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TeopHH cnHHOPHOro no]H B o6meM C]y4ae 4eTHpexMepHoro PHMaHOBa 
MHpa H3]0meHa B o6sope [1]. EC]H B MHpe BH6paHH KaKHe-]1160 
OpToroHa]hHHe KOOP,ll.HHaTH e, i), 1:, ·'t' H, C]e,ll.oBaTe]I,HO, ero MeTpHKa 
d s 2 san11caHa B BH,ll.e 

TO B 6as11ce JlaMe 

f 2 = h d il, 2 
(2) 

ypaBHeHHe ~11paKa-~0Ka-HBaHeHKO ,ll.]H cnHHOpHoro no]H w sanHCHBaeTCH B 
c]e,1J.y10meM BH,ll.e (CM. [ 1 , c. 1481)): 

3 Hµ 
~ e~ (~ w) 

imc [ = ---;i- K W ( ~) 
J.L=O y'fi""nµ 

r,ll.e h = ho h1 hz h3 eo = t, !;1 = e, !;2 = '!J, !;3 = 1: Hµ H K -
MaTPHU!:l 

Ho 
0 0 0 -1 

, H1 
0 0 1 0 

, Hz 
0 0 i 0 

= 0 0 . 1 0 = 0 0 ·O -1 = 0 0 0 i 
0 -1 0 0 1 0 0 0 -i 0 0 0 
1 0 0 0 0 -1 0 0 0 -i 0 0 

H3 
0 0 0 1 -1 0 0 0 
0 0 1 0 K = 0 -1 0 0 (4) 
0 1 0 0 0 0 1 0 
1 0 0 0 0 0 0 1 

3TH MaTpHUH BH6paHH B COOTBeTCTBHH c KHHrOM [2, c. 195) 3.KapTaHa, 
KTO "HB]HeTCH TBOPUOM o6meM TeopHH cnHHOPOB, OCHOBH KOTOPOM OH 
ony6]HKOBa] B 1913 r. B CBOeM K]aCCH4eCKOM HCC]e,ll.OBaHHH no TeOpHH 
npe,1J.CTaB]em-1A npOCTHX rpynn [ 3)." ( UHTHPOBaHO no npe,lJ.HC]OBHIO K 
pycCKOMY nepeBO,ll.Y KHHrH [2), HanHCaHHOMY Ka3aHCKHM reoMeTpOM 
IT.illHPOKOBHM, peKOMeH,ll.OBaBmHM KHHry [2] He TO]I,KO Ha4HHaIOll(HM 
MaTeMaTHKaM, HOH ~H3HKaM-TeopeTHKaM, me]aIOll(HM yr]y6HTI, CBOH 3HaHHH 
B 06]aCTW TeopHH cnHHOPOB). 



1.laCTHbIM CJiyqaeM p11MaHOBa Ml1pa HBJIHeTCH Ml1P Jlo6aqeBCl<OrO c 
MeTpl1KOH 

d s2 = d 12 - c2 d t 2 (5) 

3.n,ech d 12 - MeTpttKa Jlo6aqeBCKOro, c - CKOPOCTh CBeTa, t - BpeMH. 
Hanp11Mep, B cqiep11qecKl1X KOOPJJ.11HaTaX 

d 12 = ct p2 + r 2 d e2 + r 2 sin2 e d ~2 , (6) 

r.n.e 
r=ksh f, (7) 

k - KOHCTaHTa Jlo6aqeBCKoro. B1:,1611paH 6as11c JlaMe 

£0 = c d t, £1 = ct p, £2 =rd e, £3 = r sine d ~. (8) 

san11meM ypaBHeH11e 1I11paKa-~0Ka-HBaHeHKO JJ.JIH cn11HopHoro noJIH u, B 
B npocTpaHCTBe Jlo6aqeBcKoro B cJie.n,yromeM B11.n,e: 

0 1 
JL aw + 1L a crwl+ 
C at r op 

H2 a , 3 -~ ae-<YSinew)+ H aw _ imc K·" 
rnnn o rsin 8 ~ - --rt"""" "' 

( 9) 

IIp11Be.n,eM 3TO ypaBHeH11e K cneu11aJihHOMy Bl1.ll.Y, no.n,o6HOMY TOMY, 
KOTOPbIM ycTaHOBl1JI .l111paK B 1935 ro.n,y [4]. B pa6oTe [5) Ha np11Mepe 
cqiep11qecKoro M11pa .n,e Cl1TTepa paspa6oTaHa npoue.n,ypa TaKoro 
np11Be.n,eH11H. OHa CBOJJ.11TCH K nepexo.n,y OT 6as11ca f K 6as11cy dx. 

