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],AeCJ. DOCTpoeHa CT&TBCTB'IeCICa• MO,AeJIJ. c4tepB'IeCICOrO 

MBpa tl>pB,AM&Ha, reo:weTpB'IeCICBe CBOiCTBa ICOTOporo ODpe

,AeJI.IOTC.. ra30M 6e3M&CCOBYX CICaJI.BPHYX 'I&CTBU. )J.JIJI 

pemeaa• :noi 3&-A&'IB BCDOJIJ.3yiOTc• 6acfilepa'lecxae xoop

.ABH&TY aa cfilepe S 3• XoTJI :na 3a,Aa'la ylKe 6wna pemeaa 

B O,AHOPO.AHYX ICOOp,ABH&T&X H& cfilepe S3 /1/, npe,ACT&BJI.BeT 

oco6wl BHTepec ee pemeaae a:wean B Ciacfilepa'lecxax 

ICOOPABHaTaX, DOCICOJIJ.ICY 6BcfilepB'IeCK8e ICOopABB&TY D03BO

JIBJIB pem&TJ. aaanorB'IHYIO 3a.Aa'ly .AJI.B aeiiTpBHHHoro a c(lo-
TOHHoro ra30B /2.3/. . 

0CHOBOi pa60TW DOCJIYlKBJI& ICBaHTOBaJI TeOpB• 6e3Mac

COBOrO CKaJIJipHOrO DOJI.B B MBpe ,Ae CBTTepa, DOCTpOeHH&.B 

B pa60Te / 4 /, B ,AOIC&3&HH&JI B/S/ ICOH.OpMH&JI BHBapB&HTHOCTio 

:noi Teopae. Heo6xo,AB:wwe J:tn• pemeHB• 3&,Aa'l~ o6Ullle 

DpBHUBDht ICBaHTOBOi CT&TBCTBICB BCDOJIIo30BaJIBCio JiaMB 6e3 

B3MeHeaai 161. 
llonesoii onepaTop rp 6e3:waccqpwx cxan•pawx 'I&CTBU 

B MBp~4<} MeTpBICOi ds 2 ::gapxadx p DO,A'IBHJieTCJI ypaB-

HeHBIO 

R 
0 q, + 6 rp = 0. /1/ 

TeH3op 3Hepr&B-BMnyn~oca &MeeT BB.A 141 

T = T ca~ .l. { R - V V - g o) rp 2 , 
p.v pv 6 #LV p. , v p.v . 

/2/ 
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t 
~ ,.. 8 -1,_/s/ 

+ R • q, •.., 0 no,D;'IHHJieTcJI noneaou onepaTop ~ - ~ • 

• ,_. s-1,_ 
TeH3op 3Hepruu-uMnynbca TJ.tv' nocTpoeHHwii H3 ~ • ~ H 

g ~v = B 2 g v TaK :>Ke, KaK nocTpoeH T ll" H3 ¢> H g v , paa-
HJI'eTCJI /l ll 

-2 
T~v=B Tllv· /3/ 

PaCCMOTpHM Tenepb CTaTH'IeCKHH c!l>epH'IeCKHH MHp 

c MeTpHKOH 

ds 2 = r 21 dr 2 - sin 2 ( dof 2 - cos
2
( d17

2
- d( 

21, 
~ ' ' 

r,D;e r • BpeMJI, ( , of , 71 • 6uc!l>epH'IeCKHe KOOp,D;HHaTbl Ha 

e,D;HHH'IHOH c!l>epe S3 B 'leTblpexMepHOM eBKJIH,D;OBOM npo
cTpaHCTBe E 4 ; r ... const - pa,D;Hyc MHpa. 

C!l>epa S 3 3a,D;aeTCJI ypaaHeHHJIMH 

x 
1 

=sin( sin of , x 
3 

= cos( sin 71 , 

x = sin( cos of, x 
4 

=cos( cos17, 
2 ' 

r,D;e X a- ,D;eKapTOBbl KOOp,D;HHaTbl B E 4. 

C!l>epH'IecKHii MHP ~pH,D;MaHa OTJIH'IaeTCJI oT cTaTH'Ie

cKoro c!l>epH'ICCKOrO MHpa JIHWb KOH!l>OpMHbiM MHO:>KHTeJieM 

B 2 (r) B MeTpHKe 

2 2 2 2 ·2 2 2 2 2 
ds' =B(r)r ldr.-stn (dof -cos(d17-d( I. 

PeweHHe ypaBHeHHJI /1/B 6uc!l>epuqecKHx Koop,D;HHaTax ecTb 

/ 2 p/2 
- 00 p p p p+ *p 

¢ =v he I I I! Cmnumn + Cmn U mn I, 
p=O m=· p/2 n=·p/2 

r,D;e 

p 1 ·i(p+ 1 )0 i(m+n) of i(m-n)17 
u =--e e e 

mn 2rr r 

pp/2 
(cos2(.), 

m,-n 

p ~ .n ( COS 2 ( ) 
/7 I p p+ 

• cnenHaJibHble li>YHKQHH ; C mn , C mn • 

4 

I 
I 

;,~'liP· 

' 

onepaTOpW, He 3&BHCJlutHe OT of , 71 , ( , r · H DO,D;'IHHJIIOIQIICCJI 
KOMMyTaQHOHHWM COOTHOWCHHJIM '/-1/ 

[ p q] [p+ q+] 
c .c b =0, c ,c b = o. mn a mn a 

P •+]- B B B • 
[ C mn• Cab - ma nb pq 

/4/ 

On epa TOpW C:.:, c:b JlBnJUOTC. COOTBCTCTBeHHO Orr epa TOpa

MH po:>K,D;eHHJI H YBH'ITO>KeHB.R 'laCTHQ. 

