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• TIOKaJaHo, lJTO K03cp<pm..(HeHThI pa3JlO)Ke
Hll.H ITapa6om1tJeCKOro 6aJHCa ITO rnnepccpepHtJeCKOMY Bbipa)KalOTC.H tJepe3 K03cp
qJHUHeHTbl K.rie6wa-ropAatta rpynIThI SU(2). BhrneAeHhI TpextJJ1eHHb1e peKyp
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The Schrodinger equation for the five dimensional «charge-SU(2) mono
pole» system is separable in the hyperspherical, parabolic and spheroidal coordi
nates in IR 5

• It is shown that the coefficients for the expansion of the parabolic 
basis in terms of the hyperspherical basis can be expressed through the Clebsch
Gordan coefficients of the group SU(2). The three-term recursion relations are ob
tained for coefficients generated the hyperspherical and parabolic expansions 
of the spheroidal basis. 
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1 Bae,ueHI:Ie 

flHTHMepnal! CB513am1a51 cu:cTeMa 3ap51.n-.nuoH c SU(2)-MoHorroJieM 51Hra [1] orruch!

BaeTCll ypaBHeHHeM [2] 

( 

,:i ) 2 1i2 2 1 . u a• • 2 e 
- -zli- -liA Ta 'lj;+--T 'lj;- -'lj; = f.'lp, 
2m OXj 3 2mr2 r 

me j = 0, 1, 2, 3, 4; a= 1, 2, 3. OrrepaTopu Ta ecTb renepaTophl rpyrrrrhr SU(2): 

[Ta, Tb] = if.abc'I'c• 

TpttIIJICT Ill!THMepnbIX BeKT0p0B jfa HMeIOT Bll.U 

Ka)K.Ublll 'IJle!I TpllIIJieTa jfa C0Brra.naeT C BCKT0p-rroTeHIJ;llaJI0M II.HTllMepnoro 

M0H0II0JI.H IlIIpaKa [1] C e.nttHll'IHbIM T0II0JI0rll'ICCKllM 3ap.H.U0M ll C 0CbIO cu:nryn.11p

H0CTll, narrpaBJieHHOH B.U0Jib HCIIOJIO)KllTCJibHOH 'laCTll 0Cll Xo. BeKTOpbl AJ opToro

naJibHbl KaK .npyr K .npyry 

TaK u: K BeKTopy x = (xo, X1, x2, X3, x4). 
KpaTHOCTb Bblpo,K.neuu.11 :rnepreTU'lecKoro crreKTpa (N = 0, 1, 2 ... ) 

(2) 

rrpll <pllKCllpOBaHHbIX 3Ha'leHll.HX T 3a,naeTC.H cpopMyJioii [3] 

r 1 2 (N ) (N ) 9N=
12

(2T+l) 2 -T+l 2 -T+2 

{ ( ~ - T + 2) ( ~ -T + 3) + 2T(N + 5)} · 

TI pu: T = 0 u 'leTHhIX N = 2n npaBa.H 'laCTb rrocne.nneii cpopMyJihI paBH.HeTC.H ( n + 
l)(n + 2) 2 (n + 3)/12, T.e. KpaTH0CTb Bblp0)K.UCHll.H 'lllCT0 KYJI0H0BCKlIX ypOBHeii 

[1]. BupO)K.IJ.eJ!llC :rneprcTH'IeCKllX ypoBireii CllCTeMbl 3ap.HJl-.Ull0H - 3T0 CJie.UCTB.lie 



CKpblTOH ClIMMCTp,m. B pa6oTe [5] HaMII 6bIJIO JlOKa3aHO, '!TO' rpyrma <:KpbiTOt! 

ClIMMeTpIIII ClICTeMhl, onIIChIBaeMa51 raMIIJibTOHIIaHOM (1), CCTb rpynna S0(6). 
Pa6oTa nocTpoena crreny1oll!IIM o6pa30M. B pa3JlCJiax 2 II 4 rrpIIBOJll!TCl! pewemrn 

ypaBHeHIIll (1) B nl!TIIMepHbIX I'IIIIepccpepII'!eCKlIX 11 napa60Jil1'1CCKl1X KO0pJlIIJJaTax. 

B pa3]leJie 3 HaMII JlOKa3bIBaeTCl! no6aBO'IHOe ycJIOBl1C opTOI'OHaJibHOCTH rnnepccpe

p11'1CCKIIX pannaJibHhlX cpyHKUHII no rnnepMOMCHTy. B pa3.L(eJie 5, nOJIL3Yl!Ch Jl0-

6aBO'UlhIM ycJIOBl1CM opTOI'OI!aJibHOCTH JlJil! pannaJibllbIX cpyHKUIIH, Mb! Bbl'IHCJil!CM 

K03q>q>HUIICHThI pa3JI02KCHl1l! r11nepccpep11qecKOI'O 6a3HCa no napa60J]H'JCCKOMY. B 
pa3]leJie 6 BbIBOJll!TCll COOTHornemrn, KOTOph!M no]l'll11ll!JOTCJ! K03qJqJHUl1eI!Thl pa3JI0-

2KCHHl! ccpepon]laJibHOI'O 6a3!1Ca no nmepccpep!1'1CCKOMY l1 napa60Jil1'1CCKOMY. 

