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Koa3HnoTeuuHanLHblii no.&xo.n 11 I B KBaHTOBoii TeopHH 

DOJIJI ,naeT 3l)clleKTHBHLIB CDOC06 paCCMOTpeHHJI peJJJITHBHCT· 

CKHX 3a,na'l 0 CBJI3aHHLIX COCTOJIHHJIXI 2, 31. B 'laCTHOCTH, 

3TOT MeTOJJ. ycneWHO npHMeHJIJlCJI ,nllJI Bbi'IHCJleHHJI cna6LIX 

H 3JleKTpOMarHHTHLIX ~OpM~aKTOpOB Me30HOB H 6apHOHOB 

o KoapKoowx Mo,nen.llx 141. B CB.II3H c B03MO>KHLIMH npH

MeueHH.IIMH KBa3HDOTeHUHaJJLHLIX ypaBHeHHB K DOCTpOeHHID 

KBapKOBLIX MO,neneii He06XOJJ.HMO OTMeTHTL, "'TO CaMa npo

ue,nypa HX nocTpoeHHJI JIBnJieTcJI ueo,nH03Halfnoii /3TO coJi-

3aHO C HeOJJ.H03Ha'IHOCTLIO DpOJJ.On>KeHHJI KBa3HDOTeHUHaJJL· 

HLIX aMDJJHTYJJ. 3a Maccooym o6onolfKy/, H no3TOMY a priori 
He JICHO, KaKOMY H3 KBa3HDOTeHUHaJJLHLIX ypaBHeHHB OTJJ,aTL 

npe.nnolfTeHHe/!l/. C ,npyroii cTopouw, 3TOT npmpoon (n
KpwoaeT B03MO>KHOCTL DpHBJleKaTL JJ.JJJI paCCMOTpeHHJI pa3 • 

JJHifHLIX fltHJHifecKHX 3a,naq a,neKBaTHwe HM fbopMLI KBa3H· 

noTeuuHam:.HLIX ypaoueuuii I 2• hi. B uacTOJIIUeM ,noKna.n~ 
paCCM~TpHoaeTCJI HeKOTOpaJI MOJI.HWHKaUHJI ypaBHeHHR Ro
ryHOBa- TaoxenH,n3e ,nnJI nonuoii aMnJJHTy,nw pacce.IIHH.II CKa

JJJipHLIX lfaCTHU paBHLIX Mace, npe,nno>KeHHaJI OJJ.HHM H3 

aBTOpOB /A.T.fb./, 
v-1 

3 2 2 2 
- -, - -, 2 d. q(k + m ) 

T(p,p)=V[(p-p})+J 2 2 /2 
(q +m ~ 

r,ne v = 1 COOTBeTCTByeT 06LIIfHOMY ypaBHeHHIO JloryHOBa· 

TaoxenH,n3e. Pa3nmKHB aMDJJHTYJJ.Y H KBa3HDoTenuHan 

V[\p- p') 2 J no napuHaJJLHLIM oonHaM, wolKHo noKa3aTL, 'ITO 

.nauuoe HHTerpanLHoe ypaoueHBe /1/ coo,nHTCJI K .nu4ttllepeu· 

UHaJJLHOB KpaeBOB 3a,nalfe BTOporo DOpJI.I(Ka B HMDYJILCHOM 

npocTpaucToe, B cnyqae KBa3HDOTeHJU~ana, HMeiOIUero o 

I 
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KOOP.D.HHaTHOM rrpocTpaHCTBe BH.IJ. V(r) = -gr-1 121. CooT
BeTCTBYIOmas KBa3HftOTeHUHanbHaB KpaeBaB 3a,IJ,a'la ,IJ,nB 

CBB3aHHbiX COpTOBHHH H S -aonHbl HMeeT BH,IJ,: 

d 2f<x2 + .\2 V(vlx, E )f(x) = 0; 
dx 2 

(v) 2-v/2 2 2-1 
·v <x, E) = <1 + x ) <x + E ) 

,__1 

f(x) x; f(x) - const, 
x--+0 X--+ oo 

v-1 

/2/ 

/3/ 

r,IJ,e x=pm-1; A 2 =gm-1<1-E2>_
2

_; E 2 =-k 2 m- 2 ; x~!do,';.,); 
E ~ &, oc [0, lL Mbl rro,IJ,po6Ho Hccne,IJ,yeM cnyqau ~:= ljypaaue-:. 

