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Bne~eHHe 

B [1] 6mm npe,n;JIOJKeHI,I 3JIJIHIITHqecKH ,n;ecpopMHpOBaHHLie ypaBHeHHH ,!J;BHJKeHHH, . 

ofiofim;aJOill;He ypaBHeHHII ,!J;BHJKeHHII KJiaccilqecKO:lt MeXaHHKH Ha CJiyqa:lt TpexMepHOrn 

cpa30BOro npocTpaHCTBa. B HaCTOHm;ett pa6oTe MLI npo,n;oJIJKaeM HCCJie,n;oBaHHe IIOCTY

JIHpOBaHHLIX B [1] ypaBReHH:11:.By,n;eT IIOKa3aHo, qTQ nep»uqao ,n;ecpopMHpOBaHHLie ypa

BHeHHII MoryT 6LITI, ,n;ecpopMHpOBaHLI BTOpuqao, a_ IIOJiyqeHHLie ypaBHeHHH ,n;ecpopMH

poBaHLI em;e pa3 H T.,n;. BLICJIIHe CTeneHH ,n;ecpopMaD;HH 6y,n;eM Ha3LIBaTI, rn:nep3JIJIHIITH

qecKHMH, IIOCKOJihKY COOTBeTCTBy10m;ue peIIIeHHII B OCD;H1IJIHTOpHOM IIOTeHn;HaJie 6y,n;yT 

,n;aHLI rn:nep3JIJIHIJTHqecKHMH cpyHKD;HIIMH. KaJK,n;ott CTyneHH ,n;ecpopMaD;HH CTaBHTCH 

B COOTBeTCTBHe CTe~~nnoll: p11,n; no cpyHKD;HIIM IIOTeHD;HaJia. B 3JIJIHIITHqecKH ,n;ecpop

MHpoBaHRLIX ypa»nenn:11x ,n;BHJKeHHH (8,IJY) co,n;eplKHTCH yan:»epcaJihHLI:lt rrapaMeTp 

pa3MeprrocTJI 3Heprn:JI, a cpynKD;HH TaMJIJihTorra npHo6peTaeT napTrrepa.IloJiyqerrrryw ·, 

rncTeMy cpyrrKn;Hll: MLI 6y,n;eM rra3LIBaTh cpyHKD;JIHMH faMJIJihTorra-HaM6y, rrocKoJii.Ky 

aHaJioroM raMHJibTOHOBLIX ypaBnenn:il: ,!J;JIH 8.IJ:Y HBJIHIOTCH ypaBHeIIHH HaM6y [2.::.:. 7].' · 

Ilpu cTauuorraprroM ,n;BHJKerrn:u 3HeprnH cn:cTeMhI onpe,n;eJIHeTCH ripoH3Be)i;eniie?.{ cpyrr_; ; 

KUHi!: faMHJihTorra-HaM6y. 8.IJ:Y rrpe,n;JiaraJOTCH KaK ypa»Iienn:.iI 1,iiilii:JKeH~H b:pu BLI: 

COKHX 3HeprHHXj npH ,!J;OCTaTOqrro MaJibIX 3HaqerrHHX 3Hepruu.8.IJ:Y nepeXO,!J;IIT B ypa

BHeHHII H1,10Torra. 

rn:rrep3JIJIHIITHqecKaH, ,n;ecpopMaD;HII o6napyJKHBaeT 'iio»Litf oco6eiiHOCTH ?.ieTo~a, 3JI.!;' 

JIHIITHqeCKoll:, i:(ecpopMan;1m. . HarrpiMep, ycTaHllBJIJIBaeTci( HHT~peciiail:1 ~BH3h 'Mem,n;y '.; 

CTerreHbJO IIOTerrun:aJia H qn:cJIOM H3Mepeiin:tt <pa30Boro npocTpakciea; 'C ',n;pyrott 'cio-· 
\ \. ·/.\: \\h 

porrLI, 3aMerra IIOTenn;HaJia V ( x) B ypa»nerrn:n:H~ro,Tona noTerrn;JiaJioM o:1 V ( x )-o:2 V 2 
( x )+ 

t• C • •~<' ,,,, • s,,C • : ', • ' ,J-) 

o:3 V3( x) MoJKeT 6LITh n:rrTepnpeilipo:ii.ana RllK· :i~i.i:ea:a ~fpa»rrerrutt H1,10Torra rnnep3JI

JIHrrTHqccKH ,n;ecpopMHpOBaHHLIMJ'}p:1,ineHH,~~H.'~:'4---- ?.iJpnoM <pa30BOM IIpOCTpaHCTBe. 
' ·,·. ,:1 } '.' " '.'·' \ 

r~:;;..:.t .. ~: l';g:r::··-, ~ -
n' \1:t-:1tsmr. ucr.'l~i.~~;.,t:. 
i ~HSHH01:§~1(~ 
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§1. 9JIJIHilTHqecKaJI .neq>OpMaQHJI ypaBHeHHH .z:tBH.meHHJI KJiaccHqecKOH 

