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:3a1!atia. 0 pacceJIHIUI a.npo1io1t 1ip11 '.11113Hl!X :rncprnnx J{O J!aCTOJJU{Cro Hj>CMCIIII 
'-iipttH!ieHac:i- I( ,ce6e Hlll1Ma1i11e ,B .TC,OJ>l111 UOJIJI [l]. PciiyHHlio1i111,1c·1jiopMyJ11,f Ma-r1i11•1: 

• 111,1x·:ii1c;-1e1ir0B 'pacccmrnn [2) n<i~HOJl~IOT y.;nr'n11iaTb HHapHOHLIC CTCll~!IIH _c11060;11,1, a' 
11x IICJH:~1;rntt11CT<:i~'11tt ripcJ!CJI CBOJIIITCH i{ 11~~c~·i111:1M CT~n1•1cc1;11M ypa11HcHHlfM [:!) 
C HHilJ!pa·/11•1iiofi IICJIIIIICfiUOC'l'hjo. lfo1;!C orj;alfll 1ll!MCJI 11:1y 11cm1CM· ~Toro Tllr'ra.ypac 
flff(~ff~tt, c11c,1v1 11x 

0

H ncn1111en,;oli ;cpacaoif :ia;1a•1c [4(0Jla 11MccT 111111 pn;1a.y<:JfC>1111li 
. ffcl <l>Ylli(l~l;·II S; -:- ~1a-rp11•111wc:. 3JIC!MCJ;·'J'J,LS··MaTp11;{hl: , . . .. 
·,. '. .-•- . -:. ,.. ·.,·. _· / ' ' '-· 

n ). Si(/) :.:.'· Mep0Mopq>11hic ;j,y11m1n~' e HO~;·IIJl~Hcnoli 11iwt1cocT11 .z 
', ' ,'cpa3pC3aMH(...:.oo,.'...1},[+l,.+oo), 

b) S;(z) = S;(z~), . . . , : ' . ·. . . . . : (1) . 
c) I S;(w + iO) 12=-l npn w ~ ·1 ·· S;(w +: iO) = lirn,: .. .'+o S;(w .+ ic), · ·· 
, . . ··. . N . • . . 
d) S;(~z)·=, I,:i,,; 1 A;iSi(z). · 

. l{c~cTBIITCJILl!bIC 3Ha•1~1in'11 'nepc~c1i'11oii · z. 1iB1rn10Tt11 n01;11oll' :rncpr.ndi .w pc1111-

'-rn1111c~·c1wii 'ia~~~i{LI, pacce'irnri1011icli~;I '. 11a .cj1111;<:~1i~eai111d~;: llC/IT(>'c. Tpc6ouaiiuc ' 

i1dpoMOf>1puocni cpyH~m.Hii' S;(~) Bo3i111HacT ,1ta1c c11CJ!CTBIIC ~TaTI1•1ec1wro' 11pcnc1w. 
·3ana•1~ pacceHHl!H [5). YcnoBl!e y11pyroli:y1111Tap1wcrn (le) c'11p~Hen1111~0 J!Hlllb ua 

111;auo~1 p~aiJc:ic u~ocHocTH z. I·ia 11e110:1-1 pa:ipe3e <py111~u1111 S;(zf3aJ!anu yc110H111iM11 
llCJ>Ci<pccTJ!Olt. cttilMCTpHH '(l<l):' Mq1:p1111~ 11c1;e,1pc'crnoli CHMMCTplrn 'A' OHf>CJ~CJUI
C';'C/1 rpy11nolt, OTIIOCH'fCJil,110 1(01:l;polt. ~I;Bapita11Tiia s:~,.:iTpt111a; J{JJJj [>JI/~a I'j>,Yllll 

Olla _i1:11icc'.rua [1].' UcJih _I(QC~!CJlYlOll{Cro,11:iJl~)l(ClfHII. ~OCTOl1T'll cjJoMyJitti>Ofll{e cnoco6~ 
11:lj''ICllllll no11cpx1r'ocn.i I1 111,1a11a flll/Vl 'CTaTll 1ICCIUIX /111,CllC:JlC110Ufll,IX' ~IO/{C!Jidi. .· . 1' 

. ,.. -. . ' . ' 

r. 

2: AHaJIH'.I;'H'tleCKOe 'rrpo~0,11.llieHHe B.'...MaTJ)H:Qhl 

Ha HecpH3H~_eCH,Me: -!iHCThl. 