HHe, JloryHOBa~TaBxenH,IJ,3el/ 2 /,. Hl'_=2. 0TMeTHM, .'ITO B rro

cne,IJ,HeM. cnyqae KBa_3HIIOTeHuHanLIH>e ypa~;meHHe a KOOP.
.IJ.HHa THOM IIJ?~CTpaHcT:Be CJit,O.D.HTCB K. nQHeiiHoMy Q.H<l><l>epeH
UHanbHOMY ypaBHeHHIO 'leTBepTOrO IIOpB,IJ,Ka C . noKanbHbiM 
KBa3HIIOTeHUHano~, B TO BpeMB KaK o6bi'IHOe ypaBHeHHe 
JIOfYHOBa ~TaaxenH,IJ,3e'(iJ = 1) CBO,IJ,HTCB. K COOTBeTCTBYJOIUe,~y 
HHTerp~·,IJ,H~epeHUHanbHOMY ypaBHeHHIO B~Oporo IIOp~,IJ,Ka. 

C.6pMynHpyeM KpaTKO IIpHMeHHTenbHO K KBa3HIIOTeH
UHanbHOH Kpaeaoii 3a,IJ,a'le 121, /31 O.IJ.HY H3 TeopeM TeopHH 
IIITypMa-Jiuyaunns 171, KOTopas 6y,IJ,eT ucm)nb30BaHa B 
,IJ,anLHe:HweM: 

TeopeMa. EcnH .YHKUHJO V(x,E)(V(x,E)>O,x~!,E~&) 
yBenH'IHTb BO BCeii: IHnH HeKOTOpOH 'laCTHI o6naCTH H3Me
HeHHB rrepeMeHHOH X~ 1 H rrapaMeTpa F. ~ f, TO IIOno:>KH
TenbHbie C06CTBeHHble 3Ha'leHHB yMeHbWaTCB, a OTpHua-
TenbHbie yaenH'IaTCB. . 

TaKHM o6pa3oM, '1To6LI npHMeHHTb ,IJ,aHHYIO TeopeMy 
K 3a,IJ;a'le, /2/, 13/, He06XO,!J,HMO HaUTH TaKHe .YHKUHH 
y(~)(x, E) H v~v)(x, E), ,IJ,nB KOTOPLIX Hep~BefHCTB~ 

V~~) <x,E> ~ V(v)<x,Eh <1+ x2>-v/
2 <~ 2+E2r1 ::,y~0 <x,E>I4/ 

4 

,,, 
I : 

I: 

u 

~'' u 
"' 

CTporo BbiiiOnHBnHCb 6bl B 1 X &, , ( ~ ypaBHeHHJI /2/, C CO
OTBeTCTBYIOIUHMH .YHKUHBMH A~ V }( (x,E) H A2> y(~~x,E) 
BMecTo ,\2y(v)(x E) H c rrpe)I(HHMH rpaHH'IHbiMHycnoBHBMH 

' 13/, pewanHcb 6bl B TepMHHax H3BeCTHbiX crreuuanLHbiX 
.YHKUHH /HnH ,IJ,OIIYCKanH 6bl 6onee IIpOCTOe, 'leM HCXO,!J,HOe 
ypaBHeHHe 12/, aHanHTH'IeCKOe, aCHMIITOTH'IeCKOe HnH 'IHC
neHHoe Hccne,IJ,oaaHHe/. Ecnu peweHHB Kpaea~ 3a,IJ,a'l 
121, /,31 C COOTBeTCTBYJOIUHMH .YHKUHBMH A~ V )' (X, E) H 

