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na Ol15IH. 

npenpmn Om,em111e1111oro HHCTHTyra l!Jlepm,1x 11cCJ1e)lonam1ii. L(y611a, 1997-

l1cpeno;1 airropon 

Pervushin V.N., Smirichinskii V.I. 
Trace of the External Curvature 
and Dynamic of the Einstein Equations 

P2-97-323 

In crc:;cnt work we show that the manifolds of General Theory of Relativity 
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Gaugeless Hamiltonian reduction based on the explicit constraint resolving 
with respect to the trace of the external curvature. 
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1. BBe.n;eHHe . 

B pa6oTax [1, 2) 6mr npe,n:J1omeH MeTo)]; 6eaRaJrn6poDO'!Hoil: pe,n:yRUHH ,n:JIH 

DLI)];eJleHHJI <pH3H'!eCRHx cTeneHeil: cno6o)];hl H nocTpoeHHJI qmau-qecRoro·raMHJlh­

T0HHaHa n ::>HeprHH. CyTh ::>Toro MeTo,n:a cocT0HT n JIDH0M pa3peII1CHHH CDJI3H 

[3) 0TH0CHTeJlbH0 0)];H0ro H3 RaH0HH'leCRHX llMIIYJlhC0D Pa, I{OTOpLiil: nponopuu-

0HaJleH CJle,n:y DTOpo:ii RDa,n:paTH'lHOil: cpopMLI H II0CTpoeHHIO pe,n:yuuponaHH0ro 

,n:eil:CTBHJI H raMHJlhT0HHaHa C y'!eT0M ncex nonepXH0CTHLIX '!JleH0D B HCX0.D:H0M 

,n:eil:CTDHH rHJlb6epTa - 8il:HII1TeftHa. I1 3T0T MeT0)]; .6LIJI ycneIIIH0 onpo6onaH Ha 

IIpHMepe HCR0T0pLIX R0CM0JI0rH'!eCRHX MO,n:eJleil: (1; 2, 3, 4, 5). 
O,n:HaI{o npH o6cy}I{.D:eHHH MeTO,n:a 6eaRaJ1H6poDO'llIOll pe,n:yRUHH D03HHRJla CJIC­

,n:yroru;aJI npo6J1eMa: nocR0JlhRY 1rnmeT cyru;ecTnonaTh ceMe:iicTno rnnepnonepxno­

cTeil: C HyJleDLIM CJle,n:0M DTOpoil: RDa,n:paTli~IHOll.<pOpMLI, TO npeo6pa30DaHHJIMH 

I{00p.D:HHaT M0lKH0 o6paTHTh B HYJlh HMIIYJlhC Pa, H II03T0MY MeT0)]; 6e3RaJIH6po­

DO'!HOil: pe,n:yRUHH M0}I{eT 6UTI, He RoppeRTeH u .n:aeT Henepnoe onpe,n:eJleHHC 

<pH3H'lecRoro raMHJlh'.f0HHaHa . 

B HaCTOJiru;eil: p~6oTe na npo6JleMa CHHMaeTCJI yrnepm,n:eHHeM, ,n:oRa3aHHLIM 

n nyHRTe 2.1 . 
B npocmpa11,cmae 9i111,mmei111,a npu Ja.M1s11,ymoi1 cucme.Me 2unepnoaepx-

11,ocmei1 t = canst, u.1tu npu acu.Mnmomu"iecnu n.1toc1so.M npocmpa11,cmae, UJ 

paae11,cmaa 11,y.1t'IO c.1teaa amopoil naaapamU"i'/1,(FU ,pop.M'bl b = 0 c.1teayem, "imO 

npocmpa11,cmao cmamu•wcnoe. 

