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C(, 
J!Jr. = - r('(, Pµ Pv 
cf't µv · ' 

( 1) 

r.n.e r~V - CBH3HOCTb KpttCTOqJqJeJIH Jl,JIH MeTptttJeCKOrO TeH3opa ga,fj 

pttMaHoBa Mttpa: 

C(, 
f UV 

1 = -,, ,_ gM (0µ gov + 0v gµv - 0o guv) 

TaK KaK B CttJIY (1) 

d Cl t3_ U'C g<Xt=l p p - 0 , 

TO CKaJJHPH!:Ji1 KBa.n.paT '1Ml1YJJbCa PC( tJaCTHU!:J, paBHHi1 

g<Xt=l P~·pB = _ m2 c2 

( 2) 

(3) 

( 4) 

HBJJHeTCH nepBHM '1HTerpaJIOM Cl1CTeMH ypaBHeHl1i1 (1) •. 3.n.ec1 l!epes m 
o6o3HatJeHa Macca nOKOH tJaCTl1U!:J, Yepes c - CKOPOCTE, cBeTa. 

B KJJaCCl1l!eCKOi1 MexaH11Ke Hei1TP'1HO om1c!:JBaeTCH ypaBHeH'1HMl1 

( 1) np11 ycJJOBl111, 4TO 

C(, l3 -gC(,J3 p p - 0 • ( 5) 

JlttH'111, Ha KOTOpHX BHnOJIHHeTCH 3TO yCJJOBtte, Ha3HBaIOTCH 

'130TponHHMl1. 
npotJ~fX reo.n.e3114ecK11X '130TpOnHHe reo.n;es11Yec1rne 

Cpe.n.11 
BHJI,eJJHETCH '1CKJJE4!1TeJibH!:JMl1 CBOi1CTBaMl1, 113 KOTOP!:JX rJJaBHOe 

H83HBaeTCH l1X KOHqJOpMHOi1 l1HBap11aHTHOCT1!0 • 

IWHtPOPMHAJI JfHBAPJfAHTHOCTb Jf30TPOllHNX I'EO.,fE3HlJECKJfX 

JlBe MeTpl1Kl1 ds2 = ga,t3( I;) d/;ct d/;t=I tt cts2 
= gctf3( g) d/;ct d/;6, 

sa.n.aHHHe I! KOOp,n;11HaTHOi1 KapTe /; = /; O, • • • , gn , HaXO,l(HTCH B 

KOHq]OpMHOM COOTBeTCTB'1'1 [4], ecJitt 

V 2 gC(,J3 ( /; ) = Q ( /; ) ga.6 ( /; ) • ( 6) 

3.n.ecb (n + 1) - pasMepHOCTb Ml1pa. B ,l(eHCTBl1TeJibHOCTl1 n = 3. 
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0t1eBl1.)]JI0, 4T0 BCHf<aH Jll1HHH, 1130Tp0nHaH 0TH0Cl1T8JlbH0 MeTpmrn 

cts
2 

::: g,x13l i;) dl;a dl;tl , HBJJHeTCH 1130TPOTTHOH Jll1Hl18H 11 OTHOCl1T8JlbHO 
Mt3Tpmrn t 6). 

1\0!<al!CeM, l!TO reo.n;e311'~ecKaH Jll1H11H, 1130TponHaH OTHOCl1T8JlbHO 

HefCOTopoA MeTpl1Kl1 ds
2 

= ga.13 (I;) dl;a. di; j3 - , HBJJ.HeTc.H l130TponHOH 
reo.n.esw1eCKOl1 Jll1Hl1eH H OTHOCHT8.llbHO MeTpl1Kl1 ( 6). 

