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BBe,llemt:e 

B [1] 6LIJI rrpe,n;JIO)I{eH HOBhllt crroco6 pacnmpeHIIR ypaBHeHIIlt .l(BII}I{eHIIR RJiaCCII'le

CKOlt MexaHIIKII, a IIMeHHO ypaBHeHIIit HbIOTOHa, Ha n -Meprroe cpa30BOe rrpocTpaHCTBO. 

8TH ypaBHeHIIR 6hIJIII Ua3BaHhl 3JIJIIIIITII'leCKII .n;eqiopMIIpoBaHHhIMII ypaBHeHIIRMII .l(BII

)I{eHIIR (8.l];Y). Pauee HaM6y [2] rrpe,n;JIOlliIIJI o6o6rn;eune cpopMaJIII3Ma raMIIJII>TOHa ua 

.n -Mepuoe cpa30BOe rrpocTpaHCTBO. 8.l];Y COOTHOCRTCR C qiopMaJIII3MOM HaM6y TaK llie, 

KaK ypaBHemrn HI>IOTOHa COOTHOCRTCR C qiopMaJIII3MOM raMIIJil>TOHa. KaK II3BeCTHO, 

ypaBuemrn raMHJil>TOHa ern:e He RBJIRIOTCR ypaBHeHHRMII .l(BII)I{eHIIR KaR TaKOBhIMII, a 

JIHIIII> .n;aroT ueKillt peo;errT ,n;JIR nx rroJiytJemrn. TaKoe llie rrprrnBarrne HMeeT n qiop

MaJIH3M HaM6y. OTJIH<IHe COCTOIIT. B TOM, 'ITO eCJIH .l(JIR peamrnao;un raMIIJil>TOHOBa 

q>OpMaJIH3Ma .l(OCTaTO'IHO 3a,l(aHHR O.l(HOlt cpyHRD;HH raMIIJil>TOHa, TO .l(JIR peaJIH3aD;IIII 

qiopMaJIH3Ma HaM6y neo6xo.n;u:Mo 3a,n;an n - l - qiyuKo;nn raMIIJII>Torra-HaM6y, r.n;e 

n-pa3MeprrocTI> qia3oBoro rrpocTparrcTBa. Cpe.l(H MHomecTBa B03MO>KHhIX qiynRo;nlt 
2 

o.n;na qiyuKD;IIR raMHJI1>ToHa, 3a.n;aBaeMan B qiopMe H = fr;;- + V(x), nMeeT rrpn11-

o;nrrnaJI1>rroe 3Ha'leHIIe, u:60. B 3TOM CJiytJae ypaBHeHHR raMHJil>TOHa . rrpHHHMaIOT BH.l( 

ypaBueunit HI>IOTOHa. OcHOBHaR II,l(eR pa60Thl [1] COCTOHT B TOM, 'ITO IIMeIIHO CIICTeMa 

qiyHRD;HH raMHJil>TOHa-HaM6y, 3a,n;aBae:1.rnR B BII,l(e 

p2 
H=-+V(x), 

2m 
qi 

N = - + V(x),k = 1, ... ,n - 2, 
2µk 

II03BOJIReT cTpOIITI> MexarrnRy, anaJiorntJnyro Mexanu:Ke H1>roTorra. B pe3yJII>TaTe rro

JIY'IHM CIICTeMy ypaBHennlt .l(BII}I{eHIIR B n-MepHOM q>a30BOM rrpocTpaHCTBe , KOTOpaR 

IIMeeT BIIOJIHe orrpe,n;eJierrrroe cooTBeTCTBHe c RJiaccntJecRIIMH ypaBHeHHRMH H1>10T~Ha. 

8Ty MeXaHHRY Mhl Ha3hIBaeM 3JIJIHIITH'leCROlt IICXO.l(R H3 Toro, 'ITO peIIIeHne, OilHChIBa

rorn;ee CTaD;IIOHapnoe ,ll;BII}I{eHIIe B IIOTemi;naJie C MOHOTOHH0 pacTyrn;IIMH RpaRMII,Bhlpa

}I{aeTCR •repe3 ,ll;B0RR0IIepH0,ll;II'leCRHe qiyHRD;IIII. B 'laCTH0CTII, peIIIeHHR 8.l];Y B IIOTeH

D;HaJie OCD;HJIJIRT0pa ,n;aIOTCR 3JIJIHIITII'leCRIIMH qiyHRD;IIRMH JIRo6n. 

ORa3hIBaeTCR, 3JIJIIIIITII'leCRaR MexaHIIRa II03B0JIReT II0-H0B0MY B3rJIRHYTI> Ha o;eJihIH 

pR,n; q>II3H'leCRIIX RBJierrnlt [3]. B HaCTORrn;elt pa6oTe Mhl .n;aeM HOBYIO IIHTeprrpeTaD;HIO 

CBR3H Melli.n;y peJIRTIIBHCTCRIIM II HepeJIRTIIBIICTCRHM .l(HHaMII'leCRIIMH ypaBHeHHRMII, 

peaJIII30BhIBaR rrepBoe RaR pe3yJI1>TaT ElJIJIIIIITII'leCR0lt .n;eqiopMaD;IIII IIOCJie,n;nero. IJ pH 
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B 0)lH0 nenoe. ilHTeprrpeTan1rn · peJIJITHBHCTCRoro C00TH0IIIeHHII MelK)l)' ::rneprnett

HMIIYJILC0M-.Maccoii qepe3 8,ll;Y o6HapyJRnBaeT, B qacTH0CTH, qTo peJIJITHBHCTCR0e 

)lBHJKeHne 0IIHCLIBaeTCII )lB0JIR0IIepno.nnqecRHMH q>YHRD;ll/IMH. 8To 03HaqaeT, qTo ne

pn0)lllqecRoe )lBHJKeHHe B peJIJITHBHCTCR0tl: MexaHnRe HMeeT, Rp0Me peaJILH0tl: qacTn, 

eme MHHMYIO qacTL. IloJIBJieHne MHHM0tl: qacTn o6ycJIOBJieHO TeM, qTo .3q>q>eRTHBHLiii: 

II0TeHn;HaJI 0TRpLIBaeTCJI ( CM. pnc. 2), npn 3';0M. MHHMaJI qacn, rrepno.na C00TBeTCTByeT 

rrepH0)lllqecR0MY )lBHJKeHHIO II0)l 6ap1,epoM. 

B .nannoii pa6oTe MLI pa3BHBaeM RBa3HRJiaccnqecRoe RBaHT0BaHne 8,ll;Y, HCII0JIL-

3YJI ycJI0BHJI RBa3HRJiaccHqecRoro RBaHT0BaHnJI Bopa-3oMMepq>eJIL)la. KaR Il3BeCTH0, 

ycnoBHJI Bopa-3m.rnepq,en1,.na rrpe.nrronaraIOT cymecTB0BaHne .llBYX roqeR noBopoTa. 

O.nHaRo B paccMaTpHBaeM0M cnyqae Mhl IIMeeM .neno c qerbipLMJI T0qRa.Mn II0BopoTa. 

,ll;eti:cTBnTen1,no, ecnn rroTenu,HaJI HMeeT q,opMy 3arrnpa10mero rroTeHnnana (pnc. 1), 

TO 3q>q>eRTHBHhlll. II0TeHn;HaJI HMeeT BH)l, npnBe)leHHhltl: Ha pHc.2. B 3T0M cnyqae )lBil• 

JKeHHe 0IIHCLIBaeTCJI )lB0JIR0IIepH0)lnqecRHMII q>yHRD;IlJI!,IH, a a)lHa6aTnqecRHll. liHBapn

aHT f pdx JIBJIJieTCJI ROMIIJieRCH03HaqHoll. q>yHRD;Heii. 8To II0JI0JKeHHe C00TBeTcTByeT 

T0MY' qTo RBaHT0BaHIIIO II0)lJieJKaT )lBe R0HCTaHThl )lBIIJKeHHJI, C00TBeTCTBYIOll.\He .llBYM 

q>yHRD;liJIM faMHJILTO~a-HaM6y. B pe3yJILTaTe ypoBHli 3Heprnn 0Ra3bIBaIOTCJI p~cme-_ 

IIJieHHLIMil Ha 6ecROHeqnoe qllCJI0 no.nypoBnett, crymaIOill,IlXCJI R 0CH0BH0MY ypoBHIO. 

8To JIBJienne ecTeCTBeHH0 nHTepnpeTnpoBaTL RaR yIIInpeHne ypoBHell. 3Heprnn npn .ne

q,opMHpoBaHHH RpaJI 3annpa10mero noTeHn;HaJia c o6pa3oBaHHeM 6ap1,epa R0HeqHoro 

pa3Mepa. 

