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1 · BBe.n;eHHe 

KaK H3BeCTHO, KpHBaJI B D-MepHOM rrpocTpaHCTBe onpe.z<eJIHeTCII D -1 penapaMeTpn3au;noH

HbiMH HHBapHaHTaMH (aHeiJIHHMH KpHBH3IIaMH} kt, .... , kn-t. IIBJIHIOiliHMHCII !pyHKI\HIIMH Ha

TypaJibHOrO uapaMeTpa KpHBOfi S (eM., HaiipHMep, (1]}. Ilo3TOMY. peiiapaMeTpll3ai\HOHHO

HIIBapHaHTHOe .z<eficTBHe MOJKHO 3a.z<aTb narparuimaHoM, IIBJIHIOiliHMCII IPYHKI\Hefi BHeiJIHHX 

11p11Bl13H MHpOBOfi JIHHHH: 

S= J F(kt, .... ,kN)ds, O~N~D-1. (1.1} 

Taime CHCTeMhl Mhl 6y.z<eM Ha3b!BaTb MO)<eJIHMH qaCTHI\ C o6o61lleHHOH JKeCTROCTbiO. 

MexanH'IecRHe narpaHJKHanhl, 3aBHCIIIliHe oT rrepaoii n BTopoii RpHBH3H MH.poaoii nnHnn, 

naqaJIH OTHOCHTeJibHO HHTeHCHBHO HCCJie_rioaaTbCII ·a ROHUe BOCbMH,l];eCIIThlX ro,ri:oB RaR Hrpy

IJieqnhle MO)<eJIH lKeCTRHX CTpyn 11 (2 + 1 }-MepHbiX Teopnii llOJIH C qJieHOM l.Jepna-CaiiMOHa 

(2]. BcRope CTaJIO IICHO, B OCIIOBHOM 6naro.z<apn pa6oTaM M.IlJI!OillaJI, qTQ ~aRHe CHCTeMhl 

upe.z<cTaBJIIIIOT caMOCTOHTeJibrrhlfi · HHTepec, rrpeJK.~<e Bcero B ROHTeKcTe cnHHOBhlX qacTHI\. 

TaR, up11 D = (2 + 1}, F =Co+ c1k1 + c2k2, Co# 0 HM OT~eqaeT MaccHBHhlii peJIHTHBHCT

cuHi1 aHHOJI (3], npu D = (3 + 1}, F = Co+ Ctkt, Co # o-·MaCCllBHhlll peJIHTllBllCTCRlltt 

6030H (4], a rrpu D = (3 + 1}, F = ck1- 6e3MaccoaaJI qacTHu;a rrpoH3BOJibHOtt (u;enofi 11 

uonyueiwi1) cnupanLuocTH (5].' 3aM.eTnM, qi'o np11 F = . eo + ki MLr · nMeeM 3!lJ<PeRTnauoe 

.z:iefiCTBHe peJIIITHBIICTCKOrD RHHKa B HOJie COJIIITOHa (6]. . . . 
He.z<aauo 8.PaMoc· 11 }l{.PoKa· o6uapyJKHJIH, q:fo cHcTeMa c F ~ cki o6na.z<aeT :Kairn6p~

aoquoi1 w3 CHMMeTpue.ii (7]. Oun TaiiJKe' ITOKaaaJII! ueripiiMhlMH apryMeHTaMH, qTQ CHCTeMa c 

narpaHJKHaHOM F =ckN o6na.z<aeT N+ 1 RaJm6poaoquofi CHMMeTpnefi, o6pa3yiDillefi, np'e.z<-

rronoJKuTemuo, WN+2 anre6py (8]. . . 

Hax:ue (u3o}cnuUOBbte 'laCmUl{bl. onUCbtBa!OmCR .«oae.4R.«U c o6o6U(euuoi1 :»eecmx:o

Cffib!O? 

Hax:u.«u x:a.w6poao'lubt.«u W cu.«.«empuR.«u .«ozym o6.waamb Jmu .«oae.tu ? 
0TBeT ua 3TH aonpochl npe.z<rronaraeT 3Haune pa3MepuocTH n ci'pyRTYPhl.!pa~oBhlX npo

CTpancTB paccMaTpHBaeMhlX MO.z<enefi; reuepaTOpoB RaJIH6poaoquhlX CHMMeTpHfi; ux nocne

.nJIOillee KBaHToaaune . 
.lJ:JIH 3TOrO rrpeJK.~<e BCero Tpe6yeTCII raMHJibTOHOBa !popMyJIHpOBKa CHCTeM (1.1 ). 3aMe

TIIM1 qTQ narpaHlKI!aHbl MO)<eJiefi qaCTIIU C o6061lleHHOfi lKeCTROCTb!O 3aBHCHT OT I1p0113BO.ziHhlX 

(N + 1}-ro llOpii.z<Ka, TaK KaR BHelliHHe KpHBll3Hhl onpe.z<eJIHIOTCII BhlpalKeHHIIMH 

ki( s) = y'det YI+t def9I 1 

detg1 ' 
(91 );i = X(i)X(i)> i,j = 1, ... 'I, 

r.z<e x(i) = d;x(s)f(ds);. 
IloTOMY BHa'IaJie HYJKHO 3aMeHl!Tb HCXO)<Hhlfi JiarpaHJKHaH 3KBHBaJieHTHb!M JiarpaHJKHa

HOM BTOporo ( nepaoro) nopii.z<Ka H J!Hillb HOCJ!e 3TOrO nepefiTH R raMHJ!bTOHOBY !popMal!H3MY 

B 2fl(N + 1}- MepHOM !pa30BOM HpOCTpaHCTBe. 

