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1 . B Be,n;eHHe 

lll:0:po1we rrpHJI0JIWHHe R0Heqm.rx rpynrr B q>H3HRe HaqaJIOCb C 0lIHcamrn 

CHMMeTpHil: RpHCTaJIJIHqecRHX perneT0R H ~pyrHX CTPYRTYP R0H,D;eHCHp0-

BaHHhlX COCTOJIHHH. B 6oJiee lI03,D;Hee BpeMJI R0Heqnhle rpyrrrrhl HallIJIH rrpH

MeHeHHe B HHq>OpMaTHRe B CBJI3ll C pacqeTaMH rrporrycRH0H cnoco6HOCTH 

JIIIHHH CBJI311, B 3a.n;aqax R0,D;Hp0BaHUJI H RpHrrTorpaq>HH. 

IloMUMO TaRoro po.n;a rrpJIM0ro HClI0Jib30BaHIIJI R0Heqm.rx rpyrrn HMeeTCJI 

ern:e 0,D;Ha CTOp0Ha HX B03M0lRHhlX rrpnJiomeHHH. By.n;yqn qacTHhlMH npoJIB

JieHHJIMH HerrpephlBHhlX rpyrrn, 0HH MoryT HeCTH HHq>OpM~HIO 0 HHX B TOH 

IIJIII IIHOH Mepe lI0JIHYIO H HClI0Jib30BaThCJI ,D;JIJI H3yqeHHJI HerrpephlBHhlX. 

IlpnMepoM TaRoil: CBJI3H R0Heqnnrx n HenpephlBHhlX rpynrr MomeT cJiy

mIITh H3BeCTHaJI MeT0,D;HRa RJiaCCHq>HRaD;HH HerrpHB0,D;HMhlX rrpe.n;cTaBJieHIIll 

rpyrrrrhl U(N) c rroMorn:1,10 CHMMeTpHqecRHX rpynn Sn [l]. He HCRJI10qeno 

TaIORe, qro rrpH BhllI0JIHemrn. onpe.n;eJieHHhlX ycJI0BHfi, R0HeqHhle rpynrrhl 

BhllI0JIHJIIOT poJib CTPYRTYP, BJI0meHHhlX B HerrpephlBHhle, R0T0phle B lI0JI

HOH Mepe xapaRTepH3JIOT ll onpe.n;eJIJII0T 061,eMJIIOrn:ne RX nerrpephlBHhle 

rpyrrrrhl. TaR me RaR HHq>HHHTe3HMaJibHhle orrepaT0phl orrpe.n;eJIJIIOT C00T

BeTcTBy10rn:y10 HM rpyrrrry Jin. 

2. I'pyrrrra RBaTepHH0H0B 

Be3.n;e HHme Mhl 6y.n;eM HMeTb .n;eJio c aJire6paMH, 06pa3y10rn:ne aneMeHThl 

R0T0phlX JIBJIJIIOTCJI R0HeqHhlMH rpyrrnaMH. Onn Ha3I.rBaIOTCJI rpyrrn0BhlMH 

R0JibD;aMH [2]. rpynrra RBaTepHH0H0B lI0JiyqaeTCJI ll3 xoporno H3BeCTH0fi 

aJire6pI.r RBaTepHH0H0B rryTeM .n;o6aBRH R ee aJieMeHTaM TeX me aJieMeHT0B c 

o6paTHhlMH 3HaRaMH [3]. Ta6Jinn;a yMH0meHHJI rpymrn MomeT 6hlTb 3a,D;aHa 

orrpe.n;eJIJIIOrn:HMH C00TH0ilieHIIHMH [4]. 

rpyrrrra HMeeT nopJI.n;oR 8, panr 2, co.n;epmHT TPH n;1mJIHqecune no.n;rpyrrrrnr 

qeTBepToro rropH.n;ua c renepaTopaMH a1, a2, a3• Bee. TPH no.n;rpynm.r 06na

.n;a10T Rp0Me e.n;HHHD;hl e 0.n;HHM o6rn:nM aneMeHT0M ai = a~ = a~, R0TOphlfi 

BMecTe c e 06pa3yer n;enTp rpynnhl. 

