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1. B KBaHTOBoii Teopuu nom1 I l/ .u,ByxqacTH'IHaH 41YHKU.HH 
rpuua npH 3Ha'leHHHX nonHOB 3HeprHH, COOTBeTCTBYffi~HX 
CBH3aHHOMY COCTOJIHHW, HMeeT nonWCHYIO CTPYKTypy /2/ . 
<l>yHKIJ.Hffi rpHHa MO)l(HO onpe.u,enHTh KaK BaKyyMHOe cpe.U,Hee 
oT xpouonoruqecKoro npoH3Be.U,eHHH 'leTwpex reii3eu6ep
roBCKHX onepaTopoB nonH /TaK ua3LmaeMaH 'leTwpexBpe
MeHHaH $yHKU.HH rpuua/. Bhi.U,eneHHffi BKna.u,a CBH3aHHOro 
COCTOHHHH COOTBeTCTByeT onpe.u,eneHHOe ynopH.U,O'IeHHe one
paTopoB nonJJ: no nepeMeHHhiM nonuoro u OTHOCHTenLHoro 

BpeMeHH. 
j:JI B pa6oTe · · 6Lmo nonyqeuo npaaunLHoe BLipa)l(eHue 

.u,nH nonwcuoro BKna.na CBH3aHHoro cocTOHHHJI, o.u,HaKo npu 

3TOM 6LIJ10 yqTeuo ynopH.u,oqeuue llHWh no nepeMeHHoii 

nonuoro apeMeHH. 
B pa6oTe I 4/ 3Ta npou.e.u,ypa 6Lma yTO'IHeHa u npoae

.u,euo xpouonoruqecKoe ynopJJ:.u,oqeuue no o6euM apeMeHHhiM 
nepeMeHHMM, Ho TOJlhKO .u,nH qacTHoro cnoco6a aae.u,eHHJI 
nonHhiX H OTHOCHTellhHhlX KOOp.U,HHaT, y.u,ofiHhlX ~nH CJly'laH 

'laCTHU. C paBHhlMH MaCCaMH. 
Hu)l(e .nan nocne.u.oaaTenLHhlB BhiBO.U. TO'IHoro Bhipa)l(e

HHH .IJ,JlH nonWCHOf'O BKna.u,a CBH3aHHOrO COCTOHHHH B Clly'lae 
napaMeTpH3aiJ.HH KOOp.U,HHaT o6~ero BH.IJ,a .IJ,nJI 'laCTHU. C 

npOH3BOnhHhlMH MaCCaMH. 
lloKa3aHO, 'ITO Ha MaCCOBOB noaepXHOCTH CBH3aHHOrO 

COCTOHHHH B03HHKaffiT o6M'IHMe aMnllHTY.IJ.M 6eTe-Connu

Tepa. 
2. HaH.U,eM BKJla.IJ, CBH3aHHOrO COCTOHHHH B .IJ.BYX'IaCTH'I-

HYW $yHKU.Hffi rpaua: 

-
G(xa,xh;ya,yb)=-i<O\T.,la(xa)t/Jb(xb)!./Ja(ya)t/Jb(yb)\0>, /1/ 
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r.ne </;a , <f; b - reii3eH6eproBbi onepaTopbi enHHOpHbiX 

noneH: a H b . C :HOH n;enbiO paeCMOTPHM ynopH.D;O'IeHHe 

apeMeHHblx Koop.n;HHaT 

Xo, Xo > Yo, Yo 
a b a b /2/ 

B onpe.neneHHH /1/ H BHeceM eyMMY no _nonHOMY Ha6opy 

coe TOHHHH i n > Me)K,ny on epa TopaMH ~' b H <f; a. Tor .na 

- -
G(x ,xb;y ,yb)=-il <01 T</; (x )</;