B peJIJITHBHCTCR0M cJiyqae 3T0 npHB0)lllT R BaJKH0MY BbIB0)ly. 

B pa.M.'/Cax pe.,u1,muaucmc1Coi1 auua.M.u'/Cu nocmpoeuue nome1tt(ua.11i,11,ozo 1Comfiai1-

1t.1te1tma 1teao3.M.OJ1C1to, u6o .11106oi1 nome1tt(ua.11 c 6ec1Co1te1t1to pacmyt4u.1tu 1Cpasi.M.u 

3<fi<fie1Cmua1w 01Ca31>t1Jaemcsi om1Cpbtmbt.1t, 1tmo aaem 1Co1te1t1ty10 eeposimuocmi, my11,-

11,e.11upoea1tusi casi3a11,11t,1,x a aa1t1to.1t nome1tt(ua.11e 1tacmut(. 

§1. 9JIJIHilTHt.teCKaJI ~eq>OpMaQHJi ypaBHeHHH ~BHmeHHJi KJiaccHt.teCKOH 

MeXaHHKH 

MeTO)l 3JIJIHIITHqecRoll. .neq,opMannn CTaBHT B C00TBeTCTBIIe ypaBHeHHJIM HLIOTciHa 

dp dV(x) 
dt =-a;-, 

dx P 

dt m 
(1.1) 
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B ,n;ByMepHOM <pa30BOM IIp0CTpaHCTBe {x,p} C 3a.n;aHIILIM II0TCHQHaJI0M l/ = V(x) 

CHCTeMy ypaBHeHHfi B TpexMepH0M <pa30BOM np0CTpaHCTBe C TCM me IIOTCHQJiaJioM: 

dp dV(x) q 
-=----, 
dt dx Jl (1.2) 

dx p q 
-=--, 
dt mµ (1.3) 

dq = _ dV(x) .!!... (1.4) 
dt dx m 

'.:hy. CHCTeMy Mhl 6y.n;eM Ha3IJBaTb 3JIJIJIIITJiqecKJI .n;ecpopMHpOBaHHhll\lJI ypaBHeHJIJIMJf. 

RaK BH,n;Ho, 8,ll;Y co.QepmaT yHHBepcaJibHhlfi napaMeTp µ pa3MepHocTn 3Hepruu. 3a

MeTHM7 qTo BCJIJ!qHHIJ P, m H q' µ BX0,ll;JIT B ypaBHeHUJI ,ll;Blf}KeJIJfJI CHl\!MeTp:n:qnIJM o6-

pa30M. IIocKoJibKY Mhl paccMaTp:n:BaeM cJiyqafi cTaunoHapuoro .llBHmemrn, TO H3 ypa

BHeHnfi {1.2) - (1.4) noeyquM ,n;Ba lfHTerpaJia ,n;BnmeHnJI 

p2 
H=-+V(x), 

2m 
q2 

N = -+ V(x). 
2µ (1.5) 

Moiimo IIOKa3aTb, qTO ,ll;JIH 8,l{Y pOJib faMHJibTOHOBa q>OpMaJIJI3Ma BhlilOJIHJleT cpopMa

JIH3M HaM6y. Ilp:n: 3TOM cpynmi:nn H = H(p,x) H N = N(q,x) c0Bna.Qa10T c napoii 

raMHJibTOHOBIJX cpymra;nfi B ypaBHCHHJIX HaM6y. HanoMHHM, ypaBHCHHJI HaM6y B 

TpexMepHOM <pa30BOl\l npocTpaHCTBe HMeIOT BH,n; [2] 

dp dHdN dHdN 
dt = dq dx - dx dq' 

dx dH dN dH dN 
dt = dp dq - dq dp ' 

dq dHdN dHdN 
dt = dx dp - dp dx . 

B pe3yJibTaTe .n;ecpopMaii:nn B ypaBHCHHJIX ,llBHlliCHJfH IlOl!BlfJIJfCb IIOBhle ,ll;J!Hal\lnqe

CI{He nepeMeIIHhle-3To {N, q, µ }. B c:n:Jiy CHMMeTpnu MeJK,n;y {H,p, m} n {N, q, µ} Mb! 

l\!OllieM pacCl\rnTpIIBaTI, (1.2) - (1.4) Ki\K CHCTel\ly ypaB11emn1 ,ll;JIH CBoeo6pa3HO B3aJI

MO,lle:lkTBYIOllllfX 'laCTlfll, r.n;e {N, q, µ}- 3Heprn11, HMIIym,c H Macca o.n;noii: Jl3 'laCTHJl. 

HMe11 ,n;Ba HHTerpaJia .n;BHmenJ111 Ji, N, Mb! MmKeM npeo6pa3oBaTb (1.3) H Bn,n;y 

dx 2 ✓ - = - (Ji - V)(N - V), 
dt -.jmµ 
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OTHy.n;a IIOJ!j"IHM CJie,n;yJOIIJIIH mnerpa,1: 

,jmiil:r d.r 
t - t0 = -- ---;c========· 

2 ro J(H - \/(.r))(N - F(.r)) 

B IIOTCHQHaJie OC!lHJIJIJITOpa 
11l(;..'2,r2 

\/(,r) = --
2 

( 1.6) 

IIIITCrpaJI (1.6) CBO,ll;HTCJI I( 3JIJIHJITJl'ICCHOMY IIIITerpaJiy. TToc,1e COOTBCTCTB)'IOIIUIX 

ncpeo603na,1e11nlt IIOJI)"IHM 

w(ef f)(t - lo)= 1
,. dy 

TQ Jo _ y2)( 1 _ l.-2y2) 
(1.7) 

3.n;ech ll!)llllJIThl CJICJlj'IOlllllC 060:ma•w111111: 

~ fg-nw2 . If 
w(eff) = w 1, = __ 1. ,.2 = -. 

• ' .I 2l/, • h _\"' 
(1.8) 

l11nerpaJI (1.7) co.n;cpmnT 3aBHCHM0CTb .r = .r(t) H IIE'HBH0M HIIJ\('. B c:1y•!a(' 0CllHJIJJJI

T0J)a 3aBHClfMOCTb cjla30Bb!X KO0J),ll;HllaT OT BJlf'MCIIH Hb!pamaf'TCJI •wpe:1 '➔ Jl,1JIIITIJlICCHHf' 

cpyHK!lHH 5foo6u 

Jg :r = .sn(w(e.ff)(t - fo),I.,). 
w 

p = J2Hm cn(w(c.f f)(t - lo), I.·). (1.9) 

q = ~ dn(w(cff)(t - lo). I.,). 

RaK Il3BeCTHO [4], B npe,n;eJIC I.,--+ 0 <)iynmi:nn J1Ho6n llf'J)CXO)VIT B T]l!Ir0IIm1crp11'1CCKII(' 

cpyHKIJ:TIII 

sn(</>,O) = sin(<f>),cn(</>,O) = cos(<f>),dn(<f>,O) = I. 
CJie.QoBaTeJibHO pememrn ( 1.8) nqwxo;u1T B pcmemrn ( 1.1) H ocn1111J1RTop110M 110-

Te11unaJie npn 1.~ = 0 II 2N = Jt. O.n;na,m, •no6hl pcmc·11n11 ( 1 .~) 1wpc•xo1tnn11 H pr111P111111 

(LI) nco6xo,n;nMo , •rro6h! paBCHCTHa I.· = 0 u 2N = /t a1,11101111111rnc1, 0/UIOHJl<'MPIIII0. 

HnJKe Mb! IIOHalKeM, 'ITO 3TO /lCHCTHIITCJlbllO HMCCT MCCT0 11))11 I' --+ 00 . 