.1leHCTBl1TeJJ1,HO, np11 nepexo.D;e- ( 6) OT O.JJ;HOH MeTpl1Kl1 K .n;pyroA 
:i'CJJOBHe 11soTponHoc·ru, ot1eB11.n.Ho, He MeHHeTCH. IloJJol!CHB pa. = Q2 pa., 
npeo6pasyeM ypaBHeH11H (1) K B11.n;y 

dEa. -az = 02 Pa. , g¥a. = - Q2( r~v Pµ Pv + 2 n-1 nµ Pµ Pa.). (7) 

Ho B CJJytiae K0HqJOpMHOro COO'l'B8TCTBl1.fl 

va, ct -1 rt~ , <X 
rµv - ruv = Q (oµ-1lv + ov Qµ Qa.gj..LV), ' ( 8) 

TaK 4T0 Ha,1130TPOTTHOH Jll1Hl111 

( fCX. - r<X ) pµ pV = -,, Q-1 Q pvµ pva, 
µv µv . "- µ ( 9) 

IT03TOMY ypaBH8Hl1H (7) MOl!CHO npe.n;cTaBl1Tb B Bl1.n;e 

dl;a. 2 ,,,.., 
<fr = Q p'"', . gpa, _ 2 va, "µ "V 

i - - n rµv P P, ( 10) 

CJJe.D;OBaTeJJbHO, np11 YCJJOBl111 (5) ypaBHeHl1H 

JLC_ = = ~ d Q 1 
= d Qn 

p1 p4, = 
r~v Pµ il r~v pµ Pv, 

( 11) 

l1HBap11aHTHH 0THOCl1TeJJbHO 
MHOlKl1TeJJb 02 • 

YMHOlKeH11.H . KOMTTOHeHT ga.j3 Ha 06m11i1 

ECJJl1 co6CTBeHHOe BpeMH t 4aCTl1UH C HyJJeBOH TT0KO.H 3aMeHl1Tb 
Ha BP8M.H i TaK, 4T06H BHTTOJJH.HJJOCb paBeHCTBO Q2 d t =di, 11 

TTOJJOlKl1Tb g<X = g<X , TO ypaBJieHl1.H ( 10) nepe~.n;yT 
0

B ypaBHeHl1.fl (1), B 

_KoTopux Bee n~peMeHHHe cHa6JKeHH OTMeTKOH v. 3Ha411T, 11 ypaBHeH11.H 

(1) l1HBap11aHTHH OTH0Cl1TeJJbHO YMHOJKeHl1.H KOMTTOHeHT ga.j3 Ha n2 • 

4< 

' 
!, 

'). 

::. 

H30METPHqECRHR H ROH~OPMHMR MOMEHTM HMflYlhCA 

Ha30BeM MOMeHTOM l1MTTYJJbCa 4aCTl1UH OTHOCHTeJJbHO HeKOTOporo 

B8KTOpHoro noJJH ka.(1;) CKaJJHPHOe npol13Be.n;eHl1e 

(k~p) = ga.j3 ka. pl3 = kj3 pl3 

. 
( 12) 

l1MTTYJJbCa 4aCTl1UH C 3Tl1M noJJeM. MoMeHT 11MTTYJJbCa YaCTl1UH Ha3oBeM 

l130M8TPl148CKl1M, eCJJl1 noJie y.n;OBJJ8TBOpHeT YCJJOBl1ID 

Vµ kv + Vv kµ = 0, ( 13) 

11 Ha30BeM KOHqJOpMHHM, eCJJ11 noJJe y.n;oBJJeTBOpHeT yCJJOBl1ID 

vµ kv + vv kµ = 2 F gµv, ( 14) 

r.ne F - HeKOTOpaH CKaJJ.HpHa.H qiyHKUHH, TaK 4TO l130MeTpl148CKl1H 

MOM8HT HBJJ.H8TCH 4aCTHoro B11.n;a (Kor.na F = 0) K0HqJOPMHHM MOM8HTOM. 

B Cl1JIY (1) 11MeeM 

gt (k~p) = ½<vµ kV+ vv kµ) pµ pv. ( 15) 

CJJe.n;oBaTeJJbH0, 1130MeTpl14eCKl1H MOM8HT 11MTTYJJbCa JJID60H 4aCT11UH 

coxpaH.H8TCH. PaBHHM o6pasoM, coxpaHHeTCH 11 KOHqJOpMHHH MOMeHT 

YaCT11UH, HO TOJJI:,KO ecJJl1 Macca nOKO.fl 3TOH YaCTHUH paBHa HYJJID. 3TO 

eme O,ll;HO 0TJll1411TeJJbHOe CB0HCTBO 4acTl1U C HYJJ8BOH MaCC0H noKOH. 