IlocTpoHM cne.n;y10rn:ee anre6paHqecuoe BI.rpamenne: 

C4((iiJ,~TuetmiiIH- upfl!l'Hf![T'; 
;1~epH'i,1x HCCJie,I\OBam1f1, 

BMBJ!MOTEKA l 
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AnanonP::rHI,re Bn1pamemrn MOlliHO 3aIIRcaTI, ,n;JI.H rro.n;rpyrrrr c .n;pyrRMR rene

paTopaMR a2, a3. 
EcnR renepaTOp a1 .n;orroJIHRTb MHOlliRTeJieM exp(21rikif 4), r.n;e 

k1 = 1,, 2, 3, 4, TO Mhl rronyqRM 4 Bhlpa.JKeHRJI 

C4 [k1a1] = [e + exp(21riki/4)a1 + ( exp(21riki/4)a1)2 + ( exp(21rikif 4)a1 )
3

), 

(3) 
co CBOfiCTBaMR 

(C4[k1a1])2 

C4[k1a1]C4[k~ a1] 

a1C4[k1a1] 

4C4[k1a1J, 

48kik~ C4[k1a1], 

exp(21ri(4 - ki)/4)C4[k1a1]. 

(4) 

(5) 

(6) 

OTcro.n;a cne.n;yeT, qTQ Bhlpa.JKeHRJI C4 [k1a1] peaJIR3YIOT nerrpRBO.D;RMnie rrpe.n;

cTaBneHRH B .n;aHHOM cnyqae URRJIRqecRofi rpy1111n1 qeTBepToro rropH,n;Ra. 

rpyrrrra a6eneBa, Bee rrpe.n;cTaBJieHRJI o,n;H0Mepnn1e. 

By.n;eM Ha3hIBaTb qRRJIRqernofi CTPYRTypofi (UC) HeRornpoii RoneqHoii 

rpyrrrrn1 [6] cyMMY Bcex ee aJieMeHTOB, 3amrcaHHYIO B BR,n;e rrpmrnBe,n;eHRJI 

ee URRJIRqecRRX rro.n;rpyrrrr. ;:ho rrpOR3Be,n;eHRe .D;OJDKHO BRJIIOqaTb B ce6JI, 

RaR MRHRMYM, URRJIRqecRRe rro.n;rpyrrrrn1, co.n;eplliam;Re renepaTopn1 rpyrr11n1. 

QqeBR.D;HO, TaRM anre6paRqeCRM ROHCTPYRnRH JIBJI.HeTCH 0.D;HOMepHhlM e.n;R

HRqHI,IM rrpe,n;cTaBJieHReM, 3aIIRCaHHhlM B MYJihTHIIJIRRaTRBHOfi cpopMe. 

rpynrra RBaTepHROHOB HMeeT paHr ,n;Ba, 3HaqnT Bee ee 3JieMeHThl Bhlpa

lliaIOTCJI qepe3 .n;Ba renepaTopa. KaR OTMeqaJIOCb Bhlrue, OHR rropOlli.D;aIOT 

URRJinqecRRe 110.n;rpy11nn1 qeTBepToro nopH.n;Ra. O603naqnM 

Q2[a1, a2] = 1/2C4 [a1]C4[a2]. (7) 

YqRTl>IBM, qrn a? = a~ n C4[a2] = [e + a2l[e + a~], MoHrno 3anncaTn UC 
rpynnhl RBaTepnnOHOB B BR,n;e 

Q2[a1, a2] = C4[a1][e + a2] = [e + a1 + ai + ame + a2]. (8) 

EcJIR pacRphlTI, CR06RR, TO Bhlpa.JKeHne co.n;eplliHT Bee 8 3JieMeHTOB rpynnn1 

n nnqero cBepx Toro. 

.LJ:anee, RaR B cnyqae c4, .D;OilOJIHRM Ra.JK.D;hlll H3 reHepaTopoB MHOJKRTe

JIJIMll, T.e. 3HaqeHRJIMll npRMllTllBHhlX ROpHeii qeTBepTOll CTerreHR ll3 e,n;R

HllUhl exp(21rik1,2/4), r.n;e k1, k2 npo6eraroT He3aBRCHMO 3HaqeHnJI 1, 2, 3, 4. 
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Tor.n;a c yqeToM ai = a~ R3 16 B03MOlliHnIX Bn1pameHRfi nonyqaeM 8 nepa

BHhlX nymo. 