TTocKOJll,I{y Mb! pacn,1arpnHaCM cjJH3ll'IPCHYIO CHCTeMy' lll'06XOJUIMO onpc,tCJlllTb ra-

1me o6bl'Ulhle .ZlJIJI Mexanmm ll0IIJITIIJI, HaH CIIJia, pa6ora Cl!Jlhl II '.➔ 11<'))1'1111 CIICJ'('~lhl. '.:ha 

nporpaMl\!a Hblll0JJIIIIMa, ecm1 <)la30HaJI H00])JllfllaTa .r II H Jl('()lopm1p0HalllfhlX ypaHII('

IIHJIX 6y,n;cT HMeTb CMbICJI npocTpancTBCIIIIOi! H00p/lHllilThl 'laCTllllhl. Tor;ia 3/f -- PCTh 
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C!<OpOCTb qacrmu,1, a ~:: -yc1<0pemre. '.:ho .naeT HaM B03110lHIIOCTh orrpe,llCJll!Th CHJIY 

n pa6oTy no o6LI'!HLIM cpopMynaM 

d2x 
m--F 

dt 2 - ' 
A= 1b Fdx. (1.10) 

MMel! 3TH onpe,n:e;JcHHII H3 KJiaCClf'ICCKOH MCXaHHKJf 11 1IpHMelll!R HX K ypaane

Hlfl!M .llBif}l{eJmll (1.2-1.4), MOlKHO ITOJIY'IlfTb BLipame11n11 HaJ{ ){JIil KHHeTH'ICCKOit, Tai{ 

If .llJIII ITOTCHil!faJibllOH '!aCTeit 3Heprmt ){JIii ){aHHOit ClfCTC11hl. BbI'HICJIHM HHTerpan 
b d2 

m fa dt: dx, npHMe111111 CHa'!ana (1.3). ITony'IHM 

mib dd
2
x dx = 2_1b d(dpq) d.r = Ehn(X = b) - Ekin(:r = a), 

a t2 
Jl a t (1.ll) 

r.n:e ITO.ll Ekin IfMCCTCII B BH.llY CJIC.llYIOU(ec BJ.Tpameune ){JIii HIIJH:'Tlf'Iec1wii 3Heprlf!f: 

p2q2 
Ekin= 92. 

-mJt 

qT061,1 uaitTn ITOTCIIQHa,1bHYIO '!aCTb 31Iepnrn, Bhl'IHCJiifM TOT lKC HHTerpan, IICIIOJ!h3YII 

(1.2), (1.4). ITony,mM 

1 {b dp dq 1 lb av p2 q2 1 lb av 
-, (q-+ p-)dx = -- -(- + -)dx = -- -. (2(N + H)-4V)dx = 
µ a dt dt µ a OX m µ µ a i-Jx 

22.((N + H)(V(b) - V(a)) - (V2(b)- V 2(a))) = Epot(X = b) - Epot(X = a). (1.12) µ 

0TCIO){a HaXO){JfM Bblpamenne .llJIII ITOTCIIQ!faJibllOH 'IaCTJf 31Ieprlfn 

2 ' 
Epot = -((N + ll)V(.r) - V 2(x)), 

µ 

rJ(e H, N- KOIICTaJJTbl ){BHJRCIIJIII. I1on11a11 3Heprlfl! CCTb CYMMa 

2 p2q2 
Eiotat =Ekin+ Epot = -{-- + ((N + ll)V(x) - V2(x))}= 

µ 2m2p 

2 2 2 2 2 

-{ _E_J_ + V( E_ + !!_) + V 2 }= 
µ 2m2µ 2m 2Jt 

2 p2 q2 ? 

-(- + V)(- + V) = ::..HN. (1.13) 
µ 2m 2p Jl 

I10JIY'le1mue COOTIIOJUemrn IIOMoralOT ycraHOBJITb COOTBCTCTBJie C ypaBUCIIIfllM!f HblOTOHa. 

J(citCTBifTCJlbHO, CCJIH II))HHl!Th BCJIIf'IHHy 7r = f;pq 3a IfMIIYJibC, TO ( 1.3) BblpamaeT 

6 
., 

o6bl'IIIYIO CBll3b IfMIIYJibCa co CHOpOCTb!O .llBlllKeHllll, a 06'be,n:m1eH!fe ypaBHCHllfi (1.2) 

If (1.4) ,n:aeT 
d7r aw 
dt = - ax' 

npn'IeM W = Epot• Bonee Toro, cornacno (1.11) - (1.12) ll3MenenHe nonno:li: :rneprirn 

oKa3bJBaCTCJI CBJI3aHHbJM C ll3MCHCHlleM llMIIYJibCa COOTHOIIIeHJfCM 

vd1r = aE. (1.14) 

TaHllM o6pa3oM H3 pemem1:li: 9J(Y c noTeHQHaJioM V = V(x) MU rronyquM raHue 

JKe TpaeHTOpllll, .llBllJKCHllJI, 'ITO ll ll3 ypaBHCHllJI HhJOTOHa C IIOTCHQllaJIOM 

2 . ' 
W = -{(N + H)V(x)- V 2(x)}. 

, Jl , , 
'(1.15) 

J(pyrm.rn CJIOBaMif, ypaBHCHllJI HbloTOHa C IIOTCHQIIaJIOM 

W = oV(x) - ,\V2(x) (1.16) 

11a pememrnx H,n:eHT!f'IHhl c 9J(Y c rroTeHQllaJioM V(x). Cpaaue11He (1.15) u (1.16) 

npuao,n:HT H cne.n:yJOIQefi cucTeMe ypaaneHllfi .ztJI11 onpe.zteneHllJI N, H qepe3 napaMeTp 

rroTeHQllaJia a u :rneprlllO E: 

2 2 
-(N + H) = a, -NH= E. 
Jl µ 

Cornac110 TeopeMe Be3y N ll H y.ztoaneTBOpHIOT ypaaueuuJO 

2 µa Eµ 
x - 2 x+ 2 =0, 

HOTOpoe HMCCT .z(Ba pemeHHII 

µa gE µa gE N = -(1 + 1 - -), H = -(1 - 1 - -). 
4 , µa 2 4 µo2 

McrroJib3YJI 3TU cpopMynhl, noJiy'IlfM acI1MIITOTll'IeCHlle noae.zteHllJI N ll H 

IIpH µ-+ 00 

lim H = E, lim !!.. = 1. 
µ-+oo µ-+oo µ 

TaHJKe ueTpy.ztno Bll.ztCTh, 'ITO B 3TOM cnyqae k2 = i = 0. 

(1.17) 

(1.18) 

Cne.ztoBaTeJibHO, a aCllMIITOTH'ICCHOH o6JiaCTll q MOJKeT 6hlTb npe.ztcTaBJICHO a Bll.zte 

pH.zta Jlopaua 

..;,. Q Qi q-µ+ +-+··· . 
Jl 
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Ecnn ncmCTaBHTI, 3TOT PH.1-l B (1.2) - (1.4) n coxpaHHTI, TOJJJ,HO <IJieHLI, He CO.z.tep}Hamne 

µ, TO ypaBHeHJIH (1.2), (1.3) nepetteyT B ypaBHemrn HblOTOHa, a ypauHeH11e (1.4) 
npHMeT Bll,I.( 

dQ dV(x) p 
dt=--;rx-m' 

'ITO COBna.z.taeT C ypaBHeHneM ,l.(JIH KHHeTH'IeCKOti 3Heprnn. TaKHM o6pa30M, B pe3yJih

TaTe npe.z.teJihHoro nepexo.z.ta, ypaBHeHHe Ha TpeThIO qia3ouy10 rrepeMe1rny10 rrpno6peno 

BnOJIHe KOHKpeTHhl.11: CMhICJI KaK ypaurreHHe, OIIHChIBaIOmee H31\le!JeHHe BO Bpell!eHH Klf

HeTHlJeCKOtt 3HeprHH ,l.(BH}HeHHH. CorJiacHo 9.LJ:Y npn ,l.(OCTaTO'JHO 6oJih!IIHX 3Hff'IeHHHX 

3HeprHH B Macn1Ta6e µ q>OpMa ,l.lBH}HeJIHH CTaHOBHTCH 6oJiee CJIOIJ{HOti, He}KeJIH 3TO 

npe.z.tcKMhIBaeTCH MexaHHKott Hh!OTOJia. HoBaH ,l.(HIIaMHKa ,l.(BH}HeJIHH MO}HeT 6b1Th llll

TepnpeTHpoBaHa , C 0,1.(HOH CTOpOHIJ, KaK ,l.(BH}HeHne B TpeXMCpHOM <pa30BOM npoCTpan

CTBe, C .z.tpyrott - KaK BJIHHHHe ,l.(BH}KeJinH qacTHIJIJ Ha cpopMy IIOTemwa11a. BJIHHIUIC 

Ha <popMy nOTeHIJIIaJia TaKOBo, '!TO JII06oii noTeHIJHaJI C 6eCKOHeqHhIMH KPaHMH 3()>

c}>eKTHBHO 0Ka3hIBaeTCH paCJ<PIJThIM, 'ITO CJieeyeT H3 (1.16). TaHHM o6pa3oM, <JaCTHIJa, 

.1-lBH>KyIIJaJICH no 3aKoHaM 9.LJ:Y B noTeHIJHaJie V = V ( x) (CM. pnc.l), 3<p<peKTIIRHO 

,l.(BH>KeTCH u noTeHJJHaJie BH,l.(a ( CM. pnc.2) 