':~·h111i'111c~1 ycJIOB~JI (1) B MaTp~•;11ott'1j1op~:· .L{1rn ::miro IIBCJ(CM,l,:l.0;~6e1e ,;c 

·su>>(z)-= [S,(;),S2(z), .. ,,SN(;)], ··: · 
-, - ',.· ~ ,, ., .- . ---:.· ·' .>-

!')IC BC()Xllllii 'IIIIJICl(C o6o3iia•iacT :.<J>tt31PlCCIU!ii 'irncT p)IJ\Jaliirnoii _IIOllCpXUOCTII S-, 
MaTJ;U 1i1,1. Y~11ou~11 ( i a,b,d) ornoc11Tc11 ii <I>11311 11cc'm>MY. 11 u·cry ,: a· yc1w1111~ y1111Tap- ' 
110;:Tll '(] c) ~i~meT 6h!Th Irpoi\omi;CllO ua' ·~o~IIJICJ{Cllb!C :ma•1c11nir' w. llpH :JTO~i·co110 
Ta1rnte, Hell{ .ycJJOBIIC .(1 c) _HMCCT 'noHOMIIOIICIIT~iLiii BHJ{ ' -

·_.s"/°>(z)St>(z) = I 

ll ocy.1,:iccTBJIIICT aUam1nPirc1co~,:,<, :, :.~Jpiccmie s~Ma:rpHl!hf I;a fl~!lHhiii.11ccjH1:lll'lCCIIHif · 
-.,,,_,~:.-~-t•...., _..,,_.,,. ... v •!,'..;'".;;,;:.""""111HH. L{y611a, !997 
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;mer noeepxHocTn PuMaHa. MaTpU'IHM cpopMa 3a1rncn ycnoan11 yHIITapHOCTII (le) 
no;1v•rneTCJI rrpn BBC,llCHUU HCJIUHeiiHOH onepaI(HU HHBepcnn I cornacHO cpopi.ty11e 

IS(z) = [l/S1(z),l/S2(z),···,l/SN(z)]. 

B pc3y,1hTaTe yc110BHH (la,b,c,d) rrpno6peTaIOT BIIJI : 

a) s<0l ( z) - CTOJI6en N MepoMopcpHhlX cpyHHI(UH B ROMIIJICRCHOH 

IlJIOCROC'fH z C pa3pe3aMU (-00,-=11,[+l,+oo), 

b) s<Dl*(z) = s<0>(z*), (2) 
c) 5(1l(z) = JS(0>(z), 
d) s<0>(-z) = AS<0>(z). 

AnaJIHTHqecROC npOJIOJllRCHHe Ha HecpH3nqecRUe JIHCThl orrpe,QeJIHM CJICJl,YIOll!HM 

o6pa3oM: 
5(Pl(z) = (IA)PS<0>(z(-l)P)). (3) 

C IIOMOll!hlO orrpeJ1eJ1eI1HJI (3) yrnoBUJI yHnTapHOC'flI (2c) II rrepeRpecTHOH CHMMe

Tpnn (2d) JICrRO rrpo.nonlRaIOTCJI Ha HecpU31IqecRne JIIICThl 

IS(p)(z) = 5(I-P)(z),AS(Pl(z) = 5(-p>(-z), 

U UMCCT MCCTO cpopMy11a 

(IA)qS(p)(z) = 5(q+Pl(z(-I)q). 

MoTHBHpOBRa onpe,ueJICHHJI (3) co,ueplRHTCJI B H3BCCTHOM perneHIIII [5] ycJIOBHH 

(la,b,c,d) .UJIJJ ,uayxp11,uHoil: MaTplII(hl 

A=~ (-1 4) 
3 2 1 . 

Ono Hi.teer BHJI 

(4) 

(5) 

S(z) = [W(W - 2)/(W2 
- 1), W(W + l)/(W2 

- l)]D(z:), (6) 

r,Qe W = w + iJz2 - 1/j(z), w = I/1r arcsinz, [i(z) = -[i(-z) - MepoMopcpHaH 

cpyHRI(IIH n D( z) = D( -z) - cpyHRI(IIII BJIJJrnRe rrepeMeHHofi ( = lfi~. KpoMe 
pernenn11 (6) yc110B1IH (la,b,c,d) .nonycRaIOT Tp1IB1IaJ1bHOe perneH1Ie - cT0116en o,ulI
HaRoBhlX cpyHRI(HH BJIJJrnRe. Tax qTo yc110B1IH (2) He onpeJleJIJJIOT BIIJI p1IirnH0Bofi 

rroaepXHOCTH S(z) o,uH03HaqHo. B perneHIIII (6) p1IMaHOBa noBepxHOCTh S(z) 6eCRo

neqHOJIUCTHa 3a cqeT cpyHRI(IIII W II crrpaBC,llJIIIBhl paBCHCTBa 

s<0>(z) = S(W)1wl5I/2, 5(±nl(z(-l)(±n)) = S(W)1w±nl$1/2, 

--
1
~ et.u1 .. i,n, .. -.1 1.'l..~r}': i 

ml~~3i-A.I BCci~l~lllUil . 
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l{0TOph!e II03B0JIH!OT II0JIJ'IHTb TaHyIO qiopMy ypaBHeHHll (5): 

(I At S(W) = S(W + n), 

(AitS(W) = S(W - n). 