2. · A,I(M-q:>opMaJIH3M 

XopOIIIO H3DCCTHa p0Jlh RHHCMeTpH'ICCI{HX neJIH'lHH c T0'IRH 3peHHJI 3a,n:aHHJI 

CHCTCM 0TC'!CTa HJIH MOHa)];HOro <pOpMaJIH3Ma [6]. RHHeMCTpH'ICCRHe DCJIH'IHHLI 

o,n:no3ua-qno cnJIJaHLI c A,UM-napaMeTpaMH 

R0T0pbIC HrpaIOT cyru;e~TDeHHYIO p0Jlb D raMHJlhT0H0D0M !pOpMaJIH3Me (7). 
A,UM-napaMeTpH3aUHJI MeTpHRH 4-x-Mepuoro npocTpaucrna 03ua-qaeT pa3-

6uenue 4-x-npocTpancTna ua ceMeftcTno npocTpancTneuuono,n:o6HLIX runepno­

nepxnocTeii t = casnt, npu ::>TOM hjk - nnyTpeHHJIJI MeTpHRa rnnepnonepxuocTH 

t = canst (rrepnaJI Rna,n:paTH'!HaJI qiopMa), a HJ napaMeTpon N(mnc-qiynRUIIB) 

11 Nk(IIIH<pT ~eRTop ) cocTanJ1HeTcJI 4-x-neRTop v°' = Ctt, _t;/), .RoTopLI:ii JID­

JilleTCJI C.D:HHll'IHOil: H0pMaJlbIO I{ rHnepnonepXH0CTH. I{poMe 3THX napaMeTpon, 

,n:JIH noJ1uoro onpe,n:eJ1eHHJI runeprronepxHocTH t = . canst ueo6xo,n:HMO aa,n:aTh 

DTopyro RDa,n:paTH'lHYIO q>OpMy 



1 . 
b·k = -(h·· - "-N· - V·N·) ' 2N I] V ' J ' J ' 

(2) 

KOTOpaJI onpe.n;eJJJieT KaK BJIO}KeHa nmepnoBepXHOCTb B 4-x-rrpocTpaHCTBO. Ilep­

naJI h;k :rr BTopaJI bik KDa.n;paTH'IHIJe <popMbI JIBJJJIIOTCJI 3-x-TeH3opaMH OTHOCH­

TeJibHO KHHeMeTpH'IeCKHX rrpeo6pa30BaHHH 

t' = t'(t), 

x' = x'(t, x). 

8TH rrpeo6pa3oBaHHJI coxp'aHJIIOT ceMe11:cTBo r:rrrreprroBepxHocTeil: t = canst , 
MeHJIJI JIHIIIb Koop.n;HHaTHIJe JIHHHH BpeMeHH H BHyTpeHHHe KOOp.n;HHaTIJ caMIIX 
rnnepnoBepxHocTeil:. 

Ilpeo6pa30Bamrn napaMeTpoB A,[(M-MeTpIIKII rrpn HeKnHe1i:eTpnqecKnx npe­

o6pa3onaHHJIX paccMoTpemr B pa6oTe [8]. 
BIJpa3HM ypaBIIeHIIJI 8il:HIIITeil:Ha R;,,p - ½g0 pR ·= 8;.t'Ta/3 qepe3 A,[(M-

rrapaMeTpbI. IlpJIMaJI IIO,!l;CTaHOBKa' Bbipa}KeHim .n;JIJi. DTopoil: KBa.n;paTII'IHOH 

<popMhl H A,[(M-napaMeTpOB .n;aeT cne.n:yrom;nil: Bn.n; ypamieHnil: 8il:m1ITeil:Ha: 

3R b2 bibk ; 81ri-;; T. a ·p _ . .,. 
Ko = + - k · - --2 f3V V - Q · - I c4 a-, (3) 

'" -81ri-;;. . 
Kk = \?kb-:- \?;bk+ 7Tk0 V

0 =;= 0; (4) 

0 

r.n;e 

b ii 3 1 bb 81ri-;; '( l ) -+ R··--V·V·N+ ··-- T.-·+-h··T_ =0 N •1 N ' J •1 c4 •1 2 •1 , .' 
T , •• 1 ,' 

(5) 

8 · ·, , k .. , k 'k ·, ' .. k 
b ii= b;j - (b;kVjN +bikV;N +N Vkbij)-2Nb;kbj, 

b = b;jhii, b} = hikbkj, 3R - CKaJJJipHaJI KpHBH3Ha no MeTpHKe h;j. 
HymHo em;e .n;o6aBHTb BbipameHHe .n;JJJI BTopon KBa.n;paTH'IHOH <popMbI (2). 

