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BBE:.llEHl.1E 
PaeeMaTPHBaH B o6meA TeopHH OTHOeHTenbHOeTH (OTO) nepeXO,ll'K 

HepenHTHBHeTeKOMy npe,lleny [ 1 J, H y6e,llHneH B TOM, ttTO B Teopmo 
THrOTeHHH 3HHWTeAHa HaPH.llY e noneBOH eBH3HOeTbID r a He06XO,llHMO 

v mn 
BBeeTH eme H qJOHOBYID eBH3HOeTb P a • MHe HHKOr,lla He Kasanoeb · mn 
o6oeHoBaHHhlM' YTBepllC,lleHHe, ttTO B TaKOM npe,llene B 'BH,llHMOM HaMH 
MHpe ,llOnl!tHa nOHBnHTbeH HenpeMeHHO reoMeTPHH EBKnH,lla. B eaMOM 
,llene, notteMy 6H BMeeTO eBKnH,llOBOH He nOHBHTbeH B HeM reoMeTpHH 
]o6atteBeKoro [2] ? 0Ka3HBaeTeH, TaKaH B03MOllCHOeTb peanHsyeTeH, 
eenH ,llOnllCHHM o6pa30M BH6paTb qJOHOBYID eBH3HOeTb. IlpaB,lla, TaK 
Bht6paHHaH eBH3HOeTb BHBO,ll,HT. Hae sa npe,llenH TeopHH 3HHWTeAHa. Ho 
qJOHOBaH eBH3HOeTb e HyneBhlM TeH30POM KPHBH3HH sa npe,llenH TeOpHH 
3AHwTeAHa Hae He BhlBO.llHT H ,llaeT HaM B03MOllCHOeTb pemHTb npo6neMy 
SHeprHH 6e3 BHBO,lla O ee HenoKanHsyeMOeTH. Henenh!H BHBO,ll STOT - 0 
HenoKanHsyeMOeTH SHeprHH - pesynbTaT HenpaBOMepHoro npHMeHeHHH 
HHTerpanbHOA TeopeMH rayeea K neeB,llOTeusopHOMY nonro ( a He K 
TeH30PHOMY, KaK STO Tpe6yeTeH no yenOBHID TeopeMH). 

BBe,llH qJOHOByro eBH3HOeTb, npH,llaB TeopHH THrOTeHHH BnonHe 
TeH30PHhlH xapaKTep H ynpa3,llHHB BhlBO,ll O HenoKanHsyeMOeTH SHeprHH, 
,llHeKyeeHro O neeB,llOTeHsope SHeprHH MH MOllCeM ettHTaTb sa~ep~eHHOH. 

B TeopHH THrOTeHHH e . .llBYMH aqiqJHHHHMH eBH3HOeTHMH TeopHH 
3AHmTeAHa BHeTynaeT B BH,lle qaeTHoro enyttaH, KOr,lla qJOHOBaH 
eBH3HOeTb npHMHTHBHa [3]. ,llpyroA enyttaA, B KOTOPOM qJOHOBaH 
eBH3HOeTb 3a,llaeTeH reoMeTpHeA ]o6atteBeKoro, paeeMOTpeH B [4]-(6]. 

06sop pesynbTaTOB Ha ,llaHHYID TeMy HattHHaro e KOHeneKTa TeOpHH 
aqiqJHHHOH eBH3HOeTH, eoeTaBneHHoro MHOID no KHHre [7]. 

A~~HHHUE CBH3HOCTH 1,1 TEH30PHUE IlO]H 
AqiqiHHHHe eBH3HOeTH paeeMaTpHBaeM Ha N-MepHOM MHOroo6pa3HH H 

OTHOeHM HX K 6a3Hey da = d Xa H ,llyanbHOMY 6a3Hey a =a/ a Xa, 
a 

r,lle xa - KOOP,llHHaTH, eoeTaBJiHromHe KaPTY X MHC>roo6pa3HH. TOttHO 
TaK noeTynaeM He TeHsopHHMH nonH~~L=--
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TeH30PHOe no~e T Tttna (A/B) saiaeTCH CBOHMH KOMnOHeHTaMH C 
BepXHHMH HHAeKCaMH a1 , ••• , aA H HHZHHMH HHAeKCaMH b1 , ••• , bB. 

A$$ttHHaH .CBH3HOCTb r BBOlHTCH TaK, 4T06H B3HTaH C ee 
noMombro KOBapHaHTHaH npoH3BOAHaH V T BCHKoro TeH30PHOro no~H 
Tttna (A/B) HB~H~acb TeH30PHHM no~eM THna (A/B+1) • OHa 3aAaeTCH 
CBOHMH KOMnOHeHTaMH r a. mn 

n~H KOBeKTopHoro no~H no~araroT 

V T = o T - r a T m n m n mn a ( 1 ) 

OTCIDAa c~eAyeT, 4TO npH nepeXOAe OT KapTH X K KapTe X KOMnoHeHTH 
CBH3HOCTH npeo6pa3yroTCH no npaBH~Y 

r a = [ r s 
a xP a xq 

+ 
02 XS ) a ia 

( 2) mn pq a xm a xn a xm a xn 0 XS 
. 

B CBOID 04epeAb, H3 (2) c~eAyeT, 4TO l~H BCHKOro BeKTOpHoro no~H 
KOM6HHaUHH 

V Ta= o Ta+ r a Tn ( 3) m m mn 

COCTaB~HIDT TeH30PHOe no~e THna 
KOBapttaHTHOH npott3BOAHOH BeKTOpHoro 

(1/1), KOTOpoe HB~HeTCH 
no~H. 

KoBapwaHTHaH npoH3BOAHafl BCHKOro TeHSOpHoro no~H 
COCTaB~HeTCH B COOTBeTCTBHH C 
npOH3BeJeHHH: V (AB) = (VA) B 

npaBH~OM AH$$epeHUHPOBaHHH 
+ A ( V B). B YaCTHOCTH .l{~H 

CKa~HpHoro no~H T KOBapttaHTHaH npOH3BOAHaH paBHa YaCTHOH: 

Vm T = om T 

TEH30P KPY'1EHH.H 
KaK c~eiyeT H3 (2), pasHOCTb 

s a = r a - r a 
mn mn nm 

HB~HeTCH TeH30PHHM no~eM Tttna (1/2). 
TeH30p (5) Ha3HBaroT TeHsopoM KpyYeHHH. 

2 

( 4) 

( 5) 

1· 

'I 
•I 

TEH30P KPHBH3HH 
Ilo.l{o6Ho onepaTopy Vk - ak, onepaTop 

vkl = vk vl - vl vk + ski VP 

B npHMeHeHHH K CKa~HPHOMY no~ro T AaeT HY~b: 

Vkl T = 0. 

TOT ze onepaTOP B npHMeHeHHH K KOBeKTOPHOMY no~ro T AaeT n 

Vkl Tn = - RaklnT a' 

a B npHMeHeHHH K BeKTOPHOMY no~ro Ta AaeT 

vkl Ta= Rk~n Tn, 

rAe 

( 6) 

( 7) 

( 8) 

( 9) 

~ln = Ok rl~ - al rk~ + rk: rl~ - rl: rk~. (10) 

Hs ( 8) H~H H3 ( 9) c~eAyeT, 4TO KOM6HHa!.(HH ( 10) HB~HeTCH 
TeHSOPOM Tttna (1/3). Ero Ha3HBaroT TeHSOPOM KPHBH3HH H~H TeH30POM 
PttMaHa-KpHCTO$$e~H. 

IloJie3HO 3aMeTHTb, 4TO ec~H B $OpMy~e (Vk - Ok) T = ••• l~H 
TeH30pHoro no~H T ~ro6oro THna (AIB) co4eTaHHe 6YKB rk 3aMeHHTb
Ha C04eTaHHe 6yKB Rkl, TO no~y4HTCH $opMy~a vkl T = .•• 

3TH C04eTaHHH He c~e~yeT nyTaTb C BBOAHMHMH HH%e CBepTKaMH. 

nBE CBEPTKH TEH30PA KPHBH3HH H CBEPHYTA.H CB.H3HOCTb 
BBHjy·aHTHCHMMeTPHH 

R~ln + R~kn = O ( 11 ) 

TeHsopa PttMaHa-KpHCTO$$e~H npeACTaB~HIDT HHTepec TO~bKO ,!{Be ere 
CBepTKH. 0AHa HS HHX, 

Ra = R aln ln • ( 12) 
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Ha3UBaeTCR TeH30POM PH44H. Jlpyraa. 