2 r1-1rrepccpepHqecKHII 6a3HC 

llnll IIOJIHOTbl B 3TOM pa3]leJie Mhl rrpnBOJlHM perneHHJ! ypaBHC!Il1l! ( 1 ), nony'ICHHhlC 

HaMn B pa6ore [3]. 
B npocrpancTBe IR5 

onpenerrnM rnrrepccpepwrecKne KoopnnnaThI r E [O, oo ), 

0 E [0,rr], a E [0,2rr), (3 E [0,rr], 1 E [0,4rr) cnenyIOII!HM o6pa3oM: 

Xo r cos 0, 

X1 + ix2 r sin O cos {!__ei~ 
2 . ' 

(3) 

X3 + iX4 
. . /3 i9..=.:1 

r sm 0 sm - e 2 • 

2 

TaK KaK 

·Aa_!!_ = 2 L' 
i ( a, 1 ax1 r r + x0 ) 

I'JlC 

i1 
i 

2 [D41(x) + D32(x)], 

i2 i. 

2 [D13(x) + D42(x)], 

L3 i 

2 [D12(x) + D34(x)], 

H 

a a 
D;1(x) = -x;~ + x1~, 

UXj uX; 

TO ypaBHem1e ( 1) B nrnepccpepH'ICCKHX KOOpJlH!Ia Tax npHHHMaeT BHJl 

( 
],2 J2 ) 2m ( e

2) L\0--~----- ,p+- l+- ,p=O 
r r 2 sin2 0/2 r2 cos2 0/2 ri2 r · 

(1) 

2 

'.3JlCn, 

!:i. 0 = -- r - + -~- s11!' O-1a( 1 a) 1 a(•·ia) 
r ,.1 or or ,-2 sin:l 0 ao . aO ' 

a la = La + Ta. OTl\teTHM, '!TO 

[La, Lb]= iEabcL, [.Ja, }b] = icabc•ic. 

Pcmem!ll ypaBHCl!Hll ( ·1) HMCCT BHJI [:l] 

r.ue 

ij;sph = RN;.(r)Z>.r,1(0)D{,tfm•t•(a. d.1: OT, /h, 1T), 

Ditfm•t•(n,{-J, ,; O'TJ-JT, 1T) = (2L + 1)(2T + 1) 
1rr'1 

""""' ,JM L T L, C l,,m;T,tDmrn' ( nJJ, I) D, 1,( O'J', fJT, ')T) 
M=m+t. 

(5) 

-- co6CT!lCl!Hb!C <l>YIIKllHl1 orrcpaTopoB j,2' i'2 H ) 2 C co6CTBCIIIILIMJI :ma'!Clllll!MH 

L(L + 1 ), T(T + 1) 11 .J(J + 1) cooTBeTCTBe11110. '.foccL Ci~;T.t rn::icp<jJHUl!CHThI 

Kne6rna-l'opJ!aHa, Di~,,.• n /J[i, - <l>YIIKU11II B11rnepa, a nT, !h H l'T Koop;uman,1 

rpynrrosoro npocTpaHCTBa SU(2). 
ct>yIIKHHH Z>.L1(0) 11 RN>.(r) .ua10Tcl! cpopMyJJaMH 

Z;,.u(O) 

RN>.(r) 

N >- (l l'')1,(l + O)l/J(2L+1,2.1+1)( 0) JLT - cos 1 cos ,\-L-J cos , 

CN>.c-u(2K:r)'\F (- ~ + .X;2.X + 4;211:r), 

I'J(C NJLT 11 CN>,-HOpMHpOBO'Illbie K0!ICTal!Thl. !IpCJUJOJJaraeTCll, '!TO 

7r ! sin:1oz>-'LJ(O)Z,\1,1(0)dO = J,\',\, 

[) 

= J r 4RN•>.(1·)RN>.(r)dr = ON•N· 
0 

(6) 

(7) 

(8) 

I3 cpopMyJte (6) PJ0 ,/Jl(:r) -- :no MHOl'O'IJICIILI 51Ko611. llanee, K = 2/ro(N + 1), ro = 
t,. 2 

/me2 -6opoBCKl1H paJ(11yc. IlocTOllllIILIC 11opM11poBKl1 N:hr II rN,\ paBJlhl 

Ni'.1T -
(2.X + 3)(.X - .J - L)!r(.X + J + L + :l) 

221+2L+3r(.X + .J _ f, + :Z)r(.X - .J + L + 2)' 

CN>. 
32 I 

(N + 1)3 (2.X + :l)! 
( if + ,x + :!)! 