(7) 

YpaBHeHHJI (7) - CHCTeMa HeJIHHeHHh!X aBT0H0MHh!X pa3H0CTHh!X ypam1e1rnii, 

H0T0ph!e ecTeCTBeHH0 Ha3BaTb JI!IHaMH'leCIWll qiopMOll CTaTH'leCK!IX JIHCIICpCH0HlfhIX 

C00THO!lleHHft. ITo3TOMy H paBeHCTBaM (5) M0}RH0 rrpHCB0JlTb 3T0 }Re HaJll\lC!I0Ha

HJle. B 0TJIH'!He OT ypaBHeHHll (7) 0HH o6pa3J!OT CJlCTeMy nenuneilHb!X pa3H0CTllh!X 

ypaBHeHHll, B H0T0ph!X apryMeHT0M HBJIHeTCH H0Mep pnMaHOBOll II0BCpXH0C'fH, a 

311epreTH'leCHaH rrepeMeHHaH z qiHrypHpyeT HaK rrapaMeTp. 

3. <I>op;MyJIHpOBRa aa,n;at.J:H B 

npoeRTHBHhlX npocTpaHCTBaX 

Ha IIpHMepe JIBYXPHJIH0ro pellleHHH (6)m111no, 'ITO pe!lleHHe 3aJia'llI (1), Boo6nie 

roBopH, orrpe.n;enHeTcH N + 1 u:enofi qiyHKIIHeil, N H3 KOT0ph!X y.n;oBneTBopmoT ycno

BHIO rrepeRpeCTHOll CHMMeTpHH (ld), a II0CJieJIHHI! ClIMMeTpH'IHa no z lI 06ecneq11-

BaeT B1Irronnemre ycnoBHfi ynHTapnoCTH (le). YcnoBJIH (la,b,d) o.n;nopo11m,1 H MoryT 

paccMaTpHBaTbCH B rrpoeRTHBHhIX rrpocTpancrnax PN-l ·H PN. Orrpe.n;eJIHM onepa

IIHIO I TaR, 'IT06h! Olla 611Jia H0ppeKTH0fi B 3THX rrpoCTpaHCTBax [6],H o603na•rnM ce 

qepe3 Ip, r.n;e 

Ip = rr:;:1,i,tjsj, 
m=N-1,N. 

ITepeqiopMyJIHpyeM 3a.n;aqy (1) B 3THX rrpocTpancrnax. B npocTpancTBe PN-i Ma

TpHrra rrepeKpecTHOH CHMMeTpHH HMeeT onpe.n;eneHH1Ill B (1) BHJI, a B npocTpaHCTBC 

PN ee rropHJIOK yBeJIH'lHBaeTCH 11a eJilIHHIIY, T.e. 

AN-l. = A, AN = ( A O ) 
0 1 ' 

r.n;e AN - 6no'!HaH MaTpnrra. B pe3JJibTaTe BMeCT0 ycnoBnft (1) nonyqaeM na6op 

cne.n;yIOillHX Tpe6oBaHHfi na CTOJI6eII lI3 m qiyHKIIHll: 

a) 5(0 )(z) - CTOJI6CII m MepoMopqimrx qiyHKIIHll B ){OMIIJieHCHOll 

ITJI0CH0CTH z C pa3pe3aMH (-oo,-1],[+1,+oo), 
b) S(0l*(z) = S(0>(z*), (8) 
c) 5(1)(z) = IPS(0l(z), 
d)S<0>(-z) = AmS(0>(z). 

Ilp01rnmocTpHpyeM cxeMy pemeHHH JIBYXPHJIH0ro cny'laH (6) ua H3bme upoc1nn

BHh!X npocTpaHCTB P1,P2. O60311a'IHM 'lepe3 (x 0 ,x1) = (S1,S2) 11oop11mran,1 TOYHH 

4 

.. 

r 

) 

( .r) H /;
1

. BHc11c11 na 11poeHTHB11oii rrpm1oii P, arpcj>HH!f)'IO 1mop11111iaTy X = .ru/.r 1. 

I lo;1aran H yc~IOHIHI (3) :: = 0, 110;1y 1rn11 :iaHoH 11po;10:nKe111111 Hoopm111aT1,I X(O) c 

<jlll:lll•l<'Cli0l"O ;n,cra Ha !ICpHblti !ICCjll1311'1CClillii ,lllCT 

') \'(O) + 1 
x(ll = ~·x(o) + 4. 

