
98-y 

X.M.EerrIToeB, B .X.lllorettoB* 

K BEPO~THOCTHOH HHTEPTIPETAUHH 
BOflHOBOH ¢YHKUHH YPABHEH~ 
KnEHHA-¢0KA-fOP.UOHA (K¢f) 

P2-98-4 

* HHH npHKJJa.LlHOH MaTeMaTHKH H aeToMaTHJaUHH KEHU PAH, r.Hanb'IHK 



. .. -·. ._, .. 

.> 

:f ; 

© 06be.Q.~HeHHbl~ lt\HC~VITyr SI.Q.epHb)X HCCne.Q.OSZHVI~. /J,y6Ha, 1998 

·C" 

1. BBe,n;eHMe 

B yqe6Hoi< m<TepaType no pe.rriTHBHCTCKOil: KBHHTOBOil: MexaHHKe yTnep- , 

li<,Z\aeTcJI, 'ITO O.Z\HoimcTH'!Hoe. B~JIHoBOe ypaBH~HHJI K<l>r He no3BoJIIIeT . '. - . -;. - . ·. 
BBO,r:r;nTL ITOJIO>IGITeJThHO- onpe.zr;eJieHeyJO BeJIJ:!'t!HHY TIJIOTHOCTH BepO!JTHOCTH-

IIJIOTHOCTH '!HCJia '!HCTHII ( CM., Haiip>IMep, (1-7] >I .1\P· ). ,I(e:i1:c~B>ITeJTh:H(), . 
llJIOTHOCTb BepOJITHOCTH p 

P = _!!!:__[v./N _ <a,p· l'</JJ, 
2mc2 8t 8t 

(1) 

noeyqaeiJaJI n3 ypanHeHHJI K<l>r 

(E2 - cp2 - m2c4j,P(x) = 0 (2) 

JJ.JIJI. cno6oJJ.Holl qacT>Inhl (me E = ilift, jj = -ii' '\?),ae JIBJIJieTc!l rroJioJ!ill

xeJ!bHo-onpeJJ.eJieHao~:~eJIHqnaoil:. 

06hl'!HO p HHTepnperHpyeTCJ! KaK IIJIOTROCTb 3ap!!JJ.a ( CTporO rOBOp!! 

38p!!JJ. ell\e He DBeJJ.eH, T.K. paCCMaTp>IB810TCJ! HeB3aHMOJJ.eliCTBYIOII\He 

qacT>IU:LI), a j 
... 1i .. ... -
j = -.-[1/J \11/J- (\11/!')1/J] 

2tm 
(3) 

~ 

K8K IIJIOTHOCTb IIOTOKa 38p!!JJ.a; j H p IIOJJ.'!HHJ!IOTCJI ypaBHOH>IIO Renpe-

phiDHOCT>I 

d. ~ 8p 0 
WJ + Ot = . (4) 

Ho, BH,ZI;IiMO, 6onee a,neKBaTHhlM JIBJIJieTCJI onpe.ueJieHHe 3THX neJIH'tlHH: p 
KaR rrJIOTHOCTH "t!HCJI~ tiacnrU, a j KaK nnoTHOCTh noxoKa qacTHI.I;. Ho, 
T8KaJI HHTepnpeTaU:HJI, 1{81{ y)!(e OTMe'!aJ!OCb Bhlllle, He BhlJJ.epJ!illDaeT KpH

THRH, T.K. p He JIBJIHeTCJI" IIOJIO)KHT€JThHO .. OTipe.neJieHHO:t:i BeJIH't!HHOfi. 

