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1. BBef:~eHHe 

8Ta pa6oTa IIOCBHUJ;CHa MCCJiep;oBaJUUO CTpyKTyphl ypaBHeHlrn 8MHlliTeiiHa B Ba

KYJMe C TO'iKH 3p€Hllil CBO:i1::CTB KHHeMeTpH"''CCKHX MHBapHaHTOB, T.e. MHBapn:aH

TOB OTHOCHTeJibHO UIHpOKOrO IIOii,KJiacca o6I.I.I;CKOBaprraHTHhiX rrpeo6paoOBaHHii: 

t' = t'(t), x' = x'(t,x) . 
XopOliiO HOBCCTHa pmih KHHCMCTpif"!CCKMX BeJUi'"!HH C TO"<JKH 3pCHIDI Oap;a.HMH 

CHCTCM OTCICTa MJIM MOHap;aoro IJlopMaJIH3Ma [1]. KMHCMCTpH'iCCKIIC BCflli"'UiHbi 

o;u;aonaa"<Jao CBHnaHbi c A,IT,l\1-napru.mTpaMM 

ds 2 = N 2dt'- h;k(dx2
- N'dt)(dx•- N•dt) (1) 

KOTOpbie nrpaiOT cym;ecTBeHHyro pOJib B raMl'InhTOHOBOM <PopMan:MnMe [2]; B 

'9:aCTHOCTH, Hep;aBHO 6blll IIpC)l;JIO:>KCH MCTO)l; 6e3KaJIH6pOB0"9:H6fl pe;o;yKD;HM [3]-[4], 
OCHOBaHHbiil: Ha .HBHOM pelliCHMM raMHJihTOHOBO:M: CB.HBM OTHOCMTCJibHO CJiep;a BTO

po:M: KBap;paTU'!HO:i1: <!JopMbi. C :no:ii TO"<IKH OpemiH HMeeT CMbiCJI HCCJI€p;OBaTb 

p;HHaMWI€CKOe COp;ep)l{aHH€ KHH€M€TpH"<I€CKOrO HHBapHaHTa1 TaKoro KaK BTOpaH 

KBap;paTH'<IHM <!JopMa. KHH€MeTpH"<I€CKH€ HHBapHaHTbi - 3TO B€JU.PHIKbi 1 KOTO

pbi€. rrop; p;e:M:cTBHeM GTHX rrpeo6panoBaHrrH Be;n;yT ce6H KaK cKarr.Hpbi. HarrpnMep, 

co6CTB€HHhie OHa"'<I€HI>IH BTOpo:ii KBap;paTH"<IHOii <!JopMhi, HJIH co6~TB€HHbi€ OHa'!e

HH.H BHyTp€HHe:ii KpHBHOHbi 
3 ~j( hij ), HJIH yrrrbi OpHeHTaii;HH co6CTB€HHOrO 6aOHea 

BTOpoH KBa;n,paTU'!HOii: <f>opMbi OTHOCHT€JibHO co6CTB€HHOrO 6ru:mca BHyTp€HHe:ii 

KpHBH3Hbi - BC€ GTO KHH€M€TpH"i€CKH€ HHBapHaHTbl. 

IfMeHHO C TO"--KH opeHH.H CBO:iiCTB KHH€M€TpH"i€CKHX. HHBapHaHTOB Mbi IIOIIbi

Ta€MC.H IIpOa.HaJIH3HpOBaTb CTpyKTypy ypaBH€HH:ii 8:il:HIIITe:il:Ha. 3a OCHciBy -Mbi 

BO\JbMeM co6cTBeHHbie naa-qeaua BTopoH KBap;paTH"-!HoH cpopMbi. Ta.KoH rrop;xo;o; 

HapyiiiaeT .HBHYIO o6II.I,eKoBapHaHTHOCTb T€0pHH 1 "iTO COOTB€TCTBY€T <flHKCaii.HH 

ceMeHcTBa nmepnoBepA""HOCTe:ii. IIoaToMy B ceK:u;HH 2 rroKanaao, KaK npeo6pany

IOTCH AJl.M-rrapa.MeTpbi rrpH rrepexop;e OT O}I,HOfi CHCT€Mbi rHneprroBepxHoCTefi K 

p;pyroi'r, T .e. rrpH H€KHH€MeTpH'ieCKHX rrpeo6p8.3oBaHH.HX. B ceK:u;HH 3 norry"ieHbi 

ypasHeHHH 8H_amTeHHa B T€pMHHax AJl.M-rrapaMeTpOB H BTOpofl KBap;paTH"iHO:ii 

<JlopMhi, op;ec? Mbi rrpocTo p;erraeM nop;cTaHOBKY A,Il;M-rrapaMeTpoB B Bhlpa)l{eHne 

p;rrH BTopoH KBap;paTH"-!HoH ipopMbi n B ypasaearrn 8HHIIITeiiHa. TaK)I{e B ceKII.HH 

3 ·npOBO)J;HTC.H aHaJIH\3 ypaBH€HHfl H o6cy)l{p;aeTCH pep;yKIJ;HJI K ¢H\JH'i€CKHM CT€11€

H.HM cBo6op;hi. B ceKII.HH 4 rrpHBop;.HTC.H HeKOTOphre rrpocTeiiiiiHe rrpnMepbi "iacTHbiX 

pemean:H CB.HneH. 