(9) 

)lpo6I10-;I1!11Ciilfoe 11peo6pa30BallllC (9) ~IOHillO B03HCCTII H !!-IO CTC!IC!lb II H:I )"C:IOHIIII 

ll<'Jll'l'}H'CTIIOii CH~UICT[)HH (8d) 11ai1TH 

.\'(O) = -2 II x(n) 
n-2 
Tl+ I 

( 10) 

:b<'Ch Hl,IIICllll<'l'CII, IJT0 0JUI0 113 )'CJIOHHil IH'J>C!ipCCTIIOii ODl~H•Tp1111 (8d) J!H;IHC'TCH 

;111111111111. B1,1tto;1 c11pattcJlJIHH 11 JlJIJI ~JaTJ)Hll HepcHJJeCT!IOii c1nrneTpH11 3 x :l. 
vl:1_,·•rcllHC' JlH.YXJ>HWIOii :1a;1a1!11 11a 11pm10ii P1 onpc;ic:rncT ;mlllb OTJIOlllC'IIHC' cjiy11-

HllHii S'
1 

H S
2

. Ca~rn rpyHHI\HII MOlHII0 11aiiTH 113 pcmc11HH cc 11a 11poPHTIIH!IOii 11;10-

CH0CTl1 Pi. TlpoCHTHHlfhlC H0Op)lH!laThl T01lHH (1·) = (.ro,:r1.:r2) 11a /'2 :ialllllff('11 H 

6a:1l1('('. HHII0 Y'IHThlllillOlllC~l ncp<'Hpccrny10 Cf1M~1CT[ll110 

.To = .s -2a 

:r l - .~+a (I I) 

J>2 = (', 

f/l(' -~, C CHMMCTp11'illhlC, a ~ a!IT11Cl1MMCTpi1'111aII qiymUlHII -· 

Paco1cnp111Ja11 onepaTop (lpA2t H 6a3nce s,a,c, JICrHo y6e;111-r1,n1 H To11. •no 

MCHlJlY 8, a, C cymecTBJCT COOTH0IIIClll1C' 

s 2 
- a2 

- .~c = 0, (12) 

HI11lap1rn11THOC OTIIOCHT<~JII,!10 011cpaTopoH /p I·\ A2 H 0T)\C':lf,II0CTH. ( Pc•r_v;uq>llhlii 

c11oco6 IIOJl.Y'ICIIHJI ypaBIICIIIIJI ( I 2) llp11 HCJ\CII H I1pHJIOlHCIIHl1.) 

)lp_vn1MH CJIOHaMH, ypaBHc1111c (12) 11a /;2 onp<'JteJIJl<'T H11Hap11a11rn~·10 1;p1111~·10 

C, JII06a11 T0IJHa HOTopoii ue II0Hl1)l<lCT ('C l!0)l )lCiiCTHl1CM 11pP06pa:101Ja11nii '" 11 :\1. 

B 6a:1Hcc, (:r0 , .1:1, x 2 ) ypa!l11c1111c Hp11Hoii C 1rnccT Hl1Jl 

x\ + 2xo:r1 - 2:1:1i:2 - :ro1:2 = 0. (I:!) 

C llOMOlllbf0 ypaHIICHHii ( 10) 11 ( J:l) JICl'J{() naiiTH 

XJ n 
x2 -;:=I ( I I) 

n TC'M caMhIM 011pcJ\CJIHTh 11on11oc-r1,10 q>yHHill1H S'i, Sz. B 11po11ccn' pPlll<'lfllH Ill' 

61,IJIO HCll0Jll,'.IOllilll0 0)ll!O 11:1 YCJ!OHHl-i ymrrap110CTl1 (IC), .Y'IC'T mrroporo 110:rno;uwr 

II0JIII0CThl0 H0<'IIJ>0H:IIJCCTl1 cjJOJ)MYJlhl (6). 
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06cymn1 Borrpoc o cooTHOUie111111 01rnca1mii .z.tByxpnnnoii 3a;1a•rn ( 1) B rrpocTpa11-

CTBax P1 11 P2 • Ha rrpoeKT11BHoii rr,1ocKOcT11 P2 peme1me npencTaBJicno mrnap11a11-

n1oii 1ip1rnoti (13). 011a 11crrp11B0.z.tHMa 11 HaH BCHI,an a,1rc6paw1ec1m11 Hpmia11 HToporo 

nopA;:u;a paunouam,na, a B acpqi1111111,1x Hoopn1rnaTax 11MecT Bl1Jl 

Xo XJ 2 
x = -, y = -, x + 2xy - 2x - y = 0. 

X2 X2 

Ec:m uocrpo11Tb IIY'!OI{ rrpH:\lhlX .\ogo+.\1g1 C 6a3HCIIOW TO'll{Qi,i (xo, Yo) 11a HJ)HHOW 

( l'.3 ), TO !{00p,w11an1 BTOpoii TO'!l{H ncpccC'!CIIHH IlflHMhlX ny'!Ha C Hp11BOW ( 13) 6yJl.YT 

pau11oaa;1b1IhD!ll q>yHHU11RMl1 k = .\1 / .\o: 

_ -(x0 + 2y0 ) + 2 + k _ k( ) 
x - l + 2k , Y - Yo + x - Xo . 