CJie.n,yH 3TOM npoue.n,ype, ITOJIOlKl1M 

x = R sh f sin e cos ~ , z = R sh f cos e , 
( 10) 

y = R sh f sin e sin ~ , u=Rchf 

TaK KaK 

ctx2 + cty2 + dz2 - du2 = ( f )2 ctl2 - dR2 , ( 11) 

TO B qeTbipexMepHOM nceB.l\OeBK.Jll-1.ll,OBOM npocTpaHCTBe C .l\eKapTOBbIMY! 
KOOPJJ.l1HaTaMl1 

2 

t. 

~ 

X 
1 = X, x2 = Y, x3 = z, x4 = u ( 12) 

BHYTPeHHHH reoMeTpl1H TpexMepHott ITOBepXHOCTl1, sa.n,aBaeMOtt ypaBHeHl1HMl1 
(10) np11 R = k, coena1aeT c -reoMeTpMett Jlo6aqeecKoro. 

Ha PHIY C .l\MqJqJepeHU11a.JJhHHMH itiopMaM11 ( 8) BBe.l\eM itiopMy £4 = d R. 

CorJiaCHO (11) Ha ITOBepXHOCTl1 R = k 

n d xa ct xb = n fa fb 
ab • • ab · ( 13) 

3.lieCh ITO l1H.l\eKCaM a l1 b no.n,pasyMeBaeTCH CYMMl1POBam1e OT 1 .1\0 4. 
l!MC.JJa Dab paBHH 0, ec.JJM a 'I b, T) 11 = n22 = n33 = 1, T)44 = - 1. 0HH 
COCTaB.JJHIDT MeTp11qecKHtt TeHsop 4eTHpexMepHoro ncee1oeBK.JIH.l\OBa 
npocTpattcTBa B 6as11ce ctx. BBH.l\Y paeeHCTBa (13) nepexoJI OT 6as11ca f 
K 6as1-1cy ctx .l\OCTHraeTcH npeo6pasoeatt1-1eM Jlopettua e111a 

fa= L~ ct xb. 

.llHqiitJepeHUl-lPYH ltiYHKUl1H ( 10), MH MOlKeM KOHCTPYKTl-lBHO ITO.JJY4l-1Th 
o6paTHoe npeo6pasoeaH1-1e 

ct xa = L~ fb. 

N 

BsaYIM006paTHbie MaTpYIUH L l-1 L CBHSaHH YC.JJOBl-leM opToroHa.JJbHOCTYl 

n Ls= n Ls 
as b bs a 

.lla.JJee Y!06HO BBeCTY! MaTpYIUH 

H1 = H1, 2 3 H2 = H, H3 = H, H4 = 

OHY! Y.1\0B.JJeTBOPHIDT c.JJe.l\YIDmYIM COOTHomeHYIHM: 

K TOMY lKe, 

H - n bHb, a a 

Ha Hb + Hb Ha= 2 nab 

i K , 

H H0 + H0 H = 0 a a ' H0 H0 = - 1. 
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( 14) 

H4 i K • ( 15) 

(16) 

( 17) 

( 18) 



MOXHO no~o6paTh TaKYID MaTpHUY S, 4TO 6YAYT BHnO~HHThCH paBeHCTBa 

S Ha S - 1 = La Hb b , 

S- 1 H S = Lb H 
a a b • 

Ec~tt 0603Ha4HTh 

TO no~y4HTCH, 4TO 

dX = H d xa 
a 

dX = S F S- 1
, 

s- 1 Ha S = L~ Hb, 

s H s- 1 = Lb H • 
a a b 

F = H fa a , 

F = s- 1 dX S. 