1 



2. A;IJ;M-«<>opMaJIH3M. TpaHc«t>opMaiJ;HOHHbl€ 

A;IJ;M-napaMeTpoB 
v 

CBOHCTBa npH 

H€KHH€M€TpH'I€CKHX npeo6pa30BaHH.IIX 

A,TI;M-rrapa.MeTpHtmu;n.H MeTpliKH 4-x MCpHoro rrpocTpaHcTBa 

ds2 = N 2dt2
- h;,(dx2

- Nidt)(dx'- N'dt) 

m:lHa'9:aeT pa136MCHH€ 4-X IIpOCTpaHCTBa Ha CCMCif:CTBO IIpocTpaHCTBCHHOIIO,IJ;06-

HbiX rMITCpiiOBCpXHOCTeii i = COSnf, IIpH 9TOM hjk - BHyTpeHH.Hll MCTpHKa rli

IICpiiOBCpXHOCTH t = con~f (rrepBM KBa):l.PaTM"<IHM cf>opMa), a H13 napal'vfCTf>OB 

N(mmc-tJlyHKD;M.a) M }\rk(m:m})T BCKTOp ) COCTaBmiCTC.fl 4-X BCKTOp 1/a = (ft, ~;), 
KOTOpbi:if JIBID!CTCR ep;HHH'9:HO:i1 HOpMaJibiO K rHrrepiiOBCpXHOCTH. KpoMe 3THX rra

paMeTpOB )J;JIH rrmmoro onpe;o;enemur rnrreprroBepxHOCTH t = const, Heo6xo;n,HMO 

oap;aTb BTopyro KBa,n;paTH"<IHYIO <fJopMy 

1 . 
b;, = 2

N(h;;- \I;N;- \I;N;), 

KOToprur orrpe;o;err5leT KaK BJI02KeHa rn:rreprroBepxHOCTh B 4-x npocTpaHCTBo. IIepBan 

hik H BTOprui bik KBa)J;paTM"!HbiC <flOpMbl JIBITHIOTC.ff 3-X TeHOOpaMM OTHOCMT€JibHO 

JKa3aHHb!X Bhlllie KMHeMeTpH"<IeCKMX IIpeo6paDOBaHlfif t' = t'(t) x1 = x'(t, X). 8TH 

npeo6paooBaHwH coxpaHHIOT ceMeil:CTBO rnrreprronepXHOCTe:if: t = canst , MemiJI 

Jlllllih KOOp;IJ;HHaTHhi€ JIMHHH Bp€M€HH H BHJTp€HHHe KOOp)J;HHaTbl CaMHX r:nrreprro

B€pXHOCT€~I. 

PaccMoTpHM KaK npeo6panyiDTCH rrapaMeTpbi A)J)Vl-MeTpn:KM npH HeKnHeMe

Tpn:"<IeCKHX IIpeo6panOB8HHHX t = t( t' 1 x'). 
IIpeo6paoOBaHHJI t = t(t', x') rrpn:aa;o;rre)KaT K Knaccy opToMeTpH"<IeCKMX npe

o6panoBaHH:if:, KOTOpbie o6ecrre"<IHBaiOT nepexo;o; oT o;o;Hmf CHGTeMbi rHrrepnonep

XHOCTeif K ;o;pyro:il:, COXpaHJIJI JIHHHH Bp€M€HH H€HOM€HHb!MH. 3a C"'-I€T KHHeMeTpH

"<I€CKHX rrpeo6pan0BaHHif, KOTOpbie COXpaHJIIOT CHCT€MJ rnrrepiiOB€pXHOCTeil: 

t' = t'(t) 

x' = x'(t,x), 

IIm¢T BeKTop Nk Bcer;o;a MO)KHO o6paTHTb B HJJib (no Kpa:if:HeH Mepe, B rrpe;o;e

rrax H€KOTOpoii KOOp;IJ;HHaTHO:ii: KapTbi 1 "'-ITO COOTB€TCTBJ€T rrepCXO;ri.Y K JIHHHJIM 

Bp€M€HH opTOroHa1IbHbiM 3-X llOB€pXHOCTJIM t = Const) 

ds 2 = N'dt'- h;,(dxi)(dx'). 

IIo;rr.cTaBJIJIH B rrocne;o;HroiO <JlopMyny Bbipa)KeH:ne dt = ;:,dt' + o:~,dxi' n rpyrr

nnpyH COOTB€TCTBJIO~He "<IJI€Hbl IIpH COOTB€TCTBJIOIJJ:HX ;o;mfl1)epeH:U,:HaJia.X K00p

;r:t;HHaT H BpeM€HH 1 Mbl IIOJIJ"<IHM 
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ds2 = N 12dt12 - h~k(dxi'- N'idt')(dxk'- N'kdt') 

h' = h· N' at at 
1J lJ- ·--axil 8xi' ; 

N'k = h'Pk _!!!:.__ at 
8xP' 8t' 

N' = ,/N2(~,)' +N''N',. 

Mo)KHO TaK)Ke Bbirrn:caTb KaK npeo6panyeTCH BToprur KBa;a,paTM"<IHM ¢opMa ce

MeHcTBa rmieprroBepxHOCTell t = canst : 

b ·· = -- 2 ··--- N -. -. + \I·N + \1 · · , 1 ( Nb at a ( , at at ) , , N) 
'
3 2N'2 11 8t' at' 8x'' 8x3 1 

t 
3 1 

" 

B naKOH rrpeo6panoBaHM11 nxo;o;nT o;o;aa rrpoHOB01IbHrui <flyHKll,IDI Bpe:M:eHH n: KO

op;o;naaT , oa c"<IeT Bb16opa KOTopoH ncer;o;a, no KpaHaeH Mepe, o;o;HH KMHe:MeTpH

-qecK~on{ HHBapHaHT MO)KHO o6paTHTb B HJ1Ib HJIH B mo6yro 3ap;aHHYIO <f:lYHKII,HIO. 