3a C'!CT crreu11a,1hll0 rrono6pa11110ii rrapaMCTp113au1111 k, 3aB!iCJIIUCll OT 6a3HCIIOW 

TO'!I{J,f rry'!Ha 
k = ( -xo - 2yo + 1 )n + x0 + 2y0 - 2 

n + l ·' 

<liyw,111111 x H y rrp11Bo.z.t11rcn I{ cpopMy,1aM (10), (14). I1p11 HOJIJI1111eau1111x B rrpo

crpa11crnc P2 ( ,1HHCWJlhlX npeo6pa30BalHIRX C JICHYJICBblM nerepM!iHaHTOM) IIY'Hll{ 

llfHO!l,IX Be.z.teT ce611 Hal{ npoeHTHBHOe npocrpaHCTBO P1. TaHliM o6pa3o.M, HpOCl{TH

BHOC rrpocrpaHCTBO P1 upe.z.tCTaBJieno mo6b!M IIY'IHOM rrpHMblX C 6a3!1CIIOW TO'!J{()ll 

Ila Hl1Bap11a11n1olt Hp!iBOH (13) rrpocrpaHCTBa P2. 
I1cc:1c;10Ba1rne 11 rrocrpoc1rne liHBap11a11THhlX Mnoroo6pa311lf .z.tJIH 3a.n;aq11 ( 1) c 

pa:niepIIOCTblO N ~ :{ !IflOBOJ(HJIOCh [4] C IIOMOIUhlO pH.z.tOB B OHpeCTHOCTH TO'!eH IIO

liOH J_(H!la.\!H'!CCl{HX CliCTCM (7). ITpoeHT!iBHble rrpocTpaHCTBa II03B0JIJIIOT IIO-IIOBOMY 

IlO/_(OWTH !{ 'HOH 3a.z.ta'!C. 

Paco!OTflHM 3a.z.ta'JY ( 1) c TpexpH.z.tHolt MaTp11uelt 

A~ ( 

1/3 
-1/3 

1/a 

-1 5/3 ) 
1/2 5/6 , 
1/2 1/6 

(15) 

liOTO[iiifl OIIHCbJBaeT pacce/llllfC .z.tBYX '!aCTMl-l C paBHl,IMli YrJIOBhJMli MOMCHTaMli 1. B 
IIJHJC!pa11crne P.1 MaTpHl(a A3 HMCCT Tf)li co6cTBeHHbIX 3Ha'!eHliH + 1 li OJlHO -1. Ko

op;rn IIaTI,l TO'll{H ( X) H P3 MoryT 6b!Th Bb!pa)l{CHbl 'Iepe3 Tp!i CliMMeTp!i'll!ble St' s2, S3 
H O}lll.Y aIIT11CHMMCTflli'IIIYIO a q>yHHUlili z C IIOMOIUblO o6bl'!H0ll l{QJIJlliIIeau1111 ( aBTO

.\ICJfJCIJ11:n1a npoc1rr11H11oro npocTpancTBa P3) 

x; = b;isi + b;4a. 

I lonpm!M B Pi n,1oc1mcTb, mrnap11anTHY10 ornoc11TeJibHO JI11neiinoro npeo6pa30-

Ba111111 Hoop.z.t1111aT x c MaTp111,cti A3 . Ona liMceT Bli.z.t 

·6 

1 
.J 

j 

) 
I 

CQXo + C1X1 + (2eo + c1)x2 + C2X3 = 0 . (16) 

JierRo Bli.z.teTb, '!TO '!aCTHbIM cJiy'!aeM IIJIOCHOCT!i (16) 6y.n;eT IIJIOC!{OCTb X1 + 

X2 = 0 , HOTOpaH liHBap!iaHTI!a OTHOC!iTeJihHO rrpeo6pa30BaHliH Ip. cha IIJIOCHOCTh 

HBJIJICTCH rrpocTpaHCTBOM P2, Ha ROTOpou 3a.z.taqa (1) C MaTp11uen: (15) CBO.z.tHTCH I{ 

peUiaeMOH .z.tByxpH.z.tHOH 3a.z.ta'!e [7]. I1JIOCHOCTh X1 + X2 = 0 He rrpOXO.z.tliT qepe3 

TO'IHY IIOHOH X = ( 1, 1, 1, 1) JtliHaMli'leCHOll C!iCTeMbI ( 5) - HCIIO.z.tBil)l{HYIO TO'IHY 

npeo6pa30BaimH (5). EcJili IIOTpe6oBaTh, 'IT06bl TO'IRa X JielliaJia na IIJIOCHOCT!i 

· ( 16), rn flOJIY'lliM ypaBHeHlie 

coxo + c1x1 + (2eo + c1)x2 - (3eo - 2c1)x3 = 0 . (17) 

IlJIOCHOCTh ( 1 7) IIO.z.t .n;eiicTBlieM rrpeo6pa3oBaHliH Ip rrepeii.n;eT B IIOBepXHOCTh 

3 -ro 11opH.z.tRa B ?3, HOTOpan He HHBap11aHTHa OTHOCHTeJibHO npeo6pa30BaH!iH A3, 