OnepaTop 'IRena qacTBU N uu:eeT BB,D; 

N-
00 p/2 p/2 

I I I 
p=O m•-p/2 n=·p/2 

/5/ cp+ c P 
mn mn 

raMBJibTOH.Haii paCCM&TpBBaCMOB CHCTeMW 'laCTHU HMeeT 

BB,D; 

00 ~2 ~2 p+ p 
H .. ki(p+l) I I CmnCmn· 

r p..O m""·p/2 n=·p/2 
/6/ 

OnepaTopw N a H He 3&BBCJIT OT KoH!l>opMHoro MHO>KBTenJI 
B 

TaKBM o6pa30M, 3H&JI KOMMyTaQHOHHWC COOTHOWCHBJI 

,D;nJI onepaTOpOB pOlK,lleHBJI B yHB'ITO:>KCIIH.R 'I&CTBll H BH,D; 

raMBJibTOHB&Ha, MW TeM C&MbiM DOJIY'IBJIB B03MO:>KHOCTb 

pewaTb OCHOBHYIO 3&,D;a'ly CT&TBCTB'ICCKOH li>B3BKH • onpe· 

,D;eJICHBe H&6JIIO,D;&CMWX • cpe,D;HHX DO &HCaM6JIIO 'I&CTHQ. 

Mw xoTHM y,D;oaneTBOPBTb ypaBHCHHJIM 3iiuwTeiiHa B 

MBpe Cl»pB,D;MaHa: 

R • 1 R' , 8rry T' 
{J -- g {J=--<: {J:> a 2 a c4 a ' 

/7/ 

r,D;e ,D;BOeTO'IBe 03Ha'laeT, KaK 06bi'IHO, IIOpMaJibHOe DpOB3 • 

BC,D;CHBe onepaTOpOB. 3HaKOM < > o603Ha'laJOTCJI CTaTBC· 
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TH'feCK'Be cpe,IJ,HHe no 6onLWOMY I<aHOHH'IeCKOMY aHCaM6mo. 
)J,n.11 mo6oro onepaTopa A 

Sp A exp { _ H- ll N I 
<A>= 0 -

Sp expl -
(} 

r,IJ,e H a N - onepaTopw lSI a 161, ll - XHMH'feCI<Hii no
TeuuaaJI, 0 - rno6aJiLHa.ll TeunepaTypa ra3a181. 

TeH3op :w:epraa-aunynLca ra3a, CTO.IIII.UIB B npasoii 
qacTH ypasueuaii 17 I, ecTL cpe.ziuee o'i' TeH3opa 3Hepraa
aunynLca non.11 121. 

lloci<onLI<Y cne.IJ. T ~fJ pasu.lleTc.ll uymo, TO B cany ypas
ueuaii 3iuwTeiua B ci<an.llp R' .IJ.OIDKeH paBH.IITLC.II uymo. 
Cnoco6 uaxoqea• Tai<ol ueTpBI<B ,IJ,au B pa6ote 121 . 
Hci<ouoi ueTpaxoi 6y.IJ.eT ueTpaxa ds' 2= B 2 ds 2 , r.IJ.e ds 2 -
npoB3BOnLHa.ll :weTpBxa, a B ecTL peweuae ypasueHH.II 

R 
o B + 6" B = 0. HuTepecuo OTMeTBTL, 'ITO ypasueuae ,IJ,n.ll 

B cosna,IJ,aeT c ypasueuaeu ci<an.11puoro non.11 111. Ee3 
orpaHB'feHB.II o611UIOCTH nono>KBM B=cosr. HTai<, c41epB'Ie
ci<Bi MBp 4>pB,IJ,MaHa onpe,IJ,eneH C TO'IHOCTLIO ,IJ,O KOHCTaHThl 

ds' 2= r 2 cos 2rl dr 2 - sin 2(d.f 2 - cos2(d71 2 - d( 21. 

)J,m1 :noi ueTpBI<B 

R ~fJ- 0 npB 

R' =- _L 
00 ' cosr 

R , .LR, 
33= 3 oo· 

Cornacuo )l(e 131 

6 

a!- fJ' 

. 2' 2 R , = Stn R, R , = ~ R, 
II 3 00 ' 22 3 00 ' 
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~ 

,4 i 

.I~ 
-'· ' 
·~· \::·1 

,,_; 

~· 
i,~; 
;~~:. 