R~la = Qkl = ak fl - al fk • ( 13) 

Ha3UBaeTCH TeH3OPOM KPHBH3HU CBepHyToA CBH3HOCTH f • paBHOH 
m 

r = r a 
m ma ( 14) 

Cor~aCHO (5) BTOpaH CBepTKa CBH3HOCTH OT~H4aeTCH OT nepBoA Ha 
KOBeKTOP Kpy4eHHH S =Sa. 

n an 
Cor~aCHO (2) npH nepeXO,lle OT O,llHOH ·KapTU K ,llpyroA 

KOMnOHeHTU CBepHyToA CBH3HOCTH (14) npeo6pa3YIDTCH no npaBH~y 

r = (r +-a-] 
m p a xP 

a xP 
-,.,-
a xm 

( 15) 

Iloc~e,llHIDID ¢opMy~y MO:IHO npeo6pa3oBaTb K BH,llY 

r = ~ [ r + _a__ 7,n J ] 
m a xm p B xP ( 16) 

r,lle J - HKO6ttaH npeo6pasoBaHHH 

1 N N1 NN 
J=o(x ••• x)/o(x ••• x). ( 17) 

.lloKa3aTe~bCTBO. 
(AP) paBeH d A= Bq 

q p 

.lltt¢¢epeHUHa~ onpe,lle~ttTe~H A ~ID6oA MaTpHUU 
d AP. r,lle Bq - a~re6patt4eCKOe ,llOnO~HeHHe q p 

3~eMeHTa AP. IlO3TOMY 
q 

a xP _a __ in J = 1 ~= a ~q -,v--a xm 0 xP J O Xm O Xp 

H ¢opMy~a (16) ,llOKasaHa. 

a2 xP =-a- a xP 
-,,,...---a xq a xm a xP a xm 

IlpttMeHHM onepaTop V - 0 K TeH3OPY E Tttna (o/N) . HMeeM 

= - r a E (V - O) Ek k mk ak
2 

••• kN m m 1 ••• N 1· 
r a .E • 

- mkN k1·•• kN-1a 

Ec~H TeH30p E aHTHCHMMeTpH4eH no ~ID6oA nape HH,lleKCOB k1 ••• kN. 
TO KOM6HHaUHH 

4 

r b E k - r bk Ek k - ••• - r kb Ek k 
ma k1••• N m 1 a 2••• N m N 1••• N-1a 

aHTHCHMMeTpH4Ha no ~ID6oA nape HH,lleKCOB a k, ... kN. C~e,llOBa
Te~bHO, 3Ta KOM6HHaUHH paBHa HY~ID H 

.. 
V E = (a - r) "E 

m k 1 ••• kN m ~ k 1 ••• kN 
( 18) 

TaKHM ze cnoco6oM ,llOKa3UBaeTCH, 4TO 

V E =-Q E • 
mn k 1 .~.kN mn k 1 ••• kN· 

( 19) 

.llBE CBfl3HOCTl1 
IlyCTb Tenepb Ha O,llHOM H · · TOM ze MHoroo6pa3HH 3a,llaHU ,llBe 

CBH3HOCTH f Hf C KOMnOHeHTaMH rm: H rm:. KaK C~e,llyeT H3 (2), 
pa3HOCT:b 

Pa=fa-ra 
mn mn mn 

HB~HeTCH TeH3OpHUM no~eM THna (1/2). 

(20) 

TeH3OP (20) Ha3UBaIDT TeH3OpoM a¢¢HHHOH Jle¢OpMaUHH. 
IlO,llCTaB~.HH B ( 10) B3HTOe H3 ( 20) "BUpazeHHe ,ll~.H f a , mn 

no~yqaeM 3aKOH H3MeHeHHH TeHsopa KPHBH3HU nptt nepexo,lle OT nepBOH 
CB.H3HOCTH KO BTOPOH! 

RV a - Ra ·s mp a 
kln - kln+ kl mn + 

+ vk pl: - vl pk:+ pk: pl~ - pl: pk~. 

CBePTKY 

p = r - r = p a m m m ma 

(21) 

(22) 

Ha3UBaIDT KOBeKTOPOM a¢~HHHOH ,lle¢opMaUHH. H3 (21) no~yqaeM 3aKOH 
H3MeHeHHH TeH3opa KPHBH3Hll CBePHYTOH CB.H3HOCTH 

V m 
okl = okl + vk pl - vl pk~ skl pm= okl + ak pl - al pk. (23). 
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EcJrn noMeHHTb MecTaMH CBH3HOCTH r H f, TO 

cor~aCHO (20) TeH3OP a~~HHHOH .ne~OpMaUHH H3MeHHT 3HaK: 

p a = _ p a • 
mn mn (24) 

Cor~aCHO ze (21) 3aKOH H3MeHeHHH TeH3Opa npH 3TOM npHMeT BH,ll 

V a -
R kln -

a " m a 
R kln+ Skl pmn + 

"a" a as as 
+ Vk pln - Vl pkn -.Pks pln + pls pkn. 

CBfl3HOCTh EE3 KPYYEHHH 
EC~H TeH3OP KpyqeHHH (5) paBeH HY~ID, TO 

r a = r a 
mn nm 

(25) 

(26) 

TaKaH CBH3HOCTb Ha3HBaeTcH CHMMeTpHqHoA .H~H CBH3HOCTbID 6e3 

KpyqeHHH. B 3TOM c~y~ae HaPH.llY C (11) TeH3OP KPHBH3HH 
Y.llOB~eTBOpHeT eme O,llHOMY YC~OBHID a~re6paHqecKOMY 

R :1n + R ~kl~ R ~nk = O 

H O,llHOMY yc~OBHID ,llH~~epeHUHa~bHOMY 

Vi R ~ln + Vl R tkn + Vk R rin = O. 

Iloc~e,llHee Ha3HBaeTCH TOX,ll€CTBOM EHaHKH-Ila,llOBa. 
B pesy~bTaTe CBepTKH OTCID,lla no~yqaeM 

Qkl + Rkl - Rlk = O • 

vi Qkl + vl Qik + vk Qli = O 

(27) 

(28) 

(29) 

(30) 

~~H Kax.noA TOqKH MHoroo6pa3HH MOXHO onpe.ne~HTb TaKYID 
CHCTeMy KOOP.llHHaT, B KOTOpoA 3HaqeHHH Bcex KOMilOHeHT CBH3HOCTH 
6es KpyqeHHH o6pamaIDTCH B HY~b B 3TOH TOqKe. 

6 

3KBHA~HHHAfl CBfl3HOCTb 

CHMMeTpHqHaH CBH3HOCTb Ha3HBaeTCH 3KBHa~~HHHOH, 

cymecTBYeT aHTHCHMMeTpHqHHH no ~ID6OA n~pe CBOHX HH,lleKCOB 
E THna (o/N), KOBapHaHTHaH npOH3BO,llHaH (18) KOTOporo paBHa 

B 3TOM c~yqae 

Qkl = O, ~1 = Rlk. 

IlAPA CHMMETPHYHHX CBH3HOCTEA 

ec~H 

TeH36p 

HY~ID. 

( 31) 

n~H CHMMeTpHqHHX CBH3HOCTeA TeH3OP a~~HHHOH .ne~opMaUHH (20) 
TaKze CHMMeTpHqeH: 

pa= pa 
mn nm (32) 

KaK H B [8] , B 3TOM c~yqae pa3HOCTb TeH3OPOB KP"BH3HH 

3anHmeM B c~e,llyID~HX .llBYX BH,llaX 

r.ne 

Ra 
mnb 

V a 
R mnb 

Ra = V pa_ V pa_ pa 
mnb m nb n mb mnb • 

Ra = V pa_ V pa+ pa 
mnb m nb n mb mnb • 

pa = p s p ~ _ p spa 
mnb mb sn nb sm 

TeHsop (35) Y.llOB~eTBOpHeT yc~OBHHM 

pB = Q 
mns 

pa + pa = O 
mnb nmb • 

pa + pa + pa = 0 
mnb bmn · nbm • 

H3 KOTOPHX c~e,llyeT CHMMeTpHqHOCTb T€H3Opa 

p = pa 
mn amn 

= p a p b _ p p s • 
mb an s mn 

(33) 

(34) 

( 35) 

(36) 

(37) 

(38) 

(39) 

B CHMM€TpHqHOCTH TeHSOpa (39) MOZHO y6e,llHTbCH H Henocpe,llCTBeHHO. 
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CBfl3HOCTb KPHCT~~ERfl 
EC]H KOBapHaHTHaH 

no]H gmn = gnm paBHa 
npOH3BOlHaH HeBUPOXleHHOro TeH30pHoro 

HY]ID, TO CBH3HOCTb fa paBHa CK06Ke mn 

KpHCTo¢¢e]H {man~: 

f a - J a L - 1 gas ( a g + a g a g ) (40) mn - "l m n r - 2 m an n am - a mn • 

rle gas - TeH30p, o6paTHUH TeH30PY gab, TaK 4TO 

gas gab= 6~ • (41) 

H3 paBeHCTBa vk gmn = 0 C]elyeT paBeHCTBO vk gmn = 0, TaK 
4TO onepaUHH onycKaHHH H nOlHHTHH TeH30PHUX HHleKCOB C noMombro 
TeH30pOB g H gmn KOMMYTaTHBHa C onepauHeH vk KOBapHaHTHoro . mn 
lH¢¢epeHUHPOBaHHH no CBH3HOCTH KpHCTo¢¢e]H (40). 