2 (1/) - -
A '> V '> (x, E) H3BeCTHbl, TO MO)I(HO 3aiiHCaTb, OCHOBbiBaBCb 
Ha H3nO)I(eHHOH TeopeMe, TO'IHble ,IJ,BYXCTOpOHHHe OUCHKH 
,IJ,nB C06CTBeHHbiX 3Ha'ICHHH HCXO,!J,HOH Kpaeaoii 3a,IJ,a'IH 121, 
131: 

I ,\ 2 I :· I ,\ 
2 

'I > I ,\ 2 I < - I - > lSI 

~nB ypaBHeHHB JloryHoaa-TaaxenH,IJ,3e B Ka'leCTBe arr
npoKCHMHPYJOIUHX .yHKUHH Bb16HpaeM: 

v<l)(x E> 
< ' 

(1 + x)-l (x+ E) - 2 , /6/ 

(x2+ E2)-l ' X< 1' l7a/ 
v (I )( X ' E ) = I -3 

> X x> 1. 176/ 

0'1eBH,IJ,HO, 'ITO TaKOH Bb16op anrrpOKCHMHPYJOIUHH .YHKUHH 
npaaunLHO oTpa)l(aeT aHanHTH'IeCKHe caoiicTBa yO ~x. E) = 
= (x2 + l)-1/2(x2+E2>- 1: TO'IKa x ~ 0 rrpu E ,f 0 BBnBeTcB Heoco-

6oii, B TO apeMB KaK rrpu E = 0 B03HHKaeT perynspHaB oco-
6eHHOCTb rrpu x= 0, 'ITO H o6ycnaanuaaeT rroae,IJ,eHHe crreKT
pa ,\~(E) npu Manblx E. KpoMe Toro, arrrrpoKCHMHPYJOIUHe 
•YHKUHH /6/, 17 I HMeiOT rrpaBHnLHYIO acHMrrTOTH.KY rrpH 
x __. oo • B CBB3H c Ma)l(opaHTHoii •YHKUHeii 17 I Heo6xo,IJ,HMo 

OTMeTHTb, 'ITO OCHOBHaB TeopeMa, IIpHBe,IJ,eHHaB BbiWC, HMeeT 
MeCTO H ,IJ,nB KYCO'IHO·HerrpepbiBHbiX anrrpOKCHMHPYJOIUHX 
.YHKUHH. 

PaccMoTpHM cHa'lana K~aeayiO 3a,IJ,a'ly 121, 131 ,IJ,nB MH
HopaHTHoii •YHKUHH 16/ V ! ) (x, E )flpH 3TOM peweHHe ypaa
HeHHB /2/ Bbipa)l(aeTCB 'lep.e3 rHrrepreoMeTpH'IeCKHe .YHK
UHH. Hcrronb3YB ,IJ,anee H3BeCTHble aHanHTH'IeCKHe npo,IJ,on
)l(eHHB rHrrepreoMeTpH'IeCKHX •YHKUHii H Y'IHTbiBaB rpaHH'I-
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Hbie ycnoau.a: 131, nonyqaeM cne~yiOmee o6mee MHHopauT

uoe cneKTpanbuoe ycnoaue: 

r.D.e 

l-2a 
(-1) 

E F(a,-a*;2a;--) 
l'(a*)l'(a*~ 1)1'(211) E 2a-l E-1 

=(--) 
l'(a)l'(a+ l)l't2a'') E -1 

--=--- _, 
(l c 2 

A~ 1 1/2 
il---- -I 

1 _ E 4 

F (a* - a·2a*· __]___) 
' ' 'E- 1 

181 

8 cnyqae Ma)l(opaHTHOH <l!YHKU,HH v~~ ~X, E) 17 I peweHH.H: 
ypaaueuu.a: 121 npu x'= 10,11 Bblpa)l(aJO-ic.a: qepe3 runepreo
MeTpuqecKHe <lJyHKU,HH, a npH X;-11,"") • qepe3 <lJyHKU,HH 
Iieccen.a:. llpupaauuaa.a: norapu<lJMH'IecKHe npoHJBO~Hbie JTHX 
pewe uuu B TO 'IKe x~ 1, nony'IHM cne~yJOID,ee o6mee Ma)I(O

pauTuoe cneKTpanbuoe ycnoaue: 