CPABHEHHE JBYX YPABHEHHR 

YpaBHeHl1.H (13) 11 (14) TeCHO CB.H3aHH .n;pyr c .n;pyroM. B CaMOM .n;eJJe, 

11MeeM 

~ . a. a 
vµ kv + vv kµ = k aa. gµv + ga.µ av k + ga.v aµ k • ( 16) 

IT03TOMY ypaBHeH11e (14) MOlKHO Han11caTb B Bl1,!I;e 

Cl Cl . <X. 
k aa. gµv + ga.µ av k + ga.v aµ k = 2 F gµv. ( 17) 

5 



Teneph C,l{e~aeM 00,l{CTaHOBKy (6) H 00,l{YHHHM ¢YHKUHJO Q ypaBHeHHJO 

ka aa Q + F Q = 0 

B pe3y~hTaTe no~yYHM ypaBHeHHe 

C( V V C( V• C( 
k aa gµv + gaµ av k + gav aµ k = o 

C~e,l{OBaTe~hHO, KOH¢0PMHl:JH MOMeHT OTHOCHTe~hHO 

C 3a,l{aHHOH ¢YHKUHett F .HB~.HeTC.H H30MeTpH4eCKHM 

MeTpHKH (6), ec~H ¢YHUH.H'Q YlOB~eTBOP.HeT ypaBHeHHIO 

MeTpHKH 

MOMeHTOM 
( 18). 

OflPEJElEHHE C~EPHqECKOI'O MHPA JE CHTTEPA 

( 18) 

( 19) 

gµv 
l~H 

C¢epHYeCKHH MHP ,l{e CHTTepa xapaKTepH3yeTC.H pa,l{HydoM r. Ero MO~HO 

npe,l{CT3B11Th B BH,l{e YeTJ:JpexMepttoro 0,l{HOTTO~OCTHoro nmep6o~OH,l{a 

n xA xB = x1 x1 + x2 x2 + x3 x3 + x4 x4 - x0 x0 = r 2 \20) AB . 

B TTHTHMepHOM nceB,l{OeBK~H,l{OBOM npocTpaHCTBe. K 3TOMY 
npe,l{CTaB~eHHIO Ml:J 

cqiepw~eCKHMH: 
TTPHXOlHM, 33MeHH.H ,l{eKapTOBl:J KOOp,llI1HaTl:J X 

xo = R tg 8, 

x1 = R sin C sin C x2 = R 90s C sin n, cos 8 cos 8 

x3 = R sin i;: cos g, x4 = R cos ( cos 1), cos 8 cos 8 

rie R ~ 0, 

- ~ < 8 < '.lL 0 ~ g ~ 2 '.JL, 0 ~ n ~ 2 '.Jt, o~,~~-,:_ 2' 
'-

11MeeM 

nAB dxA dxB ~ 

= ( co~ 8 ) 2 [sin2
i;: dg 2 + cos2 i;: dn2 + dl;: 2 - d82 ) + ctR2 • 

6 

(21) 

(22) 

( 23) 

l 

1\ 
.\f 

I 

IIo~araH 3,l{ech R = r, dR = o, ttaXOlHM, t1To reoMeTpHH c¢epw~ecKoro 

MHpa ){e CHTTepa 3a,l{aeTc.H c~eiyiomett MeTpmwtt: 

ds2 
= ( co~ 8 ) 2 [sin2

i;: dg 2 + cos2 i;: dn2 + d[ 2 
- d82 ) 

GBOEOJHOE JBH,YlEHHE '!AGTH/Jb/ B MHPE JE CHTTEPA 

(24) 

B c~ytiae cqiepHYec1wro MHpa le CHTTepa ypaBHeHH.H ( 1) B 
KOOPlHHaTaX 8,, £, n, ( npHHHMaJOT c~e,l{yJOIUHH BH,I{: 

e = - (sin2 i;: l2 + cos2 i;: n2 + t2 
- e2J tg e - 2 tg e e e 

i; = - 2 ctgi;: l t - 2 tge t e, N d ( sin~ ) 2 E = 0 L1't cos_ -· 

c,, d n = 2 t2.r Tl t 2 tge ~ti, cf[ 
( COS( ) 2 r = U 

cost! 1 
' 