1. Q2[k1 = 4, k2 = 4] = [e + a1 + ai + ame + a2J, (9) 

2. Q2[k1 = 4, k2 = 2] = [e + a1 + ai + ame - a2], 

3. Q2[k1 = 2, k2 = 4] = [e -. a1 + ai - ame + a2], 

4. Q2[k1 = 2, k2 = 2] = [e - a1 + ai - ame + a2J, 

5. Q2[k1 = 1, k2 = 1] = [e + ia1 - ai - iame + ia2], 

6. Q2[k1 = 3, k2 = 1] = [e - ia1 - ai + iame + ia2L 

7. Q2[k1 = 1, k2 = 3] = [e + ia1 - ai - iame - ia2], 

8. Q2[k1 = 3, k2 = 3] = [e - ia1 - ai + iail[e - ia2]. 

BR,n;Ho, qTo k1 , k2 ,n;JI.H Ra.m.n;oro BnipameHRJI npRHRMaIOT o,n;HoBpeMeHHO JIR6o 

qeTHnie, JIR60 HeqeTHnie 3HaqeHRJI. KpoMe Toro, R3 CTPYRTypn1 C4 ,n;JI.H qeT

HnIX k1 , k2 cne.n;yeT, qTo npn yMHOllieHRR nepBnIX qeTn1pex paBeHCTB na 

JII06ott R3 reHepaTOpoB, OHR He R3MeHJIIOTCJI, HO npno6peTaIOT MHO}KllTeJIJ, 

±1. T.e. nepBM qeTBepRa paBeHCTB ,n:ocTaBJI.HeT 4 O.D;HOMepHhlX He3RBR

BaJieHTHhlX npe,n;cTaBJieHRJI. .LJ:anee, YMHO}KM cnpaBa Bhlpa.JKeHRH 5. R 6. 
Ha renepaTophl a1, a2, Mhl 3aMnIRaeMCJI B paMRaX TOJII,RO 3TRX ,n;Byx. To }Ke 

caMoe MOlliHO CRa3aTb O paBeHCTBax 7. ll 8 . .LJ:pyrRMR CJI0BaMR, Mhl RMeeM 

,n;Ba ,n;ByMepHhlX npe,n:cTaBJieHHJI. B MaTpRqno:tt 3aITRCR OHR HMeIOT Bll.D; 

(
-i O). 

R(a1) = O i ' ( 
O -i) R(a2) = -i O ' 

R
1

(a1) = ( 
-i O). 
0 i ' R

1

(a2) = ( ~ ~). 
QqeBR.D;HO, 3TO 2 3RBRBaJieHTHhlX .n;ByMepHhlX rrpe,n:cTaBJieHRH, T .R. 

R(a1) = R 1

(a1) II R'(a2) = R(a1)R(a2)R-1(a1). 
YTBep}K}];eHIIe TeopeMnI Bepncafi,n:a o TOM, qTQ cyMMa RBa,n;paT0B pa3-

MepnocTe:tt neaRBIIBanenTHnIX nenpRBO,n:IIMnIX npe,n;cTaBJieHIIfi (HIT) paBna 

rropJI,n:Ry rpynnn1, B ,n:aHH0M ceyqae BhlllOJIHJieTCJI: 8 = 4 . 12 + 1 . 22. 

EcnII, RpoMe Toro, OTMeTIITh, qTo qIIcJio aRBIIBaJieHTHhlX HIT paBH0 nx 

pa3MepHOCTII, TO M0JI{HQ roBopIITh, qTQ paBeHCTBa 1. - 8. JIBJI.HIOTCJI CB0-

eo6pa3HhlM onepaTopHnIM ananoroM peryJI.HpHoro npe.n;cTaBJieHHJI. TaR}Ke, 
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KaK B ecyqae peryimpHoro npe,neTaBJieHHJI qneno HeTOJR,neeTBeHHhlX npe.n

eTaBJiem1:l1 paBHO nopR.nKY rpynnhl H Kam,noe HIT noBTOpReTCR B HeM Ta

Koe qneno pa3, KaKOBa pasMepHoeTh aToro npe,neTaBJieHHJI. CBoeo6pasne 

3aKmqqaeTeR B TOM, qTo B ,naHHOM enyqae Bee HIT q>aKTnqeeKH pa3,neJIR

IOTCR. BhlpameHHR, OTHOCRm;HeeR K He3KBHBaJieHTHhlM npe,neTaBJieHHJIM op

ToroHaJibHhl, a 3KBHBaJieHTHhle pas,neJIRIOTCR aBTOMaTnqeeKH npn .ne:l1eTBHH 

reHepaTOpoB. IToaToMy B npoeTpaHeTBe npe,neTaBJieHHJI "Ta6nmi;a yMHO

llieHHR" ,nJIR 3JieMeHTOB 1. - 8. HMeeT KBa,npaTHO-,nnaroHaJibHhl:11 BH.ll;. ITpn 

3TOM 3KBHBaJieHTHhle npe,neTaBJieHHR o6pasyroT e,nHHhl:11 KBa.n;paT. 