1 

2 

J '(2A,) 
I -' 

+A,---
, J 

1 
(2A) 

191 

A~ Na>E 
2

"21• 1 ( 1+ a,-a*;2a+ -k-;-F ~ + A(a'W 
2a~F1 ( 1+a~,-a;2a*'l {;-E

2
l 

'l •J. 1 :l ? * 1 ? ' ' Il<alE -·'
2
F

1 
(a,-ai; 2a+ 2 ; - El+ B<a%~ -a :f' 1 (a1~-a;2a'~+ 2 ;-E-) 

r~e a c- .l_ + .i_(A 2 __ !_) 1/~ 
4 2 ' 4 . 

r:: 1 ? •) 
A (a) ~!'(.::!._)I'(-- 2a)l ,- -(~- al 

' 2 2 2 ' 

B (a)= I '(iL)I'(_l_ 2a>r-\.l_ aH .-I (1_- a). 
2 2 2 2 

PaccMoTpHM Mo~u<lJuu,upoaauuyJO (,,~2lKaaJunoTeuu,uanb
HYJO KpaeayJO Ja~aqy 121. 8 Ka'leCTBe annpoKCHMHPYJOlltHX 

<lJyHKU,HH Bbl6HpaeM: 

' ( 2) -2 -2 
V < (x,E>= <1+ x) (x+ E) , 

(2} (x2+E2)-l, x<1 
V > <x,E>= I 

x-4, x>1 

1101 

l1lal 

11161 

01.feBH~HO, "'TO TaKOB Bbl60p annpOKCHMHPYIOIQHX <lJYHKU,HH~ 
KaK H B cnyqae ypaaueHHJI Jloryuoaa-Taaxenu~Je (v= 1>, 

6 

' I 

'I 

npaBHllbHO BOCDpOH3BO~HT auanHTH"'eCKHe CBOHCTBa HCXO~
uoro KBa3HflOTeHU,Hana v< 2l(x, E>= (x 2 + v-1 ( x2+ E 2>- 1• Pewe
HHe ypaBHeHHJI 121 C MHHOpaHTHOH <lJyHKU,HeH 1101, y~oa
neTBOp.H:IOIQee rpaHH"'HOMY ycnOBHIO ua 6eCKOHe"'HOCTH 131, 
HMeeT BH~: 

A2 
1/2 . < 1 1/2 1 + X 

f(x)= const[<x+ l)(x+ E)] smlf--- -] ln---1, 
O-E) 2 4 E+ X 

1121 

OTKy~a. y'IHTblBa.a: rpaHH'IHoe ycnoaue B uyne 131, nony'la
eM cne~yJOID,HH MHHopaHTHblH cneKTP ~n.a: Mo~u<lJuu,upoaau
uou KBa3HflOTeHU,HanbHOH KpaeBOH Ja~a'IH: 

2 I 2 l-F2 
An - <El - - (} - E) + In 11 -

1
-

1
:.. I , n - 1, 2, :l, .. 

' · 4 n •-
1131 

Y'IHTblBa.a:, "'TO V(
21

<x,E)- y_<_ll(x,El, x"-IO,lllcM. l7al, 
I lla/ /, H KOHKpeTHbiH BH~ I 111, Mbi MO)I(eM nony'IHTb 
Ma)I(OpaHTHOe cneKTpanbHOe ycnOBHe ~n.a: MO~H<lJHU,HpOBaHHOH 
KBa3HflOTeHU,HanbHOH KpaeBOH Ja~a'IH (,,_ 2) H3 Ma)l(opaHT· 
uoro cneKTpanbuoro ycnoau.a: ~n.a: ypaaueuu.a: Jloryuoaa
Taaxenu~Je (,, = 1) 191 nocpe~cTBOM cne~yJOmeu 3aMeHbi 

B npaaou qacTH 191: ~ +A> J) (2A, )/,J1 (2A) ... A" ctgA > 

KoTopa.a:, ~'leBu~uo, ue Bnu.a:eT ua noae~euue Ma)l(opauTuoro 
cneKTpa A~ (E) npu ManblX E. 