Ha 3TOM ocaonaHnH C'!HTaeTcJI, 'ITO ypanaeane K<l>r i<rpaeT ocao

BHYlO pom TOJILKO n RBaHTono:tt xeopHH noJIJI. O,uHaRo, BH,z:un.w, 3TO 

)'j)8DHeHHe II03BOJIJI.eT BBeCTH IIOH!ITHe IIJIOTHOCTH BepOJITHOCTH,UHHJIO

rH'!HOe ypanaeanro Illpe.zumrepa. TeM caMhlM cRHMaeTC!l B03pa)!(e:Hne 

rrpoTHB o6hl'!Horo HCTOJll{onaaHJI noJIHonoll <l>YHKII"" ypanHeHHJI K<l>r. 
8Ta pa6oTa rroCBJIII\eHa o6ocHonaHn!O aToro yTnepliU\eHn!l. 

I 



Ec= p n (1) onpe.ueJIJITL RaR nJIOTHOCTh nepoJITHOCTH, TO cpe.uHJIJI 

BeJIH'IHHa OT F(x), no o6:bP-IHo:tt cxeMe RBaHTOBoA MexaHHI<H, ecTb 

< F(x) >= j ,P'(x)F(x),P(x)dV. (5) 

B npHHUHne, MOJRHO npe.uJioJru<TL H .upyrHe napHaHThl HOHCTpyRUHH .ui!JI 

~J:ro'!iiO~TH nepoJITHOCTH, OT~H~!I.hl~ .. oT (1), rOi.n.a cpeiaMe neJIH':IMHhl 6y·--

IIJ'T. onpe.neJIJiThCJI BLipameHHJiiiH THna (5); r.ne 'p 3aMeHJilOT(Jl Ha COOT

BeTCTBYIOII\He p'. A Tor.zia HopuHponaHHaJI nepoJITHOCTh ecn 

p'(x) 
p"(x) =I p'(x)dV' (6) 

B Raqecrne HaH6onee a.neKBaTHoii cxcMhl (B noJIHoH aHanornn c Hepen.n

THBHCTCRO:it RBaHTOBOii MeXaHHROfi) Mbl IIpeJJ..JiaraeM DLI6paTb IIJIOTHOC'Tb 

BepOJITHOCTH p B BH.Ue 

p(x) = ,P'(x),P(x), (7) 

Tor.ua p 6y.ueT noJio»<HTeJJhHo-onpe.ueJieHHoil BeJill'lHHoil. A HOJlMHjlo

BaHHOe Bhlpa)!(eHJIIe JJ..JIJI p eCTb 

p'(x) = 1/l'(a:),P(x) . ' . ' ~ ' ' ' ·~ .. (8) 

0'leBH.UHO, cpe.UHHe B€JJH'!HH!ol B 3TOM CJiy'!ae He 6J'.ll,)'T OTJIH'l«ThCJI OT 

Cp€.llHHX 3Ha'l€HHH, UOJiy'laeM!oiX H3 )'Cj)e.UH€HHJI no p H3 ( 1 ), T.R. ll]lH 

3aMeHe ittf, -> E p npeo6peTaeT DH.U 

- _!!_..;;,p 
P- mc2 • (9) 

YpanHeHHe K<I>r npe.ucTaBJIJieT HHTepec n c.upyroil To'lRH 3peHHJI. 

l{a}{ H3B€CTHO (10-11}, <l>eiiHMaH pa3BHJI rH.UpO,!lHHaMH'!CCHllil UO.!{XO.U, 

ocHoBaHH1Iil Ha ypanHeHnH Illpe.UHHrepa, K npo6JieMo cnepxnpononHMo

cnr. IJocROJibRY CBepXrrpoBO)l.Jllll.He RyiiepODCRMe napbi-C'HaJI11pH1IC t.Ja

C~M:Uhl, TO R HHM MO)!(HO rriniMCHHTb ypaBHeHHe l{<I>f', E'<;JIH y.nacTCJI HC

TOJIHOBaTh BOJIHOBYJO <]>YHIU.\HIO o6h!'!HhlM o6pa3oM. TeM c«MhlM o6o6ma

IOTCJI pe3yJihTaT11 (10-11} Ha peJIJIT!lDHCTCHYIO 06JiaCT1. 

2. 