Tenepb 3aMeTHM, 4TO CBH3HOCTL KpHCTo¢¢e]H CHMMeTpH4Ha H 4TO 
ee CB8PTKa paBHa 

r = { a ~ = 
m m a 

1 ab a 1 a 2 g m gab = 2g m g • ( 42) 

rle g - onpeAe]HTe~b MaTpHUU (gmn). IlOSTOMY eC]H B ¢opMy]e (18) 
no]OXHTb 

E1 ••• N = ✓, g I (43) 

TO cnpaBa nO]Y4HTCH HY]b. C]elOBaTe~I,HO, CBH3HOCT1 KpHcTo¢¢e]H 
SKBHa¢¢HHHa. 

TEH30P 3AHillTEAHA 
B c~yqae CBH3HOCTH KpHCTO¢¢e]H (40) HaPHlY C TeH30pOM PH44H 

(12) paccMaTpHBaeTCH CKa]Hp KPHBH3Hll 

H TeH30P 3'1HmTe'1Ha 

Gab= 

mn R R = g mn 

R _ 1 ab --,, ,:;_ 
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(44) 

R gab (45) 

OTHOCHTe]~HO CBH3HOCTH KpHCTO!Wle~H TeH30P 3AHmTeAHa 
YlOB]eTBOpHeT YC]OBHID 

V G gab= 0 
a ab • (46) 

qTo6u lOKa3aTb STO, CBepHeM TOZAeCTBa EHaHKH-naAOBa (28) 
C TeH30pOM 6k gin H nO]Y4HM 

a 

( Vi R :1n + Vl R ~an+ Va R ~in) gin= 0. 

no onpeAe]eHHID (12) nepBoe c]araeMoe B STHX cKo6Kax AaeT 

V. Ra gin= V. R gin. 
i ~ln i ln 

no CBOHCTBY ( 11), no onpeAe]eHHID ( 12) H no onpeAe]eHHID (44) 
BTOpoe C]araeMoe B STHX CK06Kax AaeT 

V Ra gin= - V Ra gin= - V R. gin = - V R. 
1 ian 1 ain 1 in 1 

3a6eraH Bnepel, CKazeM, 4TO TpeT1e C]araeMOe B STHX CK06Kax AaeT 
To xe caMoe, 4TO H nepBoe: 

V Ra. gin= V Ra~= V Ria= V R i rf1a = V R gna 
a lin a li a il a iln a ln • 

CK]aAUBaH STH pe3y~1TaTU, no]yqaeM (46), HO 4T06u' AOKa3aT1 
TpeTHH pe3y]bTaT, HaAO 3HaT1 Te CBOHCTBa TeH30pa KPHBH3Hll, 0 
KOTOPUX pe4b BnepeAH. 

ARfEEPAHqECKHE TOlK,Il.ECTBA 
JRfl TEH30PA KPHBH3HH B CRYqAE CBfl3HOCTH KPHCTO~~ERfl 

npHMeHHB K TeH30PHOMY no]ro gab onepaTOP (6) , no]y4HM 

V gab= Ra g8b +Rb gas= O. 
kl kla kla 

3TOT pe3y]1TaT YA06HO 3anHCaT1 B KOMnaKTHOM BHAe 

Rab+ R ba = O 
kl kl ' 

9 
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0603Ha4HB 

Rab= Ra gsb 
kl kls • (48) · 

'Y4HTHBaH (11), no~yqaeM 

Rab+ Rab= 0 
kl lk ' 

(49) 

a c~eAOBaTe~bHO, 

Rab= R ba 
kl lk ( 50) 

3THX 3HaHHH AOCTaT04HO, 4T06H saBepmHTb Ha4aToe BHme 

AOKa3aTe~bCTBO TeopeMH (46) o TeHsope 3AHmTeHHa. 

Pesy~bTaT, SKBHBa~eHTHHH (47), MOZHO no~Y4HTb HHa4e, 

npHMeHHB onepaTOP (6) K TeH30PHOMY no~ro g • ~MeeM mn 

V g = - R a g - R a g = 0 kl mn klm an kln ma • 

4TO YA06Ho sanHCaTb B KOMnaKTHOM BHAe 

R klmn + R klnm = O' ( 51) 

o603Ha4HB 

a Rab 
R klmn = - R klm gan = kl gam gbn •. ( 52) 

04eBHAHO, pesy~bTaT (51) SKBHBa~eHTeH pesy~bTaTy (47). 
Y4HTHBaH (11), no~yqaeM 

R klmn + R lkmn = O • ( 53) 

a c~eAOBaTe~bHO, 

R = R • klmn lknm 
· ( 54) 

Pesy~bTaT ( 53) SKBHBa~eHTeH pesy~bTaTy ( 49), a pesy~bTaT ( 54) 
SKBHBa~eHTeH pesy~bTaTy (50). 

10 

~oKazeM Teneph, 4To 

R = R • klmn mnkl· ( 55) 

Cor~aCHO (27) TeH30P (52) YAOB~eTBOpHeT yc~OBHID 

R klmn + R mkln, ·+ R lmkn = O . ( 56) 

CAe~aeM B STOM TOZAeCTBe Bee UHK~H4eCKHe nepecTaHOBKH HHAeKCOB: 

R klmn + R mkln + R lmkn = O' R mnkl + R kmnl + R nkml = O 

R nklm + R lnkm + R kln~ = O R + R + R lmnk nlmk mnlk = 0 • 

BH4HTaH H3 BepxHHX paBeHCTB HHZHHe, no~yqaeM 

R -R =(R +R klmn klnm nklm lnkm R + R mkln lmkn 

R mnkl - R mnlk = ( R lmnk + R nlmk) - ( R kmnl + R nkml) • 

B CH~Y (51) H (54) OTCIDAa c~eAYeT (55). 

IlP~M~T~BHAfl H IlO~YilP~M~T~BHAfl CBfl3HOCT~ 

A¢HHHYID CBH3HOCTb Ha3HBaeM npHMHTHBHOH, ec~H OHa 

CHMMeTPH4Ha H ee TeHsop PHMaHa-KpHCTO¢¢e~H paBeH Hy~ro. TaKHM 

o6pa30M, npHMHTHBHaH CBH3HOCTb YAOB~eTBOpHeT CHCTeMe ypaBHeHHH 

Sa= 0 
mn • R ~ln = 0 • ( 57) 

CBH3HOCTb, YAOB~eTBOpHromyro 6o~ee c~a6ow CHCTeMe ypaBHeHHH 

S a = 0 
mn ' 

R +R =0, mn nm ( 58) 

Ha3HBaeM no~ynpHMHTHBHOH. BcnOMHHM, 4TO YAOB~eTBOpHromaH CHCTeMe 
ypaBHeHHH 

S a = 0 , R - R = 0 mn mn nm 

CBH3HOCTb Ha3HBaeTCH SKBHa¢¢HHHOH. 
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KOOP~MHATHAfl CBfl3HOCTb 

A¢¢ttHHyro CBfl3HOCTb Ha3HBaeM KOOPAHHaTHOH, ecJJtt HaA.n;eTCfl Ha 
MHOro6pa3HH TaKafl KapTa y. 4TO B JJro6oA CBH3aHHOH C HeA KapTe X 
BCe KOMnOHeHTH CBfl3HOCTH paBHH 

r a. = 
mn 

a xa. a 2 ys 

a ys a xm a xn 
(60) 

T04Hee. CBfl3HOCTb (60) Ha3HBaeM CBfl3HOCTbro, 3a.n;aBaeMoro KapTOH y. 

HeTpy,n;HO npoBepttTb, 4TO CBfl3HOCTb ( 60) YAOBJleTBOpfleT CHCTeMe 
(57). CJJe,ll;OBaTeJlbHO, KOOPAHHaTHafl CBfl3HOCTb npttMHTHBHa. 

MOZHO ,ll;OKa3aTb, 4TO BCHKOe pemeHtte CHCTeMH (57) 
npe,n;cTaBJJfleTCfl B BH.n;e Koop.n;ttHaTHO~ CBfl3HOCTH. HHaqe roBOPfl, 
npttMHTHBHafl CBfl3HOCTb flBJlfleTCfl KOOp,n;ttHaTHOH. 