Op;HaKo, KaK Mbl IIOKa:tKeM B ceKII,HH 3, B rrpocTpaHCTBe 8il:HuiTeifaa MO)KHO o6pa

TllTh B HJ1Ib H€ JII06oll KHH€M€TpH"<I€CKHil MHBapHaHT. 

3. AHaJIH3 ypaBHeHHH SHHWTeHHa 

«t>opMaJIH3Me 

B AAM-

3.1. A.Jl,M-<J10pMaJIH3M 

BbipanHM ypaaHeHHH SHmnTeilaa Ra(3 - ~g01(3R = 0 "<Iepeo A,Il;M-rrapaMeTpbi. 

llpkMaa: nop;cTaHOBKa Bhlpa:tKeHHH ;o;mr BTopoH: KBa;o;paTH"<IHoH ipopMbi H A,Il;M

rrapaMeTpoB p;aeT crre;o;yroUI.aH BM;o; ypasHeHHH 8Hmn;reHaa: 

"-o :::: 3 R + btb? - b2 = 0 ; 

Ka :::: '\i\b- 'Vibi = 0; 

(2) 

(3) 

b;; 1 k k k ) 3 k 1 () ---(b,V·N +b,\IN +NV,b·· = ,··+2bb,·+-\1\I·N-bb 4 N N ~ J J 1 1J -'-YJ ~ 3 N - 1 3 13 ) 

rp;e b = bijh-i.i , b~ = h-i.kbkil 3 R- cKaJIHpHM KpHBH3Ha no MeTpHKe hij· 
Hy)KHO eUI.e go6aaMTb Bblpa:tKeHHe p;nH BTopoH KBap;paTH"<IHoH lf>opMbi 

1 . 
b·· = -(h ·- \I·N - \I·N·) 11 2N ,3 , 1 13 • (5) 

KoBapnaHTHrui rrponi3Bo;o;arur 6epeTCJI 3;o;ech no MeTpHKe hij) (2) a (3) ecTb CBH3H...> 

a ypa:sHeHHH ( 4) M ( 5) aanoBeM p;HHaMWieCKHMH ypaBH€HHJIMH H Hx CTYKTYPY 

MO)KHO 3allHCaTb B "CTaH;o;apTHOil KaHOHWieCKOli:" <f'opMe 

b = f(l)(b, h, N, N;) , (6) 
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h = f<,>(b, h, N, N'). 

,II;mi IIpOB€pKH IIOJIY"<ICHHhlX <}lopMyJI MO)KHO BOCIIOJib'30B3ThCH T€0pHei1: rHnepiiO

BCpXHOCTeif (coOTHOIII€HIDI Thycca H lieTepCoHa-Kop;a~H), H'31l02K€HHOi1:, HaiipH

Mep, B KHHrax [5], [6]. 

3.2. JlOKaJibHaH HHBapHaHTHOCTh, KaJIH6poBO'IHbiH 

llpOH3BOJI B ypaBHeHH.liX 

H3 CTPYKTYPhi ypaBHeHHH (2)-(5) BIII\HO, 'ITO B CBM31I (2) II (3), N II Nk He BXOI\HT 

H HCT )J;HHaMH'9:€CKHX ypaBHCHH:fl Ha GTH BCJIH"<fMHbl. 

8TH rrepeMeHHbie BXOjl,JIT B npa.ByiO "<IaCTb {4)-(5) ll o6eCII€'9:liB3IOT HHBapHaH

THOCTb ypaBH€HI·I:i1 OTHOCHT€JibHO o6w.eKOOpp;HHaTHhlX rrpeo6panoaam-rfi 

t' = t'(t,x), 

x'=x'(t,x). 

Bbr6op GTHX nepeMeHHhlX ;n.ocTaTo"'!Ho npmmaorrea, O)];Ha.Ko KoppeKTHO c<flop

MyrrapoBaTb 13ap;a"'y KouHI 6e3 KOHKpeTHoro oa;n;amtH N H Nk aerrh\:3H. 

Mo)KHO ;n;a2Ke yKanaTb aa CMhlCJI 9Toro rrpm·n:morra c TO'-IKFI OpeHH.a reoMeTpHH 

4-x rrpocTpaHcTBa. IIocKOJibKY 113 BeJIH"<IHH N M Nk cocTaarnieTCJI ep;HHlPIHhlH 4-x 

BCKTOp Va = ( j;, 1 r:; ), KOTOphlii .HBJI.liCTCJI BCKTOpOM HOpMarrH K rMIICpiiOBCpXHO

CTM t = COnst 1 TO q,HKCall,H.li "aTOrO BCKTOpa ~HOH'<ICCKM 03Ha'<JaCT Cfnucall,MIO 

KOHrpyeHil,MM Ha6nrop;aTerre:ii 1 MC)Kp;y KOTOphlMH BOn:M:mKHa O.D;HODHa9HaH CMHXpo

HHOai\IIH 'IaCOB ( CM. [7] rrap.85 ). 

lfTaK1 Mhl MMCCM j:\MHaMM'<ICCKYIO CMCTCMY CO CBH3.HMM HHBapHaHTHYIO OTHO

CHTCITbHO rrpeo6panoBaHl:I:ii KOOpP,HHaT H BpeMeHM ( 4 rrpOH3BOJibHbie cJlyHKil,l:Il:I) 1 H 

B Cl:ICTCMe IIpMCYTCTBYIOT HC}J;MHaMH'ICCKHe CTCIICHM CB060p;b1 (eii..J;e 4 ¢YHKI.V·I11) 1 

KOTOpbie H o6ecrre'<IMBaiOT 8TY HHBapnaHTHOCTb. 

