k, k~)Ut2i•fr~e~ .. 
1
k1)fr .,) 

llnH cpaBaeaag ypaBaeaall: (43) H (52) HY*HO pa3nO)I{HTb sneKTpH~ecxoe none a 

ypaBH9HHH (5'2) B pH,Il 

E E (o) 1:' c.c> 
A= + i.£!:: + 

-~- -~ ~ . 
BBonH STO pa3rr0)1{9HHe H y~HTbiBBSI, ~TO '~) = 0 (~ er=O) I nony~aeM: 

~c.~' Y. .. "' 41tfa; C.,rf k1~Y.p- zr~]fe,, .. 1~) E;1.1 so> 

3To ypaBaeaHe onacbrBaeT ynpyrae Bonabr B cpe.Qe, BHa~ane cBooonaoll: oT aanpS!

lKeaalf, <PopMa ere TOlK.Ll9CTB9HHa C ~OpMolf ypaBH9HHH .J. 43), OnHCbiBBIDlli9rO BOnHbl 

B xpacTannHqecxolf pemeTxe - Bonabr Manon nnHHhr (fk j--. 0 ) • 

22 

Pa3nO)f(HM ypaBaeaae (43) aa cnaraeMbre: 

(fot~?(rJfu .. = 4-,"f ~~f r~1 •("'r~l~:rk1 u, -
-21if~rp,()(rJkrEp , 

H3 TOlK,Il9CTB9HHOCTH ypaBH9HHSI (53) H (54) Bb!T9K89T, ~TO 

· 'C k k == 'f~atA]+(c4 0AA)}k k . fr i:)Cfp~ r A L ll r r r .\ 
'" · tA 
3TO paB9HCTBO .LlOnlKHO BblllOnHHTbCSI .LlnSI BC9X 3H8~9HHil: k, 0 k~ 
CHMM9TpHID KBBJ:IpBTHblX CKOOOK ( 46), nony~aeM: 

(54) 

(55) 

• Hcnonb3YSI 

C +C =2~BfA]+~t~aA)+(ocA~t). (56) 
~rp~ oeApy t I I l 

Pemag 3Ty CHCTeMy YPBBII9HHlf OTHOCHT9nbHO CO(r~A ), Hy)I{HO y~eCTb BC9 COOT-

HOIU9HHSI CHMM9TpHH CKOOOK (46), (48) H (49), B KOHue nony~HM 

coer A= [ O(r rA]- [oc t~A] + [ o<"~ t l+i[(O(r~~)+(rotpAJ]-
p (57) 

f [(~~tA)+(AO(~t)] + t ((cc~Ar)+~Aft)]. 
npH OTCyTCTBHH TOpCHOHHbiX CTeneHell: CBOOO.Llbl Kpyrnbie CKOOKH B p9IU9HHH (57) 

coxpaiUBIDTCSI no onaolt CKOOKH ( 0( r p A) . 
ling nb930Sn9KTpH~9CKHX KO~HllH9HTOB0 CpSBHHBaH ypaBH9HHSI (53) H (54), 

nony~aeM 

efn = [r,c< t1 (58) 

BnHSIHHe TOpCHOHHbiX CTeneaelf CBOOO.Llhl Ha 3H8~9HHSI ynpyrHX fiOCTOSIHHbiX B pSi.Ll9 

cny~aeB M0)1{9T OKS38TbCH cymeCTB9HHblM, BnHSIHH9 STO B03p8CT89T C B03p8CTa

HH9M noTeanaana, onpenenllromero TOpCHOf):Hbre cTerreHH cBo6onpr. 
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llncrrepCHOHHbie KpHabie H CIIeKTpbl 'IBCTOT 

Co6cTaeHHbie aeKTopa n co6cTaeHHbie ana'leHH!I ypaaneHH!I ( 25) rrony'la!OTC!I 

OJlHHM H3 H3a9CTHbiX MeTO)lOa pemeHH!I CeKyn!!pHblX ypaaH9HHI!:, llHH8MH'I9CK8!1 

' M8Tp1IU8 !lan!leTC!I 3pMHTOaOfl: 1 II03TOMy ace C06cTa9HHbl9 3H8'19HH!I (.) !!anH-

IOTC!I IIOnO)!{HTenbHblMH, ...... 