( 19) 

(20) 

( 21) 

GnttHOP l!J nptt nepexoAe o~ 6asttca f K 6asttcy dx npeo6pasyeTCH 

nOACTaHOBKOH 

0 -u - s l!J , 

TaK 4TO 

dX 3 =SF l!J. 

ntt~~epeHUHPYH (10), no~yyaeM npeo6pasoBaHtte d xa = L~ fb 

ct x = ch f sine cos(!) £ 1 + case cos(JJ £
2 

- sinrp £
3 + f £

4 

d y = ch f sine sin(!) £ 1 + case sin(!) £2 + cosrp £
3 + f £

4
. 

ct z = ch f case f 1 

d u = shf £
1 

OTCID~a HaXOAHM 

- sine £2 

k La = xa 
4 

+ Z f4 
T 

+ U f4 
T 

a 3Ha4HT, B COOTBeTCTBHH C noc~eAHeH H3 ~OPMY~ (19),no~yyaeM 

S-1 k S H
4 

= X, 

4 

(22) 

(23) 

(24) 

(25) 

(26) 

1\ ·\; 

\ 

-~ 
I 
i 
' 

r~e 
X = Ha xa, (27) 

TO ecTh. B pasBePHYTOM Btt~e. 

S(-iK)S- 1 = shf[sine(H1cos (!) + H2sin(JJ) + H3coseJ·-iKchf. (28) 

B AaHHOM c~yyae MaTpttua 

l ~: N1 N1 

~l l 12 13 
N 

L = 
N4 N4 N4 N4 
11 12 13 14 

(29) 

N N N N N 

pas~araeTcH B npottsBeAeHtte L = 11 12 13 14 qewpex MaTpttu 

["°"" 
- sin (JJ 0 ol [ cos a 0 sine 

~]' N sin (JJ cos qJ 0 0 N 0 1 0 
11 = 0 0 1 ~' 

1
2 = - si~ e 0 cos e 

0 0 0 0 0 

[' 
0 0 

0 l lo 
1 0 

~]-N 0 1 0 0 N 0 0 1 ( 30) 
13 = ~ 0 ch olk sh p/k' 14 = 1 0 0 

0 sh p/k ch p/k 0 0 0 

GOOTBeTCTBeHHO H MaTPHUH SH s-1 pas~araroTCH B npottsBeAeHHH 

s = s 1 s2 s 3 s 4 , s-1 = s-1 s-1 s-1 s-1 
4 3 2 1 I 

( 31) 

rAe 

s 1 = cos f + H2 H1 . sin f , s~1 = cos f + H1 H2 sinf 

s2 = cosf + H1 H3 sinf, 5-1 e H H . e 2 = COS z + 3 1 Stnz 
(32) 

s3 = ch~ + H4 H3 sh~ , s;1 = ch~ + H3 H4 sh~ , 

- 1 ) S4 - ""2 (H1 - H3) (Hz - H3 ' s;1 = { (Hz - H3) (H1 - H3) 
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COCTaBJJfleM CJJe,llYIDmYID Ta6JJMuy: 

5~1 H1 51== H1 cosw - H2 sinw, I 5~ 1 H1 52== H
1 

cose + H
3 

sine, 

5- 1 H2 5 == H1 sinw + H2 cosw I 5-1 H2 5 == H2 
1 1 · · ' 2 2 

5-1 H3 5 = H3 5-1 H3 5 = - H1 sine+ H3 COSS 
2 2 ' 1 1 

5-1 H4 5 = H4 
1 1 

5-1 H4 5 = H4 
2 2 

5-1 H1 5 == H1 
3 3 

S- 1 H1 5 == H2 
4 4 ' 

5-1 H2 5 = H2 
3 3 

5-1 H2 5 = H3 
4 4 

5- 1 H3 5 == H3 ch O + H4 sh_Q__ I c-
1 H3 5 == H1 

3 3 l< lf • 0
4 4 • 

5;1 H4 53= H3 sh t + H
4 ch t 5~1 H4 84== H4 (33) 

C noMomhID STOH Ta6JJMUH HaXO.llMM CJJe,llyromee npe~cTaBJJeHMe 
npeo6pasoBaHMR (24): 

5-1 H1 8 = ch t sine cosw H1 + COSS COS(j) H2 - sinw H3 + ½ H4 , 

5-1 H2 5 = ch t sine sinw H1 + COSS sinw H2 + COS(j) H3 + f H4, 

s-1 H3 5 == chf case H1 

5-1 H4 5 == shf H1 

- sine H2 + z H4 7<• 

+ u H4 7<· 

(34) 

YMHOl!tMB nocJJe,llHMe paBeHCTBa CJJeBa Ha 5 M cnpaBa Ha 5-1, M3 
noJJyYaromettCfl B pesyJJhTaTe 3TOrO CMCTeMH JJMHeHHHX ypaBHeHMM Hatt,lleM 