MeXaHHKH 

Me-ro,n; 3JIJIHIITHqe~KOtt ,n;eq>~pMaII~H CTaBHT B COOTBe'fCTBHe O,IIHOMepHilM ypaBHemrnM 

HLIOToHa 

. dp , dV ( x) dx p 
dt = -~, . dt = m (1.1) 

cHCTeMy ypaBHeHntt nn,11a 

dp dV(x) q 
dt =-~µ' (1.2) 

dx p q 
-=--,' 
dt mµ 

(1.3) 

dq dV(x) p 
dt =-~ m· (1.4) 

1:hy CHCTeMy MLI 6y,n;eM Ha3LIBaTL, 3JIJIHIITHqecKn ,n;eq>opMHpoBaHHLIMll ypaBHeHllHMll 

(9)])'). KaK nn,n;Ho, 9,l(Y co,11epJRaT ymrnepcaJILHLitt rrapaMeTp µ paaMepnocTH snep

run.3aMeTHM, qTo BeJiuqllHLI p, m n q, µ BXO,n;HT n ypaBHeHHH ,!J;BlllReHHH CHMMeTpnqHLIM 

o6paaoM. 

IlocK?JILKY MLI paccMaTpHBaeM cnyqatt CTaIIHOHapHoro ,IIBHJReHHH, .TO H3 ypaBHeHntt 

(1.2) - (1.4) IIOJiyqnM ,n;Ba llHTerpaJia ,n;BHJReHnH: 

p2 
H=-+V(x), 

2m 

q2 
N= -+ V(x). 

2µ 
(1.5) 

<l>yHKIIHH H = H(p, x) n N•= N(q, x) conrra,n;aroT c rrapott raMHJILTOHOBLIX q>JHKIIH:lt B 

q>opMaJIHJMe HaM6y.HarroMHHM, qTQ ypaBHeHnH HaM6y B TpexMepHOM qiaaonoM rrpo

cTpaHCTBe HMeIOT BH,n; [2] 
dp dHdN dHdN 
-=-----, 
dt dq dx • dx dq 

dx .dH dN dH dN 
-=----. -, 
dt dp dq dq dp 

dq dHdN dHdN 
dt = dx dp - dp dx . 

2 

B peayJILTaTe ,11eq>OpMaIIHH B ypaBHeHHHX ,!J;BHJReHHH IIOHBHJIHCL HOBLie ,IIHHaMuqecKHe 

rrepeMeHHI,le N, q, µ. B CHJIY cnMMe-rpnu MelR.IIJ {H,p, m} n {N, q, µ} MLI MOJReM pac

cMaTpnBaTL (1.2) - (1.4) KaK CHCTeMy ypaBHeHntt ,!J;JIH CBOeo6paaHO B3aHMO,llettcTBYIO

IIIHX qacTHII, r,11e N- 3HeprHH, q -HMIIJJILC H µ-Macca O,n;Hott H3 qaCTHII. BecLMa rrpHMe

qaTeJILHO,qTo 3Hep~nH TaKO~ CHCTeM,LI rrporropIIHOHaJILHa 11p01rnBe,n;eHHIO (!) 3Heprntt 

cocTaBJIHIOIIIHX qaCTHII. 

CooTBe'fCTBHe (1.2) - (1.4) c ypaBHeHHHMH H1>roT0Ha, KaK 6y,11e-r rroKaaaHo HHJRe, 
' , ' ' ., 

,IIOCTHraeTCH rrpn µ -t 00 • 

HMeH ,n;Ba HHTerpaJia .,n;BnJReHnH H, N, MLI MOJReM rrpeo6paaoBaTL (1.3) K BH.IIJ 

dx 2 / - = -·· -y(H -V)(N- V), 
dt ,finµ 

OTKJ,!J;cl .~oJiyqnM cJie,llJIOIIIHtt ,nHTt:rpaJI:' 

dx - ,Imµ! V(x))(N - V(x)) t -to - 2 ✓(H -

B rroTeHIIHaJie OCIIHJIJIHTopa 

V(;) = mw
2
x

2 

2 

nHierpaJI (1.6) CBO.IIHTCH K 3JIJIHIITnqecKoMy' HHTerpany · 

{2N. J dy wy /l~t - to) = (l _ y2)(l _ k2y2)' 

(1.6) 

(1.7) 

r,n;e MLI rroJIOJRHJIH y = /iiifx ir k 2 = i. TaR qTo ~aBncu~oc~~ qiaaoBLIX Koop,n;uHaT 

OT npeMeHH BLipaJRaeTCH qepea 3JIJIHIITHqecKHe <pYHRIIHll JlKo6u [8]: 

~ {;
N 

x = sn(w(t-; t0 ) -, k), 
' µ 

p = ✓2Hm cn(w(t .,- t0 ) fiii, k), v,;- (1.8) 

q = fwµ, dn(w(t-t0 ),;,k). 
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TaRHM o6paaoM, .B peaym.T~Te .n;eqiopMau;1rn OCD;HJIJIIITOpHo:l!: Mo.n;emr TpH~OHOMeTpnqe

CRHe qiyHRu;nn, qepe3 ROTop1,1e onpe.n;~JIIIIOTCH pemeHHll (1.1) B OCD;HJIJIIITOpHm.i IIO

TeHu;~~Jie, nepexo,ZJ;JIT B 3~~nTHqecRHe qiynRu;nn JlRo6n. Tio3TOMY .n;annyro qiopMy 

.n;eqiopMaD;HH MJ,I Ha3HBaeM 3JIJIHIITHqecRott. 