2 
W = -{(N + H)V(x)- V 2(x)}. 

µ 

KaK H3BeCTHO, 'IaCTHIJa, ,l.(BH}KymaHcH B noTeHIJHaJie C 3arrnpa10mnMn KpaHMH co

rJiaCHO ypaBHeHHHM Hh!OTOHa, coueprnaeT nepnO,l.(H'Iec~oe ,l.(BH}KeHJie. CooTBeTCTBeHJIO 

pernenne .z.taeTCH nepncmn'IecKoii cpyHKIJne.11: x(t) = x(t+T). Crn1Jno11ap11oe .z.tBH>Ke1me 

<JaCTHIJIJ B TOM llie noTeHIJHaJie no 3aKOJiaM 8.LJ:Y onnChIBaeTCH lJBOHKOnepno.z.tn'leCKOfi 

<pYHKIJneil: x(t) = x(t + T0 + iT1 ), r.z.te T0 , T1 onpe.z.teJIHIOTCH c)>opMyJiaMH 

1x3 dx 
To= -jmµ -,,========, 

x2 /(H - V(x))(N - V(x)) 
(1.19) 

1"'• ·dx 
T1 = -jmµ -;========, 

x3 /(H - V(x))(N - V(.T)) 
(1.20) 

r.z.te X2,X3 HBJIHIOTCH perneHHHMH H - V(x) = o, a X1,X4 - pe111e11HHMH ypaB11emrn 

N - V ( x) = 0. B noTeHIJHane OCIJHJIJIHTopa <popMyJIIJ ,l.(JIII rrepno.z.ta rrpnunMaIOT BH.z.l 

2 11 
· . dy 4 

To=-- -;======--K(k), (1.21) 
w( ef J) -1 /(1 - y2)(1 _ k2y2 w( ef J) 

T1 = _4_ flfk dy = _4_J{'(k). 
w(ef J) Ji /(1 - y2)(1 _ k2y2 w(e.ff) ( 1.22) 
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l 

§2. PeJIJIT11B11CTCKaJI ~HHaMHKa KaK pe3yJibTaT 3JIJI11IlTHLJ:eCKOH ~ecpop

MaUHH ypaBHeHHH ~B11.>KeHHJI KJiaCCHLJ:eCKOH MeXaHHKH 

PaccMOTp!IM CIICTel\ly H3 .z.tByx He3aBHCll11hlX <JaCTIIIJ C cpa30Hhlllll JiOOp)lI!HaTa~rn 

p1 , X1 P2, X2 11 MaccaM11 m1, m-2,cTaIJ11011ap110 .nanmymnecJI Ham.nan H caoefl rr0Ten1Jn

an1,nofl JIMe U; = U;(x;), i = 1, 2, IIOlI'lllllllJICh ypaane1mn~i H1,wT011a 

dp; DU;(:i\) dx; p; 
-d. = --~_-, -d = -. (2.1) t UXj t 7nj 

IlocHOJihKY LtHHllieI!l!C CTa~nonapuo, TO in1eeM .naa HHTerpana LtBlllKC'HllJI,COOTHeT

CTBYIOIItlle IIOJIHOH 3I1Cpnm KalK)lOfi 113 HHX; 

JJ2 
II;=-'+ U;(;r;). 

2m; 
(2.2) 

8nr COOTl!Ol!IeHl!R Bhlpama!OT IICJ)CJIHTHHIICTCH,')'10 CBRab MelI{Jl,Y ·111eprneii ll H~IIIYJlhCOM. 

HanoHUIM CBJI3I, ua 1<0op;umaTI,J X1, ;r2, Ta Hy 10, 'ITO OT!lhlllf' Olli! IIHJIIIJOTCJI cj>,Vlll{IJllHMII 

OJlHOfi nepeMennoil: x 1 = x 1 (x ), ;r2 = ;r2 (;r ) . .ll:annaH CHH3h 111w;u10naraeT cy,nenHo

Banne ,nHcpcpcpcnu.npyeMoii cjJy11mtnn x = ;r(.i- 1 , .r2) . .ll:aJJ<'C' ~11,1 npc,1no,1araeM, •no 

X 3aBHCIIT OT t HeHBHO ,,epca cj>,VIIHililll ,l'j = :r1(t),.r2 = .1·2(/). Ilpn 'Hml rnaHIIOC' 

ycnoBHC CHJl3H COCTOHT B TOM, 'JT06hl 6!,IJIH HhlilOJl!lt:'llhl CJI<'ll,\'IO!l{HP COOTHOil[{'lll!JI; 

l);r · d;i: 2 fJ.i: d,r1 ) 
-=- -=-. (2.3 
0.1'1 2cdt ' f};r 2 2cdt 

Tor,na npoll3B0.z:tHaJI X no BpeMeHn, CHOpOCTh 06-1,e;ume11J1otl •rncnllthl, )taeTCH BM-

pallienneM 
dx ax <i:z: 1 fJ.r d.r2 1 d.r 1 d.rz 
-=--+------
dt Dx1 dt D.r2 dt c dt di · 

(2.,1) 

C Y'ICTOM (2.1 ),(2.3) JIOJIY'IIIM 

d:r 1 PI Jl2 . C) -=--- (2.u 
dl c m1 m2 

Terreph MhI UMCeM .nocTaT011110 <)>opMyJI )lJIII Toro, 'IT061,1 _vpaHll<'llllJI (2.1) nepenn

caTb H IIOHhlX ncpeA!eHHLIX. 3arrJIIIICM ( 2. 1) a HJl)l(' 

dp; 

dt 

8U(1,;(:r)) D.r 
D.r D.r; 

(2.6) 

n, nplllll!MilJI BO BIIHManne (2.3), 061,C)lllIIHM (2.5) n (2.6) H OlillY CIICTC'M_\' ypaHl!l'llllil 

HII.z:ta 
dp1 8Vi(x) 112 
dJ=-a;:-m2c' (2.i") 
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d.r 1 Pt P2 
-=---
dt c 1111 m2 (2.8) 

dp2 = _ DVi(x) -1!.!_
1 

(
2

_
9

) 
dt ax m 1c 

r,ne V,:(x) = U(x;(x)), i = 1, 2. floJIY'Iennan rncTe~rn coRnanaeT c (1.2)-(1.4), ecm1 

rrpllH.IITb, qTo [l = PI, q = P2C, Jl = m2c2, m = 1111. 

Ko11CTa1ny C pa3:-.1epnoCTII CROpOCTII Mbl C caMoro na•1ana Hl{CIITJ[(jHIIU!pyeM co 

cRopocTblO caeTa. Kai< 11 npemne orpa1mq11Mc11 .llB11IBen11eM R 110Tenu11ane, 

.IIBHO ne Jaa11cmueM OT apeMe1111. KaH II B. cnyqae CIICTCMM 8.L{Y. JlJIH (2.7)-(2.9) 

11MeeM cne.ny,ouuw li0HCTaun,1 .nanmem111 : 

2 2 

H1 = -1!_ + Vi(x), H2 = ..!!]_ + Vi(.r). 
2m1 2m2 (2.10) 

fl pOCTOTbl pa.n11, nanee llOJIOlRIIM Vi ( X) = Vi( X ). floJib3YHCb HOIICTaUTaMII llBlllReHIIII 

H1 , H 2 , 06»cn11n11M (2. 7) 11 (2.9) B o.nno ypaR11e1111e 

d(p1p2) = _ DV(x) ( p~ + Pi ) 
dt ox m 2c m 1c · (2.11) 

vfa (2.10) IIMCCM 
2 

(12+l!!...)=2(H1 +H2 )-4V. 
m2 m1 

fIOJlCTaBIIB 3TO B (2.11), HaXOJlllM 

C d(pip2
) = - f)V(x\(E - V) = -~2(2EV - V 2 ), 

dt ox OX (2.12) 

r.ne qepe3 E BBCJIH 060JHa•1en11e 

2E = H1 + H2. (2.13) 

.L{anee onpe.neJIHM 3cpcpeHTHBHLifi HMIIYJibC p, RaH 3TO 61,mo CllCJiano B IIpCllblllYIUCM 

rraparpacpe, n Macey o6»ell11Hennott •1acTnu1,1 Af no cpopMyJiaM 

p = P1JJ2 l 
2c✓m1m2, M = 2✓m1m2. (2.14) 

B 3THX rrepeMeHHbIX ypanneHHH (2 .. 5) II (2.12) rrpHIIHMalOT Bllll ypaanen11tt HhlOTOHa 

dP aw 
dt = - ax' 

10 

) ,I 
! 