CoX1X2X3 + C1XoX2X3 + (2co - c1)XoX1X3 - (3co + 2x1)XoX1X2 = 0. (18) 

ITepece'leHHe IIJIOCHOCTH (17) 11 IIOBepXHOCTli (18) 011pe,n;eJiliT IIJIOCHYIO npo

CTpaHCTBeHHYIO HpliBYIO C, !{OTO pan, Boo6me roBopn, He liHBap!iaHTIIa OTHOC!iTeJibHO 

rrpeo6pa3oBaH!iH A3. ,UencTBliTeJibHO, liCHJIIO'laH X3 !13 ypaBHeHn:ii (17), (18), IIO

JIY'lliM o.n;nopo.n;noe ypaBnen11e TpeTheii cTeneHli G(x0 , x1, x2) = 0. <l>yHHl(HH G B 

rrpocTpancTBe P2 B 6a311ce si, s 2 , a 11p11 npon3BOJihHhIX ea, c1 6y,n;eT co.n;epman, ne

'!eTHh!e CTel1eHli aHTliC!iMMeTp!i'IHOll cpyHHUlili a. Kmicpq>!iUlieHT npn a - HBa,n;pa

TH'IHaH <pop.Ma 110 Si, s2, a. 11HBap!iaHTHOCTh IIJIOCHOU 11pocTpaHCTBeHHOll Hp!iBOll C 
OTHOCliTCJibHO rrpeo6pa30BaH!iH A3 Tpe6yeT o6pameHnH 3TOll HBa,n;paTil'IHOll cpopMbI 

B HYJih. KaH BCJll{Oe ypaBHCHlie BTOpoii CTeIIeHli OHO 011pe.z.teJIReT pannoHaJibHble 

q>yHHUlili S1, s2, a neHOTOporo napaMeTpa t. Ilo.z.tCTaBJIRH nx B '!eTHYIO IIO a '!aCTh 

q>ynHnn:11 G(x0 , xi, x 2 ), 110Jiy'IRM ypaBHeHIIe TpeThett cTerrenn OTHocn:Tem,Ho t, 
l{OTopoe HMCeT Tp!i peUieHnH, Boo6me roBOpH. ToJibl{Q TO}l{,l(eCTBCHHOe 06pamen11e 

ero B HYJih, T.e. IIp!iBO,l(liMOCTh G rapaHTn:pyeT HaJI!i'llie HHBapn:anTHOll Hp!iBOll. 

I1p11Be.z.teM ypaBHCHn:e, orrpe,n;eJIHIOIUee !{03q>q>11uneHThI Co, Ci, 

Rx0 ( G, a:,) == 0, (19) · 

rne Rxo - pe3yJibTaHT G li a:, 110 Xo- J13 ypaBnenn:ii (19) HaXO,l(liM Co = -1, C1 = 3 

n: cpyHHUliIO G 

G( xo, Xi, x2) = (-3xi + XoX1 + 3xox2 - x1x2)( -xo + x2) = 0 , (20) 

onpe,n;eJIHIOIUYIO np11B0,n;nMy10 HpnByw C. ITepBbiii co11rnomn;eJih B ypaBHen1111 (20) 

HHBap!iaHTCH OTHOCHTeJihHO 11peo6pa30BaI!lill Ip li A2 li COBMeCTHO C ypaBnenlieM 

( 17) orrpe,n;eJIReT !i3BeCTHOe pernen11e [8] C l{OHe'!IlbIM '!IlCJIOM IIOJIIOCOB IIO w. Ono 

npe,n;cTaBJieHO B P3 Hal{ nepece'ICHIIC IIJIOC!{OCTil li 110BepXHOCTH 

-xo + 3x1 + X2 - 3x3 = 0 ; (21) 

7 



-3x\ + XoXi + 3xoX2 - XiX2 = 0 . (22) 

YpaBHemno (22) C Il0Momb10 paBeHCTBa (21) MO}KH0 rrpnnaTb cpopMy 

XiX3 = XoX2, 

C II0Momb10 KOTopoii: JierKo npoBepneTCJI mrnapnaHTH0CTb paBeIICTBa (21) 0TII0CH

TeJibH0 npeo6pa3oBamrn Ip. BTopoii: COMI!O}l{JlTeJib B ypamreHnn (20) non nciicTBHCM 

npeo6pa30Bamrn A3 nepexonnT B (-xi+ x 2) n BMecTe c HHM cocTaBJIJieT Bb1pomJ1,cJ1-

Hy10 KBanpaT1JqHy10 cpopMy 

(-xo + x2)(-xi + x2) = 0 1 

HHBapnaHTHy10 OTHocnTeJibH0 npeo6pa3oBaHnii: IP n A. OHa onpeneJIReT )\Ba n_y,ma 

npHMhlX, HHBapnaHTHhlX 0TII0CHTeJibl!0 npeo6pa30BaIUrn Ip n nepCX0)VIII.(11X ,npyr B 