KaR H3BecTHo, B npe~eJI~ k -+ 0 qiynRD;HH RR~6H HMe'ioT cne.n;yromntt Bn.n;: 

sn(ef,,O) = sin(ef,), cn(ef,,O) = cos(ef,), dn(ef,,O) = 1. 

Cne.n;oBaTem.no, pemeHHll (1.8) nepexo,ZJ;JIT B pemeHHll (1.1) B ocu;HJIJIIITopHOM noTeH

u;Hane npH k = 0 H 2N = µ. 

B o6meM cnyqae, IIOCROJihRY e.n;nHCTBCHHHM napaMeTpOM ypaBHeHntt 

(1.2) - (1.4) llBJllleTCll µ, neo6xo.n;HMO yciaHOBHTh rroBe.n;enHe .n;1rnaMHqecRHX rrepe

MCHHHX IIpH µ -+ 00 • ll;enh 6y,neT .l(OCTHrHyTa, eCJIH q>a30BaJI ROop.n;m1aTa X H B 

,neqiopMHpoBaHHhIX ypaBnennllx 6y.n;eT HMeTh CMhICJI np~cTpa~cTBeHHofi R~op.n;HHaThl 

11acTnu;1,1. Tor.na ~~ _eC~h CROp0CTh qa~Tnu;1,1, a ~(-yCRopeHHe.8TO .n;aeT HaM B03-

M0JKH0CTh onpe.n;eJIHTh cnny H pa60Ty no 061,1qnJ,1M q>OpMyJiaM: 

d2x 
m dt2 = F; A= fb Fdx . 

. la (1.10) 

MMell 3TH onpe.n;eJICHHJI H3 RJiaccHqecRott MexaHHRH ,n rrp_HMC~llll ypaBHCHHll .l(BHJKCHHll, 

MOJRH0 nonyqnTh BhlpaJKeHnll RaR )];JIil RHHeTnqecRofi, TaR,n )];Jill IIOTCH{lHaJihHOfi qacTefi 

3~eprHH.B1,1qncJinM CHaqaJia IlHTerpaJI m·J: ~idx, rrpHMCHllll (1.3).TionyqnM 

lb d2x . 1 lb d(pq). . 
m -dx=-· --dx=Ek· (x=b)-Ek· (x=a). 

a dt2 µ a dt m m 
' (1.11) 

,,-:-:·:i 

OTRy.n;a HaX0.l(HM CJIC)];yIOID;ee BLlpaJKCHHe )(JIil RllHeTnqecRott 3Heprnn: 

, p2q2 
Ekin= 2mµ2 • 

lJ-ro6LI HafiTH II0Teiiu;HaJihHYIO qaCTh 3Heprnn, BJ,lqlfCJIHM TOT JKe HHTerpan, IlCII0Jih3Yll 

(1.2), (1.4).TionyqHM 

1 lb dp dq 1 1. b av p2 q2 1 lb av 
- (q- + p-)dx = -- -(-+ -)dx = -- -(2(N + H)-4V)dx = 
µ a dt dt µ a ax m µ µ a ax 

_4 

' ·1 . ' .. '. 
= 2-((N +H)(V(b)-V(a))-(V2(b)-V2(a))) = Ep01 (x = b)-Ep01(x = a). (1.12) 

µ . .. . ·· ... 

OTcro.na HaXO)J;HM BLlpaJKeHHe )(Jill Il0TeHnHaJihHOtt qacTH 3Heprnn: 

2 2( , Epot =.-((N +H)V(x) - V x)), 
µ ~ 

r.ne H, N- RoHcTaHTLI ~BnJKeHHll.To;~a rr~n~~· 3~eprnll 

' 2 p2q2 2 

Etotal =Ekin+ Epot =. -{
2
-

2 
+ ((_ N + H)V_, (_x_) -V (x))}= . ·µ m µ ... 

2 2 2 2 2 

= -{ 1:..L + v( L + !L) + v2}= 
µ 2m2µ 2m 2µ 

2 j:,2 . q2 2 
= -(- + V)(- + V) = -HN. 