KonapnaHTHaJI npoH3BO.n;HaJI 6epeTCJI 3.n;ecb no MeTpHKe h;j . YpaBHeHHJI (3) H 

( 4) - ecn, CBJI3H, a ypanHeHHJI (5) H (2) Ha3OBeM .n;HHaMnqe_c~UMH ypanHeHHJIMH 

n HX cTyKTYPY MO}I{HO 3anncaTb B "CTaH.n;apTHoil: KaHOHH'lecKoil:" <p~pMe 

b = f(l)(b, h, N, N;), 

h = fc2)(b, h, N, N;) . 

(6) 

,[(JJJI npoBepKH nonyqeHHIJX <popMyJI MO}I{HO BOCnOJib3OBaTbCJI Teopue:ii: rnnep­

noBepXHOCTeil: ( COOTHOIIIeHHJI raycca H IleTepcoHa - Ko.n;au;n), H3JIO}I{eHHOI1:, 
HanpnMep, B KHurax [9, 10]. 

2 

:; 
' 

I ~\ 

\: / ·~ 

2.1. RHHeMeTpHqecKHe HHBapHaHThl B ypaBHeHHJIX 

8iiHmTeiiHa 

B pa6oTe [8] IlOKa3aHO, 'ITO 3a C'leT BIJ6opa CHCTeMIJ rnnepnoBepXHOCTCU 

JII06oil: H3 KHHeMeTpnqecKUX mrnapnaHTOB MO)RHO JIOKaJibHO o6paTUTb D HYJib 

(B npe.n;enax HeKOTopoil: Koop.n;nHaTHOH KapTbI). Borrpoc O TOM, MOJRHO JIU rJio-

6amHO o6paTUTb B Hym KaKo:ii:-JIH6o H3 KUHeMeTpH'IeCKUX HHnapuaHTOD, Tpc-

6yeT crreu;namHoro paccMoTpeHHJI. Ta:&, ecnu Ha rrpocTpaHcTno 8il:HIIITeitHa 

HaJIOJRUTb HeKOTOpbie TOIIOJioruqecKHe ycJIODHJI, HarrpnMep, 'ITO rnneprroBepXHO­

CTH t = canst1 3aMKHYTIJ2 UJIH 'ITO rrpocTpaHCTDO aCHMnTOTH'ICCKH IIJIOCKOC~ 

TO HeJib3JI o6paTUTb B HYJib b ' T.K. irnaqe MIJ HMeeM CTaTH'ICCKYIO MCTpnKy. 

CcpopMyJIHpyeM 3TO n Bn.n;e YTBepm,n;eHHJI . 

B rrpocTpaHCTDe 8:ii:HillTeil:Ha IIpH 3aMKHYTOH CUCTCMC rHncprronepXHOCTCll 

t =: canst UJIU npH aCHMilTOTU'leCKH IIJIOCKOM npocTpaHCTDe H3 paDCHCTDa HYJIIO 

BTopo:ii: Kna.n;paTU'IHOH <pOpMhl b = 0 CJIC.!J:YCT, 'ITO npocTpaHCTDO CTclTH'ICCKOC. 

·,[(oKa3aTCJibCTDO. 

CnepHeM ypaBHeHne (5) no MeTpHKC h;i 

b Nk 2 3 1 81ri-;; i 3 
---Vkb+b + R--D.N=-(T.··h 1 +-T) 
N N N c4 '

1 2 ' 

Y'llITIJBaJI CBJI3b (3), HMCCM 

i, Nk l . - 81TK /J 1 
- - -Vkb - -b.N + b'lJ + -(T. fJv"v - -T) = 0 
N N N 1 ' c4 " 2 ' 

npH ycnonnH b = 0 noJiy'IHM 

l N libi 81rK(T. a f3 lT) - ND,. + Jj ; + 7 afJV V - 2 = 0. 