Cne.nyeT OTMeTHTh TaKllie exo.n;eTBO npe.nnaraeMo:11 MeTO,nHKH e xoporno 

pa3pa60TaHHo:l1 TeXHHK0:11 BhlqneJieHHJI HIT eHMMeTpnqeeKHx rpynn [6]. Ana

nornqHhlX YHHBepeaJibHhlX n y.n;o6HhlX .ll;JIR npaKTnqecKHX npHJIO}I{eHH:11 peu;en

TOB .ll;JIR npOH3BOJlhHhlX KOHeqHJ,IX rpynn He HMeeTCR. 

Bo-nepBhlX, o6pam;aeT Ha ee6R BHHMaHHe TOT q>aKT, qTQ TaKHe rpynno

Bhle xapaKTepHCTHKH, KaK HIT, BhlqHCJIRIOTCR e IlOMOilJ;hlO qneTo aJire6paH

qeeKHX KOHCTpyKu;n:11. TaKOBhlMH RBJIRIOTCR Ta6JIHu;hl lOHra B O.n;HOM cnyqae 

H D;HKJIHqeCKne eTpyHTYPhl B .npyroM. 

Bo-BTOphlx, Bee HIT q>opMnpyroTeR H3 o.n;HOMepHhlX HIT no.n;rpynrr, BJIO

llieHHhlX B rpyrrrry. 8TO oqeBH.n;Ho KaK H3 Ta6JIHu; lOHra, TaK n H3 IJ,C. 

.ll:e:ikTBHTeJihHO, Kalli.ll;aR CHMMeTpnqecKaR rpynrra HMeeT ,n;Ba O.n;HOMepHhlX 

rrpe,ncTaBJieHHR - 3TO e,nnnuqnoe H 3HaKonepeMeHHOe. MM eOOTBeTCTBJIOT 

CTpOKH H eTOJI6D;hl pa3JIHqH1,IX exeM. B TaHo:11 JKe Mepe oqeBH.n;HhlM RBJIReTCR 

q>aKT q>opMnpoBaHHR HIT H3 o.n;HoMepHhlX HIT D;HKJIHqeeKHX no,nrpyrrn. 8TO 

o6eTORTeJibCTBO MOJKeT OKa3aTbCR 3aCJIYlliHBaIOm;HM BHHMaHHJI no T0:11 rrpn

qnne, qTo e Kalli.ll;hlM HIT MOJKHO eBR3aTh HeKOTOphl:11 HHBapnanT. Eenn Bee 

HIT rpyrrrrhl ecTh HeHoTopaR KOM6nnau;rur O.n;HOMepHhlX HIT rro,nrpynn, TO 

eeTeeTBeHHO 3a,naTbeR BonpocoM: HeJib3R JIH e TaKo:11 CTPYKTYPH0:11 Il03HD;HH 

rro.n;o:l1TH K Bonpoey q>opMHpOBaHHR HHBapnaHTOB Bee:11 rpynm,1 B u;eJIOM KaH 

KOHeqHhlX, TaK H HenpephlBHhlX? 

.ll:aBa:l1Te IIOeTpOHM anre6py Ha aJieMeHTax HIT rpynnhl, nonaraR, qTo 

rrpaBHJIO YMHOllieHHR o6pasyrom;nx 3JiellfeHTOB anre6phl BhlTeKaeT H3 3aKOHa 

KOMII03IID;HH 3JieMeHTOB rpyrrrrhl. B TaKOM enyqae MO}I{HO BhlqIIeJIHTh KOM

MyTaTOphl 

[R(a1), R(a2)] = 2R(aa), 

[R(a2), R(aa)] = 2R(a1), 
[R(aa), R(a1)] = 2R(a2), 
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r.n.e R(a_a) = R(a1)R(a2). C ToqnoeThIO .no o.n.noro II TOro lie nopMIIpoBoq

noro MHO}I{HTeJIR rroJiyqenm,1e KOMMyTaTOphl eoBrra.n;aIOT C KOMMyTaTopaMH 

I!Hq>IUIIITe3HMaJibHhlX orrepaTopoB rpymrn TpexMepHhlX BpameHIIIl [7]. 
OTCIO,ll.a CJie.nyeT BhlB0,ll.. EcJIH orpaHHqHThCR .n.eitCTBHTeJihHhlMII 3Haqe