Ho KOOp,IJ;HHaTHafl CBfl3HOCTb OTHID,ll;b He 3a,n;aeT KapTy y 
O,ll;H03Ha 4HO: ecJJH no.n;cTaBHTb B ( 60) acpqmHHOe npeo6pa30BaHIIe 

ys = As Zr+ Bs 
r • (61) 

TO pemeHtte CHCTeMu (57) He H3MeHHTCfl. Hao6opoT, ecJJH nptt 

nepexo,n;e OT KapTH y K KapTe z pemeHtte CHCTeMH (58) He MeHHeTCfl, 
TO STOT nepexo,n; OKa3HBaeTCfl acpq>HHHbIM. TaKHM o6pa30M, BCHKafl 
KOOP,ll;HHaTHafl CBfl3HOCTb onpe,n;eJJHeT a¢¢ttHHYID reoMeTpttro. 

METPHRA, JOilYCRAEMAH ROOPJHHATHO~ CBH3HOCTbID 

Koop.n;ttHaTHafl CBfl3HOCTb (60) HHKaKOH MeTpHKH He 3a,n;aeT, HO 
,n;onycKaeT ee B BM,n;e 

C mn ~ 2-...i::_ d Xa. d X b = 
a xa. a xh 

C d ym d yn 
mn • ( 62) 

r,n;e O MaTpttue ( Cmn) H3BeCTHO TOJlbKO, 4TO OHa CMMMeTPH4Ha. He 
BHPOZ,ll;eHa H He 3aBMCHT OT Koop.n;ttHaT y. 

HeTpy.n;Ho y6e.n;ttTbCfl, 4TO CK06KH KpttcTo¢¢eJJH ,ll;Jlfl TaKOH 
MeTpHKH paBHHIDTCfl (60). JeHCTBMTeJlbHO, B .n;aHHOM CJJyqae 

g - = C ~ 2-..i!:_ 
Gb mn ~ a b • 

u X O X 
gmn = Cab {J Xm O Xn 

a Ya. a Yb • 
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) 

r,n;e (Cab) - MaTpttua, o6paTHaH (Cmn) • CJJe,n;oBaTeJJbHO, 

-{ a. ~ = ga.s C 
m n pq 

2-L 
a xs 

a2 Yq -
a xm a xn -

= 0rt {j X a. 0 X s 
C ~ a 2 :t q 

= 
af a,J pq a-:P a -fl a i1 

= 0rp a xa. C a2 Yq = a xa. a2 yr 
a yr pq a xm a xn a xr a xm_a xn 

3aMeHflfl HH,ll;eKC CYMMHPOBaHttfl, noJJyqaeM (60). 
TaKHM o6pa30M, HHKaKOH HH¢0pMaUHH O MaTpttue (Cmn) CBfl3HOCTb 

(60) He co,n;epzttT. 

IlAPA IlPHMHTHBHUX CBfl3HOCTEA 

PaCCMOTPHM napy pemeHHH r Hf' CHCTeMH ypaBHeHHH (57): O,ll;HO 
H3 HHX B Btt.n;e KOOPAHHaTHOH CBfl3HOCTH ( 60) • a ,n;pyroe B BH,n;e 
KOOp,IJ;HHaTHOH CBfl3HOCTH 

r a -
mn -

a xa 

a zs 

a2 Zs 

a xm a xn 

B ,n;aHHOM CJJyqae TeH30P acpq>HHHOH )J;eq>opMllUHH ( 20). paBeH 

Pa -
mn -

a xa. 

0 Zs 
~ 
a xm 

JeACTBHTeJlbHO, MMeeM 

a z s -- = 
a i1 

CJJe,n;oBaTeJJbHO, 

02 Zs 
= 8 Zs a2 Y.q 

~ a2 zs 
0 Xn O yP {j yq 

0 Zs -2...Lq 

of a i1 

+ 
a Yq a 

a xm a xn a Yq a xm a xn a xn a xm 

p. a= 
mn 

a xa 
0 Zs 
~ 
a xn 

_O __ O Zs 
a xm a yq 

13 

.' (63) 

( 64) 

0 Zs 

a Yq • 



Ms 8Toro paBeHCTBa Henocpe,llCTBeHHO C]e,nyeT (64). B CBOro oqepe,n1, 
1113 ( 64) C]e,llyeT, qTo HeaqarnHhlH nepexo.n OT KaPThl y K KapTe Z 

MeHHeT npll1Mll1T111BHYID CBH3HOCT1 111 ,naeT HOBOe pemeH111e Cll1CTeMhl (57); 
HanpoT111B, a¢111HHhlH nepexo.n OT y K Z 3TOH CBH3HOCTll1 He MeHHeT. 

YHC~O CYmECTBEHHHX KOMilOHEHT TEH30PA KPHBH3HH 
IlOC4111TaeM 4111C~O C cymecTBeHHhlX KOMnOHeHT TeH30pa, 

Y.JlOB~eTBOpHromero yc~OBll1HM (11) 111 (27). QqeB111.nHo, qTO C = NP, 

r.ne N - pa3MepHOCT1 MHOroo6pa3111H, P - 4111C~O cymecTBeHHhlX 

KOMnoHeHT TeH3opa pkln, Y.llOB~eTBOPHromero yc~OB111HM 

TaK KaK TeH30p 

pkln + plkn = O' 

pkln + pnkl + plnk = O" 

Skln = pkln + plkn 

( S) 

(A) 

Cll1MMeTp111qeH no nepBhlM .llBYM 111H.D;eKCaM, TO q111c~o ~111HeHHO 
He3aBHCHMhlX yc~OB111H Tll1na (S) paBHO 

S = N N (N + 1) 
2 

Ec~111 yc~OBll1H (S) BhlnO~HHIDTCH, TO TeH30P pkln aHTll1Cll1MMeTp111qeH no 
nepBhlM .llBYM 111H,lleKCaM, a TeH30P 

¾1n = pkln + pnkl + plnk 
1 

aHTHCll1MMeTp111qeH no BCHKOH nape 111H,lleKCOB. C~e.noBaTe~1HO, K 4111C~y 
s .no6aB~HeTCH 4111C~O 

A·= N (N_ - 1) ( N - 2) 
6 

~111HeHHO He3aBll1Cll1MhlX YC~OBll1H Tll1na (A). Il03TOMY 

P = N
3 

- N N (N + 1) 
-2-- N _j N - 1 ) ( N - 2) = Ji. ( N2 _ 1 ) , 

6 3 
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a C]e~oBaTe]1Ho, 

C = + N2 CN2 
- 1) • ( 65) 

B 4aCTHOCTll1, B .nByMepHOM c~yqae C = 4. 0T0~1KO ze KOMnoHeHT 
111MeeT 111 TeH30P P1114q111. Il03TOMy B ,nByMepHOM c~yqae BO3MOXHO 

111 Ha caMOM .ne~e BhlnO~HHeTCH (CM.[6, c. 291]) paBeHCTBO 

a a · a · 
R klm = 6k Rlm - 61 Rkm. (66) 

B c~yqae CBH3HOCTll1 Kp111CTO~¢e~H, KaK noKa3aHO B KH111re [9] Ha 

CTpaH111ue 201, 4111C~O cymecTBeHHhlX KOMnoHeHT TeH30pa KPll1B1113Hhl (52) 
paBHO 

C 1 2 4 = 12 N ( N2 - 1 ) (67) 

B lBYMePHOM c~yqae f = 1 , TeH30P 3'1i-lmTeHHa ( 45) paBeH 
HY~ID, a TeH30p P111MaHa-Kp111cT0¢¢e~H paBeH 

R klmn = f R (gkm gln - gkn glm) • (68) 

B TpexMepHOM c~yqae ¾ = 6. 0T0~1KO ze KOMnoHeHT B 3TOM 
c~y4ae 111MeeT 111 TeH30p P11144111. Il03TOMY B TpexMepHOM c~yqae 
B03MOXHO 111 Ha caMOM .ne~e BhlnO~HHeTCH (CM. [10, c.366]) paBeHCTBO 

r.ne 

R = L ·g - L . g 
klmn km ln kn lm + L g - L g ln km lm kn' 

L = R mn mn 
1 -.--Rg. 
~ mn 

( 69) 

(70) 

C~e.noBaTe~bHO, B TpexMepHOM c~yqae no~ynpll1M111Tl1BHaH CBH3HOCT:b, 
npe.ncTaB~HeMaH CK06KOH Kp111CTO¢~e~H, npHM111Tll1BHa. 