( = sini;: cosi;: (l 2 
- n2 l - 2 tge t e. (25) 

IIepeXOlH K OlHOPOlHl:JM KOOPlHHaTaM, KOTOpl:Je no~yYaJOTCH H3 

c¢epH4eCKHX npH R = r, npeo6pa3yeM ypaBHeHHH (25) K BHlY 

r){e 

dxA at= pA , 2 dPA r at = - (-P,P) XA, 

(PP) = n pA pB = g Pa pB = _ m2 c2 ' AB aB · 

OTCJO,l{a c~eiyeT, 4TO 

XA = ( m r C ) 2 XA • 

(26) 

(27) 

(28) 

11HTerpHpy.H 3TO ypaBHem1e, HaXO,l{HM, 'UO npH He!ly~eBOH Macce 

TTOKOH MHPOBaH TpaeKTOPHH YaCTHUl:J HB~HeTC.H rHnep6o~oH 

xA = x.A ch mc1: + pA 
o r o 

_r_ sh mc1: 
m c r ( 29) 

a npH Hy~eBOH - HB~HeTCH np.HMOH 

xA = xt +·Pt 'C. ( 30) 
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TaKHM o6pa30M, 1130TponHHe reo,l(e3tt4eCKHe B ccpeptt4eCKOM Mttpe 

,l(e CHTTepa f!BJJf!IOTC.H np.HMHMH B 06'beMJJIOIUeM nceB.l(OeBKJIH,l(OBOM 

npocTpaHCTBe, a HeHsoTponHHe reo,l(es114ec1rne B o6'beMJJIOIUeM 

npocTpaHCTBe npf!MHMH He f!BJ!f!!OTC.H. TaK l1CKJl!0411TeJJbHHe CBOHCTBa 

l130TponHHX reo,lle3Htiec1-mx npo.HBJIHIOTCH B M}lpe ,l(e Cl1TTepa 

flPHMEP KOH~OPMHOI'O COOTBETCTBHE 

Ha ytiacTKe - ~ < 8 < ~ MeTp11Ka ccpepw1ecKoro M11pa ,l(e 
(... L.. 

CttTTepa HaXO,l(HTCH B KOHqJOPMHOM COOTBeTCTBHl-1 C MeTpl1KOH 

cts2 = r 2 (sin2 1; dE, 2 + cos2
, I; dri2 + dC 2 - d82 ) ( 31) 

ccpep11tiec1wro cTaTHtiecKoro MHpa. B ,l(aHHOM cJJy4ae Q = cos 8. 

CTaT11tieCK~lH ccpep114ec1mi1 Ml1P MOJICHO npe,l(CTaBMTI, B BH,l(e 
11eT1:1pexMepHoro Ul1JIHH,l(pa 

TI xa xb = x1 x1 + x2 x2 + x3 x3 + x4 x4 = r2 
ab ( 32) 

B nHTHMepHOM nceB,l(08BKJil1,l(OBOM npocTpaHCTBe, saMeHHH ,l(eKapTOBH 

KOOP,l(l1HaTH X UHJJl1H,l(Pl14eCKm,m: 

XO= r 8, 

x 1 = P sin i; sin E,, x2 = P cos C sin n, 

x3 = P sin C cos E,, x4 = P cos C cos TJ, 

(33) 

r,l(e P ~ O, - w < 8 < w, a yr.nu E,, TJ, C orpaHtt4eHH, KaK npex.l(e: 

ttMeeM 

o ~ E ~ 2 x, o ~ n ~ 2 x, 

TI dxA dxB = 
AB 

X, 
0 ~ ' ~ 2 . 

= P2 [sin2 C dE, 2 + cos2 I; dTJ2 + di;2) + dP2 - r 2 d82• 

8 

( 34) 

( 35) 

YKa3aHHaH BHille npoue.l(ypa npl1BO,l(l1T OT ypaBHeHHH (25) K ypaBHeHl1HM 

e = o • g = - 2 ctgi; l t, 
(36) 

n =2 tg( n t, ~ = sinC COS( (g 2 - n2 ) 

reo,l(e311tieCKl1X. B ccpep114eCKOM CTaTWJeCKOM M~lpe. 