O.z<naKo rrp11 nepexo.z<e R raMHJ!bTOHOBY !popMaJIH3MY 6ol!blliHHCTBOM aaTopoB nruopupy

IoTcii l!HBapHaHTJ!ble CBOHCTBa JiarpaHJKHaHOB 1 orrpe.z<eJIHeMb!e HX 3aBHCHMOCTbiO OT BHelliHHX 

Olitn; ... :-.. l~·ii i;:,:ntJY' 
1 a;:~~;•r.zr. ncc.'lt!;tl:l~:\ad 
, 6'-it.Jl~IOTSKA 
·~· ... ~-



KpRBH3H. B pe3yJILTaTe ~aJKe nocTpoenn:e cncTeMLI nepBll'IHLIX CBJI3Cil npe~nonaraer n po

Be~enn:e yToMn:TeJILHLIX 6eccTpyKTYPHLIX npe6pa3oBaHnil. TaK, B yme•ynoMJIHyToH pa60Tc 

(8] y~aJIOCL nocTponTL noJIHYIO cncTeMy CBJI3eil JJRIIIL ~JIJI F = ck2, npwicM cyn(cCTBCIIIIO 

neJin:ne.ll:nyw. 

B npe~cTaBJIJieMo.ll: pa6ore npe~JiaraeTcJI 6oJiee reoMeTp11'1Hhiil cHoco6 HOCTpocHIIH ra

MRJILTOHOHa cpopMaJIH3Ma ~JIJI MOJ(eJie.fi qaCTIU~ C o6o6ru;eHHOH JKeCTI!OCTLIO, OCIIOBallllhiH Jla 

cpopMyJiaX <l>peHe ~JIJI llO~BJIJKHOI'O penepa, onpe,neJIJIIOW:HX HHeiiiHHe Hp11HH3Hhl. 

floJiy'leHHaJI TaKHM o6pa30M raMHJILTOHOBa CHCTeMa cpopMyJIHpyeTCJI H TCpMHI!aX HOOp

~HaT HCXO~HOI'O npocTpaHCTBa X, KOMIIOIIeHT llO~BHJKHOfO penepa e; ll COllpHlHCIIIIbiX liM 

uMnymcoB p n p;, r~e i = 1, ... , N. JlarpaiiJKeBLI MHOJKHTeJJH npH ncpHH'IllhtX can:Jnx 

HMeiOT CML!CJI BHeiiiHHX KpHHH3H MHpOBOH JIHHHH. 

MLI npo.neMoncrpupyeM 3cpcpeKTHHHOCTL rrpe.nJioJKennoi! HaMil cpopMyJIIIpOBHH, IIOCTJ>OIIB 

!IOJIHL!e HafiopLI CHJI3e.fi H raMHJILTOHHaHIJ ~JIJI MO~eJieH CO CJie.nyiOW:HMH Jtarpa,mt(llal!aMI1: 

. N - - -
a) F = _! 2:; b;kf + 2:i=t c;k; +Co, b1b2 ... bN 'I. 0. 8ra cucTeMa xapatncpu:~ycTCH 

HaHMeHLIIIHM BhlpOJKJ(eHHeM H OTCYTCTBHeM BTOp11'1HhlX CHJI3ei!. 

.6) F = ckN, VD~N <D. CucTeMa xapaKTepu3yercn MancnMaJihiiJ.IM (npu ;.(aHHoM N) 
BJ.IpO~(!HHeM n N + 1 KaJIH6poBO'IHOi! creneHLio cao6o,nJ.I. Bee H03HHHaiOru;He B 11eil CHJI311 

KBa,npaTJI'IHJ.I. 

_MLI llOKaJKeM, 'ITO CHCTeMJ.I C JiarpaHJKHaHaMH, JlHHeHIIO 3aHHCJIW:HMll OT !1Hel!llii1X Hp11-

HH3H, 06Jia~aiOT MaHCJIMaJibHO B03MOiKHhlM HafiopOM (HBa~paTli'IHhlX) IIepBH'IHbiX CBII3CH. 

Hannqne B JiarpaHJKllaHe KpnHH3H ka, a < N, cymecrBeHHO onpc.nenJieT na6op !ITopwt

HhlX ~BJI3ei! ll yMeHLIIIaeT KaJin6pOBO'IHYIO HHBapH~IITIIOCTL narpaiiJKllaHa.. flo3TOMY MJ,I 

IIpllBOJ(HM ~JIJI HJIJIIOCTpan.nn IIOJ!Hhle HafiopLI CBJI3ei! ~JIJI xop01110 H3y'lellllhlX MO/(CJICH C 

narpaHJKHaHaMn F =Co+ Ctkt n F =Co+ c1k1 + c2k2. , 

Be3~e no TeHcTy Mhl IIOJiaraeM J(JIJI npoCTOThl Cll.fHaTypy npocTpaHCTHa mn CBIOH!/.(O!IOH, 

qro ne ~OJIJKHo npli.Becrn H ne~opa3yMeHn11M npn nepexo~e H ncea~oemwn.noay npocTpan

CTBy. 

Mhl 6y~eM rroJIL30HaThCH cne.nywru;nMn rpynnaMn nH~eKcoa: 

i,j,k=l, ... N; a,b,c,d=l, ... (N-1); a,fJ=l, ... ,(N-2); 

l1 0603Ha'leHHJIMH: 

F,; = oFjak;, F;i = o 2F/ok;aki> 

'if;o.; = pe;, 'J;i.j = p;ei- Pie;, ;j;oo = pLp, ;j;oi = pLp;, ;J;,i = p;Lpi> (1.2) 

r~e 

N D 

L = i - 2:: e; 0 e; Va, b:a=aA,b=aA, ab= l:aAbA. 
i=l A= I 

2 

2 <I>opMyJILI <I>peHe H rrpeo6pa3oBaHHe JiemaH,D;pa 

PaccMoTp11M raMllJJLTOIIOBY cpopMyJiupoBKY cnc'reMLI (1.1)._ 
ITpc~CTaHHM .neiicTHHe (1.1) B Bn.ne 

S = J F(ktfs, .... ,kN/s)sdr; 
dx -

r~e s = idr I, k; = sk;. 

flycTb { e,.} 3a,naeT IIO~BHJKHhlH penep. TpaeKTOpHH CHCTeMIJ: 

e,.ev = li,.v, x = se1·, Jl. = 1, ... , D: 

(2.1) 

(2.2) 

B TepMnHax no~BHJKHoro penepa BHeiiiHHe npnBn3n'hl onpe~eJIJIIOTCil ypaBneli:JIJIMH <l>pene 

e,. = k,.e,.+l - k,.-1 e,.-b eo =·eD+~~ ~ 0. (2.3) 
r"• '• 

0TCIOJ(a nerHO uai!TH JIBHhle BhlpaJKeHHJI ~JIJI BHeiiiHHX KpRBH3H 

k . k2 ·2 k2-
,.-t = e,.-te,., ".=:' e,..-. Ji-1; (2.4) 

3aMeTnM, '11'0 k,. 2: 0 npn Jl. = 1,. ·-~, (D - 2), roma naK kv_1 ("Kpyqenne") MOJKeT 

IIpll!!li.MaTb HaH llOJIOJKHTeJILHhle! TaH II. OTpiin.areJibHhle 3HaqeHHJI. 