B Cll1~Y (47) 111 (49) TeH30p R~~ MO:IHO paccMaTp111BaTb KaK 
~HHeHHhlH onepaTOP, .neHCTBYIDmHH B npocTpaHCTBe 6111BeKTOpOB xkl 

TO ecr1 aHT111Cll1MMeTPl14HhlX TeH30pOB Tll1na (2/0). Ilpe,ncTaB~HeT 
111HTepec ypaBHeHHe 

1 ' Rab xkl = 'A Xab 
2 kl 
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Ha co6CTBeHHUe 3HaqeHHH 8TOro onepaTopa. HHTepeCHU TeH30PU 

A ( aa ab - ab aa) - Rab 
k 1 k 1 kl A (gkm gln - gkn glm) - R klmn 

H CHMMeTpHqHaH 6HJHHeHHaH ¢opMa Xkl R kl ymn. · mn 

~OPMYJIA fAYCCA 
IlOlCTaBHB B (52) onpeleJettue (10), a 3aTeM (40), HeTPYlHO 

noJyqHTb CJelyIDmee BHpaxeHHe lJH TeHsopa PHMaHa-KpHCTO¢¢eJH: 

R - 1 [ a2 + a2 a2 a2 g ] + klmn - 7 kn glm lm gkn - ln gkm - km ln 

+ gpq [ rk~ r1~ - r1~ rk~] • ( 71) 

B qacTHOCTH npH N = 2 B o6osttaqeHHHX raycca nHmeM 

g11 = E • g12 = g21= F • g22 = G • 

OTCIDla HaXOlHM 

g11 = _Q_ , 
g 

3aTeM, o6osHaqaH 

HaXOlHM 

g12 = g21 - F - - g , 

r = g rs a,mn as mn 

g = E G - F F • 

- E - g g22 

r1,11 = 
1 

r 2, 11 = a1 F - -½ a2 E 7 a1 E , 

r1.12 = 
1 

r2,12 = 
1 

7 a2 E , 7 a1 G , 

r 1. 22 = a2 F - -½ a 1 G , r2,22 = -½ a2 G 

BocnoJb30BaBmHCb paBeHCTBOM 

gpq [rk~ r1~ - r Pr q] = gPq [r r ln km p,kn, q,lm r r k ] , p, ln q, m 

16 

(72) 

(73) 

( 74) 

(75) 

1\ 
I 

\~ 
r 

cor~acHo (69) no~yqaeM 

1 1 2 a2 1 2 
R 1212 = 7 R g = - 7 a22 E + 12 F - 7 a11 G + 

+gPq[r r -r r] p,12 q,12 p,11 q,22 • (76) 

B Kottue npeo6pasoBaHHH HaXO.llHM, qTo npH N = 2 

R klmn = K (gkm gln - gkn glm) • (77) 

Ple K = T R - KPHBH3Ha, .ll~H KOTOPOH raycc [ 11, c. 139) BHBeJ. 
·cJe,llymyID ~OPMYJY: 

4 g g K = E X + F Y + G Z -

- 2 g [ a~2 E - 2 a~2 F + a~1 G] , 

B KOTOpOH 

x = 4 <r2,12 r2,12 - r2,11 r2,22> = 

= a2 E • a2 G - 2 a1 F • a2 G + a1 G. a 1 G, 

Y = 4 <r1,11 r2,22 + r2,11 r1,22 - 2 r1,12 f2,1i> = 

= o E • o G - o E • o G -
1 2 2 1 

- 2 o2 E · o2 F + 4 o1 F • o2 F - 2 o1 F · o2 G, 

z = 4 <r1,12 r1,12 - r1,11 r1,22> = 

= o1 E · o1 G - 2 o1 E · o2 F + o2 E · o2 E 

BH~AIDmAflCfl (EGREGIUM) TEOPEMA rAYCCA 

(78) 

PacCMOTPHM ,llByMepHoe MHoroo6pasue, npe,llcTaBJeHHOe B BH,lle 
noBepxHOCTH 

r = r (u, v) 

17 
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B TP~XMepHOM eBK~H,nOBOM npocTpaHCTBe. B TaKOM c~yqae KOMITOHeHTH 

(72) paBHH CKa~HPHHM npOH3Be,neHHHM 

gmn = rm r n ( 80) 

C ,npyrot\ CTOPOHH, cor~aCHO (,82) 

r r =B B +g rPrq. 
ab mn ab mn pq mn ab 

C~e.noBaTe~bHO, KOMnOHeHTH (74) pa~HH CKa~HPHHM npoH3Be,neHHHM . I Hs .nBYX noc~e,nHHX paBeHCTB c~e,nyeT, 4TO 

r = 1 ca g + a g - a g > = r r a,mn 2 m an n am a mn a mn ( 81) 

OTcro.na c~e,nyeT, 4TO CKa~HPHHe npoH3Be,neHHH 

ra (rmn - rm~ rs) 

paBHH HY~ID, a 3Ha4HT, 

r = r s r + B P mn mn s mn • ( 82) 

rAe P - e,nHHH4HHH BeKTOP, nepneHAHKY~HPHHH K noBepXHOCTH (79) B 
T04Ke npH~O%eHHH, KOMnoHeHTH B paBHH CKa~HpHHM npOH3BeAeHHHM · . mn . 

B = P r mn mn 

~H¢¢epeHUHPYH (81), no~yqaeM paBeHCTBO 

r r- + ~ r = 1 ( a2 g + a2 g ab mn a bmn 2 bm an bn am a2 ] ab gmn 

IlepecTaB~HH s.necb MeCTaMH HH.neKCH m H b. no~yqaeM ,npyroe 

r r + r r = 1 ( a2 g + a2 g - a2 g ] am bn a mbn 2 mb an mn ab am bn 

BH4HTaH H3 nepBoro BTopoe, Haxo,nHM TpeTbe 

r r - r r = 1 [a2 g + a2 g - a2 g - a2 
ab mn am bn ·2 bn am am bn ab mn mn 

CpaBHHBaH noc~e.nHee c paBeHCTBOM (71), Haxo.nHM 

(83) 

gab]. 

r r -r r =R -g (rprq -ab mn am bn bman pq bn am r P r q ] mn ab • 

18 

R = B B . - B B • bman ab mn am bn 
(84) 

CpaBHHBaH STY ¢opMy~y c ¢oPMY~OH (77), no~yqaeM 

Bab Bmn - Barn Bbn = K (gab gmn - gam gbn) • ( 85) 

B qaCTHOCTH 

B11 ~22 - B21 B12 = K (g11 g22 - g12 g21) • - (86) 

raycc me~ o6paTHHM nyTeM: Ha3BaB MepoA KpHBH3HH OTHOmeHHe 

K onpe,ne~HTe~eH BK g, OH BHBe~ A~H K ¢opMy~y (78), 
11 ••• KOTOpaH caMa co6oA npHBOAHT K BHAaIDmeACH (egregium) 

Teo p e Me. EcAu Kpu6ast no6epxnocmb 6yaem pa:36epnyma na 
m6yv Bpyzyv no6epxnocmb, mo npu amo~ JJ.epa Kpu6U3nu 6 Ka.tBou ee 
mo~Ke ocmaemc~ tteU3JJ.ennou. 

04eBH,nHo TaKze, 4TO Av6ast Kone~nast ~cmb Kpu6ou no6epxnocmu 
nocAe pa:36epmu6an~ na Bpyzyv no6epxnocmb coxpanum my ze noAnyv 
KpU6U3ny. 11 

[ 11 , C. 140] • 

HHTEfPA~bHAfl TEOPEMA CTOKCA 
KoHcneKT TeopHH HHTerpHpOBaHHH Ha MHoroo6pa3HHX COCTaB~eH 

MHOID H qacTH4HO ony6~HKOBaH .B [12). B CBH3H C 3TOH TeopHeH oco6o 

BH,ne~HIDTCH TeH30PHHe no~H 6e3 BepXHHX HH,neKCOB C 
aHTHCHMMeTpH4HHMH no BCeM HHXHHM HH,neKcaM KOMnOHeHTaMH 

Qa1•••aK 
(87) 

TeH30pHoe no~e C aHTHCHMMeTPH4HHMH KOMnOHeHTaMH (87) 
Ha3HBaeM no~eM THna [K). IlpH K < 2 yc~OBHe 8HTHCHMMeTpH4HOCTH 
TepHeT CMHC~ H B 3TOM c~yqae CHHMaeTCH, HO noHHTHe THna [K] 
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coxpam1eTCH, TaK qTo [1J = (0/1) • CoJ = (o/o) • HHaqe roBOPH, 

TeH3OPHOe noJie nma [ 1] .HBJI.HeTC.H KOBeKTOPHHM noJieM Qa , a 

TeH3OPHOe noJie THna [o] .HBJI.HeTC.H CKaJI.HPHHM noJieM n. Ho npH K > N 
BCe nOJIH THna (K] paBHH HYJIIO, TaK 4TO B CKO6Ke [K] HMeeT CMHCJI 

paccMaTpHBaTb TOJlbKO ueJIHe 4HCJia K H3 HHTepBaJia O ~ K Ii; N. B 
STHX npe,n;eJiaX COOTBeTCTBeHHO MeH.HeTC.H H pa3MepHOCTb o6JiaCTH 
HHTerpHpoBaHH.H. YHCJIO cymecTBeHHHX KOMnoHeHT (87) paBHO 

CK _ N ! 
N - K ! (N - K) ! (88) 

HHTerpaJI no K - MepHOH o6JiaCTH HHTerpHpoBaHH.H D 6epeTC.H OT 

TeH3OPHOrO noJI.H THna (K] • EcJIH STa o6JiaCTb 3a,n;aeTC.H B BH,n;e 

a a ( 1 K) X=X U, ••• ,U, a= 1 , ••• , N, (89) 

TO HHTerpaJI OT TeH3OPHOro noJI.H (87) THna [K] no p6JiaCTH D paBeH 

K - KpaTHOMY HHTerpaJiy 

Q (D) = f ... f Qa1 ••• aK 

a 
~ 
a u1 

0 XaK 
-- d 1 a uK u ••• ctuK 

0,ll;HOMepHa.H o6JiaCTb L ~ STO KPHBa.H. ECJIH OHa 3a,n;aHa B BH,ll;e 

xa = xa ·cu) , a = 1 , 

TO HHTerpaJI OT KOBeKTOPHOro noJI.H Q paBeH a 

• N • 

a xa 
Q (L) = f Qa au d u . 