KOMOPMHh/E MOMEHThl HMflYlhCA B flCEB,WEBK.AUOBOM flPOCTPAHCTBE. 

B c.ny4ae nceB,l(OeBKJIH.l(OBa npocTpaHCTBa C MeTpHKOH nAB dxA dxB 
KOHqJOPMHH MOMeHT l1Mny.nbca l1MeeT CJl8.l(Y!OIU11H 06m11i1 Bl-1.l( [5]: 

1 AB A (K,P) = 2 C (XB PA - XA PB)+ C PA+ 
(37) 

B A 1 A + < B + B XB) x PA - 7 ( x,x) B PA • 

r.l(e B, BA, cA l1 cAB - KOHCTaHTl:I, npH4eM cAB + cBA = O; 

B 
XA = T)AB X ' 

p - 'Tl pB 
A - ''AB • 

A' B (X,X) = nAB X X Ilpl-1 3TOM 

cpyHKUHH F paBHa 

F = B + BB XB (38) 

KOMOPMHhlE MOMEHThl B MEPHl/ECKOM MHPE lE CHTTEPA 

KOHqJOPMHHe MOMeHTH HMny.ni,ca B ccpep114ecKOM MHpe ,l(e CHTTepa 

no.nytia!OTCH 113 COOTBeTCTBYIDIUHX MOM8HTOB ,B nceB,l(08BKJJl1,l(OBOM 

npocTpaHCTBe npH YCJJOBHl-1 

KA XA = 0. (39) 

3TO YCJJOBHe 03Ha4aeT, 4TO BeKTOPHOe noJJe KA· , -KOHqJOPMHOe B 

nceB,l(OeBKJIH,l(OBOM npocTpaHCTBe, Ha rnnep60JJOH.l(e ( 20) HBJIHeTCH 

KacaTeJibHHM K 3TOMY nmep60JIOH,l(y. l!To61:1 y,l(OBJieTBOPHTb 3TOMY 

YCJIOBH!O, Ha,l(O ITOJIOJICHTb B = 0, 2 cA + r 2 BA= 0. 
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Tal-cl1M o6pa30M, KOHIPOPMHHH MOMeHT HMTTYJibCa B cqiepH4eC!'COM 

1vmpe .n.e CHTTepa HMeeT. CJie.n;yIOll{HH BH.n;: 

(K,P) = --b cAB (xB PA - XA PB) + BAXA xB PB - r 2 BA PA • (40) 

ITpH 3TOM WYHKUHH F paBHa 

B F = B XB ( 41) 

B cqiepHt!eCKOM MHpe .n.e CHTTepa HMeeTCH, TaKHM o6pa30M, 

.n.ecHTb JIHHettHO He3aBHCHMHX H30MeTPH4eCKHX MOMeHTOB BH.Ila 

XA PB - XB PA (42) 

H eme nHTb JIHHeHHO He3aBHCHMHX HeH30MeTpH4eCKHX KOH$0PMHHX 
MOMeHTOB BH.n.a 

2 B 
r PA - XA X PB (43) 

B 3aKJII04eHHe aBTOPH BHpal!CaIOT npH3HaTeJI1HOCT1 ITOJihCKOMY 
KOMHTeTy no Hayl!HHM HCCJle.ll.OBaHHHM 33 43CTH4HYIO no.n..n.epl!CKY 3TOH 
pa60TH (rpaHT • 603/P03/96). 

lHTEPATYPA 

1. Dirac P.A.M. Ann.Math., 36, 3 (1935). 
2. KapTaH 3. TeopHH cnHHOPOB (1937). M., HA., 1947. 
3. ITyaHKape A. 06 OCHOBHHX rHnoTesax reoMeTpHH (1887). 

M., rocTexHs.n;aT, 1956, c. 388. 
4. YepHHKOB H.A. -- ~H3HKa 3JieMeHTapHHX l!aCTHU H aTOMHoro a.n.pa, 

1987, TOM 18, BHTT. 5, C. 1000. . . 
5. Chernikov N.A. ~- Acta Physica Polonica, 

1964, vol. 26~ No. 6 (12), p. 1069. 

PyKOIIHCh JIOCTYIIHJia B H3,!laTCJihCKIIH OT,!lCJI 
3 ao»6p» 1997 ro.ua. 

10 


