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<l>HfYPA, 

OI1HCbIBAEMA51 BEKTOPOM CKOPOCTH IUIAHEThl, 

B 3AaAqE KEIUIEPA 



l1oram1 Kennep ( 1571-1630), pa3BHBllil Mo.uem Bcenemrnu, Bbl.Ummyrym 

HHKOJiaeM _KonepHHKOM (1473-1543), u o6pa6aTblBllil acTpOIIOMH'Iec1rne ua6mo

.ue11m1 Tuxo Epare (1546-:-1601 ), OTKpbIJI JaKom1 .UBH)Kemu1 nnaneT n Comie1111ott · 

CHCTeMe. 

Mo.ueJib KonepHHKa, ll KOTOpou nnaneTbl .UBH)KYfOI no 3aKOHaM Kennepa, 

IIU3blBUCTC51 MO,UeJiblO Kenm:pa. 

8 MO,UeJIH Kennepa paCL:~taTpHBUeTC51 Com1ue, BOKpyr KOTOporo ,UBIDKYfC51 

nJiaHeTbl. Comiue H Bee IJJIUHCTLI npe,UCTaBJ15IIOTC51 B BIi.UC MaTepllaJJbllblX T011eK. B 
OTJIH4He OT nna11eT, Com1ue nerh).UBH)KHO H tieiicrnyeT 11a nee nnaueThI. Hanpo-· 

nrn, n11a11eTbl He .ueiicTByIOT IHI na Com1ue, HH .upyr 11a .upyra, BblCTYHM B MO,UemI 

B BH,Ue npo611bIX TCJI. Mo,nenb KUK 6b! pacchmaeTC51 Ha OT,UCJlbHL!e ,neTaJJH, B KU)K

,nou H3 KOTOpblx BMecTe C IIOK0511UHMC51 COJIHUCM OCTaeTC51 BCero Jllllllb o,nna U3 

npurnrnBaeMblX Co,m1ueM nJianeT, BblCTynaIOJUHX KaK npo6uoe TeJio. 

JJ:1151 TaKOl'I ,neTarm Kennep OTKpbIJI c.rre.uyIOJUHe 3UK0HbI: 

1. CeKTOPllllil CKOpOCTh nnaneTbl OTII0CHTeJlbHO Com1ua llOCT05HIHa. 

2. f111a11era .UBH)KeTC51 no 3JIJIIIIICY, B O.U!I0M II3 cpoKyCOB KOTOporo HaXO.UIITC51 · 

Com1ue. 

3. OnrnUie1rne KBa.upaTa BpeMe1rn 06pame111-151 n11a11eTb1 K Ky6y 6onhUIOtt ocH 

3JJJJIInca ee ,UBH)Kemrn o;:urnaKOBO .UJI51 Bcex_ nJiaHeT. 

l13 JaKonoB Ke~nepa HcaaK Hb!OTOH ( 1643- l 727) BbIBeJI ypaBnenIIe 

dv -3 
-d =.- cxr r, t , . (1) 

dr 
V =- (2) 

dt' 
r = r(t) - 3aBIIC5IJUHfi OT npeMeHH t pa.uIIyc-BeKT0p llJlHHCTbl, V = v(t) - BeKTOp 

c1wpocT11 nna11eTb1, r = Ir I, a= yM; B CBOJ0 o4epe.uh /Jf-;- Macca Com1ua, .Y -
nocTOSIHHM HblOTOHa,' pamirui . . 

(3) 

Ha 0CHOBe (1) HblOTOII 0TKpbIJI 3aKOH BCeMIIpHoro rnroTemrn. 

B ,UaHHOH- pa6oTe 6y.ueT ,UOKa3aHO, 4TO_ BeKTOp CKOp0CTll 'HJiaHeTbl 3aMeTaeT 

Kpyr, HJIH . 4TO KO Heu BeKTOpa CKOpOCTII llJiaHeTbl OllHCbIBaeT. OKpy)KHOCTb. Tipn' 

3TOM HeBOJlb!IO BCllOMIIHaeTi:;51 ,llpeBH5151 reopII51 3nHUHKJIOB. Ho, B OTJlll'IHe OT 



sm11.-1HKJIOB fHnnapxa H TIToJJeMe51, OKpy)KHOCTb, onHCbIBaJOIUa51 .UBH,KeHHe nnaHe

Tbl, HaXO.UHTC51 He B BH.UHMOM HaMH MHpe, a B He3pHMOM npocTpaHCTBe CKOpOCTeH. 