. . .. . . . u 

2. YpaBHeHHe R<l>r .n;m1 cBo6o.n;HoH qacTHQbi 

KaR xopomo H3necTHO, ypani<eHHe K<I>r .uJiJI cno6o.uHoil '!aCTHUhl uacchl 

1n }!MeeT BM,ll; 

2a2,p - -c2tt2\l2,P + m2c•4•. 
-tt at2 - (10) .. '· 

Mhl UOJ!h3yeMCJI o6hl'!HOil CHCTCMOil C,!lHHHU H CTI\H,!lapTHh!Mii! .0603H8'le-

HHJ!MH (eM., HaUpHMep, [1-2,7]). . . . . 

IIpe.ucTaBHM DOJIHODYIO <l>YHHUHIO ,P(i", t) aHaJiorH'lHO [9-11] B <J>OpMe 

·,P· = p112 exp(iS/t>), (11) 
\ 

r.ue p = 1/!'1/J H S - .UCHCTDl'!TCJ!hHhle <).>yHHUJil'!, 3.ueCh (l UOJ!Oll{HTCJihHO

OITpe.UeiiciHH8JI ~eJIH'!MHa;· I<OTOpyro MO>HHO HHTE-pnpeT:M.ponflTh 06blqHhiM 

o6pa3oM: RaK ITJIOTHOCT:b nepOJITHOCTH. . 

IIo.ucTaBJIJIJI (11) n (10), nocJie HecJio»<HhlX DM'!HCJieHnil, paa.ueJIJIJI 

,n.efi:CTDHT€JlbHhl€ H MHHMLie qaCTH, ITOJIY"t:JHM .ZI.Da ypanHCHllJl 

a ( as) at P7ft = c2\l(p\l S); (12) 

- - 2 \7 2- 2 4 - 2 ---- 2_" __ 
(
DS)2 ( 1 a2p112 r-2 11t/2) 
Dt c ( S) m c - r, pl/2 at2 c pl/2 . (13) 

YpanHeHHJI (12) H (13) Mo>HHO 3«nHcan H n JIBHO KonapnaHTHoil <j>O]lMC. 

MueeM 

a sa,,s-m c - n~ , (H) Jl 2 " - {JI'{J,,plf? } 

D1'j,, = 0 

r.ue jP = (p~f, ])(] = -cp\7 S); I' = 0, 1, 2, 3; no I' H.UrT c.nmHponal!ll<', 

a ap Hap HMeiOT 06bl'!Hhlil CMblCJI [2,8}. 

3, YlHTeprrpeTa[(HJI ¢a3bl BOJIHOBOH <i>YHH[(HH 

-H 3aHOH COXpaHeHHJI SHeprHH 

3a. BhlJICHHM TCUCJlh <j>H3H'!CC:HHil CMhlC:JI (12) n (13). EcJJII n (13) ll]l<'

Hc6pc't.Ib KDUHTODLIMH. 3(1Hl>CKT«MM, T.('. IIOJIOH<J.iTL Ji =(),TO (13} Il<'}H'XO

.ll.HT D pCJIJlTHDHCTCI<OC ypaDH<'HHC raM.MJIJ.,TOHH .fhwf>n [8). r!lC' .) <'<"TL 
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KJiaCClP<ecKoe .uel!crnHe .. B o6ll(eM cJiy'!ae CMLICJI S, rrpH nepo!1THOCTHOM - '.' . - ' ' - . 
HCTOJIKOBaHHH p, MOif<HO ycTaHOBHTb CJI€.1zyl0ll(HMH paccy>R,UeHHJIMH. 

Hal!.ueM cpe.uHee 3Ha'!eHHe orrepaTopa jJ = -iii \1. HueeM 

< l> >= -ir, J >J;'\11/.>dl', (1.5) 

r.uedV = dxdydz. 