MHTcrpHJ>YJI no nc:cMy npoc:Tpa!ICTBY nocne.n;Hee BIJpaJReHnc, noJiy'IHM 
I 

f {b;ibii + 8:t(T,;f3v,;vf3 -1T)}Nv'hd3x = 0, 

(7) 

(8) 

(9) 

b;ibii nonomHTeniirn-onpe.n;eneHHaJI cpy1muirn oT x, KpoMe Toro, ,n;JJJI TeH3opon 
' ' 3HcprHH HMnyJibCa, y.n;oBJICTBOpJIIOID;HX CIIJibHOMY 3HepreTU'leCKOMY YCJIOBHIO, 

', ' ' ' . ' 

13necL H nanee npe.1111onaraeTcJ1, '!To cyruecrnyeT rno6amHoe pa36HeHirn ecero 4-x npocTpancTBa na 

ceMellcrno rttnepnoeepxnoCTel! t = const, nptt'IeM 4-X·BeKTOpHoe none, HOpMamHoe K 3THM rHnepno­
Bep~HO~TJIM, JIBJI~eTCJI HenpepLIBHLIM. <PH3Ji'leCKH 3TO ~3Ha'!aeT BO3MOJKHOCTL CHIIXpOHH3aIUIH 'laCOB BO 
nceM npoCTpancTBe. 

2 Ilon 3aMKHYTLIM MHOroo6pa3HeM IlOHHMaeTCJI KOMITaKTHOe MHOroo6pa3He 6e3 rpaHHIT. 
3 HMeeTCJI B BHny nocTaTO'lllaJI CTenenL CTpeMJieHHJI Ha 6eCKOHe'll!OCTH MeTpHKH K IlJIOCKOH t(JIJI 06-

pamel!HJI e nym HJlKHLIX HaM ncieepxHOCTHLIX HHTerpaJIOB (HanpHMep, N--+ 1-+ 5;iW-, € > 0). 
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IIMeeM 
1 

(Ta;(Jlla;l/{3 - 2T) ~ 0. (10) 

Tor.n;a II3 (9) CJie;zyeT b;j = 0 ( II (Taf311allf3 - ½T) = 0 ), qTQ II 03HaqaeT 
CTaTnqHOCTI, MeTpllRll . 

3aMeqan11e : B .n;oRa3aTemcTBe cymecTBeHHO ycJioBne (10), .n;JIJI TeH3opa 
3Heprllll-llMIIYfilCa 3JieRTpo1rnrHIITHoro IIOJIJI OHO, oqeBll,!l;HO, BhlIIOJIHJieTCJI. L(JIJI 
TeH3opa 3Heprllll-llMIIym,ca MaRp O CROIIIIqecRIIX TeJI 

€ 
Ta/3 = (p + c:)uaUfJ - P9af3 , p < 3 

(10) TaRJI{e B1IIIOJIHJieTCJI. ,l(e:il:CTBHTefilHO, 

1 . 1 · . ' 
Taf311allf3 - 2T = (p + c:)(uavo:)2 - p - 2(c: - 3p) = (p + c:)(uo:110:)2 +~ - ; , 

yq:rrT1IBaJI, qTo rrpo:rr3Be,n;eH:rre .n:BYX BpeMeHHIIO,!l;06H1IX e,n;:rrH:rrqHI,IX BeRTOpOB 
ncer.n;a 6oJII.IIIe e.n;:rrH:rru:11 Ualla ~ l, :rrMeeM 

o:{3 l 3 € 
T. (311 V - -T > -p + - > 0. 

a 2 - 2 2 · 

TaRllM me o6pa30M MOJI{HO IIOI{a3aTI, BhlIIOJIHeH:rre ycJIOBHJI (10) :rr, ,!J;JIJI TeH30pa 
3Hepr:rrll-1:IMIIYJII.Ca CHCTeM1I ToqeqHI,IX qacTlll( 

ds 
Ta/3 = µcuauf3 dt. 