'"1· I 
l 

~: 

J{ 
f. 
'1 

! 
i 

P,1 
l 
I t\ 

'\ 

· rne 

W = 
2

A~c2 ((H1 +H2)V-V
2

). 

OTCIOlla HaXOllHM CJICllYIOIUee Bblpamen11e llJIH 3Hepr11H o6oemrnennott qaCTIII{bI: 

p2 1 
IH 2M + 2Mc2 W. 

floJib3Y .II Cb orrpellCJICIIII.IIMII ( 2.10), ( 2 .13), Bb!IIOJIHIIM CJiellYIOIUlle rrpeo6pa:ioaaHII.II : 

' 2 2 

c2 P2 + W = c2 P2 + 2EV - V 2 = ~ + 2EV - V 2 = 
4m1m2 

2 2 

= (-1!_ + V)( ..!!]_ + V) = H1H2 = E 2 
- (mc2)2, 

2m1 2m2 

rlle Mb! 0603naq11JI11 

2mc2 = H2 - H1. 

lh IIpllBCllCHHbIX paaeHCTB llJIH nae rrpe,ncTaBJIHCT IIHTepec COOTHomen11e 

c2 P 2 + 2EV - V 2 = £ 2 
- mc2

• 

(2.15) 

(2.16) 

3llCCb CJICllYCT yHa3aTb Ha cyIUecTBeHHYIO pa3HIII{J B IIHTeprrpeTal{HH BCJIIIqllH E II 

mc2 B HameM cnyqae II B o6IUeIIp11H.IITOfi IIUTeprrpeTal{IIH. B o6IUeIIp11H.IITOfi llHTep

rrpeTal{HII E•rroJIHa.11 3Heprn.11 , m- Macca IIOR0.11 qacTIII{bl. B uameM cnyqae E, mc2 

.IIBJI.IIIOTC.11 IIOCTO.IIHHbIMll HHTerpnpoBaUH.11 • ::ha TOql{a 3peHH.II, KaR Mbl YBllllllM HlilRe, 

HMeeT cym;eCTBeHHOC 3Haqeune B KBaUT0BOM cnyqae, ROrlla peqb IIOHlleT O KBaHTOBaHnll 

B IIOTCHII;HaJie C MOHOTOHHO pacTyIUIIMll Hpa.llMH. 

TaKIIM o6pa:ioM, Mb! II0JiyqnmI peJIHTIIBIICTCHOe COOTHOmeu11e MelRllY 3Hepr11ett, 

Macco:I!: II IIMIIYJibC0M. Terrepb orrpellCJIIIM 3aBIICIIMOCTb Bem1q11nbl £ OT CKOp0CTH. 

PaccMOTpllM cno6olllloe llBlllRCHlle. B 3TOM cJiyqae 

P1P2 P dx 
---=-=-=u 

2c✓m1m2 M dt 1 
(2.i7) 

Pi Pi H1 = --, H2 = --. 
2m1 2m1 

Mcxo.zvr H3 3TIIX paBeHCTB, a TaKlRC IIMe.11 B BllllJ orrpellCJICHIIC (2.17), 3arr11meM ClICllYIO-

myw c11cTeMy ypannenntt ,nJIH H1 , H2: 

1 2 2 2 · 2 H1H2 = u M , H2 - H1 = 2mc . 
C 

(2.18) 
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OTc10.a:a, IICRJI10qaa H2 , 110JiyqIIM 

(H1 + mc2 )2 = M 2c2u2 + (mc2 )2 = E 2
• (2.19) 

,UJIH Toro qTQ6hl 110Jiyqn:Tb q>OpMyJiy Jlopemla ( 3aBHCilMOCTh :rnepnm OT CKOpOCTll ), 

Heo6xo,a:n:Mo c,a:eJiaTb ,a:Ba 11pe.a:noJioJKeHn11. TiepBoe, Heo6xo.a:mrn cB113aTb pa3HOCTb HH

TerpaJioB JlBHJKeHn:11 c :r,i:accoil: qacTHll, 110Jiara11 

1 
2c2(H2 - H1) = m = M = ✓m1m2 . . 2 

(2.20) 

BTopoe, npIIHJITb, qTo 11apa111eTp BpeMemi:, KOTOphlil: llCllOJih3YeTCJI B nanmx ypaBHe

HllJIX, eCTb co6CTBeHHOe BpeMJI qaCTilllhl. Torp;a 

g dx V 
' -~-- ' dt = dr , 11 = dt - J1 - ~ 

Tio,a:cTaBHB 3TH onpe,a:eJieHHJI B (2.19), rroeyqHM 

mc2 

E = -✓-1---L-2 
c2 

dx 
v = dr" 

- lI3BecTHYIO cpopMYJIY JlopeHila 3aBllCllMOCTll 3HeprHll OT C!WpOCTH. 

§3. KBa31-1KJiacc11<IecKoe KBaHToBaH:He ypoBHeH 3Hepr1111 B 8,UY 

(2.21) 

{2.22) 

PacCMOTpllM rrpo6JieMy KBa3llKJiaccn:qeCKOro KB3HTOBaHHII ypoBHeil. 3HeprllH B no

TeHunaJie, q>opMa ROToporo rrpn:Bep;ella na pnc. 2. KaK BH,!l;HO, YCJI0BHJI KBaHT0BallHJI 

Bopa - 3oMMepqiem,ia rrp1rneHHMbl T0JihR0 B o6nacTH - Vo ~ E ~ 0. 

B 3T0M cnyqae 3Heprnn orrpep;eJIHeTcn H3 ycnoBHJI 

f pdx = 1:2 

JE - V(x)d~ = (n + 1/2)h, (3.1) 

3p;ecb x 2 , x 1 - ToqRn noBopoTa RJiaccn:qecRoro rrepHo,a:Hqec1wro p;BIUKemrn. Rnaccn

qecRM TpaeRT0pllH JlBlllKellllJI B 3TOM cJiyqae 0IIHChlBaeTCJJ rrepnop;HqecJ{OH q>yHRillleii 

x(E) = x(E + T). 

KaR lI3BeCTH0, ycJI0Blle {3.1) CTaH0Bl!TCJI 6eccMhlCJiel1Hbl!II ,nJIJI II0JI0HUITeJiblih!X 3Jl3-

qemril: 3HeprnH, qTo C00TBeTCTByeT B p;al]II0M cJiyqae 3Ha'Ie1111JJM :rnepnm E > Vmax. 

12 

B 3T0ii CBJ1311 rrpo111eJKyTo'IIJ0C rronoHwmtc 3amrnaeT 06J1ac11, 0 < E < l~na,·• B o6Jia

CTH 3Jia<1ennl:t 3Hepruu O < E < l~r,ar JiJ!aCCJl'IeCK0C .!lBllllif'IIJIC OIIIICldBaeTCJJ JlBOHKO

nepno.nnqeCKol:t cpy1rnunen x(E, t) = :r(E, f + T1 + iT2). Cooornncrnenuo, Mhl 11111ee111 

'IeThlpe T0'IKH 110BopoTa T], :r2, X3, ;r4. rrpil'ICM l{Jl3CCH'ICC!lOC JlBHilll'IIIIC C0BeplllaCTCII 

HaK 6bl B JlBYX o6JiaCTJIX: B 11po111e)l{yTHe [:r2, ;r3] Jllld HMCCll rrepnOJJ;ll'l('Cl{OC .UBIIJKCI!He 

c n11111yJibcoM p1 = ✓ E - V n rrepno.a:0111 T1 , B npm.1e.lliyTHe [.r3 •• r 4] - nepnom1<1ecnoe 

JlBHlKeHUe C IIIHU!llhlM C UJIITIYJibC0ll ip2 = i J\·; - £ H C !IIIIIl~lhnt nepuonm.1 iT2, T.e. B 

,non o6JiaCTU l10Jl HHTerpaJIOM f pd:r CJJCJIYCT HOHH!ll3Th H0JIITIJICHCHYIO BC,1H'lllllY 

f lx
3 1r• lr, · 1r• · pd;r = p1dx + 2i p2 d:r = ✓E - Vd:r + 2i JF - Ed.r. 

x2 T3 Xz X;-t 

QqeBH.!lllO, HBaHT0Banne BClllCCTBCIIIIOli H 111,imwii 'IaCTCii no;rnrno JleCTHCh He3aBH

CUM0, 'ITO ,naer BMeCT0 (3.1) .Ulla )"CJIOBHJI HllallTOBalll!JI 

l x3 1 lr, I 
✓E- Vcl:r = (11 + -)h, 2 J\· - E,l.r = (111 + ~)h. 