Ecn11. nenoTopaJI k1 'I 0, TO k,. ¥ 0 npri p. ='= 1, 2, ... , I- 1 . 
06parno, ecn11. k1 = 0, TO k,. = 0, npn p. =I+ 1, ... , D- 1 (eM;, nanpri:M:ep, [1]). 

Y<trtThlllaJI BhlpaiKeinrll (2.2)-(2.4), Momiio 3"aMennr~ nepaoiJ:aqanLnhlft narparrJKHaii CJie~ 
~YIOW:li.M narpaiiJKnanoM BTopord nopli~Ha: 

··'. 

L = F(ktfs, ... , kN/s)s + p(x- set)+ 2:a Pa(ea- kaea+t + ka:..:tea-t) 

- 2:;,i a•i (e;ei -·li,i)- F,N (kN- (e"h -_k"h:-1 )
112

), (2.5) 

r~e s, k;, dii, Pa, e; nrpa!OT ponL He3aBHCHMhlX nepeMeHHhlX. 

Terrepb coBepiiiHM rrpeo6pa3oBanne JleiKaH~pa ~JIJI narpaHJKnana (2.5). 
ITepeMeHHhle Pa nrpa!OT pony, nMnynucoB, conpliJKeHHLIX ea, a nMnynLchl, conpHJReHHhle 

(s, ka, d;j), IIpHBOMT K TpHBJiaJILHhlM CB113JIM 

p• ::::::: 0, pa ::::::: 0, pii ::::::: 0. 

ITonaraJI kN 'I 0, F,N 'I 0, nonyqae~, qro nMnynLc,, conpHiRenilhl.ll: eN, nMeer BH~ 

F ( ·2 k2 )-1/2. PN = ,N eN- N-1 · eN. 
.~ 

Orcw~a, ~ yqeroM qiopMyJI <l>peHe, noJiy<i:~e~ c~e.nywmne' ~BH3n: 

XN.N = PNeN ::::::: 0, . XN.a = PNea -~ o; 
ci!N.N =Ph- (pNeN-t)2 - F.~::::::: q;N.N- F'fv::::::: 0._ 

(2.6) 

(2:7) 

(2.8) 

(2.9) 

CoBepiiiHB npeo6pa3oBanne Jleman~pa, nonyqnM, c yqeToM 3Tnx CBJI3e.ll:, cJie.nywmnil. mo~ 

ma.ll.bHbiU raMHJihTOHHaH: 

1-lr = 1-l +). (•lp. + ). (k}apa + A(d)iiPij' (2.10) 

3 



r,ll;e 

1i = sc/>o.l + L kacf>a.a+I + A~N.N + L <fiuii + L AaXN.a + ANXN:N, 
i,j 

U;j = e;ej - li;j, cPa.a+I = cPa.a+I - F,., c/>o.I = ¢o.I + L k;F,; - F, 

a A~ .. - narpanJKeBLI MHOJKIITCJIII. 

CTa611JIII3aiiiiH (2.6) rropoJK}l;aeT BTO(JII'IHLI:, cBH311 

U;j ~ 0; sc/>o.t +La kacf>a.a+I ~ 0 =} 1£ ~ 0; 

scf>a.a+I = -F,Na(kN- 2AFN ); (kN- 2AFN )F,NN ~ 0. 

(2.11) 

(2.12) 

(2.13) 

(2.H) 

Terrepb, IICKJIIO'IIIB CBH311 (2.6), ML! IIOJIY'IIIM raMIIJibTOHOBY CIICTeMy, OIIIICh!BiiCMyto raMIIJih

TOHIIiiHOM (2.11) II CIIMIIJICKTII'ICCKOii CT(JYKTypoii 

N 

WN = dp 1\ dx + L dp; 1\ de;: {2.15) 
i=l 

BLipamemm (2.8), (2:13) 3a}l;aiOT .a pe}l;ynllpoBaHHoii CIICTCMe nepBl:!'lllhle cBJI31!. BhlpaJKe

HifH (2.14), (2.9) JIII60 OII(JC}l;CJIHIOT llcpcMCHHhiC ka, kN KiiK cpyHKilllll OT ¢o.], l>a.,+I, JII!60 

3il}l;aiOT CBH311, II(JII KOTO(JL!X llC(JcMcHHL!C ka, kN 11rpa10T (JOJih JiarpaHJKCBhiX MIIO)J(IITCJICii. 

l.J11cJio B03HIIKawmllx CBH3Cii paBHO Kopanry rcccl!aHa F;i· 

3aMeTIIM, 'ITO cpyHKUllll (1.2) o6pa3yiOT 3aMKHYTYIO OTIIOCIITCJibHO CJW60I! fiyaccona 

(KBa}l;paTII'IHYIO) anre6py 11 YAOBJICTBOpHIOT ypaBHCHIIHM 

{¢; ... , u . ..} ~ {;f; ... , u ... } ~ 0, · {XN;, u;k} ~ 6NAk·· 

0TCIO}l;il B:HJI:11M, 'ITO: 

- BCC BTO(Jli'IHL!C CBH3ll HBJIHIOTCH cpyHH!lllHM:H OT ( 1. 2) j 
- CBJI3ll uN.N, uN,a 11 XNa, XN.N HBJIHIOTCH B3al!MHO conpHJKCHHhiM:H CBH311Mll BToporo po,ll,a, 