3.3. KHHeMeTpH'IeCKHe HHBapHaHThl B ypaBHeHHJIX 

8HHlliTeHHa 

B CCKIJ;MH 2 6bmO IIOKruJaH01 '<ITO na C'<ICT Bbi6opa CHCTCMbi rnrrepiiOBCpXHOCTe:ii 

KarmH-To nn HHBapnaHTOB MO)KCT npHHinvlaTh mo61:.re nap;aHHbie nHa'<IeHM.H. Op;HaKo 

n;o;ecb HY*HO 6biTb BCCbMa ocTopmKHhlM. TaK, ecnn Ha rrpocTpaHCTBO 8HuiTeHHa 

HanmKHTb HCKOTOpbiC TOIIOITOrH'<ICCKI-:Ie YCJIOBlHI 1 HaiipMMCp1 ~ITO ORO aCHMnTOTH<Je

CKM IIJIOCKOC HJIH '<ITO rnrrepTIOBCpXHOCTH t = COnst1 
OaMKHYTbi

2 
1 TO HCITh\J.H 06-

13p;ec& n p;anee npep;nonaraeTC11, 'ITO cyw;ecTsyeT 1'1Io6anhHoe pao6nenne Bcero 4-x npocTpan

CTBa ua ceMellc.Tao rnnepnosepxnccTell t = const, npn'leM 4-x BCK'ropnoe rrone nopMalihTwe K 

:3THM rnnepUOBCpXHOCTJIM JIB!I.HCTC11 HenpepbiBHbiM. ¢>HI3II'ICCKH 3TO 0\3Ha'HI.CT B0\3MO)f{HOCTh CliH

XpOHli\3aiJ;Hll '!aCoB BO BCCM TipOCTpaHCTBC. 
2 IIop; naMKHYThiM MHoroo6panneM nonnMaeTC11 KOMnaKTnoe MIIOroo6panne 6e3 rpannu;. 
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paTHTh B Hynh b, T.K. HHa"!e Mhl nMeeM cTaTM"'IecKyiO hieTpnKy. C¢opMynnpyeM 

aTo B BMp;e YTBep)K):\eHRJI : 

B rrpocTpaHcTBe 8i1Hll1Teiiaa Ra{J = 0 , npn naMKHyToii CMCTCMe rn

nepnosepxaocTeH t = canst UJIH IIpM aCUMIITOTl:I'-ICCKH IlllOCKOM IIpocTpaHCTBC M\3 

pHBCHCTBa HYlliO BTOpo:H KBap;paTn~mo{I Cf>opMbl b = 0 ClleiJ;j'CT, "'TO IIpOCTpaHCTBO 

CTaTII"'CCKOC. 

,Il.oKaoaTenbcTBO. 

CsepHeM ypaBHCHI:Ie ( 4) 

. k 
b N. 3 2 1 i 
---\l,b+= R-b +-\7\IN 
N N N 1 (7) 

npn ycrromm b = 0 rrony"-IHM 

3 RNVh = -VhC.N, (8) 

Y"'IIThiBM csJinh (20),nMeeM 

b;;b'i NVh = -Vht:.N. (9) 

HHTCrpnpyn no BCCMY npocTpaHCTBY noc.ne;o;aee Bhlpan.:eane, rrony~mM 

j b;;b';·N Vhd3x = 0 , (10) 

T .K. bij bi~-llOllo:lKHTeJlbHO-OOpe.neneHHall ¢YHKli,Mfl OT :r, TO liD (10) crrep;yeT b;j = 0, 
"-ITO H 0'3Ha'9aeT CTaTM~IHOCTb MCTpHKH . 

llHTCpeCHO OTMCTMTb 1 "'TO p;rrH raMHJibTOHOBOii: pep;)'Kli,lUI [3], [4] 0"-leHb Ba:»WH 

cne,n. BTopo:H: KBap;paTH"'Hofr ~opMhl ( CBK <P) b '# 0 Cf'Meik.Tsa rnrrepmmepxHo

CTeM t = canst, OTHOCUTCllbHO Hero pemaCTCfl CBHOb, II Koop.IJ;UH<l.Ta MCTpUKU 1 

conpH)KCHHM CBK<P1nrpaeT ponb speMeHHIIO,ll.06Hoi1 "Koop;u;rmaThl". 