EcTeCTBeHHO, qTO B MexaHHKe HbJOTOHa, C03.UaHHOH Ja.uonro .uo OTKpblTH51 

reoMeTpHH Jio6aqeBCKOro, .upeBH5151 reoMeTpH51 EBKJIH.Ua rocno.ucrnyeT He TOJlbKO B 

npocTpaHCTBe nOJJO)KeHHH MaTepHanbHOH TOqKlf (T.e. B BH.UHMOM MHpe), HO H B 

npocTpaHCTBe ee CKOpOCTett. 

O603HaqlfM Blf.!-IHMblH MHp . qepe3 P, npocTpaHCTBO CKOpOCTeH - qepe3 V. 
TioMeCTHM ConHue B Haqano .ueKapTOBbIX KOOp.UHHaT X, y, z npocTpaHCTBa P, a 

_CKOpOCTb ConHua - B Haqano .ueKapTOBbIX KOOp.UHHaT VI' v2' VJ npocTpaHCTBa V . 

TipocTpaHCTBO V COBMeCTHM C npocTpaHCTBOM P, npHqeM nnoCKOCTb V 3 = 0 

COBMeCTHM c nnoCKOCTblO xy, nJJOCKOCTb v2 = 0 - c nnOCKOCTblO zx, a nnocKOCTb_ 

v 1 = 0 - c nJJOCKOCTblO yz. O6ruee Haqano KOOp.UHHaT X, y, z H v I' v 2' v 
3 

o6o-

3HaqHM qepe3 0. TeM caMbIM .usa eBK.l_!H.UOBbIX npocTpaHCTBa, P H V, nocrnBHM B 

OTHOllleHHe no.uo6m1 .upyr K .upyry, qTO OTHJO.Ub He CBO.UHTC51 K HX OTO)K.UeCTBJJe

HHIO, TaK KaK paCCT051HH51 B p H3Mep51IOTC51 B CM, a paccT051HH51 B V H3Mep51.: 
-1 

JOTC51 B CM · C . 

TipH 3TOM ueHTp no.uo6H51, T.e. TOqKa 0, rno6pa,KaeT H n<?.JJO)KeHHe, If CKO-

. pOCTb ConHua. Pa.uHyc-BeKTOp r = r(t) HaqHHaeTC51 B TOqKe O H KOHqaeTC51 B TOqKe, 

lf306pa)KaIOmeii noJJO)KeHHe nnaHeTbl B MOMeHT BpeMeHl-f t. Ero KOHeu onHCbIBaeT 

TpaeKTOpmo nnaneTbl. BeKTOp CKOpOCTH V = v(t) TO)Ke HaqHHaeTC51 B TOqKe 0, HO 

KOHqaeTc51 B TOqKe A (t), mo6pa)KaJOmeii cKopoCTb nnatteTbI B MOMeHT speMeHH t 
6e30THOCHTeJJbHO K BbI6opy KaKOH-JJH60 CHCTeMbl OTcqern. 

nocne 3THX JaMeqaHHH nepeii.ueM K HHTeip"HpOBaHHIO ypaBHeHHH (I )-(2). 
KaK o6bJqHo, CHaqana .UOKa)KeM, qTO coxpaH51eTC51 y.uenbHblH yrnoBOH MOMeHT 

L = [r v]. (4) 

J,fa (1) H (2) cne.uyeT, qTo BeKTop L OT BpeMeHH He 3aBHCHT . .IleHCTBHTeJJbHO, 

dL . . -3 . · dt = [r v] + [r v] = [v v] - ar [r r] = 0. · (5) 