µ 2m 2µ /l (1.13) 

TionyqeHHLle C0OTH0llieHHll II0MoraroT yCTaHOBHTh cooiBeTCTBHe C ypaBHeHHllMH HhlOTOHa: 

eCJIH IIpHHllTh BeJinqm1y 7r = p!L 3a HMIIYJihC, TO (1.3) BLipaJKaeT o6u•rnyro CBll3h HM-µ 

IIYJihCa co CROp0CThlO .l(BHJKeHHll, a 06'be.n;nne1rne ypaBHeHHfi (1.2) H (1.4) .n;aeT 
i ~ • • ' -

d1r aw 
. _:.~- dt =;'-::-_ax' 

rrpnqeM W = Epot• Bonee Toro, cornac~o (1.11),(l.12)'iraMenenne rronnott 3Heprnn 

0Ra3J,IBaeTCll CBll3aHIILlM C Il3MCHCHHCM IlMIIYJihCa H3BeCTHJ,IM CO0THOllICIIHCM 

vd1r = dE. (L14) 

TaKHM o6paaoM, H3 pemenntt 8.ZlY c noTenu;nanoM V = V(x) MLI rrony•rnM Te me 

caMJ,IC TpaeKT0pHH .l(BH}KCHHll, qTo H H3 ypasneHHlt HhlOTOHa C II0TCIID;HaJI0M 
; '. • ',, .'I. <-c ' 

2 . 
W = -{(N + H)V(x) - V 2(x)}. ·· 

µ ' 
(1.15) 

Cne.nosaTenhn·o, )(JIil rroTenu;nana BH,na 

W = oV(x)- ,\V2(x) (1.16) 

MO}KHO ycTaHOBHTh C00TBCTCTBHe MC}K)];y ypaBHCHHllMH IhroTOna c IIOTennnaJI0M (1.16) 

H 8,lJ,Y c rroTenu;HaJioM V(x). CorrocTaBJienne (1.15) H (1.16) npHBO,Zl;HT K cnc.n;y10mett 
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cHcTeMe ypaB~eHHl!: .mm onpeneneHHH µ, N, H qepe3 napaMeTpbl noTeHn;HaJia A , a H 

aueprmo E: 

2 2( ,,. 2 
-=A, - N+H)=a, -NH=E. 
µ µ 'µ 

(L17}' 

..[(aHHblM C00TBeTCTBHeM MOlKHO, B0CilOJib30BaTbCH, qTo6u onpe.l{eJIHTb aCHMilTOTHqecKoe 

noBenenHe NH H npH µ--+ oo. B (1.!6) nocTaTOquo nonoJKHTb o = 1, ~ = 0, qT06u, 

nonyqHTb KJiaCcHqeCKoe .llBHlKeHHe B IlOTeHn;HaJie V ( x). I,fa ypaBHeimtt ( 1. 17) Hatt.neM 

N H H qepe3 µ H E. Cornarno Teo~eMe Be3y N H H y,noBJieTBopHioT ypaBHeHmo 

2 µ 'Eµ 
X --x+-=0 

. 2 2 ' 

KOTOpoe HMeeT ,nBa pellieHHH: 

·µ ~· BE. 
N = -(1 +. 1 - -), 

4 - , µ 

ll ~ !:(1 - /1 .:..."BE).'' 
4 ' --- µ' 

OTcIO,na nonyqHM acHMITTOTHqecKHe noBe,neHRH N H H npH µ --+ oo; B aTOM cnyqae 

l .. :-2N 1 1· 'H . E· 1· q 1 lffi -- = ,· lffi = , lffi - = . µ~':° µ µ-oo µ--:oo µ 

Cne,noBaTeJibHO, B aCHMilTOTHqecKott o6JiaCTH q MOlKeT 6b1Tb npe,ncTaBJieH B Bl!'..lle pH,na 

JlopaHa: 

Q1 
q = µ + Q +- + .... 

µ 

EcJIH IIOJlCTaBHTb 3TOT PH.ll B (1.2)-' (1.4) a coxpaHHTb TOJibKO qJieHIJ, He co,nepJKarn;He 

µ, TO ypaBHeHHH (1.2), (1.3) rrcpett.nyT B ypaBHeHHJI HblOTOHa, a ypaBHeHHe (1.4) 

rrpHMeT BH.ll 

dQ dV(x) p · 
dt=-~m' 

qTo COBIIa,naeT C ypaBHeHHCM .llJlH KHHeTH'ICCKOl!: aneprHH. 

Tamrn o6pa3oM, B pe3yJibTaTe rrpe.nenbnoro rrepexo.na ypaBHeHJUI • ( 1.4) na ipeTbIO 

6 

1 
J, 

J 
i 

!p~30BYIO rrepeMCHHYIO q rrpao6peno BIIOJIHe KOHKpeTHbll!: CMUCJI KaK ypaBHeHHe, OllH

CUBaIOrn:ee H3MCHCHHC !IO BpCMCHH KHHeTHl'.JeCKOl!: aueprHH JlBHlKCHHJI.CorJiaCHO 9..[(Y 

npH JlOCTaToquo 60JibllIHX 3HaqeHHJIX 3HeprHH B MacruTa6e µ qiopMa . .llBHlKCHHH CTa-
- .. ::;::. . . " ( .,,, . -- . 