r 2 2 r 3 -

TioCilOJlhHY Il3 3THX ycJI0BHH npe.ncTOIIT OllJ)CJl<'JlltTb TOJlbliO 0,'lll_\" Jl{'Jlll'lllll_\". 311Cprmo. 

ro cncre111a ona3h1Baercn ncpeonpenen<'mJOfi n. B cnny npo11:rnoJ1i.1wcn1 11 11 111. ueco

BMeCTIJOft. CoBCCM m,oe JleJJo, eCJIH pe111, n,neT O HBalITOJla!IJIII llllllilielll!JI B pa~max 

8,UY. B 3T0!I! cnyqae 3Cpq>CHTHBHidii IIMn)'JlhC 0llJ>C',!l;CJIJICTCII llhl(l3lH<'lllle~, 

1r = .!:..pq = 2Jm11(ll - \l)(N - V). 
/l 

B 3T0M CJly<Iae a.nna6aTl!'ICCHHft Illlll3J)H311T 

1 f /¥,nf f - pq = 2 -:-- y(J/ - \/)(N - F)d.r 
/I I' 

(3.2) 

onpeneJ111ercn JlBYIIIH 11011cra11raMH ,nBm1w111rn /J, N. B p<·:1y;1i.Taw ;urn non·111111a1rn 

3annpamrn nony'rnM }lBa ycnomrn HBa11roBam111 

2(/J - \/)(N - V)d;r = (n + ;-)h. 1¥,lx, ✓ I 

" 2 
(3.3) 

4(V - //)(N - V)d;r = (m + ;-)h. 1¥,lx• ✓ I 
Q 2 

(3A) 

'ITO naer B03MoHmocTb nafirn tj1y1mnnn II= Il(n, m ), N = 1\'(11. m ). 

B 11a'1CCTBC npnMcpa lIJ)HBC.UCl\l Hll31JTOBaml<' Jl 110T<'llllll3;J(' 

V = mw2.r2 

2 
(:3.5) 
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Hatt.n.eM TO'IHII noBopoTa (npe.n.em,1 mnerp11posa1nrn) ,r 1 • . r2 •• r3 • • r.1 113 pellleHnii ypa

s1ieantt 
H - mw2x2 

-2- =0, 
N- mw2x2 
~ = 0. 

8Tn ypaBaeann 1rneJOT c,1e.n.yJOni;ne peme11n11: 

(3.6) 

±1' = ,,/!!f;:::: a, X2 = -a, X3 =·l!!f; = b, X4 = -b. ·rpactnm TI0}lbll!TerpaJJbIIOfi 

cpyHRl.(nn np1rne.n.eH na pnc. 2. Jlnmrn E nepeceRaeT noremurnn V(x) B 4-x T0'I

Rax T0'IRax rroBoporn. 3.n.ecb [-'a; a] - mnepsaiI peam,11oro, a {-b. -a] 11 {a, b] 

IlHTepsam,1. MHHMciro . .D.BHlReHHiL 

B 3THX o6o3Ha'ICIIHHX HHTerpan (3.2) rrpuMCT BH}l 

f rrd:r = ,-ja +i~; f b +i, 1-a, 
-a la -b 

(.'3. 7) 

r.n.e 1 = mw2 
~• a no.n. CHMB0JJaMu n~Terpanos ~!hi HMeeM B sn.n.y cne.n.yJOmue onpe

.n.enenun: 

j
a =2 faJ(a2-x 2)(b2-x2)dx, fb+j-a =.2 lb /Cr 2 -a2 )(b2 -x2)dx, (3.8) 

-a Jo la -b la 
JifTaR, 3a}laqa Bl,l'IIICJJCIIIIII lIHTerpana (3.2) CBO}llITCII. H Ta6JJU'!Hh!M IIHTerpanaM, 

H0T0pble Bblpama10TCII '1epe3 H3BCCTIIJJe 3JIJIHIITII'ICCRUe HI!Tf'rpam, E(k) II K(k): 

l
a b3 

J(a2 - x 2)(b2 - x 2 )dx = -((1 + k2 )E(k) - (1 - k2)K(k)), 
0 ' 3 

(3.9) 

l
b b3 . 
J(x 2 - a2)(b2 - x 2 )dx = -((1 + k2 )E'(k) - 2/.'.2)K'(k)). 

a 3 
(3.10) 

O.n.HaRO 6onee y.n.06111,IMH }lJIH aHaJJII3a TI0JJY'lelllll,IX q>OpMyJJ, a TaRH{e }lJIH 'IlICJICIIHhlX 

pacqeT0B npc.zi:cTaBJJIIIOTCH mITcrpaJJhl, 3anncan1IhIC B cneJlYIOll.(CM Bl!JlC: 

21 la J(a2 - x2 )(b2 - x2 )dx = 21a 2b·l /Cl - y2 )(1 - k2 y2 )dy, 

r.n.e 21a2b c yqeT0M orrpe.zi:enc11nfi (2.6) npn11nMaCT im.n. 

IIfF-N 2,a2b= 4- -. 
W ' /l 

(3.11) 

.l..(ancc BCTI0MHHM onpc.n.cn.e1me acpcpeRTHBHOH •rncT0Thl w( cf.f) = wJY!- n onpe.n.ene-

1111e aneprim E = 1H N. Tor.n.a (3.12} npl!MCT Bil.II: 
µ 

4£ 
2,a

2
b= w(cff)" 
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(3.13) 

I 

C y'leT0M JI0CJJC}l!lero C00TH0JJieHHH ycJJ0Billl RBaHT0Bamrn (3.4) CB0}lllTCH K cneeyJO

ll.(HM rrp0CThIM ycJJ0BilJIM: 

4E /1 
w(ef J) lo /(1 - y2)(1- k2y2)dy = (n + ½)h, (3.14) 

4E 11/k 
w(ef f) Ji J(y2 -1)(1 - k2y2)dy = (m + ½)h. (3.15) 

:Vfa 3THX ycnosntt npe,n:cToJIT onpe.n.ennTb E, k. IIo.n.ennB (3.14) na (3.15), naxo.n.nM 

ypaBne11ne .D.JJH cpynRnnn k = k( n, m) 

(n + ½) _ Ji /(1 - y2)(1 - k2y2)dy 

(m + ½) - f11/k J(y2 - 1)(1 - k2y2)dy. 
·" 

(3.16) 

IIo.n.ciaBHB B 3Tll Bblpa}I{CHHII peIIICHH.II 8.l..(Y B 0CD;llJIJIIIT0pH0M II0TCHl.(JiaJJe, HHTerpanhl 

(3.16) M0lRH0 rrpe,n:cTaBHTb TaR: 

K 1 

D(K) = 1-K cn2(</>)dn2(</>)d</> = 2 fo /(1 - y2)(1- k2y2)dy, 

K+iK' 1/k 
D(k + iK') = 1-K-iK' cn2(<f>)dn2(<f>)d</> = 21 /(y2 

- 1)(1 - k2y2)dy. (3.17) 

Tor.n.a (3.16) npmrnMaeT BH,n: 

(n + ½) _ D(K) 
(m + ½) - D(K + iK')" 

OTcJO,n:a rrony'IHM cpyHRl.(HIO k = k ( n, m) n no.n.crnBHM B ( 3 .14). IIonyqnM 

2 1 h 
E = µHN = (n + 2)w(eff) 2D(J()" 

Bupa3HM w( ef f) qepe3 k2 • .L(JIR 3Toro BCII0MHHM cpopMyny (1.18) 

BBe.n.eM o6o3naqenne 

2N a ~E - = -(1 + 1 - -). 
/l 2 µa2 

/3= SE 
µa2· 

Jfa onpe.n.enennn k2 (cM.(1.8)) nMeeM 

k2 = H = (1 - -./1-73) 
N ( 1 + -./1-73) 
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IIJIH 

CJie.n:oBaTeJibno, 

41.:2 

/3 = (k2 + 1)2 

{2N ~ 
v--;;=v(k2+ 1r 

Ilo.n:cTaBnB B orrpe.n:eJienne w( ef f), rroJiyqlfM crreRTp 3Hepnm B MacnITa6e a = 1: 

1 w _!!_ . 
E = (n + 2) v'k2+!2D(K) (3.19) 

TaRnM o6pa30M,Mhl rroJiyqnJin anaJIHTlfqecRyIO cpopMyJiy Jl,JIJI crreRTpa 3neprHH B rroTeH

nnaJie OCI(IIJIJIJITOpa B paMRaX RBa31IRJiaCCll'IeCRoro RBaHTOBamrn Jl,JIH 'IaCTHUhl, .n;BmRy

me:ltcJI no 3aRonaM 3JIJillIITnqecRo:lt MeXaHHRH. KaR ll JI.OJIJRHO 6bJTb,IIpll k = 0 q>OpMyJia 