ITo.ucTaBJIJIH (11) n (15), c yi<eTOM, '!TO Ha 6ecKoHe'!iwcri< p--+ 0 (no 
IIOBOJIY HOpMHpOBKH OJIHO'!aCnt'!HhlX BOJIHOllhlX <jJyHKIIHli CM.[2])i JICrKo 
IIOJiyqaeM 

<]i>= j p'VSdV. (16) 

H3 (16) nHJIHO, '!To ecJIH \1 S = j) HMIIYJibc qacTHIJLI n .ual!Holl TO'!Ke, 
:ro Koop.zuma:rLI 3Tol! '!aCTHIU>I MoryT 6LITh mo61re c neponTHoc:rbJO p. 8To 

cooTBeTcTnyex rrpHHUHrry Heonpe.n.eJieHHOCTH. TeM caMMM yciaHaBJuma
CTCJI CMLICJI \1 S. 

t.ITo6hl' yCT8HODHTb CMLIC:JI. ~f, '3a.OHI1I€M CHaqaJia ypaDH€HH€ llipe
JIHHrepa 

.JN = ii..p. 
"'at (17) 

YMHOlRa!1 (17) Ha t/J' cJieBa H HHTeqmpyn, rrony'!HM 

iii j >/;' ~t/J dV = j t/J' fi t/;dV. 
ut . 

(18) 

I1oACTaBJIJI!1 (11) n nenyJO qacTb (18), c yqeToM HopMHpoBKH p, noJiy'!HM 

J as J .. - pfitdV = t/J' H ?j>dV, 
as . 

:r.e. < 7ft >= - < H > . (19) 

BLipalReHHe (19) ycTaHaBJIHBaeT CMLicn ~f n HepeJIJITHBHCTCKOM cnyqae. 

B peMTHBHCTCKOM cnyqae (19) MOlRHO o6ocHOBaTb cne.uyJOU\HM o6pa30M. 

B KJiaCCH'!CCKoll MexaHHKe HMeeM ~ = - H, rrepcl!.ueM K onepa:ro

paM s •• ....., S H H....., fl. C yqe:roM (11) cocranHM paneHc:rno. 

j p 1 12e-;~~; pif2e;~dV =- j t/J'H.,PdV. 

ITocKOJibKY S <]>yHKUH!1 Koop.UHHaT H npeMeHH, :ro S = S, H rrpHXOJIHM 
K (19). ECJIH t/J HMCCT MHOrO KOMIIOHCHT, TO (19) MOlRHO 060CHOBaTb 

4 

I 
\ 

{ 

I 

\ 

.H B 3TOM CJiy'!ae, TOJThKO (11) 3anHCL!BaCTCJ! JIJIJ! KalR.l(Ol! KOMUOHCHTL!. 
TaKHM o6pa3oM, BLipalReHH!1 (16) ~ (19).uaJOT CMLICJI.t' S H 8j[ . .. · 

BepHeMCJI :rerrepb K ypanHeHHJO (12). HHTerpnpyn (12) no dV H 
npHMCHJ!!1K rrpanol! qacTH TeopeMy OcTporpa.ucKOro - rayc~a, nOJIY'!HM 

a as · . 
aJ pat dV = c2 Lp'VSM, -:-:: 

. 
(?0} 

r.u.e U - IIOBepXHOCTL, a d(i- B€RTOp 9JI€M€HTa nonepXHOCTH ITO: ~oP~a~. 
riPe.zui~JiaraexcJI, "tJTO p .n;Ocxaxoq~~· 6LI-cxpo cxpeMHTCJI K HYJIIO, ~~~c
TpeMJJJIJI a ~ oo, IIOJiy't!HM 

a J as at PfitdV =; 0. (2_1) 

C yqeTOM (19) BLipalReHHe (21} .uaeT 3aKOH coxpaHeHHH ~HeprHH. O:r
CJO)la BH.[(HO, 't!TO ypaBH€HHe (20) eCTb 3~KOH COXpaHeHHJI -':lHeprMH B MH

TerpaJibHOl! <jJopMe, a (12) - B .UH<jJ<jJepeH!I:HamHoll. . 