HIIJIMII Tpex napa.MeTpOB, TO aJire6pa IrnaTepHII0HOB 3KBIIBaJieHTHa aJire6pe 

lIHq>l!HIITe31I!IIaJlhHhlX orrepaTopoB rpymrn TpexMepHhlX BpameHIIit. EeJIH 

me nepeiJ.TH B o6JiaCTh KOMIIJieHeHhlX 3HaqeHHll rrapaMeTp0B, TO M0lliH0 II0Jiy

'lHTh .n.pyrym rpynrry. B qaeTH0CTII, rrpH orrpe.n;eJieHHOM Bhl6ope HOMIIJieH

eHhlX H03q>q>llIJ,HeHTOB M0}I{HO II0Jiy<IHTh aJire6py' Bee renepaTOphl HOTopoil. 

JIBJIJIIOTeJI HllJihII0TeHTa:r.m, 3a llCHJI!OlleHIIeM e.n.Irn11qHoro :rneMeHTa. 

3. rpyrrrra Jlop_eHIJ;a 

Ecm1 H pacowTpennoii rpyrrrre 1rnaTepnnoHOB .n;o6aBIITh em;e o.n;nn renepa

Top c, IICX0)l;JI 113 orrpe.n;eJIRIOilJ;llX eOOTHOilleHIIIl 

-1 
ca1c = a1, 

2 2 
C =al, 

-1 
ca2c = a2, (11) 

TO Taiwe paernnpeHne 06pa3yeT rpyrrrry co ene.nymmeii U.HHJIH"'leenofi cTpyH

Typoii: 

d"I = Q2[a1,a2l[e + c] = C:\[a1l[e + a2][e + c]. (12) 

1fa orrpe.n;eJIRIOIIJ;IIX COOTIIOIIIeHIIH CJie.nyeT, qTo rpyrrna d"I IIMeeT IJ,eIITp, 

coeTORIIJ;lI:11 113 qeT1Ipex 3JieMeHTOB ( e, ai, c, cai), nopJI.ll_OI{ rpyrrrrhl paBeH 

16, qneJI0 corrpmI<eHHhlX KJiaceoB - 10. 
IToBTOpRR rrpou;e.nypy rroeTpoemrn o.nnoMepHhlX HIT ,nnR Halli,noro H3 

eoMHOHUITeneil., Kor.na k1, k2, k3 rrpHHHMaIOT 3Haqemrn 1, 2, 3, 4 ue3aBHCIIMO 

,ll.JIJI Kalli,noro H3 HIIX, Mhl HaX0.ll_HM, 'ITO He paBHJIIOTCJI O T0JihH0 Te 16 Bhl

pameHIIH, r.ne Bee k 0.ll_HOBpeMCHH0 m160 <IeTHhlC, m160 He<reTHhle: 

d"l[k1, a1; k2, a2; k3, c] = C4[ria1][e + r:ia2][e + r3c], (13) 

r.ne r 1 = ·exp(21riki/4), r 2 = exp(21rik2/4), r3 = exp(21rik3 /4). Kan H 

panee, rrpn qeTHhlX k1 , k2, k3 Mhl HMeeM o,nnoMepHhle npe,ncTaBJICHHJI. B 

.n.annoM eny<rae 11x 6y,neT 8. 
1fa orrpe,neJIJII-OllJ;IIX COOTHOill_eHHil: ,ll.JIJI a1, a2, C CJie.n.yeT, 'ITO rrpn yMH0-

}KCHIIH CJieBa JII06oro II3 paBCHCTB C ne<ICTHhlMII 3Ha'ICHIIJIMII lit' l.:2, k3 Ha 

l{a}K.ll_hlfi II3 Tpex renepaTopoB rrpoIIeXO,ll.IIT 3aMhlHanne T0JibH0 Ha .n;Ba pa

BeHCTBa. BBe,neM .ll_JIR KpaTK0eTII o603HalJCHIIJI 
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d...,[k1 = L a1; k2 = 1, a2; k3 = 1, c) = d--,[l, 1, 1) 
H 

d...,[k1 = 3, a1; k2 = 1, a2; k3 = 1, c) = d--,[3, 1, 1). 
Tor.l(a, HaqHHa.lI C rrepBoro II3 HIIX, IIOJlyqaeM 

a1d...,[1, 1, 1) = -id..,[1, 1, 1), a1d--,[3, 1, 1] = id,.[3, 1, 1), 

a2d...,[1, 1, 1) = -id,.[3, 1, 1), a2d...,[3, 1, 1] = -id..,[1, 1, 1), 

cd...,[1, 1, 1) = -id..,[1, 1, 1}, cd..,[3, 1, 1] = -id..,[3, I, I]. 