PaccMoTpHM npe~enbHble cny'laH nonyqeuublx TaKHM 
o6pa30M TO"'HbiX MHHOp8,HTHOrO H Ma)I(OpaHTHOrO CfleKT • 
panbHblX ycnoauu /81, 191, 1131, a HMeuuo, npe~en cunb
uoii <E=DcBJIJH u npe~en cna6ou (E ... OlcBJIJH. Co6cTBeHHble 

2 (u) 
3Ha1.feHHJI An (E) npu E= 1 (v = 1,2;11 =<, >, TO"'HOe), HMeiOT 
BH~: '!1 

A 2 ( 1) ( 1) - l 2 . \ 2( 2) ( 1) - 2 2 . A 2 ( 2) (]) - 4n 2 - 1 I 141 
n , < - 4 K n ' "n, < - 17 11 ' TOY, - ' 

r~e n = 1,2,3, ... , a K n - KOPHH <lJyuKU,HH lieccens J 1 (x). 
Ma)l(opauTuble co6cTBeHHble 3Ha1.feHHJI A~(')) (1) 6blnH 

' 
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paCC'IHTaHbl Ha 3BM; HanpHMep, ,JJ;n.H nepBbiX ,JJ;BYX ypoB

Heii HMeeM: A jO~ (1) = 1,155, A ~(5)<1)=5,759, A 2
1

( 2>)(1)=1,632, 
2( 2) ' ' ' A 
2 

> (1)=11,162. Bhlwenpuse,JJ;eHHble aHanHTH'IeCKHe H 'IHcneH-

Hide Bblpa>KeHH.H ,JJ;n.H C06CTBeHHbiX JHa'leHHH, KaK H cne,JJ;o

Bano O:>KH,JJ;aTb, Y,JJ;OBneTBOp.HIOT HepaBeHCTBY 151, cne
,JJ;yJOI.QeMy H3 OCHOBHOH TeopeMbl. 

B npe,JJ;ene cna6o CB.HJaHH~~ COCTO.HHHB (E -> 0) 3Hepre

TH'IeCKHe ypOBHH CHCTeMbl E n,/1 (A), n= 1,2,3, ... ,nony1.feHHbie 

HJ cneKTpanLHbiX ycnoauii IBI, 19 I, I 131, o6Hapy>KHBaJOT 

HeaHanHTH'IeCKYIO JaBHCHMOCTb OT KOHCTaHTbl CB.H3H ,\ 2 

npu ,\ 2 ... l: 
.--1 

E (v) (A)= expl- _!!~--- + K(v) + 0(yA2 - _1_) I 
n,p. 2-T 11 4 ' 

yA --
4 

1151 

r,JJ;e K(>1) = K <>2)= ·'· ( 1) - ..!_ ·"( ..!_) - ~ ·!.( .§_) ~ 1 65 · 
'!-' 2 '!-' 4 2 '!-' 4 ' ' 

(1) 1 3 (2) 
K< = 2·1·( 1)- ·'·(--)- ·'·(--) ~ 0 77 · K , = 0 

'!-' '!-' 2 '!-' 2 ' ' ..._ . 

(v) 
Bbiwenpuae,JJ;eHHble Bblpa>KeJill}l ,I\n.H K 1~., , o'leBH,JJ;HO, 

K~v)/K·~v) < K\~') y,JJ;oaneTBOp.HIOT HepaaeHCTBY < .::, To 4• _ > , T. e. 

(v) (~~) (v) 
E < E < E , , 'ITO JKBHBaneHTHO HepaBeHCTBY 151 

n,< - n,T04. - n,.> 

OCHOBHOB TeopeMbl. 