0
(x

1 
>ln><niT<f; (y )</;b(yb)IO>, 

a a n aa J aa 

0 Q,> 0 0 

X a' X b , Y a' Y b • 

Bbi,nenHM BKna.n CBH3aHHoro coeTOHHHH I P'>, ,nnH KoToporo 

nonHbiH 'leTbipeXHMnynbc P = P , P 2 = M2, 
n 

-
G<x ,xb;y ,yb >=-i l Xp (x ,x1>xp (y ,yb)-

a a P,a ,a a ) ,a a 

r.ne X P, a H 

X m (x , x ) 
J ,a a b 

X m (y , Y b) 
J,a a 

- i l X (x , xb) X (y , y 
1
). 

no;IP,a n a n a ' 

X m - aMnnHTY.D:hl EeTe-ConnHTepa: 
J,a 

< 0 I T </; (x )</; (x ) I P, a > , 
a a b b 

< P, aiTf <y >f <y >I o'. 
a a b b 

/3/ 

/4a/ 

/46/ 

l1H.D;eKC a 0603Ha'laeT eOBOKYITHOCTb .D;OITOnHHTenbHbiX KBaH

TOBbiX 'IHeen, xapaKTepH3YIOIUHX BbipO)K.D;eHHbie ypoBHH. He

ll0ilb3YH TpaHenHIJ;HOHHYIO HHBapHaHTHOeTb, MO)KHO npe,n

eTaBHTb aMITilHTY.D;bl X B BH.D;e 

( 
- i p X 

Xm xa,xb)= e Xm (x), 
J ,a J,a 

/Sa/ 

-Xw (y y ) _ +iPY 
J, a a' b - e X w (y), 

J,a 
/56/ 
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r.ne BBe.I\eHbl nepeMeHHbie nonHbiX /ueuTpa Mace/ H oTuo

CHTenbHbiX KOOp.D;HHa T 

X = 7JaXa+7]bXb, X = X a- xb' 

y = 7]a Ya + 7]b Yb ' , y= Ya- Yb'• 

7Ja+7Jb=l, /6/ 

Xa=X+7]bX' xb = X - 7J ax, 

ya= Y+7JbY' Yb = Y - 7] aY· 

QqeBH.D;HO, 'ITO yKa3aHHOe B HepaBeHCTBe /2/ ynopH.D;O'IeHHe 

ITO BpeMeHH MO)KHO 3aiTHCaTb e ITOMOIIJ;blO <iiYHKIJ;HH 

O! min[x~, x 0b] -max ly~, yb ll . AHanH3HPYH Ha MaKeHMYM 

H MHHHMYM 3aBHCHMOCTb /6/ BpeMeHHOH KOOp.D;HHaTbl x': OT 
1 

OTHOCHTenbHOrO BpeMeHH X 0 H ITOilHOrO BpeMeHH X0
, HaH-

.neM 

min[x~, x!) = X 0
- 7Jalx0 I ITPH X0 > 0, 

min[x0 X0 
] 

a' b = xo- 7Jblxol npH X0 < 0, 

max[xoa,xob] = xo+ 7Jblxol npH X0 > 0' 

max[x0
, X0

] = X0 + 7J [x0
[ npH X0 < 0. 

a b a 

Bocnonb30BaBWHCb caoH:cTBOM a6coniOTHoro 3Ha'leHHH, .nnH 

ni06biX 3Ha'leHHH nepeMeHHbiX OTHOCHTenbHbiX X H llOilHbiX 

X Koop.D;HHaT nony'IHM, 'ITO MHHHManbHOH <llopMoii 6y.neT: 