N . .,.g( 2 - .X)! 

:l 



KaaHTOBbie '-rncna rrpo6era10T 3Ha'-!emrn IL - Tl :c:; ./ :c::; L + T: >. = L + J. L + J + 

1, ... , N/2. 
fnrrepcqiepn'-!ecKnii: 6a3nc (5) llBmieTOI co6cTBemmii: qiy11Ku11cii: KBanpaTa one

paTopa rnnepMOMeHTa A.2 

A_2i/Jhsp = ,,\(,,\ + 3)i/Jhsp
1 (9) 

r11e 

A = --.-- Sill 0- + -.-.-L + ---T + ---LaTa, - 2 1 a ( . 3 a ) 4 - 2 2 ,- 2 2 - -
sm3 0 80 . 80 sm 2 0 1 + COS O 1 + COS 0 

B neKapTOBbIX KOOpJlHHaTax onepaTop A 2 11MceT Bl-!Jl 

~2 2 ' a2 a 2r ~2 . 2 "(+) - a 
A = -r 65 + X;Xj-a a + 4x;-a' + --T + 2ir Aj Ta-a'. x; Xj x, r+xo xJ 

(10) 

3 OpToroHaJibHOCTb no rMrrepMoMeHTY 

lloKa)KeM, '-ITO .QJill pa11nanbHbIX BOJIHOBbIX qiyHKUHll RN.\(r) uapllJlY c (8) BbIIlOJI

HllCTCll cJieJlyIOIUee "no6aBO'-IHOC11 ycJIOBHe opToronaJibHOCTll no rnnepMOMCHTY >.: 

00 16 ' 1 8,\.\'· hN = j r2 RN.\'(r)RN.\(r)dr = r5(N + 4)2 2>. + 3 
0 

(11) 

3To HOBOe COOTHOIIICHHC 6yneT llCI10Jib30Bal!O B pa3.QCJie 6 npn HaX0lKJlCHllll Me)K6a-

3HCHbIX pa3JIO)l(Cllllll. 1Ioil:a3aTb qiopMyny ( 11) MOlKHO CJICJlY!OIUHM o6pa30M. 

B CO0THOIIIe1rne (11) BMCCTO RN.\(r) ll RN.\•(r) 110/lCTaBHM HX llBHble Bblpa)KCHHll, 

B3Jl:Tble ll3 (7), Y'-!TeM, '-!TO 

( 
N ) If-.\ ( N >.) 

F -
2

+>.;2>.+4;2x:r = L -2+ ,(2x:r)s 
s=O (2>. + 4), s! 

11 '-!TO [6] 

1
00 

-,\x,, . f(v+l) ( _k) 
e xF(a, 1 ,kx)dx= >,v+I 2F1 a,v+l, 1 ,~. 

0 

Torna, rroJih3YllCh qiopMynoii: 

f(c)f(c - a - b) 
2 F 1 (a,b;c;l)= r(c-a)f(c-b)' 

4 

(12) 

(13) 

rrpHXO.Ql-lM K COOTHOIIIeHIUO 

I_ 16 r(>.+>.'+3) 

,\,\' - r5(N + 4) 2 (2>. + 3) 

(~+>.+3)! 

(~ - >.)! ( ~- >.')! (~ + ,,\' + 3)! 

If-,\ (-~ + >.) s (>. + >.' + 3).f ( ~ - >. - s + 1) 
~ s! (2>.+4), r(>.->.'-s+l)' 

(14) 

I,b [7] H3BCCTHO, '-!TO 

f(z) -(-ltr(-z+n+l). 

r(z-n) - f(-z+l) ' 
(15) 

ll 110T0MY cyMMa nos CBopa'-IHBaeTCll B nmepreoMeTpH'-ICCKYIO qiyHKUH!O THrra (13), 

TaK '-!TO 

16 1 
1
,\,\' = r5(N + 4) 2 >. + >. 1 + 3 

(~->.)!(~+>.+3)! 

(!f->.')!(!f +>.'+3)! 