IIpll'ICM 

ANa = AN.= 0; (2.16) 

- CBH311 UN.N-J, Ua.b JIBJIHIOTCH CBH3HMH IIC(JBOI"O (JO}l;a, a HX CTa6HJill3ill\IIJI lie IIOJ>OlH)\iiGT 

BTOJ>II'IHLIX CBJI3eii. 01111 reHep:~~pyioT T(JHBHaJibHbic Kann6poBO'lHbie npco6pa:mllaHI1Jt. 

llo3TOMY y}l;o6uo 3acpHKcHpoBaTh dN.N-l 11 da.b, HaJIOIKHB HiiJIH6pono•Im.Je ycJtOIII111 

XN.N-1 = PNCN-1 ~ 0, Xa.a-K = p.ea-K ~ 0, K. = 0, ... 'a- I ' (2.17) 

YAOBJieTBopmomuc paBeHCTBaM 

{Xi._j,Ukt} ~ 6;{k6l}ii {Xi.j,;f;NJV} ~ 26N.;b;j;f;NNi {Xi.j,l>a.a+d ~ b;;(b;.a-bia+t)¢.-"+1· 

/ 
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flpHMep. l1:1BCC"fiiO, 'ITO a;Irc6pa Ha;m6j>OIIO'IIIhiX II(lC~6pa:!OIIiillilii CIICT<'llhl OII(Jell<'

;tHPTCII IW]>IIfl'lllhi~II1 CIIH:Jll~lli IIC]>BOI"O po;ta, a ee' pa3lie(JllOCTh .liP .I!Ji(•Bi;III;~;.T•IiCJ:;II'IPCTBa 
IIOC:I<'/liii1X [!J]. . .• ' • , . . · .... ·. ' . ·. , .. '".·. ·.~ . , 
llanpmwp. II. ~taHCI!llam.no IICIILI(JQ;HJlC~IIiiOll. (·.1y•tac, dct F;j i' 0. :iai·p~mlill,all· o6:1a;taPT 

;mmh pc·napalWT(lll:lanHoiiiiOH nnnapflanmocnto. J>a:nwpiiocn: c·e cj,a:JOnor~ nj;~~-~-~~a;li-TH~· 
]>iiHIIa /)..,,.r = (2/)- .V)(N +I)- 2. 

J'aCOHlT(lll~l II(JOCr<'iiiiiiiH II(JII~H'(> TaHoii CIH'T<'liiJ 

"' . 
, I ~ '2 ""' • I· = :) ~ b;k; + ~ c;/>; +Co. bl . b2 . .... by =f. n. 

.. · 

..... i i=l 

l'a:IJH'IIIHII c11n:m (2.9). (2. H),_ no:Iy•tac·~• 

k,. = .(¢ ... a+ 1 - c·,.) fb,, ( b,\·X·s + cs )2 c= ;j) .\' .. \'. ..• (2..1~) 

OTIIYJlil IBH'CM 

1i = ·'~'0.1 + d;jlli_,. 
' - 1"".;2 

9o.l = Oo.l + :) ~ b;k; - c·0 . (2.1!1) 
..... j•' ., 

C11cTeMa HM<'<'T JI11lllh ncpllll'lllhie c11n:nt 

¢o.J~.o, u;i~o. \N.,\'~o • . \s ... ;::::O. 

CTa6HJII1:lallll11 CHJI3Cii {2,8}'11 I!iiJIII6pc)~o•IHhiX ycJIOHIIli (2.17) IIJ>IIHOJ\IIT li cjlllliCill\llll d,1 • 

:JIIa'ICIIIIJI HOTOpoii. Mhl IIC Hhllii1CMHaCM :1a II<'IIii/\061!0CThiO. 

3 JlarpaHJRHaH:hl,. JIHHeHHhle IIO KpHBH3HaM 

Kat< 1111/li!O 11:1 (2.1,1), Mill!CIIMaJJhiiO llhlJHllH/\<'IIIIht~IH JIIIIUIIOTCJI ntCT<'~Ihl r ;Iaq;itllihllan<ntll. 

AUI!riiuo ·:liiH11CJIII\11MII OT Hii<'IIIIIIIX H(>I1HI1:lll' 

N 

F=co+.L:cJ;. 
i=l 

'J'atme CIICTCMI.I IIMCIOT CJJe/zytOII\IIH (Malii-HMiiJihllhlH) lla6op II<'Jlllll'lllhiX CHH:I<'ii: 

J.1 l'ClMUJlhTOIJMC:lll 

'9o.t = pet - Cti ~ 0, 

if>a.t,+1 == ~~·e,,+J -. P~,+re~~- Cn:::::::; 0., 

,<'PN.N = PNj•PN- c'F,.;:::: 0, 

\N.N = PNCN;:::: 0, \s ... =p.ve .. ;:::: 0. 

u;1 = e;ej- li;j ~ 0 

N-l S 

'H = ·'~?0.1 + L k,4>.,.n+l + .\<'P,\' . .V + L tf'jll;_,. 

n=l i.r=l 

5 ·, 

(:l.l) 

( :!. :! \ 

(:U) 



l-h ypaHHCHHii /lBHmCI!HII ~,1H Cfl.· BH}lll~l, 'ITO 2cNA = kN = .~i.:JV. 
TaKH~l o6pa.!O~l, B ra~m;IhTOIIOBO~l cj:JOJH!a,TH3~!e ~!eTJlH'ICC!UW HHBapHaHT!d Tpa(~HTOJ>HH 

s, k; Hfpa!OT po;n, ,TarpamKCBJ.!X ~!IIOillHTCJICii. 

ITocK0,1hKY np11 npeo6pa3oHaHHH JlemaHJlj>a Tpe6osa;roch BI.!IIOJIHCHHe ycJIOBHH k.v f 0, 

10 np11 cTa6H,1113auuu nepsu•tHhiX CHH3cii citcTc~iM ~!hi J!OmHHM no;Jai'aTh 

k. # 0,>.. # 0. 

Ha;roiKlf~l Jia;m6poso•tHhiC yc,TOBlfll (2.17), B pc:JyJibTan: •tct·o ace m:pHW!III.Ie CHII:H1 

CTa!I)'T KH3;1paTlf'lllJ.!~Ilf. 