3a.Ii:MCMC}! TCIICpb CB.H3biO 

3 R+ b'kbk;- b2 = 0, 

o6onHa"-Iafl '<Iepen A1 , A2 , A3 co6cTBeHHbiC tma"-ICHIIH BTopo{r KBap;paTwmoii: ¢opMbi 

bij M Y"'MTbiBaJI ,"-~TO 
bik bki = >.i + ).~ + >.; ' 

CB.HDb Mo:a.::Ho nepennc.aTb B cnep,yiOII..J;eM snp;e: 

>.i + >.~ + >.; = b2 
- :_~ R 1 (11) 

r,ll.e 

b = .\, + .\, + ,\3 . (12) 

Bhlpa}ICCHH.H (11) M (12) MO)I{Ho ycnoBHO rrpe;o;eTaBIITb cc6e rpa.Cf>n"ICCKII ene,n;y

IOII..J;HM o(:ipaOOM. 0TllO)I{HM no OCH ;J:,y,z BCni.PIIIHhl )q, .\:,h -\~ COOTBf'TCTBCHHO, 
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Tor;u;a Bbipa)J(emre (11) onpep;errn:eT ccpepy pa;u;Hyca Jb2 - 3R, a Bhlpa)J(eHue (12) 

OIIpC)J;C!HfeT IlJIOCKOCTb. IlepCCC"'!CHUC II1IOCKOCTH 11 cipepbi )];aCT MHOJKCCTBO 3Ha

"'ICHHii Ak,Yil;OBllCTBOpHIOIU.HX CBH31L 

CYmecTByeT )l;Ba npe:n;errbHbiX cny"-ian:: 

1) Kor;u;a IIITOCKOCTb II cipepa KaCaiOTCH B O;r:J;Hoif TO'IK€ 1 

T.e. Korp;a .\1 = Az = >.3 ; 
2) KOrp;a C({Jepa H IIJIOCKOCTb IICpCCCK8-IOTCH IIO OKpy:tKHOCTH. 

3p;ecb Mbi Bbi):{CJIHM cny-qafl .\1 = 0 , >.2 = .\3 . 

B ceKJJJ'I1I 4 Mhi 6orree no;u;po6Ho Hccrre)J;yeM ~TU )J.Ba cny~Ian. Orpa-HI-I"-UIMCH 

3aMC"tfaHHCM, "<ITO Bbl60p :JTHX CITJ"'-IaCB )J.HKTyC_T<:SI TOllbK() IIpOCTOTOil: 11 B<KHviO)K

HOCTbiO yp;oBITCTBOpHTh ycrrOBUllM CBll3H. 

CBH'3b ( 11) MOJKHo nepemrcaTh 11 rro-p;pyroMy, nepe:iip;.SI K HoBoii mmelrHoii 

KOM6:~t:HaiJJ·H'I KHHCMeTpii'-ICCKHX HHBapHaHTOB( b,P1 ,Pz): 

,\1 = _1_ (-
1 

p ) 1 V2 y'3 I - P, + 3b ; (13) 

1 ( 1 ) 1 
.\, = V2 v':lpl + p, + 3" ; (14) 

V2 1 
,\3 = - v':lpl + 3" . (15) 

Tor;o;a CBHOh (11) oamniieTcH B BHAC 

P{ +Pi- b2 = - 3R. (16) 

B rrpocTpaHCTBC P1 , P2 , b aT a CB.SIOh CCTh ypaBHCHHe IIOBepxHoCTH BToporo rro

pH;u;Ka, a HMCHHO, op;HOIIOllOCTHOif mr6o JJ.BYXITOITOCTHOii fMIICp60JIOM)J; Bpa~CHMH, 

rru6o Koayc, ecrrM 
3 R = 0. 

3.4. TpHa)IHaH ¢opMynHpoBKa A,II;M-¢opMaJIH3Ma 

,IlrrSI p;HaroHa.JIH'3aii.HM BTOpo:ii KBa,n;paTW-IHO:ii <j)opMbl HC06XO,Il;HMa TpMa}I,Hrui ipop

MYITHpOBKa ypaBHCHHii 8iiHlllTeiiHa. 

MeTpHKa hij "--epe'3 TpHa/1,hi '3aiiHCbiBaeTcn Tax: 

hij = Wi!£Wj!£ (17) 

HITll 
. . i j 

htJ = wkwl5:.: (18) 

fio IIOBTOpSIIOI..UMMCH TpHap,HbiM ( IIOjl;"--CpKHYThiM) MH,Il;CKCaM nop;paoyMeBaCTCJl cyM

:vmpoBaHl'IC1 wi-ecTb MaTpHI(a o6paTHa.SI K Wif5:.: 

wiw,·k = {ii .. 
- - J 

(19) 
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EcrrH nap,aHa MCTpMKa, TO TpMa,ll;bl OIIpe;o;enCHhi C TO"iHOCTbiO }l,O TpHaP,HbiX Bpa

I.JJ;CHMfi ( opTOfOHaJibHbiX rrpeo6paooBaHHii ITO IIOp;"iepKHYThiM MH;D;CKCaM), T.e. Tp:H

ap,Hbli'r ¢opMaJIM3M paclllHpHeT rpynny rroKa.JibHhiX CHMMeTpHH TeopMn. 

BhiiiHllleM Terrepb ypaBHeHH.H (2)-(5) B TpHa/l.HOM ipopMa.nnoMe 

3 R + bikbhl- b2 = 0; 

"'~£ = v kb- v ibi.k = aibi.k- akb + fi:[jbl!.k- 'YeMbE.i = o, 

(20) 

(21) 

'3)J;CCb 'Yp_ki = wn i.Wkm V nWm. p_ - Ko:3¢qmu;neHThi spall.I,CHHH PH"i:H. 3 R- MO}{{HO 

rrpe,n;cTaBMTb B BMJI.C 

-
3 R = -2VI(wiVvwD- I(&)'Y(&l + 1 2 + ~Vpw~Viwi; 

---- 2--

1 
{TIE= 2~mk{:!!!&E. { = {nni 

b· N' 1 
,;_- -V,b + T,b,· + T·,b,· = 3

"'· ·- bb·· + -V·~ ·N · 
N N !l. L til l-....!. .1-t-f 3 !d.. N !. y L ) 

W1 = -wi[N(bki + Tki) + Vli.Nj_- NmV mWfi.n wz] . 