1 7]a-7]b 
minlx 0 X0 

] = X0 
- -I x 01

1 - ---- x 0 

a' b 2 2 ' 

a MaKCHManbHOH -

1 7Jb-7Ja 
max[x 0 X0 I = X0 + -[x 0

[ + ---x
0

• 
a' b 2 2 

/7/ 

5 



TorJJ,a Bhlpa)f(eHHe /3/ a 06ll.\eM cnyqae ynopHJJ.Ol.JeHHJI 

x:~, xJ> -~ y~, yJ: MO)I(HO 3allHCaTL C IIOMOII.{LIO BBeJJ,eHHJI co

(} - cflyHK~HH: OTBeTCTBYIOI~eu 

1 4 -G(x ,x 1;y ,y1 >=- ---l(d P;.,.(j) (xlxm (y) x 
a > a > ( 2 17

) 3 a J ,a J , a 

/8/ 

" IJ(~)")h(P 2-l\12) e -PCX-Y)e!xo_yo_ ~ Jx9- 1 [.vol- TJ a ~17 b (xo-y">l+ ... , 

rJJ,e CYMMHpOBaHHe no U H)J,eT llO BCeM BLipO)I(JJ,eHHLIM CBJI-

3aHHLIM COCTOJIHH11M C MaCCOH l\1 H,KaK llOKa3aHo BLIIIIe, 

TJ - 1] 
()I X"- yo - +I x" l- J2' Y0 I - __ '!._i _ _!~ (x 0 - yon 

1 o o - o n 
npH X , X I ' y , Y I , 

=- I a 1 a 1 

/9/ 

0 a JJ.pyrux cnyl.JaHx. 

3. BaeJJ,eM cflypbe- o6pa3Ll cflyHK~HH rpuua (; H aMnllHTYJJ. 

X B HMnyllbCHOM npeJJ,CTaBJleHHH C y'leTOM TpaHCllJIU.HOHHOH 

HHBapHaHTHOCTH: 

G (X a' X b; .V a ' .V h) __ l_ r d 4 d4 d 4 4 
(2

17
)12 Pa Ph qad qh x 

x e 
/lOa/ 

- i P ax a - i P h x b + i 'la Y a + i 'I by b 1i 4 ( ~~ - Q ) G ( P, P , q ) , 

Xm (x) 
J,a 

1 
(2:}4 I d 4 p e- i P xX p' a ( p ) ' /106/ . 

/lOa/ 
1 4 . -

Xm (y)= ---fd qe'qyXm (q), 
J, a (2 17 ) 4 J , a 

rJJ,e nepeMeHHLie llOllHOrO H OTHOCHTellLHOro HMllYllLCOB 

onpeJJ,eneHLI cneJJ,yJOII.{HM o6pa3oM: 

6 

~ 

I 

p 
P a+ Pb' P=7]bpa -7]apb, 

Q qa + qb' q 7]bqa- 7]aqb, 

1]a+ 1]b= 1 • 
/11/ 

p = 1] p + p, 
a · a 

q =7]Q+q, 
a a 

Pb=7]bP-p, qb= 77 bQ- q. 

B JJ,allbHeiiiiieM, JJ.llH ynpoll.{eHHJI 3anucu, onycKaeM 

HHJJ.eKc a u CYMMHpoaauue no He My. llpeo6pa3yeM Bbipa)l(e

HHe /8/ C nOMOII.{LIO COOTHOIUeHH11 

rJJ,e 

'> '> I oCP''lo(~J>--l\1-)c(25'0)- o(~J> -E<:P)), 

-----)> _,. ') ') 

F (~P) c v :P- ~ ~~-

ll(y'}c 
2 i7i 

I dk' 

I 1 I 
u npeJJ.CTaaneHH11 ' ' 

-ikr-_'y(' 
---- (' ' 

k '' I j, 
/12/ 

. 
,LJ.ena11 3aMeuy nepeMeuuou HHTerpupoaauu11 k '' • ~J'' - FCJ)), 
HaHJJ,eM BKlla)J, CB113aHHOrO COCTOJIHH11: 

1 (i) - • 

1 d J A p<x>x p<.v> 
---- I---------------------- / 
<277)l- 2ECP)iPC)- E<~P> 1- i' I 

( , ( X X • '' Y ) = 
' ' I'·' ' f a 1 a > 

. '"( i ( 'j) . '" X l' - I J \-) ) - . - I () ) \[ I e 2 \ 1- ! y ''I + ( T) a- TJ tY x o - y ,, )I 

BaeJJ,eM HOBbie aMnllHTYJJ.bJ: 

_i_ ( ~1 ''- I· (:f)) [I x o! + ( TJ a-17 ,/ x ol X m (X) ' 
, (x) = e -·) J 

A 'P ' ~ 0 - )v OJ -

X p(y) 
i._(po_E(P))[Jy i-(77a '~b' xp<.v>. e 2 

/13/ 

+ .•.. 