' I, 

'fi 
. ! 
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~'I 

.J.I. 
1!' 1

, 

·.~{ .'! 'i 
~~i I 

~:!! ft, 
.·,:!1[ 

~ ' 
I 

I' 

, I 

1' 

•... ~.:,' .·.1 •I 
i ,I 

. I 

'. ·!, 

',; 
•, 

'f) 

.1~.· 
':~ 
~ . I 

~ ... 

I l 

< : T '~ > = l . < : T o > . 
ap cos 2r ap 

Tai<BM o6pa3ou, ypasueHH.II 3iuwTeiiua uaxna,IJ,hiBaJOT ua 
TeH3op 3Hepraa-aunynLca cne.IJ.YJOJ:UHe ycnoBB.II: 

< : T a fJ: > = 0 npB a f. fJ , 

4 
< : T 11 : >- __£___sin 2(, 

877y 

4 2 
< : T 22 : > ... _c - cos ( 

8 "Y 

<··T · > ~<· T ·> = ~ · 33 • "" · oo· 3 8 77}' 
181 

) .... 
Hao6opoT, ppa 3TBX ycnoB&.IIx ypasueHB.II 3iiuwTeiiua 

y,IJ,osneTBOPJIIOTCJI. 
,l(o:Ka)l(eM, 'ITO 

< : T afJ : > = 0 npB a-/< fJ , 

<:T 
II 

1 • 2,1' < ·T : >-' > = stn r, · • oo 3 

< : T 22 : > .. cos
2 

( < : T 00 : > j_ , 
3 

1 
< : T 33 : > = < :Too: > 3 ' /9/ 

H3 I<ouuyTauaouuwx cooTHoweuai I 41 B BB.IJ.a rauanL
Touaaua 161 nonyueu 

r,IJ,e 

<CpCq >=<Cp+ 
ab mn ab 

q+ c >-0, 
mn 

p+ q 
< C b C > = 8 8 8 h Ap+l , a mn pq am n 
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1 
A = ~ 

P + I exp I J!..£_ ( P + 1) - (j I - 1 
rfJ 

liHcno 'laCTHit N B 3HeprBJJ ra3a E , JJBnJJJOUUieCJJ cpe.AHHMH 
OT onepaTOPOB /5/ H /6/, eCTL 

DO 2 
N = < N > = I q Aq , 

q= l 

E = < !I > = h c I q3 A 
r q=l q 

PaccuoTpHu~yHK.UHJO 

G(M;N) •< :c,b(M)c,b(N): >• 

/10/ 

r.ne M ,N - u&poswe TO'IKH c xoop,n&HaTau& r 1 .~ 1, 71
1, ( 1 

H r 2, ~2, 71
2 , ( 2 . Cpe,nHHe Taxoro THna sec~oua xapaxTep

HLI ,nnJJ 3a,na11 cTaTHCTH'IecKoi ~H3HKH 19/ • G (M; N) no.n-
C'IHTLIBaiOTCJI C DOUOIItLIO COOTHOWCHHB ,nnJJ ~YHK.UHB 

P e <cos 2 ' > 171 
m,n 

r.ne 

DO 

he I Aq G( M;N) = q=l . q y (r -r ), ~cosq 1 2 
siny 

cosy= sin( 1 sio(2 cos(~ 1 -·~ 2 ) + cos( 1 cos(2 cos( 7J 1-TJ 
2 

). 

PacnonaraJJ 3THU pe3ynLTaT~;>u, ylKe HeTpy,nHo HaiTH<: T f:3: > 
nyTeM, aHanorH'IHLIM HCDOnL30BaHHOUY B pa6oTe /1/, a 

B pe3ynLTaTe nony'IBM <: T af:3 : > = 0, al: f3, 

< :T 00 :> = he 
2rr 2r 2 

DO 

I q3A 
q= I q' 

. 2 he oo 3 
< : T : ·> = stn ( I q A , 

II 6 rr 2r 2 q= 1 q 

8 

2 he oo 3 
< : T 

22 
: > = cos ( 

2 2 
I q A q , 

6 rr r q=l 

<:T :>= he I q3A • 
33 6 "2 r 2 q=l q 

TaKHM o6pa3oM, cooTHoweHHJJ /9/ ,noKa3aHw. TaK 
KaK H =r f: T00 : d f!, r.ne df! =sin( cos(d.fd7Jd(- 3neueHT 
nno~~ta,nH Ha S 3 H f df! = 2rr2, TO B CHny ycnOBHB /8/ 
,nOnlKHO BLinOnHJITLCJI paBeHCTBO 

<H>=- 3rrc
4 

~-r. 

H3 ~opuynw /10/ H noro ycnoBHJI nony'laeu 

00 3 
r 2= ...it!t.._ I q A q • 

31TC3<FI 

3TO e,nHHCTBCHHOe ycnOBHe, KOTOpoe ypaBHCHHJI 3iHWTei
Ha HaKna,nLIBaiOT Ha pa,nHy C MHpa r . 

B 3aKniO'IeHHe asTop swpalKaeT 6naro,napHOCTL npo
~eccopy H.H.Eoron106osy fun./ 3a HHTepec K pa6oTe 
H none 3HLie 3aMe'laHHJI. 
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