Cne.uoBaTenbHO, 

L = const. (6)-

Mo.uynh seKTopa [r dr] paBeH y.ueoeHHOH nnoma.uH TpeyronhHHKa, JaMeJae

Moro pa,nHycoM-BeKTopoM r 3a epewi ·dt. Cne.uosaTeJJMIO, ceKTOpHIDI cKopocTb 
I . - - , - -

nnaHeTbl paBHa 2 L, TaK qT0 nepBbIH 3aK0H Kennepa 51BJl51eTC51 cne.ucTBHeM ypaB-

HeHH51 (I). 
TaK KaK HH o.uHa nnaHeTa He .UBH)KeTC51 no np51Moi'i, Hanpasnemwi'i Ha Conttue, 

TO L :t:- 0 . .IleiiCTBHTenbHO, npOH3B0.UHa51 e.uHHHqHoro BeKTopa: n, HaripasneHI-IOro 

no pa,nHycy-BeKTOpy r, B o6meM cnyqae pasHrui 

2 

t 
/i 
I 

) 

r., 
' \ 
l :' 
; 
~· 

dn d r -2 l dr ) -2 dt = dt -;:- = r r v - dt r = r [L n], (7) 

B qacnlOM cnyqae, Kor.ua L = 0, cm.ta pasm1eTC51 11ymo. 8 3TOM cnyqae MaTepuanb

Ha51 TO'IKa He MO)KeT npe.ucTaBmlTb nna11eTy, TaK KaK )1BH)KeTC51 no npm,IOH Jll!IIIHl, 

npoXO/l51IUeii '!epe3 Comme. 

Tenepb 3aMeTl!M, '!TO cKan51p11oe npo1nseneIme L 11a r no onpenenem110 ( 4) 

paBHO Hymo. CnenoBaTeJlbHO, nna11eTa /lBl1)KeTC51 B fJJJOCKOCTH, npoXO.U51ll-lei'i 4epe3 

Conttue nepneH/lHKyn51p110 K y.uenbHOMY yrnoBOMY MOMeHTY (5) nnaHeTbl. 

HanpaBHM OCb Z no yrnoBoMy MOMeHTY L. ITpH TaKOM ycJJOBHH nna11eTa )1BH

)KeTC51 B 11.JJOCKOCTH z = 0 no '!aCOBOl'i CTpenKe . .IleiicTBHTeJJbHO, HMeeM LI = o. 
L

2 
= 0, L

3 
= L > 0, r.ue 

L=xv2 -yv 1. 

ITepexom1 K non51pHbIM Koop.uImaTm.1 no npas11ny 

X = r COS <p, y = r sin <p, 

nonyqaeM 

L ( . ) 2~ = r v,, cos <p - v1 sm <p = r d . 
- . t 

TaK KaK L > o. TO nnaHeTa .UBH)KeTC51 no '!aCOBOl'i CTpenKe. 

r;n:e 

YpaBHeHlte HblOTOHa (1)-JanHllleM B npoeKUH51X Ha OCH X HJ' 

d -v -2 dt I = - ar cos <p, 

dx 
vi= dt ', 

d -v -2 at 2 = - ar sin <p, i 

!!_y_ 
v2 = dt. 

(8) 

(9) 

(IO) 

(11) 

(12) 

Y'llITbIBa51 ( IO), nepeii.ueM B (11) OT nepeMemmi'i t K nepeMem1oii <p no 113secTHoii 

cpopMyne 

L_!J_=r2!!__ 
d<p dt 

B peJynhTaTe nonyq11M 

d 
L d<p v 1 = - a cos <p, 

Cne.uosaTeJJbHO, 

vi= - _al sin <f> + yEB I,, 

d L-v - - . d<p 2 - - a sm <p. 

a 
v2 = -L cos <p + yEB 2. 

( I 3) 

(14) 

( 15) 

r.ue vf H vf - KOIICTaHTbl HHTerp11poBaHH51. TaKIIM o6pa30M, KOHeu BCKTopa 

CKOp0CTH nna11eTbl onHCblBaeT B npocTpa11crne CKOpocTeii OKpJ,KIIOCTb, J1e)Karuy10 

B flJJOCKOCTJl V 3 = 0. Pa.u11yc 3TOii OKPY)KII0CTII paBell 
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V=~ 
L" (16) 

Ee ueHTp 0$ CMemeu OTHOCHTeJJbHO ua1.rnna KOOp.!lHHaT O (npe.ncTaBJilllOUlero 
$ . 