/14/ 
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1!_3 onpe~eneHHJI /14/ BH~HO, qTo aMnnHTY,!Jhl X p(x) H 
x p(y) ua MaccoaoB: noaepxuocTH po = E (Pj coana~aJOT 

c aMnnHTy~aMH IieTe-ConnHTepa x1x)· H xp<y). Onpe
~enHM ~ypbe-o6pa3bl aMDDHTY~ 

, ( ) 1 f d 4 -ipx , ( ) X p X = -4 pe X p P , 
(217) 

/15/ 

-, < ) 1 I d4 iqy , < ) XpY =--4 pe XpQ· 
(217) 

Hcnonb3YJI onpe~eneHHJI /14/ H /15/, Bhlpa)l(euue /13/ 
MO)I(eM 3anucaTb B au~e 

G<x ,xb;y ,y )= 
1 fd4Pd4-pd4qe-iP(X-Yl-ipx+iqy 

a a b (217 ) 12 
X 

/16/ 

X 

x '1p) x'p (q) 
+ .... 

--> --> 

2E<PHPO -E< P> + iE] 

3TO 03HaqaeT, qTo B HMnyfibCHOM npe~cTaBneHHH ~YHKUHJI 
rpuua G<P,p,q). onpe~eneHHaJI ~ypbe-npeo6pa30BaHHeM 

/lOa/, HMeeT nonJOC npH po= Ed))=y'?f2:~-2-. COOTBeTCT

BYIOIUHH uanuqHJO CBJI3aHHOro COCTOJIHHJI: 

xp<Pl xp (q) 

G ( p ' p, q) = .... .... + /17/ 
2E <PHP0 

- E (P) + i E] 
-> 

+ perynspuhle qneHbi npu po = E(P) • 

, (p) -
IloKa)l(eM Tenepb, qTo aMnnHTY~bl X :P H xp (q) 

TOqHo COBna~aiOT Ha MaCCOBOH DOBepXHOCTH C aMDDHTy~aMH 
IieTe- ConnuTepa x p<p) u x iq). Ilo~cTaanss paaeucTBa 
/106/ H /14/ B o6paTuoe ~ypbe-npeo6pa3oaauue 

8 

" ! 
i 

l 

Xp(p) = fd4xeipx Xp(x) /18/ 

H HCnODb3YJI ~OpMyny 

i A i x 
0 I 1 ~ -ia x {) 1 1 

e =- -- J dae [----+ ----) jl9/ 
217i - '"' A + a + if A - a + if ' 

nonyquM 

x'p (p) =--~ t dafd\jd
4xx p<k)[ 

(2rr) i --oo 

1 
--> 

po -E(P) 

2 

+ 

+a+ H 

+- 1 po- ~]e;(,;_p,;' e -;[;o-po+a- po_F:(:f) 2 -(rya -1Jtho 

/20/ 2---a +H 

HuTerpupyH no x u cuuMas uuTerpupoaauue no nepeMeHuoB: 
k , C nOMOI.QhiO 0 -~yHKUHH HaXO~HM: 

1 ""' [ 1 + ___ 1-----]x 
x'w(p) =- -2 . J da mo E{~) . P0 -E(P~ _a+ iE 

J 171-oo ~~--:r- + a +lf ---

2 2 . 
--> 

po- E(P) .... 
x X w (po+ ---(ry -ry b)- a, p). 