( 90) 

( 91) 

( 92) 

HyJibMepHa.H o6JiaCTb - 3TO TO4Ka p. HHTerpaJI OT CKaJI.HPHOro nOJIH Q 

no STOH o6JiaCTH paBeH 3Ha4eHHID Q (P) STOro noJI.H B TO4Ke P. 
IlpH C~OPMYJIHPOBaHHUX Burne· YCJIOBH.HX MOlltHO pyqaTbC.H, 4TO 

HHTerpaJIU He 3aBHC.HT HH OT BU6opa KOOP,ll;HHaT x, Hii OT BU6opa 

napaMeTpOB u, a ecJIH KaKOH-JIH6O HHTerpaJI 3aBHCHT OT BU6opa 

KOOPJlHHaT, TO eMy HeT MeCTa HH B TeOPHH MHoroo6pa3HH, HH B OTO. 

rJiaBHYIO _POJib B TeOpHH HHTerpHpoBaHH.H Ha MHoroo6pa3H.HX 
HrpaeT TeopeMa CTOKCa, corJiaCHO KOTOPOH HHTerpaJI OT TeH3OPHOro 

noJI.H n THna [ KJ no rpaHHUe D' • orpaHH4HBaromeA ( K + 1) - MePHYIO 
O6JiaCTb D paBeH HHTerpaJiy no o6JiaCTH DOT BHemtteA npOH3B0,ll;HOH Q' 
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noJIH Q. TO eCTb 

Q (D') = Q' (D) • 

BHemH.H.H npoH3Bo.n;Ha.H onpe,n;eJI.HeTC.H cJie,n;yromHM o6pa3OM. 
KOMnOHeHTa ( 87) aHTHCHMMeTPH4Ha no BCeM K HH,ll;eKCaM, 

KOM6HHaUH.H 
Q 
aa1 ••• aK = a 

a Qa1••·aK 

- a n 

- aa 
1 

a 2 a 1aa3° •• aK 

Qaa ••• aK 
2 

- ·a n 
aK a1 ••• aK-1a 

(93) 

ECJIH 
TO 

( 94) 

ee qaCTHUX npOH3BO,ll;HUX_ aHTHCHMMeTpH4Ha no BCeM CBOHM K + 
HH,ll;eKcaM. ECJIH K TOMY lite ( 87) .HBJI.HeTC.H KOMnoHeHTOH TeH3OPHOro 
noJI.H THna [K] , TO KOM6HHaUH.H (94) .HBJI.HeTC.H KOMnotteHTOH 

TeH3OpHoro noJI.H THna [K+1] • IloJiyqeHHOe TaKHM o6pa3OM TeH3OPHOe 

noJie Q' THna [K+1] Ha3HBaeTC.H BHeIDHeH npOH3BO,ll;HOH HCXO,ll;HOrO nOJI.H 
Q THna [K] • IlpH K = 0 ~opMyJia ( 94) Tep.HeT CBOH CMHCJI, H ee 

HYlltHo ,n;onoJIHHTb onpe,n;eJieHHeM Q' = a n. a a 
C.n;eJiaeM cJie,n;yromee o4eHb Ba:1rnoe 3aMeqaHHe. B OTJIHqHe OT 

KOBapHaHTHOH . npoH3BO,ll;HOH ,ll;JI.H onpe,n;eJieHH.H BHemHeH npOH3BO,ll;HOH 

BBO,ll;HTb a~~HHHYIO CBH3HOCTb He noTpe6oBaJIOCb. 

HHTErPARbHAfl TEOPEMA rAYCCA 
B CJiyqae opHeHTHpyeMoro MHOroo6pa3H.H X cymeCTBYeT TeH3OPHOe 

noJie E THna [N] , TaKOe 4TO BCIO,ll;Y 

e = E1 ••• N > 0. ( 95) 

Ha30BeM ero MepoA o6~eMa. BMeCTe CE paCCMOTPHM BeKTOpHoe noJie 
pa H COCTaBHM TeH3OpHoe noJie (FE) THna [N-1] C KOMnOHeHTaMH, 

paBHHMH CBepTKaM 

(F E) = pb E . 
a1 · · · aN-1 ba1 · • · aN-1 • 

(96) 

BttemH.H.H npOH3BO,ll;Ha.H (FE)' nOJI.H (FE) .HBJIHeTC.H TeH3OpHUM noJieM 

THna [N] • IlOSTOMY OHa OTJIH4aeTC.H OT noJI.H E TOJibKO CKaJI.HPHUM 
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MHO:IHTeJieM f: 

( F E)' = f E • 

IlO,llCTaBJIHH (96) B (94), HaXO,llHM STOT MHO:IHTeJib: 

f = e-1 a < e pb) • 
b 

(97) 

( 98) 

CKaJIHPHOe noJie f Ha3HBaeTCH ,llHBepreHUHeH BeKTOPHOro noJIH pb 
(OTHOCHTeJibHO MepH o6~eMa E). 

- B npHMeHeHHH K TeH30PHOMY noJIIO ( 96) THna [N-1] TeopeMa 
CTOKCa Ha3HBaeTCH TeopeMOH raycca. 

HHTEfPAlhHAH TEOPEMA fAYCCA B PHMAHOBOM_MHPE 
B PHMaHOBOM MHpe C MeTPHKOH 

d s2 = g d xa d xb ab · ( 99) 

a~~HHHaH CBH3HOCTb fa 3a,llaeTCH CK06KOH KpHCTO~~eJIH (40). mn 
3JieMeHT o6~eMa 3a,llaeTCH 

0

B BH,lle 

d X = e d X 1 • • • d XN , ( 100) 

r,lle onpe,lleJieHHaH no ~opMyJie (95) KOMnoHeHTa ·e paBHa (43). 
~HBepreHUHH (98) paBHa 

f = e-1 ab< e pb) = vb pb. ( 101) 

TeopeMa raycca B PHMaHOBOM MHpe 3anHCHBaeTCH B BH.lle 

J pa g d ib =JV pb d X ab b , ( 102) 

D' D 

r,lle d ib BeKTOP nJio~a,llKH Ha rpaHHUe D' o6JiaCTH D. 0TMeTHM, 4TO 

V pb = (V _pa) pb 
b b ab , 

r,lle Pa - TeH30P a~~HHHOH ,lle~opMaUHH (20). mn 

22 

( 103) 

KpaAHe Ba:IHO noHHTb, 4TO TeopeMa raycca npHMeHHMa TOJ!bKO K 
BeKTOI)HOMY noJIIO. filHPOKO pacnpocTpaHeHHHH, HO HeBepHHH BHBO.ll 0 
TOM, 4TO SHeprHH rpaBHTaUHOHHOro noJIH ~eJioKaJIH3YeMa, noJiyqaeTCH 
B pe3yJibTaTe npHMeHeHHH TeopeMH raycca K o6~eKTY, He HBJIHJOmeMyCH 
BeKTOPHHM noJieM. B nepeBO,lle Ha PYCCKHH, KaK HanHCaHO Ha CTpaHHUe 
436 B CTaTbe [ 13], BHpaJCeHHe "sHeprHH He JIOKaJIH3yeMa" 03Ha4aeT 
( UHTHpylO): 

"3HeprHH rpaRHTaUHOHHOrO nOJIH He JIOKaJIH3YeMa, T. e. He 
cymecTByeT O,llH03Ha4HO onpe,lleJieHHOH nJIOTHOCTH SHeprHH." 

IlO.llYMaTb TOJibKO! Pe4b H,lleT O nOHHTHH, Hrpa10meM ueHTpaJibHYIO 
poJib B COBpeMeHHOH "TeopeTH4eCKOH !pH3HKe. Be,llb TaK H Ha4HHaeTCH 
CTaTbH [13): 

"IlOHHTHe 3HeprHH HrpaeT ueHTpaJibHYIO POJib B COBpeMeHHOH 
TeopeTH4eCKOH ~H3HKe." 

I.JTO ,Ila --TO ,Ila! 