(3.19) IIplIHllMaeT BllJI, 
1 h 

E= (n+-)w-
2 21r' 

T.e. cpopMyJiy JJ.JIJI crreRTpa 3neprn1I rap.MomrqecRoro ocu1rnmITopa. ,\ 

KaR IIORa3bIBaIOT qllcJieHHhle pacqeTbI, crreRTp (3.19) JIMeeT BllJI., ll306pameHHbl:lt 

na pllc.3. CrreRTP llMeeT BII.ll: 3RBHJl,IICTaHTIIO paCIJOJIOJReHIIbIX ITOJIOC, orrpe,n:eJIJieMb!X 

rJiaBHhlM RBaHTOBhlM qncJIOM n. ,.[(JIJI 3aJl,aHHoro n RBaHTOBoe 'IIICJIO m MCHJICTCJI B rrpe

.n:eJiaX OT l .n:o oo. Ilpu yaeJiuqenHH m BeJIHqnna .6.E(n,m) = E(n,m+ 1)-E(n,m) 

CTpeMIITCJI R nyJIIO. TaRlIM o6pa30M~ rro,n:ypoBHll B RalRJl,OH IIOJioce lIMCIOT TQqRll cry

meHllll, orrpe.n:eJIJieMble rJiaBHhl.M RBaHTOBhlM qucJIOM. 

§4. RBa3HKJiaCCH'IeCKOe KBaHTOBaHHe peJIJITHBHCTCKOH 'IaCTHU:hI, ~BH

mymeHCJI B OCl..{HJIJIJITOpHOM noTeHl..{HaJie 

PaccMOTplIM CTaI(lIOHapnoe Jl,BJIJReHne peJIJITIIBlICTCROii 'IilCTJII(hl B IIOTenu11a11e rap

MOIIIJqec1wro OCI(lIJIJIJITOpa. PeJIJITlIBIICTCROe COOTHOJUeHne ll 9TOM CJIY,Iae lIMeeT BJIJI, 

2 2 2)2 Mwx )2-c2P2 +(mc , (E- -2 - (4.1) 

BeJiuqnna Af pa3MepnoCTll MaCChl B .n:amroM CJiy,rae RBJIReTCJI napaMeTpOM IIOTCHI(JiaJia. 

B RaqecTBe rrapaMeTpa BpeMeHll 6y.n:eM JICIIOJib3OBaTb co6cTBemroe BpeMJI qacTIIJ~bl. n 
3TOM CJiyqae CBJ13b CROpOCTll C lIMIIYJibCO.M BbipamaeTCJI <popMyJIOH 

dx P 
u = dt = M. (4.2) 
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Tio.n:cTa!lJIB cIO.n:a Bhlpamenne JJ.JJH P 113 (-1. l ), IIOJIY'IllM 

x= 2(£ - mc2) sn(,.,:( e.f f)t, I.:). 
AJw2 

(4.3) 

r.n:e 

w(ef f) = w 
(E + mc2 E - mc2 ___ ,..2 ___ _ 

21\fc2 ' - E + mr2 
(4.4) 

Ta1rnM o6pa3oM, perne1me .n:aeTrn naonRorrepno.1.111•1ecRoii <py1rnuneii RRo6n. cho 

O3na•iaeT, 'ITO rrep1ron JJ.BIIJRemrn .n:aeTCJI RoMrrJieRcHo3Ha'IHOii Be11wmnoli T = T0 + iT1• 

3HM nep11onhl <pyHRUHJI sn ( ¢), naxoJJ.nM c11e.n:y10mne Bhlpamemrn JtJJJI pea11b11oli: n 

MIIIIMOfi •racTeH nepHO)lOB )llll1lRf'lll!JI: 

To=~ 
w 

2Mc2 _ 
--A 

E+ mc2 ' 

T 4 I=-
uJ 

•J,Uc2 
----A"' 

E + mc2 • 

<l>a30Bhltl HIJTCrpaJI 3aIIHllICTCR B CJJC)lJIOlll('M Bnne: 

f Pdx = f Afw2,r2 , :lh,_.-2_,.·2 
(E - mc2 - ---)(E + me~ - ---)d.r. 

2 2 

(4.5) 

(4.6) 

HeTpynno YBJI)leTb IIOJJIIOC CXO)lCTBO 3TOro HIITCrpaJJa C <jJa:JOBJ.DI IIIITf'fj>ilJJOM, orrpene

JICIIHhlM B §3 (cM.(3.2)). Cnc.n:yR 3aJl,aHHOMY B §3 pcuenry 1rna:1111;11arc1111ec1mro 1rna11-

TOBamrn, Bhl)leJJIIM naa HJITCpBaJJa )lBJllRemrn. CooTBeTCTBCIIITO ITOJl_\"'IIUI JI.Bil ycJJOBIHI 

RBaHTOBaHIIJI 

rx3 
Jx, 

2 rx· 
lx3 

Mw2 x 2 Afw2 ;r 2 l 
(E-mc2 - --)(£ + mr2 - --)d.r = (11 + -)h. 

2 2 2 

Alw2 ;r2 Alw2 .r2 l 
(E - mc2 - --)(E + mc2 - --)d.r = (m + -)h. 

2 2 2 
lfa nepaoro yc11oann uaxonnM 

(E - mc2
) 

2) 1) ' _,, __ 
2(£ + me = (n + ~ v.;2!)(k) 

1'fc2 -

(•1.7) 

(4.8) 

(-UJ) 

TI0.n:e1ma ( 4. 7) na ( 4.8), naXOJJ.HM ypattnenne JI.JJJI onpene11e111111 <jiymnurn I.- = k( 11, m) 

(n + ½) _ Id /(l - 11 2 )(1 - f.-2y 2 )dy 

(m + ½) - f11/k J(y2 - I )(1 - 1.,2y2)dy. 
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(-1.10) 



RaR TOJibKo cpyHRUHJI k = k(n, 111) onpe;wneua, Bemp111111.1 E n me2 (uanoMHHM, B 

uarneM cnyqae OJIII JIBJIIIIOTC/1 HOIICTaJ1Ta1m JlBHlHCIIHII) OTI(WJI('JI/IIOTC11 H3 (4.4), (4.9). 

I-fa ( 4 .4) IIMeeM 

E I +k2 
me2 = I - p· 

::ha cpopMyna naeT BO3MOlHHOCTb HaTIHCaTb e1ue .)lBe TIOJie3Jible cpopMym,r 

2 . 2k2 
E-me = E--

1 + l:2 ' 

2 2 U:2 
E - me = me 

1 
_ k2. 

( 4.11) 

(4.12) 

( 4.13) 

IToJib3)'/ICb (4.11), (4.12), Mb! MOlHCM npeo6pa:10BaTb JieBym •racTb (4.9) I{ cnenyIOII(eMy 

BblpameHHIO: 

3/2 ,/sk2 /2 
. E 1 +k2VAfd· 

Ecnn: HCXO)llITb H3 (4.13), TO JieBa/1 qacTb (4.15) npHMeT BHJ\ 

2 3/2 ,/sk2 /2 
(me) I - k2 V Md . 

(4.14) 

( 4.15) 

ITo)lCTaBn1111 (4.14) n: (4.1.5) TIOCJie)lOBaTemuo B JieByIO qacTb (4.9), IIOJIJ'IIIM cpopMyJihl, 

onpenenJIIOII(He cneRTphl BeJIH'lHH E. n me; 

E = {( !) hw (I+ k2),/A[;J}2/3 
n + 2 SD( k) k2 • 

2 - {( !)~ (I - k2),/A{;J}2/3 
me - n + 2 SD(l:) k2 • 

3aKJIIO'-leH111e 

Heo6xo)llIMO oco6o Bbl)leJIHTb HCROTOpbIC BeChMa BalHHl,JC BLIBO)ll,J , ROTOphle CJie

JlYIOT ll3 ll3JIOlHCIJIIOfO BhllllC IlO)lXOJla. 

1. MeTOJl 3JIJIHIITH'ICCHOH JlC<pOpMan,m .n:acT HOBYIO HIITCpnpeTaUHIO penHTHBHCT

Cl{OfO COOTIIOIIJCIIHJI MClHJlY :rneprnefi, llMIIYJibCOM H Maccofi. J3 3TOM no.n:xo.n:e ypaBHe

HH/1 JlBHlHeIIH/1 cpopMynnpyIOTCJI B TpCXMCpHOM cpa30BOM rrpoCTpaHCTBC, 'ITO rrpHBOJlHT 

H paBIIOIIpaBJIOMY orrpenene11mo 3Heprnn If MaCCbl HaH IIOCTOJIHHhIX HHTerpnpoBaHHJI. 