Yc,10BI1H (2.17) B~WCTc co CHH311Mlf (2.8) ;~aiOT c;IeJ!YlOIIlYIO .. (Illf!iCai!HIO Im;m6poH!iH: 
~·l 

d;.j = O;j(k;c;- k;_ 1c;_,- sOi.iCo)- (:!A) 

CTa611JII1331Ulll OCTaJibiiJ.!X llCJlHlf'lllh!X CB/13Cii nopOlH~aeT HTOJllf'lllhiC CHH311 IICJlHOI'O :nana 

t/>o.2 ::::;: 0, rPa.a+2 ::::;: 0, ¢l N.N-J ::::;: 0. 

3a~IeTlf~l, 'ITO 7BO,T!Ol!IIH cj:lyHHUlfii (1.2) OIIpe~CJIIICTCH Bblpal!WIIIIHMII: 

<floo = -4>..<PoNtf>oN, 

J>o; = -k;_,¢o.i-I + k;t/>o.i+J + 2>..o;N<PoN, 

~oi = -so,;<lloo - k;_, <Po,;_, + k;<Po.i+I - 2>..<PN{irPo)N, 

Jij = -SOJ[irPi]D- ki-lrPi-Lj + k;rPi+Lj- ki-lrPi.j-1 + kirPi.j+l + 2)../)N[i<flj]N, 

~ij = -.~/)I{i<fli}o- k;_l<fli-l.j + k;<fl;+I.j- kj-l<flj-l.i + kj<flj+I.i- 2)..¢JN{itf>i)N· 

(:!.5) 

0TCIO~a H11}!11M, 'ITO /~3Jih11Ciiiuee IIJl08C}~CIII1C IIJlOl(C/WJlM .lJ:Hpima .CYU\CCTHCI!IJO 33H11CHT OT 

3113'Ielllfii IWIICTiiiiT C;. 

Tiu~, ec:m ;IarpaHii(IIiill (3.1) J(OHcj:lopMHO-IIHBapHaHTeH (eo= 0), To cTa6HJIH3ai(HII CBII3H 

t/>o.J ::::;: 0 IlflHHO/lHT !( CJIC/~YIOIUCii I(CIIO'IHC CH113Cii IICJlBOfO JlOJ(a: 

<Po.i = pe; :::::: 0, <flo_; :::::: pp; :::::: 0, ij;o_o :::::: p 2 :::::: 0, (3.6) 

'ITO OTHC'IiieT ( H IICCH/lOCBIUII1/lOBOM IIJlOCTpaHCTHe) 6C3MaCCOBOMY CJiy'lal01. 

CTa6w;IH:liil(1111 OCTaJJhllhiX CHII3eii ymc IIC 33Tpari1BaCT IIJlOCTpaiiCTBCIII!hlii HMII)'JibC Cl1· 

CTCMI.I, JII11IIh CIICI!H(fli!I(I1JlYII CC "HHYTJlCIIIICe" lipOCTJl31ICTHO. 

1
11oolllllii IIMIIYJihC CIICTcMil P 11 rcucpaTop11 ee npau(Cilllll M(2) onpe)leJIHIOTCJI BhlpaJKellllliMII 

N 

pA = pA, M(2)All = piAxJJ] + I:>!Ae~l. 
i:;::l 

6 

() 
!) 

} 

3.1 L = ckN 

HeTpy~Ho YHll/lCTh, 'ITO MaKcHMaJihHJ.!M Ha6opoM CBJI3elt (n KaJIJI6poBoqm.rx CHMMeTpHfi) 

o6JJa}laiOT CHCTCMhl C Co= CJ = •... CN-l = 0, CN =Cop 0. . , , ,' ,;. 

.l1,JIJI TaHHX CHCTCM IIJlOBCJ(eHHe IIJlOJleJ!Ypi.I .lJ:HpaKa IIOJlOlHJ(aeT, ,ll;OJJOJJHHTeJJbliO K (3.6), 

CJICJlYIOmllil Hafiop CBJI3efi: 

;ji,j:::::: 0, - 2 
<P;.i - c o;i :::::: 0. (3.7) 

flee OHII IIBJIJIIOTCJI CBJI3JIMH IICJlBO!'O JlOJ(a. , . . 

HanomHM HanH6poBoqHhle ycnoBHJI (2.17) H_ BBe}leM-~n'MrrneKcrrhleK~~PJlHHa:r~, 

z; = (p; + zce;)/v'2, w2 = dp 1\ dx +: 2.:: ciz; ". dz~: 
c . 

i 

(3.8) 

B 3THX Hoop,1!;11HaTax raMHJJhTOHHau CHCTCMhl 3a}laeTCJI Bhlpamerrne:M 

[ 

N-1 ] 
1i = ;c zv'2p(z, - zt) + t ~ ka(zaZa+J - Za+1za) + kN(ZNZN - c

2
) (3~9) 

i -: ; I ~ 

CBJI311 (3.6), (3.7), (2.8) H KaJJH6poBoqHble ycnoBHJI (2.17) rrpHHHMaiOT BHA 

<P?1 = Z;Zj - c
2
/5;i :::::: 0, <P£ = pz; :::::: 0, <Po = p 2 

:::::: 0, U;1 = z;zi/2:::::: 0. (3.10) 

OnH o6pa3y!DT anre6py 

{ <P;j, <PH} = tc(o;~k] - ok;<P;r), { <fl;:;, <Pt} = -icokJ<Pt, 

{ <fl;J, U,;'i,} = -ic (ok;UJ + ot]U;!), { <Pt, U;"i} = icb;{]<P~}/2, . { <Pt, <PJ} = icb;;<P0 , 

{<P,u;1} = {<P~<P;;} = {<P,<PtJ = o, {<Pt,u;n =J~t~~n =_{u;1,Uk'il. = o, 
{U;1, Uif} = zco{i.{kq,i)l}/4 + u?( b;r,bir+ b;rDjir.) ti, .. 

r,~~;e <Pi= if>£, U;j = 0;1- . . . 
TaKHM o6pa3oM, UlJ- JIBJIJIIOTCJI CBJI3JIMH HToporo po}la, a OCT,aJJhHL!e CBH3H -nepBoro po}la. 