,npyra non neii:cTBneM npeo6pa3oBaHnJI A, 

Xo = X2, 
Xo 

Xi 

4. 3aHJIIO"CJ€HMe 

n + 1/6. 
n - 7/6' 

Xi= X2, 
Xo 

Xi 

n -3/2 

n + 1/2 • 

HennHeii:Han KpaeBan 3anaqa (1) o rrocTpoeHnn N-Mepuoii: (la), ynpyro-yuwrap11ott 

(le) n Kpoccnnr-cnMMeTpH'IH0ii: (ld) S-MaTpHU:hl ccpopMynnpOBaHa B rrpoe1nnBHhlX 

rrpocTpaHCTBax PN-i n PN. B rrpocTpancTBe PN-i ee MmKH0 paccMaTpnsan, mrn 

pe3yJihTaT npoeKTnpoBannn ncxonnoii: 3a)(aqn (1) H3 acpcpnnuoro npocTpancTBa An 
B rrpoeKTHBH0e npocTpaHCTB0 PN-i, npn K0T0p0M nruopnpyeTcJI 0)(!I0 H3 ycJIOBHii 

yHnTapuocTn (le). B npocTpaHcTBe PN 3a)(aqa (1) cy'fb BJI0}l{eune B PN 3a cqcT 

Bseneunn .nononnnTeJibHoro H3MepeHnn. YcnoBne aHaJinTnqecKoro npononmennH S
MaTpHU:hl na necp1rnnqecKne JIHCThl npencTaBJICHo B Bnne uennueii:noii: aBT0HoMuott 

CHCTeMbl pa3II0CTHbIX ypaBnennii: - )(HIIaMnqecKoii: cpopMe. Ono TaK}I{e MO}J{e'f pac

CMaTpnBaTbCJI Kan uenmreii:uoe npeo6pa30Banne B npocTpaucTBax AN, PN-i, PN. 

HeIIO)\BH}l{llble Toqrm 3Toro npeo6pa30BaHHJI BHJI10qa10T, B qacTH0CTH, S-MaTpnu:y 

6e3 B3anMoneii:CTBHJI. B onpeCTII0CTH 3TOH 'fQqKn S-MaTpnu:a n3yqaJiaCb C TI0M0ll(h[O 

cTenennhlx pnnoB no 1/w, K0T0phle nHorna ynaeTcn npocy111111npoBaTh [4}. vknoi1L3o

Banne TeXHHHH npoeI{THBHbIX npocTpaHCTB naeT B031110}1{H0CTh rno6am,11oro HCCJlCJl,0-

BaHHJI perneunii: - nocTpoeunn nuBapnaHTIIhlX nonnpocTpancTB, conepma1110:x nc1m

Mhle pellICHHJI. MnBapnaHTHhle II0)(IIp0CTpaHCTBa onpeneJJJilOTCJI 0)UIOponHI,IMlI <pyH

KU:HJIMH B rrpoeRTIIBIIb!X npocTpaHCTBaX PN-1 H PN, HO ne B acpcpmIHOM npocTpan

CTBC AN. cho YTBep}l{)leHne pacxonnTCJI C BhlB0)(0M pa60Thl [9}, C0rJiaCH0 HOTopoMy 

n B acpcpnHHOM npocTpancTBe AN n1rnapnaHTHhle nonnpoCTpancTBa onpencnmoTcJI 

0)ll!0p0)(HbIMH cpyHRU:HJIMH. IIpenJio}l{eUHaR Bblllle reo111eTpnqecRa11 HHTepnpcTal(J1JI 

RpaeBoii: 3anaqn(l) B npoeKTHBHhlX npocTpancTBax PN-l n PN n rrpnMep1,1, paccMo

Tpennhle B pa6oTax[5},[8}, yRa3blBalOT ua neo6xo)(JiIMOCTh 0T!<a3aTbCJI OT Tpc6oBaIIHJI 

onuoponnocTn cpyHI{U:HH, onpe)(CJIRlOll(HX IIHBapnaHTHhlC Tl0)(IIp0CTpaHCTBa. B AN. 
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5. IlpMJio.meHMe 

JlByxpH,1na11 MaTpnrta nepe1{pccrnoii CIIMMCTpnn B rpynne SU(2) nMecT BHJt 

_ l ( -1 2/ + 2 ) , , 
112 - 21 + l 21 l , l E ,\. 

l'acn10Tpc1111a11 B cTanc MaTpuna ccTb ee qacnrhrfi cnyqaii: npn l=I. llpnacne11 

cxc11_,· BhJtrnc:1e1111J1 o6rucro cny•raH. I-la npoeHTIIBH0tt npHMoii: P1 acpcpn1111aJ1 Hoop

;urnaTa X = .i:0/,1· 1 11po,1oirnrneTc11 na ncpsuti Hecjm:mqec1rnii Jll!CT no npasn.1y 