3JI,eCb Til.--rrorraocTbiO aHTHCHMMeTpH'IHhlii Tea::wp 

1 
Tij_ = N(wfrWi1 + V[j_N!I + NmVmwfn wz). 

(22) 

(23) 

(24) 

CMcTeMa ypaBHeam1: {20)-{23) TaJOKe MO}{{eT 6h1Tb rreperrHca.aa B ''cTaHp;apTaoM 

KaHOHH"iCCKOii" iflopMe 

t<,(b,w) = 0; 

b = f<,)(b,w,N,Ni,T); 

h= f< 2)(b,w,N,Ni,T). 

flepexop; K TpHa}l,HOMY ipopMallM'3MY paClllHpHCT rpynrry JIOKallbHhiX CHMMC

TpHii p;o6aBJieHHeM rpynnbl TpMaJI,HhiX Bpai.JJ;CHMii (3 llpOH3BOllbHblC ipyHKIJ;MR) 1 H 

Torp,a HCjl;RHaMM"iCCKMI{ aHTHCHMMeTpH"iCCKMif TCH30p ~k o6CCITC"--MBaeT -Tpe6ye

MYIO MHBapnaHTHOCTb ypaHHeimM. 

3.5. YpaaHeHH.II 8HHlliTeHHa B TepMHHax A1, A2, A3 

,il;rr51 TOf0 1 "--T06hl BbiiiHCaTb ypaBHCHIDI 8iiHlllTCli:Ha B TCpMHHaX co6CTBCHHhlX 

3Ha"--eHn:li: BTopoll: KBap,paTH"--HOii <flopMbi1 BOCllOITbi3YeMCH MHBapHaHTHOCTbiO OT

HOCHTeJibHO TpHap;HblX Bpatu;eHHii M Bbl6epeM TpHa)J;hi Ta.IC 1 "--T06bi OHM 5IBIDIITHCh 

co6cTBCHHblMH BCKTOpaMH BTopoli: KBap,paTH"--HOii iflopMbi1 T.e.b:0 = fiv\. ,il;MHa-

MH"--CCKHe ypaBHCHMH {22) IIpHHHMaiOT BMP, - - -

0 1 
A i = 

3~- b.\i + N ViVi.N, (25) 
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( 
NP ) 1 T,,- -?" (>.,- >.,) = 'R;, + -v,v,N 

~ 1V --P. - - -- N - - ' i i' k, (26) 

0 . k 

r;n;e A i = i:JAi- ~ akAi, a 'Y!s.ip_- KOa~~HIJ;HCHThl Bpalll.eHHH PM"'::H. Cmi:Jh (21) 
oamnueTc5.l TaK; 

MJIM B paoBepHYTOM BHp,e 

8&.\k- okb + 2.::(.\&- .\;)')';" 
i 

{ 

~.\1- a1b + (.\1- >.,)Jm + (.\1 - >.,)1'313 
&;.\~ - o~b + ( .\~ - .\~)1'121 + (.A~- .\~)"'!,, 
8~.\~ - a~b + ( .\~ - .\1h131 + ( .\~- .\ah"' 

4. ""lacTHhie pemeHH.H CB.Hoe.H 

4.1. Cny'Iaii A1 = Az = A3 

llpHcTynnM K aHa.mmy CBH3eH. CB.a3h (2) ;a;aeT 

~b' = 3R. 
3 

0, 
0, 
0. 

(27) 

(28) 

(29) 

A CBH3h (3) IIpHBO)l,HT K TOMy, '<ITO b MO)KCT 6biTh TOJihKO ~YHKIJ;HeH BpeMCHH 

b = f(t). (30) 

Tenepb y)Ke Kax cnegcTBHe 

N k = 0) Mhl IIOJIY"'IHM 

Bbipa)KCHHJI (5) (B CHCTCMC KOOp,!J;HHaT, B KOTOpoil 

Ho (31) H (32) cneAyeT 

Vh 
b= NVh; 

b htj 
bt1 = 3hii = 2N 

Vh h - h;; 
3Vh ., - 2 ¢} :~G1)=o. 

(31) 

(32) 

(33) 

8To 03Ha"<IaeT, "'ITO MeTpHKa hij npHBo;n,HMaK ;n;HaroHaJihHOMy BHAY O,II.HOBpeMeHHO 

c N• = 0: 
hij=a2Hi6ij; Hi=Hi(x); a=a(t,x);- (34) 

H1H2 H3 = 1. 

BhlBO)J;: OT 3-X MCT_pHKH y HaC OCTaJiaCb O)l,Ha ,II.MHaMH'<ICCKan; CTCITCHh CB060,IJ;hl 

a(t,~ 

8 

ITepeii;a,eM Tenepb K P,I-IHaMM"<IecxoMy ypaBHeHIIIO (4). CBepTKa. aToro ypaBHe

HllH p,aeT 

'RNVh = :!_(Vhb)- /ht:,.N. 
dt 

OcTa.BlliHecH He'3a.BHCHMbie ypaBHeHMH nMeiOT Bnp; 

3 
- ;jR DN 

R;; + 8;lnN8;lnN + \1;8;lnN = s"'i + 3N h;;. 