HOBHTCJI 6oJiee cnom'.Hol!:, HemeJIH ~TO npe,nCKa3UBaeTCH MCX~HH~Ol!: HblOTOHa.HoBaJI 

JlHHaMHKa .llBHlKCIIHH MOlKCT 6UTb miTepnpeTHpOBaHa,c 0,nHOl!: CTOpOHbl, RaR .llBHlKCHHC 

B TpexMepHOM <pa30BOM rrpocTpaHC'l'Be, C .npyrol!: .:_ Rcl.R BJm:JIHHe ,nBHJKCHHH qacTH1{bl 

Ha qiopMy IIOTCHn;HaJia., 

§2. rHnep,mmmTH'4ecmUI .n;ecpopMaQl'IR yp,auHeHHH HhloToHa 

AHanorH'!Ho RBaHTOBaHHIO,rrpone.nypa aJIJIHIITH'ICCRol!: .neqiopMan;HH MOlKeT 6b1Tb npH

MeHena IIOBTOpHo.B pe3yJibTaie IIOJIY'IHM ypaBHCHHJI ~BHlKCHHH ;!I _qeTblpCXMepHOM qia-. 

30BOM rrpocTpaHCTBC { X' P, qi, q2}. OHR 6y.zzyT HMeTb BH.ll 

dp dV(x) qi q2 
-=-----, 
dt dx . . µ1 µ2 

dx p qi q2. 
dt = mµ 1 µ2 

(2.1) 

dqi dV(x) p ·q2 dq2" dV(x) p qi - - -----, - - -----. 
dt dx m µ2 dt dx m µ1 

fHnepaJIJIHIITHqecKH ,neqiopMHpOBaHHblC ypaBHCHHH co,nepJKaT ,nBa YHHBepcaJibHblX rra-

paMeTpa µ1, µ2 pa3MCpHOCTH aneprHH •. B cnyqae CTa1{HOHapHoro JlBHlKCHHJI H3 ypa~ 
;·_,', .,. . 

BHCHHl!: (2.1) HMCCM TpH HHTerpaJia JlBHlKCHHH '~~ 

P2 ql . 
H=-+V(x), N;=-+V(x),z=l,2, 

2m · 2µ; 
(2.2) 

C IIOMOiu;bl-0 ROTOpblX CHCTCMa (2.1) 

-d = --y(H··· - V(x))(Ni-,- V(x))(N2 - V(x)) dx f;fi;r;-;-, 
t mµ1µ2 _ · ·-

MoJKeT 6b1Tb IIpOHHTerpHpOB3.Ha OTIIOCHTeJibHO BpCMCHHOJ!: R0Op,nHHaTbl: 

✓mµ1µ2 j dx 
t - to= -8- /(H - V(x))(N1 --: V(x))(N2 ~ V(x)). 

(2.3) 
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B noTe~n;HaJie ocn;HJIJIHTopa HHTerpaJI (2.3) CBO,IUITCJI K rnnep<1JIJIHIITH'IecKOMy HHTe

rpaJiy 

.. 2wJN1N2(t- to) -J .... : . dy , (2 4) 
µ~µ2 . - ✓{1 ~ y2)(1 7: k?y2)(1 - k~y2)' .. . 

r.n;e Miil noJIOlKH~H, y =:= /"iijj;x H k? . = ff., k~ = ~., Tor.n;a 3aBHCHMOCTh <pa30BLIX 

KOOp,lUIHaT,OT BpeMeHH BLlpamaeTCJI qepe3 rHrrep3JIJIHllTH'IeCKHe <pyHKD;HH Jfao6H ( CM. 

npHJIOlKCHHe): , fgH . ✓N1N2 x = - 2hsn(2w(t- t0 ) --,k1,k2), 
mw . µ1_µ2 

p =:= ~2mHhc~(2~:(:t:-: t0 )'✓ ~:~2
, k1, k2), 

q1 = ✓2µiN1hdn(2w(t·-•t0)JN1N2 , k1, k2), 
µ1µ2 . 

~ ... ✓N1N2 
q2 = y .c.µ21V2hdm(2w(t - to) -. -, k1, k2). 

· ' : µ1µ2 . 

,,-,, 
; ,:· 

{2.5) 

KaK B npe,D;LI.D;ymeM naparpa<pe BeJIH'IHHa X = x( t) HHTepnpeTHpyeTCJI KaK TpaeKTO-

pHJI lJaCTHD;LI. CJie,D;OBaTCJlhHO, CHJia H'pa60Ta orrpe,n;eJIHIOTCJI <pOpMJJiaMH (1.9), (1.10). 