B MaTpwrnoit q>OpMe 3TO COOTBeTCTBJeT paBeHCTBaM 

(
-i 0). 

R(a1) = o i ' ( 
0 -i) (-i R(a2) = -i O ; R(c) = 0 

EcnH Ha'laTh c BbipameHHH d..,[k1 = l,a1;k2 = l,a2;k3 = 3,c], TO 
nonyqaeTC.II .l(pyroii Ha6op MaTpmi; 

o_). 
-z 

(14) 

( 
-i 0). 

R
1

(a1) = O i ' R
1

(a2) = ( ~i ~i); , ( i O) R (c) = 0 i . 

(15) 
QqeBH.l(HO, 'ITO 3TH ).(Ba npeJ.J;CTaBJleHHJI He3I<BHBaJieHTHLI. Bee OCTaJlh

Hble cny'laII 3KBIIBaJieHTHhI OJ.J;HOMY II3 nnx J.J;Byx. TaIUIM o6paaoM, MLI 

IIMeeM peryJ1.1IpHoe rrpeJ.J;cTaBneuHe H yTBepmJ.J;enHe TeopeMLI BepncaitJ.J;a B 
BII.l(e 

16 = 8 . 12 + 1 . 22 + 1 • 22• (16) 

KaK H pauee, rrpoH3Be.l(eHHe mo61,1x .l(BYX BbipamenHfl H3 16 paBHJieTCJI 
HJJIIO, eCJIH OHH rrpHHa.l(JielKaT pa3JIII'IHJ,JM He3RBHBaJJeHTHLIM npeJ.J;CTaBJie
HH.IIM. 

B1>r<IHCJ1eHHe OCTaJILHhIX 3JieMeHTOB HeIIpHBO).J;HMOro npeJ.J;CTaBJieHH.II ).J;aeT 

( 0 -1 ) (-1 0) R(aa) = R(a1)R(a2) = 
1 

0 ; R(h1) = R(ai)R(c) = 0 1 ; 

( 0 -1) . ( 0 i) R(b2) = R(a2)R(c) = _1 0 ; R(ba) = R(aa)R{c) = -i 0 . 
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,[(anee, C'IHTa.JI 3TII BhipameHHJI 06paay10m;IIMII 3JieMeHTaMII anre6phI, Haxo
J.J;HM TaRIIe KOMMyTaTOpbl 

[a1, a2) = 2a3, 
[b1, b2) = -2a3, 

[a1b1] = 0, 

[a1, b2] = 2b3 
[a2, b3] = 2b1, 
(a3, b1] = 2b2, 

[a2, a3) = 2a1, 
[b2,b3) = -2a1, 
[a2, b2) = 0, 

[a1, b3] = -=2b2, 
[a2, b1) = -2b3, 
(a3, b2) = -2b1. 

(a3, a1) = 2a2, 
(b3, b1) = -2a2, 
[a3, b3) = 0, (17) 

EcJIH OTBJle'lbC.II OT o6m;ero ).(JI.II Bcex COOTHOilleHHit HOpMHpOBoqgoro MHOlKH

TeJIH 2, TO IIOJlyqeHHhle KOMMyTaD;IIOHHhle COOTHOilleHII.II IIOJIHOCThIO COBIIa

).J;aIOT C KOMMyTaTopaMII IIHq>IIHIITe3IIMaJlhHhIX MaTpm::i; co6cTBeHHOro rrpe

o6pa.30Bamrn J1opemi;a [7]. TaKHe rrpeo6pa3oBaHH.II IIMeIOT 6 orreparopoB. 
3J.J;eCb IIX IIMeeTC.II 7. Ce).J;hMOit orrepaTOp c B J.J;aHHOil: cxeMe rrepeBO).(HT orre

parophl TpexMepHhIX Bpam;eHIIit (a1, a2, a3) B orrepaTopLI npeo6paaoBaHIIit 

J1opemi;a BJ.J;OJlh oceit KoopJ.J;HHaT (b1, b2, b3) II CBOJ.J;HTC.II, cpaKTII'leCKH, K yM

HomeHIIIO Ha MHlIMYIO e).J;HHIItzy. 