2. HaJIH'lllC JlBYX ROIICTaJIT JlBHlHeJIJIJI rrpHHOJlHT K COHMeCTHOH cpopMynn:pOBKe 

3a)la•m ua co6CTHCIIHOC 3Ha'ICHHC H TIOTCIII(HaJie C 6ecHOHC1111O paCTYIUHMll RpaJIMH. 
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3. l.focJICllllblfi a11aJIH3 cpop~1ym,1 (3.19), Hb1IT0:111e.11111,1fi I-1.I3.Xyrnp111,1~1. IlOHil3ilJI. 

'ITO cne1np ypoBHCH 3Hepnm JIMCCT HIil{ 'ICTKO Hhl)leJICiilll,IX 11O.,oc. J{ai1i,aa11 IIOJIOCa 

xapaRTCpH3YCTCJI fJiilBJlhIM KBilllTOBLIM 'IHCJioi1 n, npn 3Tmt 3llil'ICIIIIC m = 1 .n:aeT 

RpafiHIOIO JIHIIHIO IlOJIOCJ,1, a npn BO3paCTallllll m ypoBJlll crymaIOTC11, CTpeMHCb K HCRO

TOpmty npe.n:cnbHOMY ypoBmo E(n,oo). )la11uyto Raprn11y 11o;H11O 1mrepnpernpoBaTb 

naK yumpe11ne ypoBHefi 3Heprnn rap111O11ttt1ecKoro.ocunm11nopa npn 3Jimmrn11ecKofi 

necpopMaUllll ypaBJJCllllR JlBll}J{CJIHJI. 

Aarnp BLipamaeT 6naro.n:apuocTb 11.D.XyropnoMy 3a nponc.n:e11ne •mc.1e11111,1x pac

'ICTOB, ua OCIIOBC HOTOJlhlX 61,1n ynaHOHJieJI xapa1nep pacnpCJl!'JICllll/I yponnefi 3Hepnm 

rapMOJUl'ICCIIOfO OCUHJIJIJITOpa npn 3JIJIIIHTll'J('CJ{Oi\ .n:ccpop~rannu ypaBHCHHfi JlBlllKC

mrn. 
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511,{aneen P.M. P2-97.-l 10 
• Kmrm.KJJaccwH:CKOe 'KsaJ1iosai111~ 3JJJIHn-rn'lccKHX ypas11ell11ii JlBll)l(CHHll . 

_. ' I ' ' 

_ npoB<?llllTCll KBa3JIKJJaCCll'leCKOi: KmuiTOBaJ-llle:,mJIHIJTll'lCCKIIX .YPaBH~l;Hii llBll)l(ellll-ll., YCJIOBII\ Eopii 
.- 30MMeprpeni,11a: shmo.111e1111e KOTop1,1x npeJlnonaraeT tymecrndsaJ!He· 11syx TO'le!( nosoporn. 0606ma-
10TCll 11a ·CJIY<Jaii n0Te11u11_aiios c 'leThtpbMH TO;i°KaMH nosoporn. R 3TO¥ c,1)"lae. JlBH)l(eHi1e om1c1,rnaeTCll 

)fB~llKOl~Cpt!O)lll'lCCKIIMII rpyHKllllllMII, . a ¢~30Bhlii 11ll;erpan. J. pdx. iis.~lleTCll KOMll.1CKCII03Ha'lHOii 

rpyHKUIICH. '.:JTO 110.riO)l(CIIIIC COOTBe~CT~)'CT TOity, '!TO •KBaHT;Batlllll; llOllJ]ell{aT )lBe KOIICTaJITbl /lBJl)l(Cllllll,• 
'coorneTCTBYKllUIIC )IBYM ·cpyt1KllHllM raMHJibTCimf - HaM6y. B pe3yJI_hTaTe ypoii1111.311epm11 OK33b1BaKJTC~.
pacu1e1L1e11111,1Mu 11a-6ef:K01ie'lHOe 'ltiCJIO l!Ollypos11eii, Cl)'1Uam1Ut1XCll K_ .!JCHOBIJOMy ypOBIIKl. n0Ka:ia110, 
'!TO penllTt1B11crcrnc J1HHaM1t'lecK11e ypas11e1111ll_ MO)l(HO crpopMym1posaTb\KaK pe3y.%TaT _nei1111T11•1ecKoii 
)lecpopMa!lllH HepeJillTIIBIICTCKIIX ypas11e1111ii. PeJillTIIBIICTCKOe llB_ll)l(t:lllle B llOTeHUHane C 6ecKOHC'tl!O 

· pacryu111M11 ·KpallMII OllHCblBaeTCll )lBO~KOnep11o)l1t'leCKHMH cp_yHKUHllMIL 3TO Q3Ha<iaeT, ;IT_o ·11ep116J11t'lt:-_' 
CKoe · )lBH)l(CHlle il ·penll-r1rn11cTcKoii. Mexa1111Ke. · 11Mee_T, ipoMe· peanbHoii · •racrn, eme M11miyio. _'laCTh, 
llOllBJICl!He KOTOpoii 06yc110BJie110 TCM, 'ITO ·,3rpcjlcKTIIBllhlii llOTe·11u11an OTKJlblB3CTCll, _ np11. 3TOM MlillMall 
'lilCTh neplll;)la. COOTBCTCTBYCT 11Cp110)lll'leCKOMY llBIJ)l(CIIIIIO. 110)1. 6ap1,epoM. TaiZm, o6pa30~1. B paMKUX 
peJillTIIBIICTCKOii )ll!HaMHKII- noi!Tpoemte llOTCH.UllaHbllOfO K01trpaii11MeHTa /ICB~3MOlt(IIO·: 1160 ,1ro6oii 

. tloTCflUIIM C 6ec_KOHe'lllO pacTymHMll '.Kpall~i,r 3qlrpt:KTIIBIIO 0~__3lhtBaeTCll OTKph!TblM, ;,TO )laer KOHe'lHYIO 
nepOllTHOCTb ry1111en11po~attllll CBl!3aHllhlX. B )laJIHOM_llOTe11u11a1e •1acrnu. · 

·. Pa6ora Bhl~OJJlteHa B Jla6oparnp1111 Bbl'lllCJIHTeJl~IIOii TeXHIIKII 1iaJ3TOMaTl;3aJlllll 0115111 . 
. : ,. , " . . ~ . ' , '. . ·, ." . ' :. . ~ ' .. 

. Coo6me1111e Om,e)lllttemtofo ll;ICTlfryTa ll)lepnux- IICCJICllOBaJlllii. )ly611a,. 1997 
. ' ~ '. . ''. . . , \ . ·--.~ 

TTepeBO)l aBTOp~ 

Yamaleev k:rvi.. P2-97-i 10 
Scmiclassical Quantization of Elliptic Equation:, of.Motion 

The semiclassical mt:thod of quantization for elliptic equations of motion _is ·developed. We ·generalized 
Bohr - Sommerfeld's rule of quantization (which can be realized for the potentials with double walls 

. only) t~ the case of mo1fon with fgur turning points .. This motion is_ desc~ibed by double periqdic (elfiptic) 

function~. :ind the ph~~e integral J pdt- becomes a complex ~;iue. H gi~es i~sterid one two conditions 

of- quantization for. t~o . constan°is · of'_motion corresponding to: t;o Hamilton ·- . Nam bu · fun~tions. 
"As a result the spectrum of energy is splitted:fonning the strip of infinitely ·number. of levckthickent!d 
arro'und pri~cipal e·nergy level. It is shown, the relativistic equations of morion can be. formulated by using 
the.procedure of elliptic defonnation. Relativistic motion in the p_otentialwith nionotonic:increa,ing walls 
is described by doubly periodic functihns. It me'ans, within the re:lativisticmcchanics such ktnd of periodic 

. n1otion is characterized . with the pe~iod consisting ·of real and imaginary parts:· The imaginary part 
. of: the . peri~ is related to the 'periodic 111otion under' the. potential· b~rrier; Thus_ we. conclude, 
it i~ impo~sible to cohstrucfa confinement by using the poicntial with monotonic increasing walls as"far . 

\is within the reiativistic-dyna_inics this potentjal _is effectively discovered:_· As ·a result the v'aluc 
of penetrating probability through the barrier becomes. finite·:_ , ,. . 

The inves_tigation has been perfonned at the Laboratory of Climputing Techniques and Autotnatilin, 
.JINR. . . . . . . . .. . . . 
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