Ilo TOtt me cxeMe, 'ITO H B npe.lU>I.n;ymeM naparpa<pe, natt.n;eM <popMJJihI .D;JIII KHHeTH'Ie-
! • ' 0 ~ 

CKOtt H llOTeHn;HaJibHOtt lJaCTett 3HeprHH. lfaMeHeHHe KHHeTH'IeCKOtt 3HeprHH Bbipama-

eTCJI HHTerpaJIOM ' 

r.n;e 

b d2x 1 . b d(pq1q;) . . . b -· ·. ,. ,: , .. , • ' - . -... -; 
ml -dx = --1--'--~dx = f vd1r = Ekin(x = b)-Ekin(x - a), 

a dt2 µ1µ2 a dt la · · · 

qiq2 
1r=p-

µ1µ2 

HMllJJihC, a BeJIH'IHHa 
2 2 p2 q1q2 E -- 2 2 kin - 2mµ1µ2 (2.6) 

eCTh KHHeTH'IeCKal! 3HeprHJI. qT06bI H_attTH ll(!TeHIJ;Hll:JlhHYIO qacTb 3HeprHH, BhI'IHCJHHd 

-1b d1r 1 'lb . dp ··- dq1 dq2 . 
a dt dx = µ1µ2la {qiq2 dt + pq2dt + qipdt }dx = 

HHTerp~JI 

8 

1 lb av p2q; q;q? p2q? 
=-- -{-+-+-}dx= 

µ1µ2 a ax mµ1 µ1µ2 mµ2 

4 lb8V = -- -
8 

{(Ni - V)(N2 - V) + (N2 - V)(H - V) + (H - V)(N1 - V)}dx. 
µ1µ2 a X _ 

TaKHM o6pa30M, IIOTeHD;HJihHal! qacTb 3HeprHH HMeeT BH.D; 

Epot = -
4

-{(N1N2 + N2H + HN1)V - (Ni+ N2 + H)V2 +. V 3
},, (2.7) 

µ1µ2 

r.n;e H, N 1, N 2 JIBJIIIIOTCII KOHCTaHTaMH .D;BHJKeHHll. IloJIHaH <1HeprH11 rrpe.ncTaBJIHeTCll 

CJMMOtt 

Etota/ =Ekin+ Epot = 
A · p2 q; q} · · · · ' . ' 2 . 3 

= -{---- + (N1N2 + N2H + JI N1)V - (N1 + N2 + H)V + V }. (2.8) 
_ µ1µ2 2m 211121'2 _ . __ _ 

Teneph,rro.ncTaBHB l!BHhitt BH.ll q,ymu~HH H, N 1, N 2 H_3 (2.2), rrpeo6pa~y~M (2.8) K BH.n;J 

4 p2 q; q? 4 
Etotal = -_-(-2 + V)(-2 + V)(-2 + V) = -(N1N2H). 

µ1112 m µ1 µ2 µ1112 
(2.9) 

TaKHM o6pa30M, MLI IIOJIJ'IHJIH cne.n;yromee COOTBeTCTBHe. <:,' ~eXaHHKol\ }hIOTOHa: 

peIIICHHll ypaBHCiiHtt (2.1) c IIOTCHD;HaJIOM V(x) COBIIa,llaIOT c penieHH~;.m ypaBHe~Hll 

HiroTOHa c noTennnanoM 

4 . . . 
W = -_-{(N1N2 + N2H + HN1)V - (Ni+ N 2 + H)V2 

+ V
3
}. 

µ1µ2 . '.-' · 
_ (2.10) 

IlpH 3TOM 3<p<pCKTHBHhitt HMIIJJihC orrpe.neJilleTCll <pOpMyJiol\ 

q1q2 
7r =p--. 

111µ2 

CpaBHHBaH (2.10) c rroTenn;HaJioM 

W =01 V - 02V
2 

+ ,\V
3
, 

natt.neM, KaK 3TO 6bIJIO c.neJiano B rrpe,llLIJzymeM rraparpa<pe, rrOBe.ne1me N 1, N 2 rrpH 

µ1 ,µ 2 -+ oo. CpaBI1enne (2.10) c.(2.11) n (2.9) .naeT CHCTeMy ypaenenHl\ ,llJIJI orrpe

.neJieHHJI H, Ni, N2 'Iepe3 E, 01, 02: 

4 
a1 = --(N1 +N2+H), 

111µ2 

4 . 
02 = -. -(N1N2+N2ll +HN1 ), 

µ1µ2 

9 

4 
E = -(N1N2H). 

µ,112 



3-ro CHCTeMa ypaBHCHHlt BneTa ,l{JIJI Ky6nqHoro noJIHH0Ma 

x3 _ µ1µ2a2 x2 + µ1µ2a1 x _ µ1µ2 E = 0 
. 4 4 4 ' 

pemeHHH K0T0poro Bblpa.lKa!OTCH cpopMyJiaMn Kap,naH0.OHn onpe,neJIJIIOT HBHYIO 3aBH

CHM0CTI, Ni, N2 OT napaMeTpoB µi, µ 2 • 

§3.3aKmo<ieHHe 

IlonhITaeMCH KpaTK0 ~nncaTI, o6JiaCTb B03M0.lKHhIX npnMeHeHnlt MCT0,l{a 3JIJIHnTnqecK0lt 