CKOpOCTb Conuua) Ha BeKTOp V , KOMfiOHeHTbl KOTOporo paBHbl KOHCTaHTaM 

HHTerpHpOBaHHll Vf 11 Vf 
KaK BH.!lHO, cne.ny10mee CKIDlllpHoe npOH3Be.neune paBHO H~JJIO: 

(v - V$) r = 0. (17) 

3TO 3Ha'IHT, 'ITO pa.nHyC-BeKTOp r nnaHeTbl, KOMnOHeHTbl KOTOporo paBHbl (9), H 

CKOpOCTb v - y$ nnaHeTbl OTHOCHTeJJbHO HHepuHaJJbHOH CHCTeMbl OTC4eTa, .!lBH

)l(ymettCll OTHOCHTeJJbHO Com,ua co CKOpOCTblO v$, B3aHMHO nepneH.!lHKYIIllpHbl. 

Eonee TO'IHO, BeKTOp V - v$ noeepHYT Ha 90° npOTHB 'laCOBOH CTpeIIKH OTHO

CHTeJJbHO BeKTOpa r. BeKTOp V - V$ Ha'IHHaeTCll B npOCTpaHCTBe CKOpOCTett B 

TO'IKe 0$, B KOTOpOtt KOH'laeTCll BeKTOp V$. _A KOH'laeTCll BeKTOp V - V$ B TO'!Ke 

A, r.ne KOH'laeTCll BeKTOp v. Mo.nynb BeKTopa v - v$ paBeH ( J 6 ). 
3anmueM ypaBHei-IHll (15) B .npyroM BH.!le, a HMeuuo: 

$ a . v = v1 + - sm cp, 
I L 

$ . a 
V = v2 - - cos cp. 

2 . L .. 

B03Be.!lll paBeHCTBa (] 8) .B KBa.npaT H. CJJO)l(HB KBa.npaTbt, 'nonyqm.i 

' ' . ; 2 

V$2 v$2 2. 2 2 a ( .. , .· •)· (a) 
1 + 2 '= v1 + v2 + I vi'sm cp - v2 cos cp + L . 

Ilq.n_crnBHB CIO.!la ( 10), Hatt.neM HI-ITerpan 3HeprnH E,. paBHbltt 

r.ne 

·' 2 -'· ' 
V a 
:----=E,. 
2 · r · 

E=Lv$2_tv2 
2 L. ' 

2 2 2 v = v1 + v2, v$2 = v$2 + v$2. 
· I · 2 

HanpaBnllll ocb no BeKTopy V$ (~M. pucyHoK), nonaraeM 

$ V
1 

=0, $ $ ' v2 =EV, v3 =0, 

r.ne £ - HeoTpHUaTeJJbHOe 'IHCJJO, paBHOe OTfIOllleHHIO 

£ = V$ /V 

4 

(18) 

. , ~·' 

(19) 

(20) 

(21) 

(22) 

(23) 

;\ 
/ 
:' 

1)··. 
\'. 
' \' 

y 

0 
'.:t 

Mo.nynll V$ BeKTopa V$ K pa.nuycy V. B peJynhTaTe np1rneneM,YPflBHemrn .(15)Jc . 

BH.!lY_ 

VI = - V sin cp; 
; ;.: 

v2 =·v (£+cos cp). (24) 

Bojiie.n'.si 3TH' paseHtTili a ioia.zipaf,u CJJO)K~, KB~paTbl; n'onyquM ~H-~OHOMeTpH'I~~ 

CKYIO' ifiopMyny'itrr.ii°TpeyroJJhHHKa 0 Ab$, a ~MeH~o: ..... · .· . , , 

v
2 = V2

(1 + £
2 

+ 2£ cos cp); ,(25) 
. . ~. ,, : .· ' .. 