J 2 a 
/21/ 

EcnH B COOTHOWeHHH /21/ nepeHTH Ha MaCCOBYIO noaepx
HOCTb, T .e. ycTpeMHTb po-> E(P) H BOCnOnb30BaTbCH 
H3BeCTHhiMH /!/ npe~CTaBneHHHMH 

1 
-17io(a) + P(_!), 

a + lf a 
1 

= rri&(a)+P(]:_), 
/22/ 

a- lf a 
TO Henocpe~CTBeHHO BH~HO, qTO 
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00 

x'p(p) .... f dao(a)x p(p0 -a,p) = Xp(p), 
-00 

.... 
po .... E(P). 

TaKHM )l(e o6pa30M MO)I(HO noKa3aTL, 'iTO 

x'~p<q> .... x~1<q> npu po -• E(P) . 

B peJynLTaTe BLipa)l(eHHe /17/ .un.11 nomocHoro BKna.ua 
CBB3aHHLIX COCTOBHHH B .D.BYX'iaCTH'iHYIO $yHKli,HlO rpHHa 
npHHHMaeT 3HaKOMLIH BH.D.: 

GCJl,p,q) 

L Xp ( p) X (j) ( q) 
a ,,u J,a 

-+ .... 
2E< ~)I~Pn - E<P> + i£ l. /23/ 

-> 

+ peryn.HpHLie qneHLI npu ~pn -- I• (~f) , 
----)> • ~ ') ? 

F < ~P) c \' ~r . M -. 

4. PaccMoTpHM ypaoHeHHe lieTe- ConnHTepa .un.11 .uoyx
l.faCTH'iHOH $yHKli,HH rpuHa B HMDynLCHOM npocTpaHCTBe 
B onepaTOpHOH 4JopMe: 

HnH 

G = SaS b + SaSh KG, 

<S- 1 S- 1 - K )C ~- 1 . 
a h 

/24/ 

r.ue 8 - 4JypLe-o6pa3nOnHOHO.IJ.HO'iaCTH'iHOH$YHKli,HHrpHHa 
cnHHopHoro non.11, K - 4JypLe-o6pa3 B.IJ.pa, BKniO'iaiOmero 
B ce6B BCe .IJ.BYX'iaCTH'iHO- HenpHBO.IJ.HMLie .D.HarpaMMLI. 

EcnH HMeeTCB CBB3aHHOe COCTOBHHe C MaCCOH ~:.TO 
cor nacHo npe_p.cTaoneHHIO /23/ 4>YHKU.HB rpuHa HMeeT nonroc 
npu po = E (P) , llpupaBHHBaB BLI'ieTLI B 3TOM noniOce 
B o6eHX l.faCTBX ypaBHeHHB /24/, C yqeTOM nHHeHHOH He3a
BHCHMOCTH aMDnHTY.!J. X HaH.D.eM ypaBHeHHe .IJ.n.ll aMnnHTY.D.LI 
lieTe -ConnHTepa o onepaTopHOH $opMe: 

10 

-1 -1 
SaSbx=Kx, 

T 
! 

l 

KOTOpoe B fionee no.upofiHOH 3allHCH HMeeT BH.D. 

-1 -1 2 2 
Sa (pa)Sb <pJxp,a<p>=Jdp'K<P,p,p')xp)P'), P =M , 

r.ue 

-1 
S (p) = y • p - m - M (p) 

a a a a ' 

MaccoBLIH onepaTop M)p) HOPMHpooaH ycnooueM 

M)p)lya·p m 
a 

= 0' 

a HMnynLCLI 
paBHLI 

p a ' ph cornacHo napaMeTpH3BaU.HH /11/ 

p = TJ ~) + p' 
a a 

pb= 71 bp -p, TJa + TJ b = 1. 

B 3aKnroqeHHe aBTOPLI BLipa)l(aiOT 6naro.uapHOCTL 
npo$. A.H. Taoxenu.uJe Ja npuBneqeHHe HX BHHMaHHB K pac
CMOTpeHHOH BLIIIIe npofineMe H It one 3HLie OfiCY)I(.IJ.eHHB. 
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