,necpopMan;nn. KaK 6hIJio y.lKe oTMeqeHo Bhlrue,9.l{Y Mhl npe,nnaraeM KaK ypaBHeHHH 

,l{BHlRCHHH ,npH3BaHHhIC onHChIBaTI> ,l{BillRCHHe qacTHD; npn BhIC0KHX 3HeprnHx.Tpy;n;Ho 

npe,ncKa3aTI, KaK H3MCHHTCH cpopMa ,l{BHH<eHHH B pe3yJII>TaTe 3JIJIHnTnqecK0lt ,necpopMa-
• • ' I 

n;nn ,l{JIJI noTeHn;naJI0B npoH3B0Jil,H0ro Bn,na , HO 0TH0CHTCJII,H0 KJiacc·a rJia,l{KHX 0,l{H0-

MepHhIX noTeHn;naJI0B C 6ecKOHeqm.rMH KpaHMH M0H{H0 CKa3aTI, CJie,nJIOlllee. B pe3yJII,

TaTe npnMeHCHHH MCT0,l{a 3JIJIHnTnqecKolt ,neqiopMan;nn K noTeHI~HaJiy V ,no6aBJIJieTCH 

qJieH 8V = -:aV2
, TaK qTQ 3q>cpeKTHBHhllt noTeHn;HaJI CTa~OBHTCH OTKphlThIM.B paMKaX 

. : . ., . _,·.,. ·, 

KJiaccnqecKolt Mex~,HHKH 3T0 03HaqaeT, qTQ TpaeKT0pHH ,l{BHH<eHHH KaK o,nnonepno,nnqe

CKaH cpyHKD;HH BpeMeHH nocJie 3JIJIHnTnqeCKolt ,necpopMan;nn CTaH0BHTCH '~Bynepno,nnq

HOlt. CooTBCTCTBCHHO, B KBaHTOB0lt MexannKe ypoBHH 3HeprHH CB/I3a~HhlX COCTOHHHlt 

npno6peTyT onpe,nene11ny10 111Hp1rny.Cne.no_BaTeJII>Ho, o,n11~ H3 ~pnMe11eimtt MeTo,na 3JI

nnnni:qecKott ,necpopMan;mi: -3T0 o6nacTI> pe3oHaHCHMX HBJieHntt: · 

8 KJiaccnqecKolt Teopnn noJIJI MeT0,l{ 3JIJIHnTnqecKolt ,neqiopMan;nn no3B0JIHT no-H0B0MY 

B3rJIJIHYTl> na Teopn!O cn0HTannoro HapyrueHHH CHMMCTpHn,nocK0JII,KY 3cpcpeKTHBHhllt 

noTenn;naJI 3,l{CCI, HMeeT cpopMy 

2 

V(ef>) = m2 c/>2 - f4¢>4. 
4. 

T.o. nocJie,n11ntt qJieH B V( ef>) M0lRCT 6MTI, HHTepnpeTnpoBaH KaK pe3yJII>TaT 3JIJIHnTH

qeCKolt ,necpopMan;nn • 

B 3aKJIIOqeHne 0TMCTHM, qTo ,l{BHH<enne nJiaHeT no 3JIJillIITHqecKHM op6nTaM H CMe

nienne. nepnremrn op6HThl '~oH<eT 6bITI, HCT0!IK0BaH0 KaK pe3yJII>TaT 3JIJIHnTnqecKolt 

10 

,necpopMan;nn ypaBHeHHH HI>IOTOHa.KaK H3BeCTH0 [9], ,l{BHH<eHHIO nJiaHeT no 3JIJIHncaM 

Mhl 061I3am.i n;eHTpo6eH<Holt ,no6aBKe 8V = 11,!,
2 

K noTeHn;nany V = -;- CpaBHHBaH 

3T0 C noTeHD;HaJI0M (1.15), Mhl M0H<eM HHTepnpeTnpoBaTI, noHBJICHHe 8V ·= ~
2 

KaK 

pe3yJII>TaT 3JIJIHnTnqecKolt ,necpopMan;nn • 

.l{anee,nrnep3JIJIHnTnqecKaH ,necpopMan;nJI npHBO.l{HT K n0Te11n;nany Bn,na 

a M2' 'Y 
V =--+/3-- -. 

r r 2 · • r 3 

.l{o6aBKa K noTenn;nany hV = /3 ~~2 - ~ npHB0MT. K cMeitieimIO' nepnreJIHII · op6nThl 

nJiaHeTM Ha MaJiyIO yrnoByIO BCJIH'IHHY «5¢>. IlpHBe,neHl!hllt npnMep -o.ii.na H3 B03M0lR

HOCTefi ,qT06u on;eIIHTI> napaMeTphI µ 1 ,/t2 B ypaaneIIHHx.(1.2)-(1.4),(2.1). 