?/ \'(O) + l X(I) = __ -_, ___ _ 
-X(U) + (2/ + 2) 

H H~l('("T(' C YC:IOBIICM ncpeHpccn10H CHMMCTJH!U 11p11B0Jl,HT H e,1enyw111e11y :ll!il'l<'lllll0 
.\·(n) : 

x(") = ,; - (I +
1 

1l. x(0> = -(1 + 1/t). (2:n 
n+ 

Te~[ ca:-.1!,IM Ha J11060M IIC<pH3H'lCCHOM JIHCTC onpeJtCJJCII0 0TII0IIJCIIJJC ,ro/.r1 npn 

:: = 0 n /lJJH nocrpocunn S1, 82 11eo6xoJ1,11Mo 11afiT11 ;rnm1, :r1 /.i:2. O60311a•nni :no 

OTIIOl!lf'lll1C 'IC[)C3 <p =. X1/:r2 . 0110 0IIJJCJ(CJJJICTCJI 11:1 CHCTCMl,J q>yHlilll101lilJll,llblX 
_\"JlitHIICl!l1ti 

'P(n)'P(l-11) = ] , 
'P(n) n + I 

,p(-n) = n - I ' 

(:21) 

(25) 

liOTOJlhl(' ("JJC')lYI<l'l' 11:1 ycJIOHHH yn11Tap1I0CTH 11 nepcHpccnmH CH~n[cTpHll (.I) na ll<'

<1>11:rn•H'Clil!X JIHCTax. 3;\eCb l!ClI0Jlb:10Bal!l,I TC 11:1 paBCIICTB (4 ). H0T0pl,I<' II<' 11p1n1<·

IIJIJll1Cb II[>l1 llOJJY'lCIIIJH cpopMyJI (23). Ypasnc1111e (24) HMCCT 0'l<'BH}UIO(' P<'lll('llll<' 
H HoJ11,1ie ~1epm.rnpqm11x qiy11m111H 

'P(n) = G(n) 
G(l - n) (2G) 

l'JlC G(n )---mo6aH I\CJJaH cpy11m11111. Pcme1111e (26) MmHcT 6h1Tb 11pc;\cTaBJ1<'110 B JlPY

rnti cpopMe: In <p(n) = g(n - 1/2) , me g(n - 1/2)--~ 11c,1i'rna11 qiynmurn rnoc·ro 

apryM<'lIT,l. Tiocnenn11il: B11,1\ <!>y11m11111 fncp(n) y;106cn J(JUI p<'IIICIIHH ypaBll<'llllH (25). 
H0Topoc J[(TH0 npHB0)(HTCJI I{ BHJ\Y 

g(n + 1) + g(n) = Inn+ 1/2 + / 
n + 1/2 - I (27) 

l!ac"J'IIOC pc111cn11e llCOJ(II0p0JllI0l'O pi13lI0CTlI0ro ypaHJI.Clll1Jl (27) M0lli('T 61,1Tb naii

)\<~110 C IIOMOll\h!O llOCJJCJ(0HilTC'J[l,lJ0I'0 lIJlHM('llCIIHJI :1aMC'll nc11:1HCCTlloii <l>YllHllllll ("()
l'JlilCII0 <j>OpMyJIC 

n+(-l)"'nm+l 
g,,,(n)=.<Jm+1(n)+ln ( )"' 

7/. - -] Om+! 
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r;w Clk = 1/2 + I - /,: 11 9o(n) = g(n). <DylllilUIH gk(n) YJl0ll;IeTll0J>IICT ypall!l('IIHIO 

n + 1/2 + (-l)k(l- k) 
gk(n + 1) + 9k(n) = ln n + l/2 _ (-l )k(l - k) 

11 o•wttn,wo, •no g1(n + 1) + g1(n) = 0. O6mec peme1111e 3Toro o;u1opo;uwro ypa-
1J11e1111H 011pe,ac,111eT <j>ymm1110 D(z) ll <j>opMy;1e (6), H0Topa11 He ttm111eT 11a llHJl 
11I1Bap11aI1TllhlX CBll:JCW :\ICiK/lY Xo, X1' X2, flo3Tmty 11onOlKIIM 91 = 0 11 110,lj''IHll Jl,IH 
:p(n) BblpaiKCIIIIC 

,~(nJ_rr1 n-1/2-(-l)m(l/2+/-m) 
'r - m=In-1/2+(-IJm(l/2+/-m)' 

(28) 

l1rn;110YaH 11:i ypaBne1111il (23) n (28) napaMeTp n , nony•rnM ypaB11e1111e, 011pc
,1e:rnel10C o;mopo,llHLnt II0,111II0M0M CTCIICHH (I+ 1) OT Xo, X1, X2. I1p11 / = 1 0110 Jla<'T 

_\'[lilHIICllllC ( J:3). 
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