YPABHEHHH fEO~E3HI.JECKHX 
K nOHHTHIO CHMMeTpH4HOH a~llJHHHOH CBH3HOCTH MOJ:HO no,llOHTH, 

paccMaTpHBaH ypaBHeHHH reo,lle3H4eCKHX B BH,lle 

d xa Tt =Pa, ~ = - r a pm pn. Qt mn 

IlpaBHe 4aCTH 3THX ypaBHeHHH 6y,lleM C4HTaTb KOMnOHeHTaMH 

ra =pa, rN+a = - fa (X) pm pn 
mn 

BeKTOpHoro noJIH Ha 2 N - MepHOM MHoroo6pa3HH c KOOP.llHHaTaMH 

1 N N+ 1 _ 1 2N _ N 
X , ••• ,x, ·X -P , ... ,x -P. 

( 104) 

( 105) 

( 106) 

B COOTBeTCTBHH C 3THM YCJIOBHeM, nepeXO,llH K HOBHM KOOP.llHHaTaM 

yk = yk (X, p) , k = 1 , ••• , 2 N, ( 108) 

ypaBHeHHH (104) npeo6pa3yeM K BH.llY 

k k -" k 
J!__y:_ = Hk = 2-L pa - .s!___L_ r a pm pn , k = 1 , ••• , 2 N. ( 109) at a xa a pa mn 
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B l!aCTHOCTH·npu 

ya (X, p) = ya (x) , 
a a - 2.....L pm= q - a xm 

yN+a (X, p) ( 110) 

noJiyl!aeM 

Ha=~pm 
a xm 

HN+a = [ a2 ya 
a xm a xn 

~rs] pm pn, (111) a XS mn 

TaK l!TO npH nepeXOle (110) ypaBHeHHH (104) coxpaHHIDT CBOH BHl: 

JLr = qa · ~ = _ H a qm qn aT • aT mn ' 

rle KOMnoHeHTU Ha CBH3aHU C KOMnOHeHTaMH fa no npaBHJIY mn mn 

[ 
a2 ya 

8
m~ = a xi a xj 

_ ~ r s ] a xi a xj 
8 Xs ij a ym a yn 

( 112) 

(113) 

SKBHBaJieHTHOMY npaBHJIY (2), onpeleJIHIDmeMy a¢¢HHHYID CBH3HOCTh. 
BNleJieHHe npeo6pasoBaHHH (110) cpelH Bcex KOOPlHHaTHUX 

npeo6pasoBaHHH_2N - MepHoro MHoroo6pasHH coxpaHHeT ero CTP':/KT':/P':I 
KacaTeJihHOro nyl!Ka p (X) BeKTOpOB HCXOlHOro MHoroo6pa3HH X. Mu 
lOKaSaJIH TeopeMy: eCJIH ¢YHKUHH ( 105) OT x , p COCTaBJIHIDT 
BeKTOPHOe noJie Ha p ( X) , TO ¢YHKUHH r a OT X COCTaBJIHIDT · mn 
CHMMeTpHl!HYID a¢¢HHHYID CBH3HOCTh Ha X • HeTP':/lHO BHleTh, l!TO 
BepHa H o6paTHaH TeopeMa: ecJIH ¢YHKUHH f a OT x COCTaBJIHIDT . mn 
CHMMeTpHl!HYID a¢¢HHHYID CBH3HOCTh Ha X, TO ¢':IHKUHH (105) OT x, p 
COCTaBJIHIDT BeKTOPHOe noJie Hap (X). -

HHTepeCHO, l!TO P (X) HBJIHeTCH OpHeHTHpyeMNM MHOroo6pasHeM, 
TaK KaK HK06HaH npeo6pasoBaHHH (110) 60Jibme HYJIH. neHCTBHTeJihHO, 
TaK KaK npOH3BOlHlle ·a yk / a Pb paBHN HYJIID, eCJIH k 'N, H paBHH 
a ya/ a Xb ecJIH k- = N + a, TO STOT HK06HaH paBeH 

( 1 N. N+1 2N) a Y , ... , Y, Y , ..• , Y 
1 N. 1 N a(x, ... ,x,p , ... ,p > 

= [ a < Y :-, ••• , Y: > ] 2 > o • 
a ex, •.• , x > (114) 

BBHlY Toro, l!TO OH noJIOZHTeJieH H He saBHCHT OT p , Ha 
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MHOroo6pa3HH P (X) MO%HO sa~aTh Mepy o6~~Ma c noMOmhro TeH30PHOro 
nOJIH THna [2N], OCHOBHaH KOMnoHeHTa KOToporo He saBHCHT OT p: 

E1 N ... 2N = E = E(x1, ••• , xN) > O. ( 115) 

nHBepreHUHH BeKTOpHoro noJIH (105) OTHOCHTeJlhHO STOH Mepu paBHa 
Hap (X) CKaJIHPHOM':/ nOJIID 

f (x, p) = E- 1 pa (a E - 2 r E) • 
a a ( 116) 

ECJIH STa lHBepreHUHH paBHa H':/JIID, TO CBH3HOCTh 
B STOM CJlyl!ae 

fa SKBHa¢¢HHHa. mn 

r = 1 a E • a 7'"E a ( 117) 

ECJIH CBH3HOCTh fa paBHa CK06Ke KpHCTo¢¢eJIH (40), TO corJiaCHO mn 
(42) E = I g I H lHBepreHUHH (116) paBHa HYJIID. 

TaKOH no~xo~ K nOHHTHID a¢¢HHHOH CBH3HOCTH 6UJI paCCMOTpeH B 
pa6oTe [14] no KHHeTHl!eCKOH TeOPHH rasoB B OTO. ':ITBepz~eHHe o 
TOM, l!TO B STOH TeOPHH ~HBepreHUHH (116) paBHa HYJIID, aHaJIOrHl!HO 
H3BeCTHOH B CTaTHCTHl!eCKOH ¢H3HKe TeopeMe JHYBHJIJIH. 

OCHOBH TEH30PHOA TEOP~~ TflfOTEHHfl 
IloJiaraeM, l!TO cymecTBYIDT lBa CHMMeTpHl!HNX TeHSOPHUX nOJIH: 

gab HP a. ':ICJIOBHe CHMMeTPHH 03Hal!aeT gab= gba Hp-a= Pa. mn • . mn nm 
IloJiaraeM, l!TO TeHsop gab SalaeT B TOl!Ke CBOero npHJIOZeHHH 

KacaTeJlhHOe npocTpaHCTBO CKOPOCTeH, HaleJIHH ero reoMeTpHe0 
Ro6al!eBCKOro [15]. CJielOBaTeJihHO, cymecTByeT o6paTHOe noJie gab H 
MeTPHKa (99) HOPMaJihHOro rHnep60JIHl!eCKOro THna. 

BBOlHM CBH3HOCTh KpHCTO¢¢eJIH (40) H ¢OHOBYID CBH3HOCTh 

r a = r a + p a 
mn mn mn • ( 118) 

IloJiaraeM, l!TO leHCTBHe MaTepHH He saBHCHT OT TeH30pa Pa, mn 
a leHCTBHe rpaBHTaUHOHHOro flOJIH 3alaeTCH CB8PTKOH 

ab p L = g ab' ( 119) 
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r,n;e TeH3OP _ P ab paBeH ( 39). B CHJIY nepBoro H3 STHX YCJIOBHM 
onpe,lleJrneMHH no r~1J11>6epTy TeH3OP SHepnrn-HMITYJII>Ca ·MaTepHH Mab B 
H3JiaraeMOH TeopHH TOqb B Toq:c TaKOH ze, KaK H B a0HmTeHHOBCKOA 

TeopHH, a CJie,D;oBaTeJil>HO, 

V gan M = 0 • a nb ( 120) 

B. CHJIY BToporo H3 STHX YCJIOBHH. B noJieBOM rpaBHTaUHOHHOM 
ypaBHeHHH 30HmTe0tta TeH3op·Rab 3aMeHHeTcH Ha TeH3OP 

1 .., ,v 

Sab = Rab - 2 (Rab + Rba) , ( 121) 

a B nceB,D;OTeH3Ope 3AHmTe0Ha CBH3HOCT:b r a 3aMeHHeTCH Ha TeH3OP, mn 
paBHHH - pm~. B pe3yJ11>TaTe npHXO,D;HM K rpaBHTaUHOHHOMY ypaBHeHHID 

S 1 ab - 2 S gab = JLLJ M C4 ab , ( 122) 

r,n;e 
s = gmn smn, ( 123) 

HK TeH3OPY SHeprHH-HMITYJibCa 

Ea= ~mn (Pa_ p oa) _ L 0a 
b b mn. m .n. . b , (124) 

r,n;e 

~mn = (V _ p) ff1n = gns p n + gilB pm_ ff1n p 
b b b sb - sb b '( 125) 

IlpH BHBOle noJieBoro ypaBHeHHH (122) no TeopeMe raycca 
(102) JiarpaHZHaH L MOZHO 3aMeHHT~ Has, TaK KaK H3 (33) cje,l{yeT 
paBeHCTBO 