Pa3MepHOCTh cj:Ja3osoro npocTpaHCTBa paBHa · 

Dmin = (2D- 3N- 2)(N + 1), (3.11) 

CHCTeMa o6Jia}laeT N + 1 KaJJH6poBO'IHOH CTelleHbiD CB060J(bl. . 

I-b (3.11) BHJ(JIO, qTo ecJJH D = 4, TO J(HHaMHKa HeTpHBHa~blla nHmh rrpH N = l. llpH 

aToM pa3MepnocTh cj:la3oBoro rrpocipaHcTBa cHcT~Mhl co:Brra}laeT c pa3MepHoCThiO cj:la3oBoro 

npocTpaHCTBa 6e3MaCCOBOH qacTI!Ilhl CO crrnpaJJbHOCTbiO C B (3+1)-MeprroM rrpocTpaHCTBe 

[3]. 8 TaHOM IIJlOCTpaHCTBe MOHUIO "CIIHHOpH30BaTb" CBJI3H (3.10) H IIJlOBeCTH KOB.apHaHTHOe 

KBaHTOBaHH!! CHCTCMhl [10]. . 

KaK BHJ!HO ll3 (3.10), CXOJ!Hhlfi Tp!OK MoHUio rrpoBeCTH TaKme rrpH N > 1 B (5 + 1) - , 

(7 + 1) - , If (9 + 1)-MepHbiX npocTpaHCTBaX. 

0J(HaKO HaH6onee mo6orri.ITHI.IM HaM npeJ(CTaBJIJieTCJl COBIIaJ(CHHC IIOCTpoeHHOH CHcTeMI.I 

CBJI3Ci! C CHCTCMOii N + 1 OCJlHJIJIJITOpOB, !IOJ!yqerrrrofi J(HCKpeTH3aJlHefi CTpyHu·(11], [12]. ' 
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3.2 N=l, 2 
Paci:MOTpHM cny-<i:afi N == 1, Co # 0. l1MeercJI·e.nnncTnennaH BTopn'lnaH cBH3h 11 yc;m1111·e 

na JiarpaHJKeBLI MnOlKII:TeJJH: 

illo.I ~ 0, s~oo + ktCtCo = 0. {:J.l2) 

3aMeTHM, 'ITO ~00 = 0, OTKy.n;a llOJJY'!aeM p2 
= ~- CQc1k1 = consf, T. e. TpacHTOj)J.III 

CHCTeMLI HMeeT ITOCTOHHHYIO KpHBH3HY. 

B ncen.no~BJUIH~olloM npocTpancTBe nocne.n:Hee panencrso o3na'!acT ~oxpancmie Macchi Cl1· 

creMLI na 33)(aHnofi TpaeKTOpHH )(BHJKeHliH. 

;B KOMTIJJeKCHLIX .KOOpJJ;I!HaTaX (3.8), rP,e C ~-ct, llOJJnLili"na6op'CBH3Cll MOJKIIO llpC)(CTa

BHTb B BH)(e OJ];HOfi Bell(eCTBeHHO:ii :II JJ;BYX rOJJOMOpcpnLIX CBH3e:ii: 

- 2 ·u+ 21· ·..,.+ ' - 1. r;:; ill = zz - c 1 , = z 2, "' = pz - iCoCt v 2, (3.13) 

o6pi1;3YIOII(HX;anre6py. 

{ill, ill+} = -ZCt ill++ C~Co/V'i., {ill, ij+} = -2tclij+, { ij+, u-} = ZCt ill+ zc':, 
{ill+, ill-} =tc1p 2 , {ili+;U..:} = zctill- +eoc~JJ2, · {ili+,U+} = 0, 

r.ne.ill_ =<I>+, u_ = lh. 
TaKHM o6pa3oM, npn Co =/; 0, N = 1 pa3MepnoCTb cpa3oBoro npocTpancTBa pa1111a Dred = 

2(21J- 3). 
CncTeMa HMeeT e.n;:~~ncTBeHHYR? KaJJ:116poBO'IHYIO cTenenb cno6o.n;LI, 3a.n;aHaeMylo raMJ.IJih· 

TOHHaHOM 

Ht.;.,'#o = 
2

)c:Q [2zc~eop(z- z) + (~- p
2
)(zz- cDJ . (3.14) 

' ! •. 1 : ' 1 ' 

l1p:11 Co= 0 (eM. pa3.n;en 3.1) pa3MepnoCTh cpa3oBoro npocTpancTna· ·c:~~cTeMbl pa1111a Dred = 

2(21J - 5), ana HMeeT )(Be K3JJ:116poBO'IHLIC CTenen~ CB060)(hl. 

Tenepb paccMoTpHM cny'la:ii N = 2 npn npoH3BOJJbnhlx KOHCTauTax eo, Ct, c2: 

llpJi Co # 0 l!MeeM J];Be BTOpH'IHhle CBH3ll BTOporo aTaua, Ollpe)(eJJHeMhle Bhlpa}HCHIIJIMH 

(3.5). J1x CTa61!JJ:II3al{IIH IIpiiBO)(IIT K ycJJOBIIHM 

C2Cok1 = k2~0.2, SCoC2~0.2 = k2 ( illu ~0.2 - C~Ct Co) , (3.15) 

r.ne illu = ~1.1 - ~' ~o.2 # 0. 
llpll Ct = Q B~Opoe YCJJOBI!e llp1IniiM3eT 1111)( SCoCt + k2ill1.1 = 0. . . 
CncT~Ma n;,_e~ ~.n:~~ncTnennyro ~an116po~o'!nyro cTeuem; cno6o.zi11, ·pa3~cpiiocTh ee ipa:loHOI'o 

npocTpancTBa panna Dred. =;: 6(D- 2). . . . . 