(35) 

(36) 

Ypa.BHeHMH (36) He co;o;ep)KaT rrponnBO)l.HhiX no Bpe:t-..reHM n uor;yT pacn.mTplmaThC5.l 

KaK CB5131:1. llHTepecHO OTMCTHTh cne;n,yrolll.ee : ('CJIII rrono:m:HTh JV = 1, "ITO COOT

BCTCTByeT rrepeXO;r:J;Y B_ CMHXpOHHYIO CMCTCMY OTC•JeTa, TO MCTpUK<I hij CTaHOBHTCH 

MeTpHKOiJ: IIOCTO.HHHOii OTpHIJ;aTCJihHOif KpiiBH3Hbl, B IIYCTOM IIpOCTpa.HCTBe 3TO 

onHa"<Ia.eT rmocx-oe 4-x rrpocTpaHCTBO (7]. 
KpoMe Toro, cny"'::a:H >.. 1 = A2 = .\3 nplma;o;ne)KUT- K npocTpaHC'-TBaM Tuna 1 no 

Krrac:cmfnma:u;m-I lleTpoBa. Cro;u,a )Ke OTHOCJITCH :r-.-rC'TpHKa <Ppn;a;:t.raHa (Po6epTcoHa 

- Yonxepa). 

4.2. Cnyqaii Al = 0, AI=.\~= f(t) 

CBHOh (28) cylll.eCTBCHHO ynpolll.aeTc.a, n MO)KHO cp;enaTh Hf'K<nopble cy».:;o;eHIIH 

OTHOCHTC1IbHO ITOB€p;CHH51 TpHa,IJ;bl: 

{ 

/212 + /313 = 0 
fill = 0 

1m = o 
¢} { 

Y'nwf 
\i'1WT.: 

- l 

() 

() 
(37) 

TaKIIM o6paooM wt .HBJIHCTCH reop;e3II"ICCKHM B€'KTnpoM no I\WTpnKe hi)• ;a;n

BepreHIJ;HJI KOToporo pasHa Hynro. 

OcTa.BrnaJicH cB.anh rrpnBO;r:J;HT K ToMy, "-ITO 

3 R = 2f'(t). (38) 

Jiin )J;HHaMH'<!CCKMX ypaBHCHIIH-(25) IIpH I'JTIIX YCJIOBH.HX, T01IhKO O)J;HO CO;IJ;Cp)KIIT 

rrpOII3BO;IJ;HYIO ITO BpCMCHM : 

{ 

0 = 3 Ru + fJV!\\N 
IT = 'Rn-2f'(t)+f,V~V1N 
0 = 3

R.ll + j;/'VIVIN- 3R2 - -I.JV=I\!=lN 

(39) 

MmKHo cp;enaTh crre;a;yroi:u;ee KpaTKOe penroMe : ;u,a)Ke ecnn Ubi H<UllJIII ~racTHoe 

pcrnemw cBHneM, TO Heo6xo;n,HMa. p,anbHeMrnM ¢uxca:u;na (xamrGpoBKa) B('KTopa 

c.,n;Bnra Nk, <f?YHKIJ;HH cMelll.eHHH N H aHTHC-HMMeTpl:PIPCKoro T('H3opa Tij· IIo
BH)J;HMoMy, p,n.H aToro Heo6xo,n;nMo npu~ne~Ih ,n;onmiHIIT<'11hHhiP ycnoBHH cpnniPif'

cxoro nn6o reoMeTpH"<IecKoro xapa.KTcpa.. 
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5. 3aKJIIO'I€HHe 

B pa6oTax [3), {4] 6bm npe)J;JIO.IKCH MeTo;o; 6e:JKa.m:~6poso•-moi1 pe;o;yKu;nH )J;mi Bbi)J.e

neHMH cfmOM'9:€CKHX CTeiiCHeif CB06op;bi M IIOCTpoemiH cfnmU"<ICCKOrO raMMJibTOHH

aHa H aHeprMM. CyTh <'.ITOrO MCTOp;a COCTOHT B HBHOM panpemCHHM CB.H3M [2] OT

HOCMTCJibHO O,D;HOrO H\J KaHOHM'<ICCKMX MMIIYJibCOB Pco KOTopbiM: rrporropU.MOHaJICH 

C1IC,Il;Y BTOpofl KBa;u.paTWIHOl{ ~OpMbJ M IIOCTpOCHIHO pep;yu;aposa.HHOrO p;ei1:cTBMH 

H raMMJibTOHHaHa -C Y"'ICTOM BCCX TIOBCpXHOCTHbiX "InCHOB B HCXO,U:HOM p;eiJ:cTBHH 

Thnb6epTa - 8iiHrnTeHHa. 11 3TOT MeTo;o; 6biJI ycrreumo orrpo6oBaH Ha npnMepe 

HCKOTopbiX KOCMOJIOrHT.JCCKMX MO)l;eJiei\:. 

Op;HaKo npn o6cy.IK}I.CHMM MeTop;a 6e:JKaJm:6poso•moH pe,u;yxu;:tn1 BonHMKna cne

;o;yro~aH rrpo6rreMa: rrocKonhKY cyrn;ecTsyeT ceMeiicTBO nmepnosepxHocTeii c HY

rreahiM CJIC~OM BTOpoi1: KBa)U>aTll"IHOiJ: cpopMb11 TO npeo6pa30BaHHHMH Koopp;HHaT 

MO)KHO o6paTHTh B HYJih HMnyrrhc Pa, H IIOl)TOMY MCTO.D; 6e3KarrH6poB0'9:Hoil pe

AYKIJ;HH MmKeT 6biTh He KoppeKTeH H p;aeT HeBepaoe orrpep;eneHHe ~H3H"-ICCKoro 

raMHllbTOHHaHa . 