4. rpynna 1-MaTpHIJ; ,lJ;HpaRa 

1-faBeCTHO, 'ITO 16 j-MaTPHD: ,[(npaKa, ).J;OIIOJIHeHHble TeMII me MaTpIIn;aMH c 
npoTHBorronomHhIMII 3HaRaMII, 06paay10T rpynny D7 nopJIJ.J;Ra 32 [8]. MolKHo 

3aMeTIITL TaIORe, 'ITO Te II3 HHX, ROTOpLie yJ.J;OBJJeTBOpllIOT ycJJOBIIIO ;; = - J, 
pa.36IIBaIOTC.II Ha accon;IIan;HII no 6 3JJeMeHTOB, KOTOpbie ecJIH ).J;OIIOJIHIITL IIX 

±I, o6paayIOT IIOJ.J;rpynnhI, II30MOp<pHbie rpynne KBaTepHIIOHOB. 

B cJJy'lae Bbl6opa j-MaTpIIn;, JJ.J;OBJleTBOp.lIIOID;IIX O).J;HOMY II3 BO3MOlKH.hIX 

onpeJ.J;eJJeHIIit 

/JJ,/V + /V/JJ, = -29,,,,I, ,s = 1'01'1'Y21'3, (18) 

rJ.J;e µ,v = 0,1,2,3, 900 = l,911 = 922 = 933 = -1, MhI nocy'laeM 12 
j-MaTpIIn;, KBaJ.J;paT KOTOphlX paBeH MIIHYC e).J;HHIID;e. 

MolKHO y6eJ.J;HTLC.II [9], 'ITO rrpII TaKOM orrpeJ.J;eJJeHIIII 1'1'Y2 ~ a1 II 
;n3 ~ a2 rropolK).J;aIOT rpyrrrry KBaTepHIIOHOB, II :UC ee IIMeeT BIIJ.J; 

Q2[a1, a2) = C4[a1)[e + a2) 

C orrpe.l(eJIHIOID;IIMII COOTHOillCHH.IIMII 

-1 -1 
a2a1a2 = a1 ; 
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-1 -1 a1 a2a1 = a2 • 

(19) 

(20) 



To,rno TaR JKe o6pa3JIOT rro,nrpyrrrry RBaTepHIIOHOB e aHaJIOrII'IHhlMil 

orrpe,n:eJIJI10m;HMil eoOTHOIIIeHilJIMil /0 rv a3, /5 ~ a4, Il MOJKHO 3aimeaTh 

Q2[a3, a4] = C4[a3][e + a4]. (21) 

ITpH 3TOM IIOMHMO OTMe'IeHHhIX orrpe,n:eJIJI10m:Hx eoOTHOIIIeHHH, BhlnOJI
HJIIOTeJI TaRHe 

-1 a3a1 a3 = a1, 

-I a3a2a3 = a2, 

-1 a4a1 a4 = a1, 
-I a4a2a4 = a2. 

(22) 

(23) 

ITpJIMOH npOBepROH MOJKHO y6e.l{IlTheJI, 'ITO npOil3Be.l{eHHe u.c .l{BJX yno

MJIHJThlX rpyrrn 06paay10T IJ. C rpynnhl 1-MaTpirn: .Li:HpaRa 

D.,.[a1,a2,a3,a4] = l/2Q2[a1,a2]Q2(a3,a4] = (24) 

= C4[a1][e + a2][e + a3l[e + a4]. 

Cornaeno onpe,n:eJieHHIO d7 II 'orrpe,n:eJIJI10m;HM eooTHOIIIeHHHM Melli,n:y 

ai, a2 Il a3, a4 O'IeBH.l{HO, 'ITO rrepBhle Tpll COMHOllillTeJIJI B JieBOH 'IaeTil IIO

eJie.l{Hero paBeHeTBa Il30MOpq:>HhI d-y, a eaMa OHa JIBJIJieTeJI MaReHMaJihHOH Il 

IlHBapHaHTHOH no,n:rpynnofi. . 

Ma eBofieTB 1 -MaTpHn; ene.n:yeT, 'ITO Bee onn paerrpe,n:eJIJIIOTCJI no 17 
eonpHJKeHHhIM RJiaeeaM. .Li:Ba 3JieMeHTa o6pa3JIOT OT.l{eJihHhle RJiaeehl - 3TO 

e H ai = a~ = a5 = a~. OeTaJihHhle 30 paenpe,n:eJieHhl no 15 RJiaeeaM, 

Ralli.l{hlfi H3 ROTOphlX eo,n:epJKHT no 2 B3aHMHO o6paTHhIX 3JieMeHTa. ITo3TOMY 

rpynrra HMeeT 17 nenpHBO.l{IlMhIX rrpe,n:eTaBJieHIIH. 