1 

r(>. - >.' + l)r(>.1 
- >. + l)' 

(16) 

TaK KaK rrpn JlaHHOM N '-IHCJia >. ll >.' UCJiblC HJIH IIOJIYUCJible OJlHOBpeMeHHo, TO 

Bblpa)KCHHC (16) o6paruaeTCll B HYJih rrpn >. =f >.' 3a C'-ICT rrpoH3BCJlCHllll raMMa

qiyHKUllll OT ( >. - >.' + 1) n ( >.' - >. + 1), '-!TO n rrpHBOJlllT K ycJIOBHIO opTOroHaJihHOCTll 

(11). 
<l>opMyJia (11) o6o6ruaeT COOTHOIIICHIIe opToroHaJihHOCTll .QJill aTOMa BOJ10po11a, 

IIOJIY'-ICHHOC HaMH B pa6oTe [8]. HaJIH'-llle "1106aBO'-IHOro" ycJIOBllll opToroHaJihHO

CTll CBJl:3aHO C qiaKTOM cJiy'-lallHOro BhlpO)l(JlCHllll 3HepreTH'-ICCKOro CIICKTpa CIICTCMhl 

"3apll:J1-SU(2)-MonorroJih11
• 

4 IIapa6oJIMqecKMH 6a3MC 

Orrpe11ennM rrapa6oJIII'-!ecKne Koopn11naTbl B IR5 cne11yrorunM o6pa3oM: 

Xo 

X1 + ix2 

X3 + ix4 

1 
2 (µ - v)' 

VfW cos [!_ ei <:!±:I. 
2 2 ' 

VfW sin [!_e;= 2 2 • 

3.nech µ, v E [O, oo ). OrrepaTop Jlarrnaca B 3THX Koop1111naTax IIMeeT BllJl 

4 [ 1 a ( 2 a ) 1 a ( 2 a)] 4 ~2 65 = /1 + V µ 8µ µ 811 + ~ av V av - µv L , 

5 

(17) 



TaK "ITO BMCCTO ( 1) llMCCM 

[ 

A 4J2 4£2 ] par 2m. ( 2e2 ) par u,,-------- l/; +- i+-- l/; =0 
,.. µ(µ + vl v(µ + v) h2 µ + v ' 

(18) 

r.ne 

4 [1 8 ( 2 8) 1 8 ( 2 8 )] 
b.µv = µ + V µ 8µ fL 8µ + -;; 8v V 8v . 

IlocJie rro.ncTaHOBKll 

1/;par = Ji(µ )h(v)Vf}fm't'( a., /3, ,; o.r, f3r, 1T) (19) 

rrepeMeHHbie B ypaBHeHllll (18) pa3,UeJillIOTCll, ll Mb! IIp11XO.UllM K cne.nyrorueii Cl1CTCMC 

ypaBHeHlltt 

1 d ( 2df1) [mt J(J + 1) ti me
2
] 

µdp µ dp + 2h2µ- IL +2vm(3+2h2 fi=O, 

~~ (v2df2) + [m( V _ L(L + 1) _ _!:__(3 + me
2
] Ji= 0, 

V dv dv 2h2 
V 2vm 2h2 (20) 

r.ne (3 - rrocTOllHHall: pa3,neneH11ll:. Ilprr T = 0 ( T.e. J = L) 3Tll ypasueHllll coBJra,naroT 

C ypasueHllllMll ,UJill: .IIl!TllMepHOll 3a,na'll1 KynoHa [4), 11, CJie,U0BaTeJibHO 

r.ne 

1/Jpar = K 3 $ofn,J(µ)fn 2 L(v)V£'1m't'( a., (3, ,; o.r, f3r, 1T ), 

1 
fpq(x) = (2q + 1)! (p + 2q + 1)! exp (- K2x)(Kx)q F (-p; 2q + 2; Kx). 

pl . 

3.necb n 1 11 n 2-HeoTp11uaTeJibHbie ueJibie 'l11cna 

h 1 
J I+ - /J+-2 -, n1 = - - 2KVffi Kro 

h 1 
n2 = -L - 1 - 2KVffi(3 + 2Kro · 

(21) 

lb II0CJie,UHllX COOTHOIIIeHllll 11 H3 <popMYJibI (2) CJJe,nyeT, 'lT0 rrapa6oJrnqecKHC KBaH

TOBble 'lHCJJa n1, n2, J M L CBll:3aHbI C rJiaBHb!M KBaHT0Bb!M 'lHCJI0M N CJie,nyIOIIlHM 

o6pa3oM: 

N = 2(n1 + n2 + J + L). 

I1cKJIIO'lal! 3Hepruro H3 ypamreHHR (20), Mb! rrpHXO,U11M K .no6aBO'lHOMY 11HTerpany 

,UBH2KCHHll 

- h { 2 [µ a ( 2 a) v a ( 2 a )] 
Mo = vm IL + v -;; av v av - µ 8µ µ 8p -

2(µ - v) L~2 4v L- r~ 2v r~2 meµ - V} ---~ + --- + --- + ---
µv µ(p + v) a a µ(µ + v) t,,2 fL + v 

(22) 

6 

C co6CTBf'llllblMl1 :1na•1cJ1HllMH 

h 2 2e2 y'r,ln, - n2 + ./ - L 
m/3=-h- N+4 . 