8TH paccylRJieHH!1 rro3BOJIJ!JOT HaM c.ueJiaTb B&no.u: ypanHeHHH K<I>r 
,n,aeT 3al<OH COXpaHeHHJI .3HeprMH, a He IIJIOTHOCTH BepOJITHOCTH, COOTBeT

CTBeHHO, He IIJIOTHOCTH t!HCJia 'IaCTIH.J;. 

Ha BIJllieH3JIO)I{eHHoro BH,.U.Ho, "tiTO 3Hai< p HHKaK He cn;raaH c ypanHe

HHeM Hepa3pLinHocrH,nLITeKaJOU(HM H3. ypanHeHH!1 K<I>r. 

ITo.n;c:raBJIJIH (11} n ypanHeHHe Hepa3pLIBHOCTH, rronyqaeMoe H3 ypa

BHeHH!1 K<I>r Tpa.uin.\HOHHLIM ny:reM [6-7], nerKo MOlRHo npHllm K (12). 

Bo3Bpall\aJICb K (12) H (13), BHJIHO, '!TO 3TH ypanHeHHH ~KDHBaJieHTHLI 
ypanHeHHJO K<I>r. 

36. ,l(a,UHM ell(e OJIHY HHTeprrpeTai.(HJO ypaBHCHHn (1Z). 
S B BHJIC . 

S(r, t) = S0(i')- Et, · 

r.ue E = const. 
ITo.ucTanJIJIH (22) n (12}, noJiy'!HM 

ap d . ., o 
at+ tv)= ' 

r.ue J =~\I Sop, HJIH J = i';~(,P'\1"¢- t/J\1>/;'). 
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· Ecmr V So = p HMnym.c 'lacTHI1LI ( o6o6meaHLill: HMnyJI•c), a E -
noJIHM saeprru:r, TO J = pv, rAe v = c2j5f E. B o6meM CJIY'lae E MO)l(eT 

I<M~Tb o6a 3HaKa ±. EcJII'l E < 0, To,'· 'lT06LI (14) nMeJio o6LI'lHLill: 

CMbiCJI.ypaBHeHRJI COXpaHeHRJI, MO)l(HO t -'i -t B onpeAeJieHHH CKOpOCTH 

v.~ T.e. "qaCTH:Ua ,UB:IDR.eTCJI Ha3a,D, BO BpeMeHH, TaRoe COCTOJIHHe, K3K 

H3BeCTHO, HHTepnpernpyeTCJI KaK aHTlft!aCTinJ,a, ABIDKYlll.MCJI HopMaJibHO 

BO BpeMeHI'l. . 

'YpanlieHne (23). MO)l(HO ~HTepnpemponaTb KaK 3aKoH coxpaHeHru:r 
. . - . . ·-

3apJII\a. 

4. CJiyqai! HepeJIJITHBHCTCI<oro nepexo,ll;a 

PaccM.OTpHM Tenepb aepeJIJITI'JBHCTCKHH rrpeAeJ! (12) H (13). IIpeACTa-

BHM S BBHAe 
S =So -mc

2t. (24) 

IloAcTaDJIJ!J! (24) B (12) H (13), noJiy'<HM 

~ + v (p'li>) = _1 2.. (p~) . 
Ot m mc28t 8t ' 
~ + ..L(V S )2 - .!£_ v'~'i' 
Ot 2m· 0. 2mp12 

= -L, (~)2-. ,,, &'p'l'f&t' } . (25) 
2mc fJt 2mc::~ pi/'~ 

].'!3 (25) DI'J,!J.HO, 'ITO D npei\CJle C _, 00 3TH ypaDHCHHJI nepeXO)lJIT D 

COOTBeTCTDYJOIUHe ypanHeHHJ!, llOJiy'laeMLJe 1'!3 ypaBHCHRJl Jllpc,ll.HHrCpa 

AJIJI cno6oAHOil: qaCTI<ULI npH noAcTaHODKe (11) [9-11]. B [9-11] DCJIH

~n:ma Q = -1i2\l 2p1f2j27np1/ 2 Ha3DaHa "KBaHTOBM:!',.I llOTCHll.l-WJIOM'' J!IJIH 

"KnaHTOBO-MeXaHH'tlecKcil1; 3Hepr:neH". 