B JaKnro'leHHe oco6o no,JJ;'IepKHeM, 'ITO KBaJHnoTeH

QHanLHa.H Kpaeaa.H Ja,JJ;a'la 121, 131 He MO>KeT 6b1Tb peweHa 

B TepMHHaX HJBeCTHbiX cneQHanbHbiX $yHKQHB ,JJ;a>Ke llpH 

Manhlx E lcuTyaQH.H, c KoTopoii, YBhl, qacTo npuxo,JJ;HTC.H 

CTanKHBaTbC.H npH peweHHH KOHKpeTHbiX Ja,JJ;a'l TeopeTH· 

'leCKOH $H3HKHI, H TOnbKO TeXHHKa ,JJ;ByXCTOpOHHHX cneKT· 

panbHbiX OQeHOK ll03BOnHna HaM nony'IHTb JIBHOe $yHKQHO

HanbHoe Bhlpa>KeHHe ,JJ;nJI TO'IHoro JHepreTH'IecKoro cneKTpa 

I I 151, p. = To4. I. ITocTpoeHHLie BLiwe TO'IHhle ,JJ;ByxcTopoH

HHe OQeHKH ClleKTpa KBaJHDOTeHQHanbHbiX KpaeBbiX Ja,JJ;a'l 

ll03BOnHnH nerKO ,IJ;OKaJaTb, 'ITO: 11 cyi.QeCTByeT TO'IKa 

cryiQeHHJI ypoBHeii E _(v) I,\) 
n, TO<t. npu E ... 0; 21 JaBHCHMOCTb 

8 

E (v) 
n, T04. (,\) HeaHanHTH'IeCKa.H, npH'IeM HeaHanHTH'IHOCTb 

3KCllOHeHQHanbHOrO THna 1151; 31 B o6naCTH 0 < ,\2 < .!_ 
,IJ;HCKpeTHbiH cneKTp OTCYTCTByeT. - - 4 

TaKHM o6paJOM, TO'IHhle ,JJ;ByxcTopoHHHe oQeHKH ,JJ;HcK

peTHoro cneKTpa ,JJ;H$$epeHQHanLHbiX KpaeBbiX Ja,JJ;a'l Ha 

ocHoBe TeopHH IIITypMa-Jiuyaunng MoryT 6b1Tb c ycnexoM 

ucnonbJOBaHLI: A/ KaK MeTo,JJ; nony'leHHJI I,JJ;oKaJaTenLcTaal 

CDeKTpanbHbiX peJynbTaTOB THDa 11-31, npHBe,JJ;eHHbiX Bbl· 

We; Iii ,JJ;nJI npoBepKH TO'IHOCTH DpH6nH>KeHHbiX Ia 'laCT

HOCTH, acHMllTOTH'IecKHx I 2/ MeTo,JJ;oa; Bl KaK ocHoaa 

,JJ;nJI nocne,JJ;yiOI.Qero npHMeHeHHJI 'IHCneHHbiX MeTO,IJ;OB Ia 
qacTHOCTH, HenpepbiBHoro aHanora MeTo,JJ;a HbiOTOHa /8/ 1. 
CyiQecTBYIOIQHii Janac xopowo uccne,JJ;oBaHHbiX cneQuanL

HbiX $YHKQHB /9/ ll03BOnJieT Ha,JJ;e.HTbCJI, 'ITO C DOMOI.QbiO 

MeTO,JJ;a ,JJ;BYXCTOpOHHHX OQeHOK MO>KHO BO MHOrHX Cnyqagx 

nony'IHTb QeHHYIO cneKTpanbHYIO HH$OpMaQHIO ,JJ;nJI 06WHp

HbiX KnaCCOB nHHeBHbiX )J;H$$epeHQHanbHbiX KpaeBbiX Ja,JJ;a'l, 

'laCTO B03HHKaiOIQHX B TeopeTH'IeCKOB $H3HKe. 
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