Cha npo6neMa CHHMaeTCH yTseP)K)l;CHHCM 1 p;oKanaHHhiM B rryHKTC 4.2 : 

B npocmpaucmBe 8ii:wmmeii:na Ran = 0 , R~:.n,"f<P npu 3aM:IcuymoU cucme.ue 

zunepnoBepxnocmeU t = canst UAU npu acu.unmomu'll.ecnu nJtocnoM. npocmpau

cmBe, U3 paBencmBa nyAw cJteiJa BmopoU nBadpamu'l(.noU _cfiopMbt b = 0, CJtedyem, 

'ltmo npocmpancmBo crnamu'l(,ecnoe. 

,[(eif:cTBHTCJibHO, ecnH rrpocTpaHCTBo Ran = 0 aCHMIITOTM"--CCKH rrnocKoe {MnH 

IIpH OaMKHYTOi1: CHCTCMC rHrrepiiOBCpXHOCTei1: t = canst), M Mbi paCCMaTpHBaeM 

)];HHaMWICCKYIO MCTpHKY ('r.C· MCTpMKY 1 HCCBO)J;UMYIO npeo6pa.OOBaHMCM KOOp)l;H

HaT K CTaTH'9:CCKOif), TO Mbl HC MO)I(CM rno6aJihHO o6paTHTb B HYJib b. 8TO H 

CCTb OCHOBHOii. pe3YJibTaT )l;aiiHOfl pa60Tbi CJIC)J;YIOII.t:Hif: M3 aHaJIH3a CBO:ii:CTB KM

HCMCTpWICCKHX HHBapMaHTOB M p;aiOI.l.\Mii reOMCTpH'1CCKOe o60CHOBaHMC MCTO)l;a 

6eoKaJIH6poB0'9:HOif: pep;yKI.J;MM. 

8TOT peoyJihTaT MOJKHO c<flopMyJIMpOBaTb B TCpMMHaX MOHap;Horo cflopMaJUmMa
3

: 

B uecTaTH"--eCKOM npocTpaucTae 8HHmTeHua Ran = 0 c nnocKoH .acHM:Dro
THKoH HC cyw;ecTByeT rJio6a.JibHoii: BpCMCHHIIOp;06Hoii KOHrpyaHI(HH (He

npepbiBHOro CCMeiiCTBa BpCMCHHIIO)l;06HbiX ITMHHif) TaKoH, "--T06bl llOJIC C,IJ;H~ 

HH"--HbiX KaCaTCJibHbiX BCKTOpOB 7J.I K :lTOif KOHrpyaHQHH (none MOHap;) 

yp;OBJICTBOpJJJIO 6bl CBoilcTBaM: 

1) TCH30p yrnoBOif CKOpOCTH Bpaw;eHH.H CHCTCM~ OTC"--CTa
4 

paBCH 

HYJIIO 

Aa/J = 0 ; 

2) CJiep; TCH30pa CKOpocTeif p;e~OpMaD;HH TaK )l(e paBCH HYJIIO 

D~ =\laTa= 0. 

:l1CpMHHhl .«ouaaa n MoJwihtbiU ¢opMaAu3M. npeA:JimKHJI A.JI.3errhManos [1]. 
4 floH.HTHJI H 060DIJa9eHH.ll :3A:€Cb llODaHMCTBOBaJIHbl H3 CTaBrneii y}l(e KJiaCCH9eCKOii: MOHOI'pa<f»IH 

[8] 

10 

.II;p)Tl::IMH CITOB3MH, HCKOTOpbiC TOIIOJIO['JPICCKil€ J'CliOBHH Ha I\·IHOroo6pa3HHX 

8HmnTei1:Ha MoryT rrpnBecTn K ncmpeTy 1cymeeTBOBaHIIH u;enoro Knacca cncTeM 

OTC-~ICTa. IJo~TOMY 3aKOHOMCpHO TI05IBJICHHC BOIIpoca 0 TO:l\·1. KaK B006JJ.V? TC IIJIII 

HHbiC TOIIOJIO['H"<fCCKHC YCJIOBHH MOf',YT IIpHBCC'I'U K Of'}lHHII"-IC'HIHIM Ha B03MOJKHbiJJ: 

Bhl6op c.neTeM OTC'<!C'I'a. B CBH3II c GTIIM aBTOPhi Ha;::J;f'IOTOI. ~no cTpyKTypa ypa~ 

BHemJi1: B TCpMHH3X C06CTBCHHhiX OHa.~iCHU{I BTopoJi: KBa;J,paTU"-IHOi.i ¢op!-.1hl, IIO

HY"'-ICHHhlX B IIYHKTC 4.3, TIOMO)I\CT OTBCTUTb Ha BhllllCIIOCTaBJICHHbdi: BOIIpoc IIpH 

6o.rree yrnyGneHHOM a.Hamme. 

B 3<lKliiO'-ICHJIC aBTOpbi Bhlp<DI\aiOT rrry6oKyiO 6rraro;J,apHOCTb I'orenHA3C r.A., 
IlarruH: 10 .I'., lvlnaACHOBY ,[(.. Xsqwrrn):\ne A.ivi. oa none3Hbie JI.HcKycc"" " o6c)'iKJI.e-

HIUI. 
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