H JlCKapTOBhIX Koopnn11aTax onepaTop iW0 :ia1111wcTcll B s11.ne 

- _ h [ _ a2 a2 
. .• a(+l ~ a Mo - r:::: l-o~ - x"-;---) ,1 + 1.(r - .1a)Aj Ta~ -

y rn U,Er,UXrr ( :z:ouXa (JX j 

_•)_ + ---T + --') 2 ] < • ,_· - .ro ~ 2 rne x 0 

~ ax0 r(r+.ro) h2 r ' 
(23) 

n1e O' = I, 2, 3, 4. OncpaTop Mo - K0~111011c11Ta BCKTopa PyHre-Jlenua (5] 

- 1 (~ ~ ~ _ 2me
2.rk) 

Mk = r:::: rr;/,;,. + L;krr; + -
1
_--

2y m I r 

rrprr k = 0. 

5 Pa3JIO)KeHMe IIapKa-TapTepa 

I'unepccpepw1ccKHe (r,O,o.,(3,,) M napafioJIH'ICCKHC (p.v,o.,(3,,) KOOJl.UHl!aThl CBll-

3al!bl MC2K.UY co6oii cncny10IIUIM o6pa:ioM: 

11 = r(l + cosO), v = r(l - cosO). (24) 

Ilpn qJHKCHpOBil.HHblX 3Ha'ICHHl!X 3HcprHH 

N/2 
,f,par = '°' W,\ ,~hsp_ 
'f/ ~ NJLn 1 9- (25) 

.\=T 

flepexonll B JJCBOR 'lac-r11 COOTIIOWCHIB! (25) OT /l M I/ K 7' H O H IJOJI02KHB O = 0 11 

IIOMIIll, 'ITO 

p(o,/3)(]) = (o- + J),. 
n I , n. 

Mb! ycTil.110B11M paseIICTB0, a K0Topoe IIXO,UHT T0JihKO nepeMCI!llall r. 3aTCM lIOJih-

3YllCb ycJI0BHeM opTor~11aJII,H0CTl1 ( 11) lI0JIY'IMM 

,\ _ ] ;,Nrq •Nn1 
W NJLn, - (21 + I )!(2..\ + 3)! LJ[,), l\_,L.\, (26) 

r.ne 

EftJ. = ✓(2..\+3)(..\-./-L)!(~ +>.+3)' 

. 1/2 

[
. I'(..\+ J - L + 2)(n 1 + 2./ + i)!(n2 + 2L + l)! ] 

(ni)!(n2)! ( If - >.)!r(..\ - .J + /, + 2)I'(..\ + .J + L + 3) 
(27) 

7 



= ( 1y ) ,Nn1 _ -x >-+l+L+2 ') . . ;, _ .:._ , . . , A 1 u - j e x F(-n 1 ,-.1+2,.1.)l 
2 

+.-\,2.-\+1,.r dx. 
0 

(28) 

llm1 BhI'U1CJiemur HHTerpana Kft} 1ar111meM BhI[J0;.KJ1emry10 r11rrepreoMeTp11<1ecKy10 
cpyHKIJHJO F(-n 1 , 2J + 2; x) B sn.ue :1,moroYJJeIIa, npowrne;ieM HIITcrp11posam1e co
rnacHo cpopMyJie (12) 11, YYllTb!BaJI C00TII0IIICHHJI (13), II0Jiy<ll1M 

gNni _ (2.-\+3)!(tj--.J-L)!r(.-\+.J+L+:l) 

JL,X - (.-\-.J-£)!(1+.-\+:l)! 

F {-n1,-.-\+.J+L,.-\+.J+L+3 Ii} 
3 2 2J + 2, -tj- + J + L . (29) 

Ilo.ucTaHOBKa (27) ll (29) B (26) .uaCT 

W,¢.JLn1 
[ ] 

t/2 = (2,,\ + 3)r(.-\ + J + L + 3)(n 1 + 2J + l)!(n2 + 2L + l)! 

(ni)!(n2)!(,,\ - J - L)! ( tJ- - .-\)! (tJ- + ,,\ + 3)! . 

(tj--J-L)! 

(2J + l)! 
r(.-\+J-L+2) F {-n1,-.-\+J+L,.-\+J+L+311}_(

3
0) 

r(.-\-J+L+2)
3 2 2J+2,-tj-+J+L 

l1bsecTHo, YT0 K03cpcpmweHThI Kne6ma-fop.uaHa M0)KH0 3am1caTb B sn.ue [9] 

CC"/ =(-lt-"o "+ (a+b---y)!(b+c-a)! 
aa;b/3 'Y, /3 J(b _ /3)!(b + /3)! 

[ ] 

1/2 (2c + l)(a + a)!(c + --y)! 