L = S + V (~a - Pa) a , 

r.l{e 
~a= ~an= ,..mn pa. 

n ff> mn, 

pa= gab p = gab p n 
b bn 
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( 126) 

(127) 

( 128) 

~ CB.fl3H C TeH3OPOM (121) npe,n;cTaBJI.fl!OT HHTepec CJie,D;y!Oll(He 
paBeHCTBa: 

V gan (2 S - S g ) = V gan (R + R ) 
.a nb nb a nb ·on V ,..mn R = 

b ff> mn 

= (V - p) [gan (R + R )] - gffln V Rmn • 
a a nb ·on b , ( 129) 

gan (2 s _ s g ) _Ea= (V _ p) [ uan + ~a on_ ~na J 
nb nb b n n b b b , 

(130) 
r,n;e 

uan = gns pa - gasp n + oa (~n - pn) - on (~a - pa) • 
b bs bs. b b ( 131) 

BeKTOp ~a Ha3HBaeM BeKTOPOM aHrapMOHHqHOCTH $OHOBOH 
CBH3HOCTH (118), TaK KaK B T8OPHH rpaBHTaUHH 30HmTeAHa YCJIOBHe 

~a= 0 ( 132) 

onpe,l{eJIHeT. rapMOHHqecKHe KOOPlHHaTH. IlOSTOMY H TeH3Op (125) 
Ha3HBaeM TeH3OPOM aHrapMOHHqHOCTH $OHOBOH CBH3HOCTH. 

ECJIH 

17a (Rnb + !\in> = O, 

TO H3 (120), (122) H (129) CJie,n;yeT 

V V n 
(Rnb + Rbn) ~ = O · 

TEOP~fl 3AHillTE~HA-P03EHA KAK YACTHHA ClYYAA 
EcJIH $OHOBaH CBH3HOCTb (118) noJiynpHMHTHBHa, TO 

8ab = Rab 

( 133) 

(134) 

( 135) 

H ypaBHeHHe ( 122) COBna.l{aeT c ypaBHeHHeM 3AHIIlTet1Ha-rHJib6epTa. 
0.l{HaKo YCJIOBHe (135) CJIHIIlKOM CJia6o AJIH Toro, YTO6H MH, onHpaHcb 
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Ha Hero, MOr~H BU,lle~HTb TY qaCTb SHHmTeAHOBCKOH TeOpHH, KOTOpaH 
HCTOpw~eCKH CBH3aHa C nceB,llOTeH3OPHOH cy6KY~bTYPOH. Heo6XO,llHMHM 
H ,llOCTaT04HUM ,ll~H STOro HBJIHeTCH yc~OBHe 

Ra = o 
kln ('136) 

npHMHTHBHOCTH ¢oHOBOH CBH3HOCTH (118). IlpH STOM YCJIOBHH HaA,neTCH 
TaKaH KOOP,llHHaTHaH KapTa, B KOTOPOH BCID,lly 

f' a = 0 
mn ( 137) 

B TaKOH KapTe TeHsop (124) COBna,naeT c nceB,llOTeH3OPOM 3AHmTeAHa. 
B CBOe BpeMH B nceB,llOTeH30pHOH qacTH SHHmTettHOBCKOH TeOpHH 

HaBe~ nopH,llOK H. PoseH [ 16], BBe,llH B Hee, HapH,llY c noJieBHM 
MeTPH4eCKHM TeH3OPOM gab, ¢OHOBHH TeH3Op g:b, sa,naromHA MeTPHKY 
MHHKOBCKoro 

d s 2 = gv d xa d xb 
ab ' 

( 138) 

simHcaHHyro B npOH3BO~bHHX KOOp,llHHaTaX. CKO6KH RpHCTo¢¢e~H ,ll~H 
MeTPHKH (138) COCTaB~HIDT ¢oHOBYID CBH3HOCTb f' a, Y,llOBJieTBOpHromyro mn 
YCJIOBHID ( 137). Pa3BHTHH PoseHOM MeTO,ll noJiy4HJI HasBaHHe 
,nByMeTpHqecKoro ¢opMaJIH3Ma. 

O,nHaKO caM ¢OHOBHH TeH3OP HH B O,llHY H3 KOHe4HHX ¢opMy~ 
PoseHa He BXO,llHT, a BXO,llHT OT Hero ~Hmb CKO6KH RpHCTo¢¢eJIH. B 
STOM MOZHO y6e,nHTbCH Ha npHMepe· yc~OBHH rapMOHH4HOCTH (132). Ho 
MH yze 3HaeM, 4TO MeTpHKa (62) HeceT B ce6e 6OJ11,me HH¢opMaUHH, 
4eM CBH3HOCTb ( 60). 3Ta, H36HTO4HaH no cpaBHeHHID C yCJIOBHeM 
(136), HH¢OpMaUHH Y4TeHa B peJIHTHBHCTCKOH TeopHH rpaBHTaUHH 
JloryHoBa [ 17J. 

TEOPHfl JIOfYHOBA 
TeopHH JloryHoBa BHXO,llHT sa paMKH npoBe,neHHoro ,noceJie 

paCCMOTpeHHH TeH3OpHOH TeOpHH THrOTeHHH, H6O B TeopHH JloryHOBa K 
,neAcTBHID MaTepHH ,no6aB~HeTCH 4aCTb,3a,llaBaeMaH CYMMOH 

gab p +JJl2 (_j_ gab_g _ / g g-,,1 _ 1) _ 
ab 2 ab • ( 139) 
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a He CB@PTKOA (119). IlpH STOM BMeCTO ypaBHeHHH (122) BUCTynaeT 
ypaBHeHHe 

- V - 8 '.J( '( - 1 m2 - V 

Rab Rab - c4 (Mab 2 M gab) + 2 (gab gab) (140) 

B ,naHHOM CJiyqae ~OHOBaH CBH3HOCTb paBHHeTCH CK06Ke RpHCTO¢¢eJIH 
.llJJH ~OHOBOA MeTpHKH, a cJie,noBaTeJibHO, Rab= ~a. ECJIH ~OHOBaH 
CBH3HOCTb noJiynpHMHTHBHa, TO eCTb·ecJIH B ,naHHOM CJiyqae 

R - o ab - ·, ( 141) 

TO ypaBHeHHe . ( 140) COBna,naeT c rpaBHTaUHOHHHM ypaBHeHHeM 
JloryHOBa, KOTOpoe B OPHI'HHa~e sanHCaHo B (17] Ha c. 40. B TeopHH 
lite JioryHOBa BHITOJIHHeTCH ·6oJiee CHJJbHOe, 4eM (141), yc~OBHe (136). 
B ,npyroM BH,lle rpaBHTaUHOHHOe ypaBHeHHe sanHcaHo B (17] Ha c. 28 
H B HamHX o603Ha4eHHHX BllI'JJH,llHT c~e,nyromHM o6pasoM: 

m
2 

v _ 1 v ,..rs _ 8 XI 
Gab + 2 { gab + gab 2 grs t:,· gab } - C4 Mab • ( 142) 

Hs rpaBHTaUHOHHOI'O ypaBHeHHH JloryHOBa (142) B CHJJY (46) H 
(120) noJJyqaeTcH saMe4aTeJ11Hoe c~e,ncTBHe 

m2 V { g gsb _ 1 g grs ab}= 
b as 2 rs a 0 • ( 143) 

Ho 
V { g . gab_ 1 g gt's ab}= g ¢s 

b as 2 rs a as • ( 144) 

r,ne ¢
8 

- BeKTOP aHrapMOHH4HOCTH ( 127). IlOSTOMY, ITOCKO~bKY B 
TeOpHH JloryHOBa m ~ 0 H TeHsop gas HeBupoz,neH, YC~OBHe 
rapMOHH4HOCTH (132) HBJJHeTCH CJie,llCTBHeM no~eBoro ypaBHeHHH 
(142). HanpOTHB, eCJJH m = 0, TO YCJJOBHe rapMOHH4HOCTH (132) He 
CJie,nyeT H3 ypaBHeHHH ( 142). Ho npH m = 0 ypaBHeHHe JloryHoBa 
( 142) COBna,naeT c ypaBHeHHeM 3AHmTeAHa. 3TH 06CTOHTe.;:;,,CTBa 
sacTaBJIHIDT ,nyMaTb, 4TO TeOpHH 3AHmTeAHa-PoseHa HB~HeTCH He 
npocTo 4aCTHllM, a OCO6llM CJJyqaeM TeOPHH JloryHOBa. 

BBe,lleHHe ~OHOBOH MeTpHKH B nJJOTHOCTb ~arpaHZHaHa (139), Ha 
Ham B3rJIH,ll, HBJJHeTCH rJJaBHllM B TeopHH rpaBHTaUHH JloryHOBa. 
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