1.fro RacaCTCJI TeH3opa 3Heprllll-llMIIYJibCa MHRpocKOIIHqecRHX qacr:rru:, Harrp:rr­
Mep CIIHHOpHoro IIOJIJI, TO IIOCJie orrepau::rr:rr BTop:rrqHoro RBaHTOBaHHJI, ycJIOBHe 
(lo) B1IIIOJIHJieTCJI ~ CM1ICJIC BaRyyMH1IX cpe,n;HHX. 

) 

8To yrnepm,n;eHne MOJI{HO, CqJOpMyJIHpOBaTb CJie.lzyIOIIl;llM o6pa3oM: B HeCTa-

THqecK0M rrpocTpancTne OTO c 3aM.KHYTLIM ceMencTBOM rnrreprro­
nepxnocTen t = canst H HepaBHLIM nymo TeH30p0M 3He.prHH-HMIIYJIL­

ca MaTep1111 ne cy~ecTnyeT rJio6aJILHOH npeMennrro,D;o6non Konrpy-
3H~Hn ' (±.e. Herrpephlirnoro ceMeii~{n~ BpeM~HlllI01o6m,i:~ JlllHH:il:) '.raKon, 
qT061,1 rroJie e,Z1;11'n:n:qu1,1x Kaca~e.111,nLI~ n~K;opon Tµ K 3Ton K<>H~py3H~ 

~HH monJieTB0pHJI0 6LI-CBOllCTBaM: 

1) TeH30p YrJIOBOll CK0p0CTH npa~eHHH C:flCTeMLI OTCqeTa4 pan~rn 
HYJIIO 

Aa/3 = 0; 
4

IloHHTHJI H o6o3na'leIDUI 3J(eCI. Il03aIDJCTBOBail1>J H3 CTaBrnefi yme KitaCCH'leCKOH MOIIorpaq>HH. (11] . 
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2) cJie,D; Ten3opa cKopocTen ,D;eq>0pMa~1111 Tam«e panen nymo 

D~ = v'a;T~ = 0. 

3. 3aRJIJo-qeHHe 

M11 IIOI{a3aJIH, qTo eCJill rrpocTpaHCTDO 8:il:HIIITe:il:Ha acHMIITOTllqecRH IIJIOCI{Oe 
llJill rrp:rr 3aMRHYTO:il: CllCTeMe r:rrrreprroBepXHOCTeti: t = canst, H Mhl paccMaTpll­
BaeM ,!l;1:IHa1rnqecRyIO MeTpHRY (T.e. MeTpHRY, He CBO,!l;HMYIO rrpeo6pa30BaH:rreM 
I{OOp,!l;HHaT I{ CTaT:rrqecRo:il:), TO Mhl He MOJI{eM rno6amHO o6paTHTI, B HYJib b. 8TO 
ll eCTI, OCHODHOH pe3yJII.TaT .n;aHHO:ii: pa60T1I, CJie;zyrom:rrii: ll3 aHaJI:rr3a CBOHCTD 
RIIHeMeTp:rrqecRHX llHBap:rraHTOil. ll ,n;aIOIIl;llM reoMeTp:rrqeCR0e o60CHODaHHe Me­
TO,!l;a 6e3RaJI:rr6pOBoqHOM pe.lzyRI(llll. 

B 3aRJIIOqeH:rre aBT~p1I B1IpamaIOT rJiy6oRyIO 6JI~ro,n;apHOCTI,. r., , roreJIH,n;3e, 
,[(. MJia,n;eHony, IO. IlaJIH:il:, M. TeHTIOROBY, A. XBe.n;eJIH.n;3e 3a rroJie3H1Ie 
,!l;HCRYCCllll :rr o6cylI{,!l;eHHJI. 
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