(a - a)!(c - --y)!(a + b + c + l)!(a + b- c)!(a - b + c)!(b- a+ c)! 
(31) 

3F2{ 
-a - b- c - 1, -a+ a, -c +, 
-a - b + --y, -b - c + a j1 }-

11oJib3Yl!Cb cpopMyJioii [7] 

F { s,s',-N ll} = (t+.s)N F { .s,t'-.s',-N ll} 
3 2 t',l-N-t (t)N 3 2 t',t+.s 

C00TH0llle1111e (31) M0)K!I0 3arrncaTb B Bll.Ue 

CC"/ =[ (2c+l)(b-a+c)!(a+a)!(b+/3)!(c+--y)! ]
112 

aa;b/3 (b - /3)!(c - --y)!(a + b - c)!(a - b + c)!(a + b + c + 1)! 

0 (-1ia-a (a+b---y)! F {-a+a,c+--y+l,-c+--y Ii} 
-y,a+/3 J(a-a)!(b-a+,)! 3 2 --y-a-b,b-a+,+1 . (32) 

8 

l 

HaKoneu, cpaamrnal! (32) ll (30), rrpnxo.uu:M K cne.uy10meMy rrpe.ucTaBJieHHJO 

(33) w>- - ( 1)n1c>-+1,J+L+1 
NJLn1 - - N-2Jf2Lf2 L-l-n2-n1+1.Nf2J-2Lf2 J+n1-n2+t· 

4 I 2 I 4 I 2 

Ilp.11 T = 0 (T.e. J = L) cpopMyna (33) rrepexo.unT B cooTBeTCTBy10my10 cpopMyny 
J1JIJ1 IIJITHMepHoii 3a.uaq.11 KynoHa [4]. 

O6paTHoe pa3JI02KeH.11e, T.e. pa3JI02KeHHe rnrrepccpepttYecKoro 6a311ca no rrapa6o
JIHYecKoMy' llMCCT Bll.U 

lf-1,-L _ 
.1,hsp _ '°' wn1 .1,par 
'f/ - ~ NJL,X'f/ • (34) 

n1:::.0 

11oJib3YllCb ycJI0BllCM opT0H0pMHpyeM0CTll K03q>q>ll!llleHTOB Kne6rna-fop.uaHa 
rpyrrrru SU(2), rronyY.HM 

Wn1 _ ( l)n1 c>-+I,l+L+I 
NJL,X - - N 21+2£+2 N 2J+2L+2 

4. ' 4 
nt i Nf2J;-2Lf2 ,nt +J- N-2J:;2L-2 • (35) 

YYllTb!BaJI cpopMyJihl (31) llJill (32) M0)KeM Bb!pa3.11Tb 3TH K03q>q>llUlleHTbl ll qepe3 
cpyHKUll.11 3F2. 

6 CcpepoH,n;aJihHhIM 6a3l:IC 

Orrpe.UHJillM IIJ!TllMepHbie ccpepon.uaJibllbie K00p.UHHaTI,I CJie.UyIOIIJllM o6pa3oM: 

Xo 

X1 + ix2 

X3 + ix4 

R 
2 (e7/ + 1), 

~✓(e-: 1)(1 - 712) cos ~ei~, 

~J(e -1)(1 - 712
) sin ~e;y_ 

r.ue e E [1, 00)' 7/ E [-1, 1], R E [O, 00). IlapaMeTp R eCTb Me)Kq>OKyCHoe pacCT0J!Hlle 
ll rrp.11 R --+ 0 ll R --+ oo ccpepo.11.uaJihHbie K00[l.UHHaTbl rrepexo.Ul!T B rnrrepccpep.11Ye
cKtte .11 rrapa60JIHYeCKlle C00TBeTCTBeHH0. 

OrrepaTop Jiarrnaca B 3TMX K00p.UMHaTax MMeeT Bll.U 

4 { 1 o [( 2 2 o ] 1 o [ 2)2 o ] } 
~

5 = R2(e - 712) e - 1 oe e ,_ 1l oe + 1 - 712 071 (l - 71 071 

16£2 

R2(e2 - 1)(1 - 712), 

9 



II IIOTOMY BMeCTO ypaBHeHIIll ( 1) IIMeeM 

[
6. sJ2 8L2 

] 'spr 
!., - R2(t + 77)(t + 1)(1 + 77) - R2(t + 77)(t - 1)(1 - 77) 1/J 

2m [ 2e
2 

] spr +Ii? E + R(t + 77) i/J, = o, (36) 

rne 

4 { 1 a[2 2a] 1 a[ 22a]} 
t:i..(., = R2(e - 772) e - 1 at (t - l) at + 1 - 772 a77 (l - 77 ) 077 · 