.Li:anee, noBTOpJIJI eRa3aHHOe B .Ll:BYX npe,n:hl.n:ym:nx eJIJ'IaJIX, Mhl IIOJIJ'IHM 
32 paBeHeTBa 

D7 [r1a1, r2a2, r3a3, r4a4] = C4fria1][e + r2a2][e + r3a3][e + ;4a4], (25) 

r,n:e r1, r2, r3, r 4 = exp(21rik/4). Eenn k = l, 2, 3, 4 H3MeHHeTeJI neaaBnenMo 

.l{JIJI Ralli.l{OfO H3 'IeTbipex eOMHOlliHTeJieH, TO HepaBHhlMH HJJIIO noJiyqa10TeJI 

TOJihRO Te BhlpallieHHH, r.n:e Bee k JIH6o TOJihl{O 'IeTHhle, JIH6o TOJihRO He'IeT
Hhle. 

B enyqae 'IeTHhIX k nonyqaeTeJI 16 O.l{HOMepHhIX HIT . .Li:JIJI ne'IeTHhlX 

- rronyqaeTCJI 4 3RBHBaJieHTHhlX 'IeThlpexMepHhIX HIT, 'ITO eornaeyeTeJI e 

TeopeMoii Bepneafi,n:a: 32 = 16 · 12 + 1 • 42. 

Bee B03MOJKHhle ROMMJTaD;HOHHhle eOOTHOIIIeHHH .l{JIJI rro,n:rpyrrnhl nep

BhlX Tpex renepaTopoB eoBna,n:aIOT e TeMH, ROTOphle npirne,nenhl BhIIIIe .l{JIJI 
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d-y. Te ROMMyTal{IIOHHLie eOOTHOIIIeHHJI, ROTOphle B03HIIRalOT eBepx HIIX aa 

e'IeT reneparnpa a4 , xapaRTepu3y10T 15-napaMeTpuqeeRy10 rpynny eIIMMe

TpIIfI ypaBHemrn .Li:npaRa. qTO RaCaeTeH 16 O,nHOMepHhIX npe,n:eTaBJieHIIIl, 

TO Bee OHII llBJUIIOTCH mrnapuanTa~rn rro,nrpynn, BJIO}ReHHJ,IX B D-y, Il eB11-

3aHhl C 16 ROMIIOHeHTa~rn xopOIIIO lI3BeeTHhIX 3JieMeHTOB anre6phl ,-~rnTpIIn; 

(S, V, T, A, P - cKaJIHp, BeRTop u T . .n:.). TaKIIM o6pa3oM, npe,n:naraeMhlii 

IlO.l{XO.l{ .l{aeT B03MOffiHOCTh HaXO.l{lITh lIHBapnaHThI no.n:rpynn II q:iopMIIpOBaTh 

ua HIIX IIHBapuanTLI pacmnpemu,rx no.n:rpynrr mm Bceii rpynnhl. I1aJiollieH

Hoe .l{eJiaeT OtieBil.l{HhIM TamKe, 'ITO ypaBnenue .Li:npaRa HBJIJieTCJI He TOJihRO 

anre6panqeeRIIM, HO II IIH<JlllHIITe3IIMaJihHhIM B CBeti oenoBe. KpoMe Toro, 

RaR cne.n:yeT II3 paa,n:ena 3, Bonpoe o TaR na3hIBaeMoii RBaTepnuonnoii ana

JIHTil'IHOCTII [IO], [11] MO}!{eT 6hlTh CBH3aH TOJihRO e nepeXO.l{OM OT rpynnhl 

TpexMepHhIX Bpam:e1mii K rpynne Jlopenn;a. 

B 3aJ{Jl[O'leHne ~me npmiTHO BhlpaaIITh IIpII3HaTeJihHOeTh .l{I1pe1nopy 

JIT<I> IUJ. H.H.Boromo6oBa ,n:.B.lIIIIpKoBy aa 6onhmy10 no.l{.l{eplliKY H IIHII

IlHHpoBanue .ztanIIoii pa6orhl, a TaI{me coTpy,n:mrnaM JIT<I> B.B.ITpneallieBy 

n A.A.Bna.ztHMnpoBy 3a BeChMa noneanhle npe,n:BapIITeJihHhle o6eylli.zteHJIJI 

H3JiaraeMhIX BOllpOCOB. 
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