TaK -KaK,yron npu .Beprnu11e oEB paeen 7t - cp • 
Jlpu 3TOM 3Heprttll (20) JanmueTCll B BH.!le 

E= (£2 ...'.I)½ y2_· (26) 

J·h (19) H (25) (c fiOMOlllblO (16), (26)) 6e3 KaKoro-nu6o .no6aBO'IHOro UHTe
rpup~BaHHll nonyqaeM ypaeHeHue op6HTbl 

L 
r (1 + £ cos cp) = y · (27) 

Jlpu O < £ < I 3TO eCTb ypaenenue ::inmmca, 0.!lHH H3 qJOKYCOB KOTOporo Ha

XOJlHTCll B TO'!Ke 0, C 3KCUeHTpHCHTeTOM £, paBHblM OTHOllleHUIO (23), H napaMeT
poM p, paBHblM cne.nyJOllleMy OTHOllleHHIO: 
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L -P = - = av 2 

V 

TaxnM 06pa10M, co6mo.1.1aeTc.s1 11 BTopoii 3aKoH Kenrrepa. 

(28) 

TTpu ,: "' 0 ypanuenue (27) npe.1.1cTanrr.s1eT co6oii ypanue1me oKpy)KHOCTH 
pam1yca (28) C UCHTpOM B TOlJKC 0. 

Koueu IlCKTOpa CKOpOCTH nrraHeTbl MO)KeT 6hITh mo6oii TOlJKOH OKPY)KHOCTII 
(24). CKopocTb ComIUa 0 MO)KeT conna;:i:aTb c mo6oii TOt.JKoii BHYTPII oKpy~HOCTH 
(24). B crryqae Kpyronoro ,l.lBH)Kemrn nrraHeTbl CKOpOCTb ComIUa COBna;:i:aeT c ueHT

poM OKpJ)KIIOCTH (24). 
EomlllM norryocb arrrrnnca (27) panua 

a = ___p__ _ L 
I - e2 - ( I - e2) V . 

(29) 

TT03TOMY B curry (16) H (26) 

2 I 2 LV a 
E = (e - I) - V = - - = - - . 

2 2a 2a 
(30) 

TaKHM o6pa30M, .1.1rr.s1 nrraHeT 3Heprn.s1 E oTpnuaTeJibHa H panua 3Hat.Jeumo 
E = U(2a) noTeHUHa.JihHoii 3ueprnir 

a 
U(r) = - - (31) 

r 

npn r = 2a. C .1.1pyrou CTOpOHI,I, 
2n IE/ =S. f32) 

r.1.1e s - IlJIOll{a,l.lb B npocTpancTBe CKopocTeii KOJlhUa, orpaHH'ICHHOfO KOHUeHT

pnt.JeCKHMH OKpJ)KHOCT.slMH C PMHYCaMH V H v(fJ. 3TO KOJibUO H3o6pIDKeno ua 
pncyuKe. 

Tiepeii.1.1eM K TpeTbeMy 3aKony Kenrrepa. 
PaccMOTpHM JIC)K3ll{HH Ha IlJIOCKOCTH X y ceKTOp, orpaHHlJCHHhlH rryqaMH 

cp == 0, cp = const H TpaeKTopneii p = p(cp) nrranen,. Ero nrromMb corrracno (10) 
panna 

<p p(µ) l <p I. 

L(cp) = f dµ f ~ ds = 2 f p2(µ) _dµ = 2 Lt. (33) 

0 0 0 

Y.uo6uo ClJHT3Tb, lJTO yrorr cp Me1rneTC.sl OT'- 7t .uo + rr. Ilpn 3TOM ycJIOilHH BpeM.sI 
T T .. · 

t ~eH5JeTC.sI OT - 2 .uo + 2 , r.1.1e T - nepno.u o6pamemrn nrra11eTbI BOKpyr Corruua 

(ee ro.u). Crre.1.10BaTemuo, 

I 
L(1t) =4 LT, 

me L(7t) pamrneTC.sl IlOJIOBJIHe IlJIOll{a,l.lH 3JIJIHnca (27), TO ecTb 

6 

(34) 

I 
L(1t) = 2 nab, (35) 

r.ue a H b - norryocn ::irrrrHnca (27). EorrbllIM norryocb panna (29), a Ma.JIM no-
rryocb paBna 

b=a~. (36) 

lh (29), (30) H (36) crre.uyeT 

T=2nab= 2nb =fina IEl-1/2=1ta lEI-J/2_ 
L (I - e2) V fi . (37) 

l-13 (30) H (37) crre.uyeT TpeTHH 3aKOH Kenrrepa 

T2 = 4n a3: 
a 

(38) 