Ilocrre rroncTaHOBKII 

i/Jspr = <P1(0<P2(77)Di¥m't'(a,f3,,; ar,f3r,,r) (37) 

rrepeMeHHbie B ypaBHeHIIII (36) pa3)leJil!IOTCll 

[
_1 _ _!}__(e _ l)2 _!}__ _ 2L(L + 1) 21(1 + 1) Rt 
e - 1 dt dt t - l + t + 1 + ro + 

mR
2

E ] + 2/i2( e - 1) <Pl = A( R)<P1, 

[
_1 _i_(l _ 772 )2 _!}__ _ 2L(L + 1) _ 21(1 + 1) _ R 77 + 
1 - 772 d77 d77 1 - 77 1 + 77 r0 

(38) 

mR
2

E ] +2/i2(1 - 772) <P2 = -A(R)<P2-

3nech A(R) - rrocTol!HHal! pa3nerreHIIll. 

l-IcKJIIO'Ial! :rneprn:ro II3 CIICTeMbI ypaBIIeHMll (38), Ml,J IIOJIJ'IHM ccpepOII)laJII,Ilhlll 

IIHTerparr )lBM)KeHIIll 

- _ 1 [1 - 772 a 2 1 2 a e - 1 a 2 2 a ] 
A - e - 772 e - 1 at ( t - ) at - 1 - 772 a77 ( 

1 
- 77 ) 077 + 

4(e + 772 - 2) - 2 . R2 ( 2 2 ) a(+ l ~ 8 
(e - 1)(1 - 772/ + iT t + 77 + t77 + t + 77 - 1 Ai Ta axj + 

(39) 

+ 2 ( e + 772 + t 77 + t + 77 - 1) f 2 R( t 77 + 1) 
(t + 77)(t + 1)(1 + 77) + ro(t + 77) · 

B rrocrrenHeM Bbipa)KeHIIM, rrepeXO)lll K neKapTOBblM KOOp)lIIHaTaM II J'IHTb!Bal! ( 10) 

II (23), IIOJIJ'IIIM 

,4 = j\2 + R,/m --h Mo. 

10 

(40) 

l1TaK, 

Aij;spr = Aq(H)ij)spr_ ( 41) 

l1HneKc q nyMIIpycT co6cTBCIIHhIC 31IatJeI11Ill orrepaTopa A II npo6eraeT cneny10uu1e 

311a11eHIIll O ~ q ~ J¥- - L - 1. 
Tcnep1, IIOCTpOHM ccpcpo11narrhHI,Iii 6a3JIC B BH.UC pa3JIO)KCHHH 

N/2 
1/Jsp,· = '°' {J \ ( R)1+)1sp L., Nq.Jl, , 

,\=.!+/, 

lf-J-l, 
.1,spr _ '°' yn1 ( H)-,1,P'"' 
'V - L., N qJ L · 'V · 

n1 ==O 

( 42) 

(43) 

llewcTBYll orrcpaTopoM .ii 11a o6e cropOIIhl pa3JIO)!(Clll111 (,12), (-1:n, IIOJll,3Yl1Ch ypaB

HCHMl!MII 

j\2ij;hsp = ,\(,\ + 3)ij;hsp, 

Moi/Jpar = 2e
2 
,/in h(N + !\) (n1 -1!2 + J - L)ij;par ( 44) 

II YtJIITI,IBal! ypaBHCHl!C ( 41), Mhl IlOJIY'IIIM )lBC CHCTCMhl JIHHCHHhlX ommpO.UHh!X 

ypaBHCHH1I 

N/2 

[ ,\ R,/m '°' .\' -Aq(R) - >.(>. + 3)]UNqJdR) = -h- L., UNq.1dR)(Mo)u 1 , 

N=J+L 

( 15) 

[Aq(R) - ( 
2

R ) (n1 - n2 + 1 - L)] v;;~JdR) = lf.-:t.-L v;~JL(R)(A2 )n1n;. (46) 
ro N + 1 n;=o 

3nec1, 

( u ) J ,1,•hspM- ,1,hsp d 
JVJO ,\,\' = 'V,\ O'V,\' V, 

(A2) , = 1· ip•par},.2ij;par dv. 
n1n1 n 1 n; 

l13 (31) 11 (41) rnenycT, '!To 

2 r,;;; K-J-L 
- 2c ym 

2 
( N ) - -

(Mo).\.\'= h(N + 1) n~o 2n1 - 2 + 2.1 W~'.n.\W~'.n.v· (47) 

II 



Terrepb IIO.LICTaBJil!.11 qiopMyny (35) a ( 4 7), Y'-IHTI,!Ball peKyppCIITIIOl' COOTJIOUlCIIHC 

[9] 
I 

Cc-, __ [ 4c2(2c + I )(2c - I) ] 2 

aa;bf) - ( c + 1 )( c - 1 )( b - a + c) ( a - b + c )( a + b - c + I ) ( a + b + c + I) 

{ [
(c - 1 - l)(c + 1 - l)(b - a+ c - l)(a - b + c - l)(a + b- c + 2)(a + b + c)] ½ 