Perna!! cexyn!!pnoe ypaaneane lWH Ka)!{noro ana'leHH!I k , rronyqaeM 

3 ( 2 t + r ) co6c<rBeHHhiX qacToT tA>(~} «zt•r){t+t) cnaraeMbiX co6cTaea-

HbiX aeKTopoa W(ldckJ) TpancnsiUHO:HbiX cTerrene~ · cao60Ahi II 9 t ( 2 t + I' ) 

--~. ... ) . cnaraeMh!X aeKTOpOa t'll..t.J(k1 TOpCHOHHbiX CT9II9Hel!: cao60Abi, 3anaaa!l COOT-

aeTCTay!OIIIIIfl: Ha6op aonHOabJX aeKTOpoa r 1 MO)!{HO abi'IHCnHTb ace AHCII9pCH-

OHHble Kpiiabie 

cu = "'i (~) j 1111 1, 2. . . . . 3(1t+a-) 
(59) 

a onpeAenennoM nanpaaneann. Tpii H3 aTHX xpuabiX 6ynyT axycTH'ISCKHMH, 

3( t + , ) -3 - TpaHCII!IUHOHHbiMH OIITH'I9CKIIMH 1 3 t - TOpCHOHHbiMH aeTa!IMH, 

Jli060IIb!TH0
1 

'ITO npH t = J a03HHK810T acerna TOpCHOHHbl9 OIITH'19CKHe aeTaH 

II TOnbKO npii t = 2 - TOpCHOHHble aKyCTH'19CKHe, 

CneKTp 'IBCTOT onpenenHeT nnoTHOCTb 3Hepr9TH'I9CKHX COCTO!IHH!l: KpHCTan

na. 4aCTII'IHb!M cneKTp 'IBCTOT OIIHCblaaeT nnOTHOCTb 3HepreTH'I9CKIIX COCTOHHHI!: 

Jl8HHOrO COpTa aTOMOa Hnii CTeneHH cao60Abi, 0npenenH9TC!I OH cneAy!OIIIHM o6pa-

30M: 

r,c,..,)d~=--1- . 
w 

nng oTnenbHhiX aToMoa 1 

Pt ( w) tl CtJ 
h .. 

A = 3N(lt+r) 

L lwery6JJ {~1)1
1 

kj < c.Ji (k] ( 4J-+· d~ 

~ rwct'(l»· (rJ)t t- J 

w <"'r(kJl.. lc> + dw 
rrnH TpaHCn!lltHOHHbiX Kone6aHHtl rpyrriibi 8TOMoa H 
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(60) 

\I 
r 

i' 
t 

;:J\ 

• 

·- --··- _x ... ~~~~~~~.'~''.!~~·"t~:mr'~~:~!"!l'~~~~~&~-:~.- !II c~:'·~,·!'~~·;.~..1~.f's3a1w=n=emmmnn-. 

~ c~)d"' = t1 
3N(Zt+t) ~ 17(~)(~{'1)1

1 

~J 
t.c) <: ~J(£)~ (A) +d~AJ 

nn!l TOpCHOHHblX Kone6aHHI!: rpynn aTOMOa, 

<N - 'IHcno aneMeHTapablx gqeex)". 