1{~~ H .llpll N =· 1, ~MeeM llnT~rpaJJ )(BIIJKCHHJI ~0.0 : ~OO = 0, OTBC.'l3IOIII.R:ii II IICCII)\OCII· 

KJJJI)(OBOM npocTpancTBe 3a coxpanetme Macchi ua 3a.n;annoii Tpae!lTOpl111 JllllllHCHI1H. 

llpH Co = 0, c 1 . =j; 0 BTOpll'IHLie CBJI3H. onpe.n;eJJHIOTCH BhlpaJKCIIHJIMII (3.6) H <P1.2 ~ 0. 
l1MeeT Mecro yCJJOB:IIe 

k2c2c1 + k1 illu = 0, {:J.Hi) 

8 

IIJ>11 "lTOll cpl.l IJII,1JWfCll 1111TCI'paJJOM )(llllili('l!llll: cpl.l = 0. 
0Tno;(a Ol<~ii)"C.T, •rro k2 / k1 = col/.,/. . 

C11cTP~1a 11~JecT )(He Hann6poHO'IIIhl<' CT<'IJellll c11o6ojuJ, pa3~1cpnoni. <'<' <l>a:n>Horo npo, .. ~paii· 
CTIIa pa11na D,.,<J = 2(3JJ - 1 0). 

JJpn Co= C1 = 0 (01. J>il!IJ(e,1 3.J) J>il!lli<'JliiOCTh <l>a:JOBOfO llj)OCTJ>iliiCTIIil CIICT<'llhi )Jilllllil 

Dud = G( /)- ·1 ). llli<'<'TCII TJ>H H~,1n6poHO'IIIhl<' CT<'ll<'llll CH06o;thl. • 

4 3aKJIIOqeHHe 

l\!1J IIOCTJ>OHIII1, 11CXO/(JI 11!1 ''nepllhiX IIJlliiii(IIIIOII'". l'il~IJl,1hTOIIOII (I>OJHiil!JII!Ill J\!111 Jl<'llapa

~I<'TJlll!lill(liOIIIIO llllllilf>J.IiliiTIIIJX ~ICXiliiii'I<'CiiiiX CIICT<'ll o6!1(l'I'O IIO:IO<Ii<'llllll. 

B 'lil!"TIIOCTH, llhl IIOHa:JaJJH, 'ITO pa:lli<'JliiOCTh (IJa:lOIIOI'O IIJ>OCTJliiiiCTilil. n-lii'J>IIOii ('IJ('· 

T<'Mbl C Jlill'JliliiHHiilJIOM, !liliiHCIIII(HM OT IH'JlllhiX ;\' IIIICIIIII~IX li(lllllll!lll, y;\OII!I<'TIIOJlii<'T IH'Jlil· 

IICIICTII)' 

(21)- :IN- :!)(N + 1):::; /),"1:::; (:!f)- S)(.Y +I)-:!. 

IIJHI'I<'M /),"/ = n;;.~j" /VIII llili'Jlilllllil1illl011, IIII!IIIIOIIUIX("JI ll<'llhi(JO;Ii;(<'IIIIOii lilla;q>ai'II'IIIoii 

<j>)'IIHI(IICii IIIWIIIIHIX liJliiiiH!lll, a /) = /)~~:f' Jl!IJI !lili'JlillllHIIiliiOII. IIJlOIIOJli!IIOJia;JhllhiX <')IIIII· 

CTIICIIIIOil, N-il llll<'lllll<'i-i HJllliiH!lJIC, 

B IICJliiOM CJIY'Iil<~ JJai'Jlillllllllilllhl HM<'IOT <'/lllllCTII<;IIII)"IO liil!IIIO(JOIIO'III,\'10 ('T('!I('IIh CliO· 

60}(IJ ( peuapa~IeTJ>H3illll111), 110 IITOJ>_(")~I CJI)".Iil<' 01111 II~I."IOT .\" + I liil!lliOJ>OIIO'tllhiX <'T<'II<'IIPii 

CH060J\hl, ll(lll'ICM IICC CHJI:IJ1 JIIIJIIIIOTCJI Hllill!JlilTll'lllhi~lll. . 

M hl HoHa:l<UJn, 'ITO.H npC/liiOJHCHHoii <l>op~IYIIIIJ>OHH<' IIC<' H!'Jlllll'lllhl!' Cllll!lll :t:III cue r<'~I 
C llili'JlillllHJ1illlilMII, JIHIICiJJIO 3illlHCJIII\11MII OT IIIWIIIIIIIX li(lllllll!lll, CIIO;(HT("JI li liHil;IJ>aTII'IIIhlll. 

llpn :HoM iliii'OpHTMhl IIOC'I'JlOCIIHJI IIOJIIIOI'O JlilOOJlil Cllll!ldi II I'<'II!'Jlili'OJlOII lia!llll>Jl<lll<l'IIIIJX 

CI1MMC.TJ>II il II Jl<!JlCTilllllJIIOT COOOU llilOOJl iliii'!'OJlil li'I<'CI\H X OII<'Jlil 1(11 ii. 

Y;tHIIHTeJJhiiJ,JM o6pa3oM c:l1cTeMa c1111:wil /VIII ~IO/l<;llll c ;Iarpa!Illilla!loll /-" = cl·x m;a

:JaJiacJ. :n:(jJt(ja.;wumuoii cnc-reMe H:laiJ~IOJ!<'iicrii)"IOIIUlX _N + I onui:I:JHTOJH>H. Ho!I_\'.'I<'HHoii 

JIHCI!peTn:Jal(lleil cTpynhl B./(. l'epmynm1 11 A.YI: llamll<'llhl~l [II]. :\.T. i:t>II:IIIIIIIOIIhl~l 11 

A.II. HcaellhiM [12]. IIPJ\ilHIIO A .. ::llamii<'II 111\l. ILYJiilJI IIJ>Oil(';lll l)l'('T liHiliii"OHilllll!' 

nocJJeJIIIeil CI1CT<'Mhl l!al! /VIii N 7 I [l:l], Tal< 11 /11111 11pon:liiOJihlloro .Y [1·1]. 
MM uoJJaraeM, 'ITO Tal<ilJI YJli111HTCJihii<UI uapaJIJH'Jlh :laCJI)"lHIIIIil<'T 6o:I<'<' ;wra;u.uoro pac

CMOTJ>CIIIlH II 0'1/l<'llhi!Oil pa6on:. 