5 H1 5-1 == r (H1 cos w + H2 sin w) sine + H3 cosSJ ch f - H4 sh f , 
5 H2 5-1 == (H 1 cos w + H2 sin (l)) cos 8 - H3 sin 8, 

5 H3 5-1 == - H1 sin W + H2 cos W, (35) 

5 H4 5-1 == - f 
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Teneph BBe,lleM CJJe,llyIDmMe TPM onepaTopa - TPM BeKTOpHHX nOJJfl B 
npocTpaHCTBe ~o6a4eBcKoro: 

a 
e2 == f a e == 1 a 

e1 == oo . 00 • ~ r sine aip (36) 

C noMOmhID Ta6JJMUH (33) HeTpy~HO ~OKa3aTh, 4TO 

5-1 C - 1 H H4 e1 ._, - e1 + 2K 1 

5-1 e S = e + 1 H H4 + 1 H H1 cthf 2 2 21<2 21<2 
(37) 

5-1 s e3 ~ == e + l H H4 + 1 H H1 cth O + ctgS H H2 
327<3 27<3 7<-z-T3• 

a 3Ha4MT, 

3 3 H1 dr L Hv 5-1 ev 5 == ; Hv ev + r ao + 
V=1 V-1 

H2 

rvsine 
dYsrne 

GB 
3H4 

+ ~ 

(38) 

YMHOJ!Cafl STO paBeHCTBO cnpaBa Ha \(1 M Y4MTHBafl no~cTaHOBKY ( 22) , 

noJJyYaeM 

Jr cl( r\lJ) + H2 cl( l"STrie \(1) + H3 ow _ 
r rro- rl"sDill ae rsrne aip -

_ 3 V -1 ~ 3 - Z H S ev .:, + -;o\'r, H4 V=1 0::1\ 

s- 1 s 
(39) 

rro~cTaBJJflfl STO paBeHCTBO B ypaBHeHMe ]~M (9), noJJy4eHHHH pe3yJJhTaT 
YMHOl!tafl CJJeBa Ha k 5,M 3aTeM Y4MTHBafl (26), npeo6pasyeM (9) K BH~Y 

o k 0o 3 
H c ff + Z:: k 5 Hv 5- 1 

V=1 

r.lle 

ev 3 + 
3 X (m + ..,,- ) 7< 

mck m == rt· 

8 = 0 , (40) 

(41) 

t!To6H no.llc4ttTaTh Bxo~HmYID B ( 40) CYMMY z:: , HaPH.llY c BeKTOPHHMH 
nOJJflMM (36) BBe,lleM BeKTOPHHe nOJJfl Bloxa, B3flTHe npn R == k, H noJJe 

e4 = BIBR = k~1 xb o/oxb. 

TaK KaK La e = a1axb H k 5 H4 5- 1 
b a 

7 

X Ha (CM.(35)), TO a . 

(42) 



3 L k S Hv s-1 e = k S Ha s- 1 e - k S H4 s- 1 e =Ham , (43) 
V= 1 V a 4 a 

r.11.e 

m1 = k a;ax + X BIBR. m2 = k a;ay + y BIBR, m3 = k B/Bz + z BIBR, 

m
4 

=kB/Bu - u B/BR (44) 

CYTh reHepaTopu KOH~OpMHUX npeo6pa3oBaHHH (HHa4e - KOH~OPMHUe no~H 
KH~~HHra) npocTpaHCTBa ~o6a4eBcKoro. B pe3y~hTaTe npeo6pa3yeM 
ypaBHeHHe (40) K c~e.11.yromeMY cneuHa~hHOMY BH)l.y: 

Ho ~ ~ + Ha m 8 + (ffi + * ) 4.- 8 = 0 
'-- UL a L. 1\ 

(45) 

K 3TOMY .11.O6aBHM, 4TO cor~aCHO (35) B c~epH4eCKHX KOOp)I.HHaTaX 

m1 = ch f sin 8 cos w k e1 + cos 8 cos w k e2 - sin (J) k e3 

m
2 

= ch f sin 8 sin w k e1 + cos 8 sin w k e2 + cos (J) k e3 , (46) 

m3 = ch f cos 8 k e1 - sin 8 k e2 • m4 = - sh f k e1 
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