4(c - 1)2(2c - :3)(2c - I) 

cc-2,"I _ (a - {3)c(c - 1) - ,a(a + 1) + ,b(b + 1) ,c-i,--,} 
aa;bf) 2C( C _ l) C au;b(I 

H IIOJih3Y.!ICh ycJIOBHeM 

~ C"f c'-y' 
L_. Caa;bf)Caa;bf) = /jc'cf,"f,"1> 

a,{) 

IIOJIY'-IHM 

r.Lie 

~ e2fo [(L-J)(L+.l+l)(N+4) 
(Mo).x,v= n(N+4) (>.+l)(>.+2) li>-,v+ 

B~:/r}>-•.>-+1 + B~1Lli>-',>--1], 

>- ✓(N-2>.+2)(N+2>.+6) B -_:__ _______ . 
NJL- (>.+l) 

[
(>. + J + L + 2)(>. - J - L)(>. - .J + L + l)(>. + .J - L + l)] 

112 

(2>. + 1 )(2>. + 3) 

( 48) 

Ilanee, IIO.LICTaBJI.11.!I (48) a (45) Mb! rrpHXO,UHM K TpCX'-IJieI!Hb!M peKyppeHTHh!M co

OTHOll!eHH.!IM 

[ 
R(L-J)(L+J+l)] >-

Aq(R) - >.(>. + 3) + ro (>. + l)(>. + 2) UNqJL(R) + 

+ ro(NR+ 
4

) [B~}},Ut!}L(R) + Bt1Lut;}L(R)] = 0. (49) 

3Ty CHCTeMy f- J - L JIHHell.Hb!X O,UHOpOJJ:Hh!X ypaBHCHllll na,uo pell!aTb COBMeCTHO 

C ycJIOBHeM HOpMHpOBKH 

N/2 
'\""' ,\ 2 
L.. IUNq./r,(R)\ = I. 

>-=l+L 

12 

IIon1,1y.11ch pa3JIOJKermeM (25) rrony'-IHM 

N/2 
~2 '\""' . ,\ ,\ 

(A )n1n'1 = L..,. >.(>. + 3)WNJLn1 WNJLn', · 
>-=l+L 

llanee, Y'IHTbIBa.11 q>OpMyny (33), COOTHOIIIeHHe [10] 

H ycJIOBHe 

[ c(c + 1) - a(a + 1) - b(b + 1) - 2a{3] c~::;b,f) == 

= ✓(a+ a)(a - a+ l)(b - {3)(b + {3 + 1) c~::-l;b,{)+1 + 

+✓(a - a)(a +a+ l)(b + {3)(b- {3 + 1) C~::+i;b,/1-l 

L c:;bf)c:,;bf)' = li"'"''lif)f)', 
C,"f 

rrony'-IHM ,un.11 MaTpwrnoro 3JieMeHTa (X2
) . BhrpalKeHHe 

n1n'1 

(A2 )n1n; = [n2(n1 + 1) + (n1 + 2J + l)(n2 + 2L + 2) + 

(L- J)(L - .J + 1)- 2]/in;n, -

[n1(n1 + 2J + l)(n2 + l)(n2 + 2£ + 2)]112 
lin;,n,-1 

.· 1/2 
- [n2(n1 + l)(n1 + 2J + 2)(n2 + 2L + l)] lin1

1 ,n1 +1-

(50) 

Ilo,ucTaBJI.11.!I IIOCJie,UHIO!O cpopMyrry a ( 46) IIOJIY'IHM TpeX'IJieHHOe peKyppeHTHOe co

OTHOllleHHe 

[n2(n1 + 1) +_(n1 + 2J + l)(n2 + 2£ + 2) - 2 + 

+(L - J)(L - J + 1) + ro(NR+ 4) (4n1 - N + 4J) - Aq(R)] VlJ~JL(R) = 

= [n1(n2 + l)(n1 + 2J + l)(n2 + 2£ + 2)]112 VlJ~ji(R) + 

+ [n2(n1 + l)(n1 + 2./ + 2)(n2 + 2£ + 1)]112 v;;~:,l(R), 

KOTOpoe HYlKHO pell!aTb C ycJIOBHeM 

lf-1-L 
L IVN~JL(R)\ 2 

=' 1. 
n1=0 
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II p:irne,neM crre,ny10mrre rrpe,neJihHbie cpopMyJihI 

lim u;,qJL(R) = O>,q, lim u;,qJL(R) = W.Z?n>., 
R➔O R➔oo 

lim V;J~JL(R) = WtJLni, lim V;J~JL(R) = On,q· 
R➔O R➔oo 

3aMeTHM, 'ITO rrprr T = 0, T.e. rrprr J = L aocrrpoH3BO.Ul!TCll Bee cjiopMyJILI, mmy

'leHHbie HaMH a [4] ,nmr 'lHCTO KYJIOHOBCKOro CJIY'-!all. 
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