"!!'t 

CyMMnpoaaaue aeneTcSJ no seeM TaKHM aaaqean!IM ~ H3 onaoA 30abl EpHmo-

eaa, nmr KOTOpbiX 'laCTOTbl t.)J {k) ne>KaT B npenene ( (A)1 t.)+dl.l)). 
nonHb~ CII9KTp 'IBCTOT nonyqaeM1 CyMMHpy!! BC3 '18CTH'Iable Crr9KTpbi '18CTOT: 

~((AI) = t. r• (r.o} i-t. ft! ((AI) i-t ~~ (w) ( 61) 

CnexTpbl 'laCTOT !!Bn!IIOTC!I aopMnpoaaHabiMH: 

.. " O!OJ J fiC,..,)dw = 2.t+r ; ~(~} dtAJ = 1 
0 0 

( 62) 

nocnenaee CBOI!:CTBO Bb!TeKaeT 113 ycnOBHH OpTOaopMHpOBKH (9) C06CTB9HHbiX.BeK-

TOpOB, 

BbiBOAbl 

3Ty T90pHIO, MO>KHO npHM9HHTb K MoneKynSipHbiM KpHCTannaM una HOaHbiM 

KpHCTannaM, COA9p>K8IIIHM CHnbaOCB!I38HHbl9 rpynnbl aTOMOa, An!! Bbl'IHCneHH!I AHC

nepCHOaabiX KpHBbiX H CII9KTpOB '18CTOT, 

HanH'IH9 TOpCHOaHbiX CTEIII9Hel CB060Abl BnHH9T aa ynpyrue IIOCTOSIHHbl9, 

lfT06bi ca!I38Tb 3TH IIOCTO!!aHbl9 C CHnOBbiMH KOHCTaaTaMH KpHCTanna, M9TOll 

AnHHHbiX Bona o6o6mea Ha TOpCHOHHbl9 CTerreHH CB060Abl, nony'la9Mb19 ljlopMynbl 

H9CKOnloKO cnO>KHee ljlopMyn 06bi'IaOI!: TeopHH nnuaabiX aonH, 
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KOIIR'I&CT!ft> H938BHCHMhiX CHnOBbiX KOHCTSHT OIIp8A911Sf&TCSI CHMM8TpHel KpHC

Tanna, Hx 3H8'19~H51 IIO'ITH BC&rAa nony'laiOTC!I H3 &KcriepHM8HT8liioHhiX ASHHhiX: H3 

ynpyrHX IIOCTOJIHHhiX M8TOAOM AIIRHHhlX BOnH (B OCHOBHOM TpSHCn!IIIHOHHO-Tpaacnsr

IIHOHHhl9 CHIIOBhle KOHCTSHTbi) 1 H3 Half>paKpaCHOro IIOrnOut8HH51 H p8MA.BOl!ICXOro 
... 

paCC8SIHHSI cpaBH9HH9M H3Mep&HHbiX '18CTOT C '18CTOT8MH 1 nony"'&HHhiMR IIpR peme-

HHR cexynHpaoro ypaBH8HH51 (25) AnSI ~ • n, H3 ASHHhlX aeynpyroro p8CC8SIHKB 

MeAneHRhlX aeiTpOHOB H npyrHXo B cnyqae, Korna KpHCT&nn o6n8A8&T ROHHOI CBSI3&~1 

aaaecTaa MOAen& pacnpeneneHBH aapHAOB H HOHhl o6nanaiOT npeae6peraeMol non!lpH

aosaaaocTbiO ( JKeCTKH9 HOHhl) 1 TpaacnHIIHOHHO-TOpCHOHHbi9 R TOpcHOHHO-TOpcHOll.Rhl& 

CHnOBhl9 KOHCT8HTbi 1 o6ycnoBneHhl8 JtynOHQllCJtHM B38HMOA&ICTBH&M1 Bhi"'HCIISflO'I'dl 

IIpSIMO H3 ABYX'ISCTH'IHOrO IIOT9JIIIHana aTOro B38HMOA&ICTBHSI, Paan0~8HB& B pSIA 

MyliioTHIIOnel He YCKOpS!eT p8C"'9TOB, 

AaTop BhlpaJKaeT 6naronapaocT& E.A. HHBKY , «<l.n. lliansrpo, A. Balopexy 

u H. HcuacKoMy aa ueHahle o6cyJKAeHBSI, 
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