Bo3MO)l(Hbie HCTOJIKoBaHI1e rrpanoil: qacTI1 ( 13) )l(!IYT cnoero pellleHHJI. 

5. YpaaHeHae H. <Dr B aJiei<Tpo,ll;HHaMai<e 

Bh!rnenpHne.n.eHH:ble paccylli.lleHIDI nenw o6o6marorcJI .D.JJJI 3apnm€HHO:ti 

'!aCTHUhl B 3JleRTpOMarHMTHOM TIOJie. 

ITycTh q- 3apJI.U 'l!aCTHULI, a .4 H ¢ - neKTOpHbifi H cKa.MpHhlii noTCH

UI13JILI. Tor11a, 3aimcLinaJI ypanHeHI1e K<Pr AJIJI 3apn11a D rroJIC A H ¢ 11 
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.ueJiaJI no.ucTaHoDKy (11) no cxomeH cxeMe," qTo H DLillle, pon:YqHM 

i; {P (~f + q¢)} 

(~f+q¢)2 -c2 (VS-~A."/ -m2c4 

= c2V {P ( \7 S - ;.4)} ; } . 
•2 ( I &e';' _ 2. 'V'7'1') . - a prri &t~ .c pi 2 • 

(26) 

YpanHeHru:r (26) o6o6maJOT noAXOA K ·11CCJJeAoDaHHJO cnepxnponoAI1-

MOCTH, nponeAelmLiil: n [10-11] aa peJIJITHDI1CTcKnl1: c.iJyqaJ1:. BoJiee rroA

po6HLill: aHaJIH3 (14) 11 (26) Db!XOIIHT 3a paMKI1 I\3HHOfO C006IUCHHJI. 

6. 3ai<JIIOT.J€HJI(€ 

0TMCTHM, 'ITO ypaDHCHI1JI \12) 11 (13) JICrKO MO)l(IIO llOJIY'li1Tb 113 JlarpaH

)l(H8Ha L = ~o"1/;i31, 1/•' - ";/ 1/1'1/• np11 noAcTaHonKe ( 11). 

ITpe.n.JiomeH no.uxo.u n HHTepnpcTaUHH nonHonoll <llYHKUHH ypanH<'

HIUI K<I>r H3 ROToporo cne.nyeT, qTo n .ll.JIJI o.uHoqacTHqHoro ypanHeHIDI 

Kci>r MO)l{HO nnecTH nonomnTeJI:oHo-onpe.ueJIE'HHYJO nr.~'lH'-IUHY nJIOTHocrH 

BepoJITHOCTH. .ilaHO peJIJITHDMCTCJ<Oe o6o6IUeHHC DO.D.XO.U<1 <l)riiHM<1H<l. K 

cnepxnpono.n;HMOCTH. 
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KneiiHa-<l>oKa-fopJloHa (K<I>f) 
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ITpeMaraerc» nO)lXOJl K HHrepnperau"" sonHosoii <J>YHKUI!II ypasHeHI!H K<l>f, 
H3 KOTOporo CJie,uyet, liTO H JI.T'UI O.UHO"::3CTl1liHOro ypaBHeHIDI K<l>f MQ)f(HQ BBeCTH 
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An approach for the interpretation of the wave function of the KFG equation 
is proposed. Then for the one particle solution of the KFG equation we can construct 
the positive defined value i.e. to introduce a probability density. A relativistic 
generalization of the Feynman approach to superconductivity is given. 

The investigation has been performed at the Laboratory of Particle Physics, 
JlNR. 
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