§4.Ilpmrn:meHHe 

fnnep3JIJI~nTnqecKaH. cpynKD;HII JlKo6n y =,,hsn ( u, k1, k2) onpe,nenneTCII KaK 06pa111e

nne HHTerpana 

J dy 

u = ✓(1 - y2)(1 - k;y2)(1 - kfo2). 
\ 

(2.4) 

Bae,neM e111e Tpn MepoMopcpnhle cpynKn;nn, 3aancn111ne OT napaMeTpoB kI , k2: 

~ = hcn(u,k1,k2), 

J1 - k;y2 = hdn(u, k1 , k2)JI - k:J.y2 = hdm(u, k~, l·2 ). 

J1MelI 3TH C00TH0IIICHHII, HeTpy,nuo noJiyqnTI> CJIC,!{JIOIIIHC cpopMyJIU ,nmficpepeuqnpo

BaHHH: 

d 
d/cn(ef>) = -hsn(ef>)hdn(ef>)hdm(ef>), 

d 
def> hsn( ¢>) = hen(¢> )hdn( ¢> )hdm( ¢> ),· 

d 
def> hdn(~) ~ --:-k;hsn(ef>)~cn(f )hdn1}f ), 

d ... 
def> hdm(ef>) = -k~hsn(ef>)hdn(ef>)hcn(ef>). 

11 
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5b.1anees P.M. 
nmep3nmmrntJecKllil necpop~mu1~51 
ypaBHe1111ii. ~aCCHlJecKoii MexaHHKH 

P2-95-192 

CTponon)Ke110 11cc.rienosaH11e 311mmn11.JecK11 necjJopMHposaHHbIX. · ypasnemm 
KnaCCHtteCKOii MexaHHKH, riocTym1poBaHHblX aBTOpOM B_ [I). CToKa3aHo, lJTO 
nepBHlJIIO necpopi-.mpoBal-Ulble ypaBHeHH51 MOtyr 6b1Tb necpopMHpOBaJlbl IIOBTOpHO,- a 
nonY4eH11b1e ypas11eu1151 necpopM11posattb1 eme pa3 n T.Jl. 8b1cume cTene1111 necpop~ · 
MauHH Mbl Ha3blBaeM nmep3nmmTHlJeCKl1Ml1, IIOCKOJibKY · COOTBeTCTBYIOIUHe 
pernemrn B . OCUl1JIJI51TOpHOM nOTeHUHaJie 6yJlYT )lal!bl rnnep31IJIIHITl1lJeCKIIMII 
cpyHKUH51MII. funep3nnunrnYeCKH necpopM11posamib1e ypas11e111151 JlBH)Ke1m51 cpop~i 

, 11 . · I Mynupy10Tc51 B ipa30BOM npoCTpa11crn.e d ~ 3 113MepeH11ii KaK ypaBHe111151 nsmKeHH51 
c (d - I) cpyHKUH51MH faMHJibTOHa - HaM6y. B crny11oirnp110M CJI)'lJae 3Hepnrn 
nponopUHOHaJibHa. npO113Be}leHHIO. raMHJibTOHOBblX cpyHKUHH. 3cpcpeKTl1BllblH 
noTeHUlfaJI ecTL · HOJIHHOM _cTene1111 · (d - I) OT. OCHOBHOro nOTe11u11ana. 8 • 3aKJIIO
lJeH11H np11sene1lbl 113BeCT!lble np;n1epbl 113 KnaCClllJeCKOH Mexa1111KH II TeopHH IIOJI51, 
npH06peTal01UHe HOBblH. CMbICJI C TO11Klf 3pemrn MeTona:3JIJiltnTlf'leCKOii necpop-. . . 

· Mau1111. 
Pa6i:fra Bbmom1e11a B Jla6oparnpu11BbIYHCJIHTeJ1bHOii.Tex1rnK1111 aBTOMannau,m 

OHBH. · 

Coo6mem1e Ofuemrneimoro 1111cr11-ryra smep111,1x 11cCJ1enosam1ii. Jly611a. 1995 

CTepeBOJl asrnpa 

Yamaleev R.M. . . . P2~95-i92 
Hyperlliptic Deformation of Classical Mechanism Equations' 

.. We continue the investigations of elliptic deformed equations of classical 
mechanics which ha~e been postulated in [I]. It is shown that after the first step of 
elliptic deformation the equation can be deformed for second time. and the result 
can be deformed again, etc: We named' higher degree of deformation hyperelliptic 
because oscillator solution is given by hyperelliptic Jacoby functions. Hyperelliptic ' -
deformed equation is formulated in d ~ 3 dimensional phase space with (d - 1) 
Hamilton --::- Namby functions. In the case of stationary moving the total energy is 
equal to product of Hamilton - Namby f~n~tions. Effective potential is a polynomial 
of (d:.... I) degree of the original potential. In conclusion the old.examples from 
classical mechanics are interpreted on the view of elliptic deformed theory. -

. The investigation has · been performed at the_ Laboratory of, Computing 
Techni_ques and Automation, JINR. · 

Cornmunication of the Joint Institute. for Nuclear R'esearch_ Dubna, 1995 