5 Bnaro.n;apHOCTH 

Awrop <"'IHTaeT <"IIOHM JIOIII'OM llhlpa:nnh 6Jiili'O/lilJ>IIOCTh E.:\. HlliliiOIIY :ta IIJH'."I;Io;h<'IIIH' 

paCCMOTpPTh CHCTeMhl C H<CCTHOCThH>. :Ja pa:n,JICil<'llll(• 11X llllTya;thiiOCTII H 1\0IITt'hCH' 11" 
illll'l'fip, IIOJ!e!lllhl<' o6cyH!/\('IIllll II HJliiTIIHJ. 

l)ec•IncJI<'IIIIhlhl<' o6cym;(<'lll111 OhiJIII npoii<'JI<'IIhl c II. llnTollhi~I 11 ('. jiHxoHII'I<'~I 11u npu 

1\C/IYP" )(HpaHa, a 110 CIIIIIIOIIhiM •IacTIII\ilM c C. Jlnxollll'l<'~l. :\. lllapaHonhnl 11 uculw1111u 

1{. lllc•x-rc•poM. A. llamll<'ll o6pan111 IIIIIIMaHII<' aHTopa 11a IIIITJ>IIr.nolll<"<' cuunwinHih" 

M<'HI/J.Y MOJI<'JIIIMII lH<'cTHnx •Iacr1111 11 J\11CHJl<'TIIhiX crpy11 11 ylia:~a;I 11a pafioiiol 110 I))'( 'T 

Hila IITOIIiliHIIO IIO!"JI<'}lllll X. :l<III<'Jllll<'111110 JlilOOThi CJIOCOOCTIIOIIil!l l'illi;li!' IIOC !"Ill! II II !.Iii IIIII<"(H'I' 

co cTopnHM O.M. Xy;!ilii<'Jl/IH!Ia 11 B.B, lf<•,·n·JwnHo. 
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"3A3TenbCKHH OTAen 
06beAHHeHHOrO HHCTHTyTa HAepHbiX HCCn_eAOB3HHH 

npeAnaraeT BaM npHo6pecTH nepe'iHcneHHbJe HH>Ke KHHrH: 

1-lHAeKC KHHrH HaJBaHHe KHHrl1 

94-55 Eoromo6oncKIIe •nemtll. MaTepllaJJbl MelKLI)'IIapo.uH~m COHCIU<IIIIIll. ily611a. 
1993 r. 216 c. (ua pyccKOM u·aum. l!J.) 

Knnra B.C.EapameuKona <<Cc•ICIII!ll mamJOnciicTBIIll •mcTmt 11 ll!lCp 
c li.UpaMH». 1993 r. 346 c. 

il3, 14-95-323 Tpynhi Vll IUKOJibi no ucihpouuoii !fJHJIIKC. ily6ua. 1995. TOM l. 356 c. 
(na pyccKoM. 11 aum. l!J.) 

El0,11-95-387 TpynLI MclKLI)'IIapoJtHoii KOII!flcpenlum REAL TIME OAT A '94. ily611a. 
1994, 358 c. (ua aurn. ll3.) 

ll15-96-18 Tpy.Ub! pa6oq~m coneutallu~ <<3apli.UCJBb!e H H)'KJIOIIIIhiC pa.u11ychl 3K10TII
'ICCKHX li.UCp». 003llallb, 1995, 172 C. (Ha pyCCKOM II allrJJ. llJ.) 

E9-96-21 .. Tpynhi pa6otJero coneutaHIIll ccKUIIII ICFA w·ma~H-IKII HJ'IKon 
«IlO 3!fl!fleKTaM BCTpC'lll H KOJihllCBbiXKOJUiaii,ncpax». ilyo11a, 1995. 198 C. 
~anm~~ . . . 

E2-96-100 Tpyllhl 3 MeJK.U)'IIapo;moro CIIMIIOJIIYMa «ileiiTpou- llyGua-95». ily611a. 
1995, 374 c. (ua 'allrH. ll3.) 

E2-96-224 Tpy.ULJ Yll MClKLI)'IIapo.uuoii Kmi¢epemum «McTo.uJ,I CIIMMCTpml . 
n ¢mnKc». Uy6ua, 1996, 2 TOMa, 630c. (ua aurn. ll3.) · 

E!0-96-258 Tpy.UM 17 eJKero.uuoro concntallllll rpynnhl nonLJO!laTcJicii TEX. lly611a. 
1996, .170 c. (ua aum. ll3.) 

E-96-321 Tpynhi MClKLI)'!Iapowwro ceMI!IIapa «11nTcrp<UIM uo TpacKTopllll~t: lly6ua-96». 
Uy611a, 1996, 392 c. (na aHrJI. liJ.) 

E2-96-334 Tpyllbl PoccHiicKo-ucMCLtKoro conemamill no ¢m11Kc TlllKCJlhiX KnapKon. 
ily6na, 1996, 240 c. (11a aum. ll:l.) 

E3-96-336 Tpy.Uhl 4 McJKLI)>Jmpo.uuom ceMimapa no HJaliMOJtciicTmlln uciiTpoHon 
c li.UpaMn. ily6ua, 1996, 396 c. (ua a11111. ll3.) 

E3-96-369 Tpy.Uhl X MCJK.U)'IIaponuoii Kompcpcmum <<llpo6HCMhl KHamonoii Tcnp1111 
nOJJll». ily6u'a. 1996, 437 C. (na allril. in.) , .. 

E3-96-507 Tpyllhl MCJK.U)'HapO.UIIOro CCMIIIIapa «!IOHllp11101l<lllllhiC HciiTpnllhl ll IICCJil'JlO
B<IIIIIliX KOII.UCIICIIpOBaiiiiMX C(JCJ\». ily611a, 1996. 154 C. (II a allfll. ll.l.) 

ill,2-97-6 

E7-97-49 

Ku11ra A.H.Eonu11o6ona. H.li.Eommo6on. )i(Inllh. Tnop'Il'CTBo.JlyCiua. 
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