8 33KJI10t.Jen11e 3aMeTHM, lJTO BeKTOp VE!;) .coxpairneTC.sl, TO eCTb OH .sIBJieTC.sl 
HHTerparroM .LIBH)KeHH.sl. mo crre.uyeT H3 (15). Crre.uoBaTeJihHO, coxpan.s1eTC.sl II BeKTOp 

. a 
I= [V $ L] = [v L] - - r, 

r 

H3BCCTHblH B JIHTepaType KaK BeKTOp Pynre - Jleuua. 

(39) 

EcrrH BeKTop L nanpanrreu no OCH z, a BeKTop V$ nanpannen no ocn y (3.Lle"cb 

3TO TaK H c.uerrano), TO BeKTop I nanpaiirren no OCH x. Bee. TPH BeKTopa I, V$ H 
L npHrrmr<eHbI K TOt.JKe 0. 

BeKTop (39) nanpanrren no BeKTopy OTT, t.JTO nat.JHnaeTC.sI B TOtJKe 0, H3o6pa
. )Ka10meii Corrnue, u KOHt.JaeTc.s1 B TOt.JKe IT, H306pa)Ka10meii nep11rerrttii nrraneThI. 

Mo.uyrrb neKTopa (39) panen / = e VL = ea, a Mo.uy.TJh neKTopa . OTT paneu 

I orr I = _p__
1 

. ITo3TOMY 
+e 

I = e ( l + e) v2 orr. 

PyKOIIHCb nocTynHrra B H3,!laTeJibCKHii OT.UeJl 
I ce11rn6p.s1 1998 ro.na. 
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qepmIKOB H.A. 
<I>mypa, Oilf!CbIBaeMrur BeKTOpOM CKOpOCTfl IlJiaHeTl>I, 
B 3a,naqe KeIDiepa 

P2-98-247 

B pa6oTe l{OKaJaHo, qTo BeKTOp CKOpOCTfl IlJiaHeTl>I OilflCl>IBaeT OKPYJKHOCTb B 
npOCTpaHCTBe CKOpOCTeii MaTepml.lil>HOB TOqKfl. KaK cne):{CTBHe, OTCIO):{a nonyqaeTC.11, 
qTo pa,nuyc-BeKTop IDiaHeTLI onuc1>rnaeT 3nnunc B npocTpaHCTBe nono:lKeHHii MaTe
puan1>Hoii TOqKH. TaKoii nonxon K pemeHHIO 3a,naqu Kennepa OKaJLrnaeTcst 6onee 
npOCTl>IM, qeM npHBI,JqHI,Ill nonxon qepe3 llHTerpan 3Hepnrn. TiomITHO, qTO OH 
npHMeHHM K OilHCaHHIO He TOnl>KO l{Bll:lKeHHSI nnaHeTl>I BOKpyr ConHua, HO " K 
OilllCaHmo l{Bll:lKeHml 3neKTpOHa BOKpyr npOTOHa B aToMe Bonopona. 

Pa6orn B1>1nonHeHa B Jla6oparnpuu TeopeTHqecKoii cpmmrn HM.H.H.6oron10-
60Ba Ql,f5UJ:. 

Coo6meutte Ofue)lHHeHHoro HHCTH'lyra ll)lepHLIX HCCJle)lOBattHii . .lly6tta, 1998 

ITepeBon aBTopa 

Chernikov N .A. 
A Figure, Drawn by the Velocity Vector of a Planet, 
in the Kepler Problem 

P2-98-247 

Here it is shown, that the velocity vector of a planet draws a circle in the velocity 
space of a material point. As a consequence, from here it can be derived that the 
radius-vector of planet draws an ellipse in the usual space. Such an approach in 
solving of the Kepler problem turns out to be simpler than the usual integral energy 
method. It is also applicable to description of electron movement around a proton. 

The investigation has been performed at the Bogoliubov Laboratory of 
Theoretical Physics, JINR. 
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