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U.enh .n.auuoii: pa60Thl COCTOHT B aHaJIH3e CBOHCTB CHM

MeTpHH, B03HHKaIOll.{HX B KJiaCCH'leCKOH H KBaHTOBOMexauu

qecKoii: 3a.D,a'lax .D,BH)KeHH.H 'laCTHQW B QeHTpaJihHOM IlOTCH

QHane. 

1. PaCCMOTpHM cuaqana KJiaCCH'leCKYIO 3a.D,a'ly ,ll,BH)Ke

HHH 'laCTHQhl B QeHTpaJihHOM IlOTeHQHaJie V ( r i3ueprHH TaKOH 

CHCTCMhl paBua: 
p2 

E ~ --- + V ( r) • 
2m 

8 CHJiy cqiepH'ICCKOH CHMMCTPHH 3a.D,a'IH HHTerpanaMH .D,BH

)KCHHH HBJIHIOTCH KOMilOHCHTW yrJIOBoro MOMCHTa. Coxpa

HHIOll.{CHCH BCJl!,f'IHHOH B KJiaCCH'ICCKOH MexaHHKe npHHHTO 

Ha3hIBaTh BCJIH'IHHY\ IlOJIHaH npoH3B0.D,Ha» OT KOTopoii no 

BPCMCHH paBHa HYJIIO: 

dA 

d t 
,-,- 0 • /1.1/ 

ECJIH TaKaH BCJIH'IHHa 3aBHCHT OT BPCMCHH TOJihKO HCHBHhlM 

o6pa30M /T.e. nocpe.D,CTBOM KOOP.D.HHaT H HMilYJihCOB/, TO 

Bhipa)Keuue / 1.1/ CBO.D.HTC.H K cne.n.y10meMy: 

l A, El C. 0, /1.2/ 

r.n.e qJHrypHhie CK06KH O3Ha'laIOT CK06KH Ilyaccoua: 

JA JE JA JE 
IA,El= I(--------.----) 

aq. up. up. aq. 
I I I I 

)];nH qacTHhIX BH.D,OB IlOTeHQHaJia V ( r) H3BC CTHhl ,ll,OilOJIHH

TeJihHhie HHTerpaJihl .D,BH)KCHHH. ,D;nH KYJIOHOBCKOro IlOTeH-
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uuana aeKTop Pyttre-Jleuua /tt3BeCTHhIH, anpo'leM, ell.(e 

Jlannacy / HMeeT au;:i:: 

i: x. 1 
A. , _L - - (::. . p. L /1.3/ 

1 r my I J k J k 

/c TO'IHOCThlO .I1,0 HOPMHPOBO'IHOH cpyHKL(HH, JaBHCHIL(eil: OT 

E,L /. B pa6oTax/I-.'i/ 6bIJIO noKa3aHO cyll.(eCTBOBaHHe ;:i:o

IlOJIHHTeJibllhIX HHTerpaJIOB ';:i:Btt)KeHHH /KpoMe 3HeprHH H yr

JIOBoro MOMeHTa/ .I1,JIH KJiaCCH'leCKOH 3a.I1,a'IH .I1,BH)KeHHH 

qaCTHL(hl B none npOH3B0JlhHOro uenTpaJibHOro IlOTeHL(HaJia 

V(r). Pa.D,H noJIH0Thl H3JI0)KeHHH H o6cy)K.D,eHHH B03HHKaIOIL(HX 

B0ilpOCOB Il0JIY'IHM 3TOT pe3yJihTaT 3aHOB0. 

2. no auanoruu c Bhlpa)Ke1meM /1.3/ Hll.(eM A. B BH.IJ.e 
I 

X. 
A.~ x(r)--J._ 1 ~1(r) t .. p. L 

1 ' r. 1Jk. J I.. 
/2. l/ 

<l>yHKL(HH X' t/1 onpe.I1,eJIHM H3 ycJIOBHH o6pall.(eHHH B HYJih 

cKo6oK Ilyaccoua: 

l Ai, E l -~ o /2.2/ 

YcJIOUHC /2.2/ npttBO.D,HT K CJie.D,yIOIL(eH CHCTeMC .I1,HqJqJepe11-

l.(HaJibllhIX ypaBHeHHH .D,JIH cpyHKL(HH: 

·) 

L-
X + --1'. 

r 
0 

/2.3/ 

X - Z • '<fa ' + m r 
2 

V ' • <fa = 0 

/WT PHX O'.JHa'laeT .D,HqJqJepeHL(HpOBaHiie nor ,a z,. \ 2mr:!(E-V)-l: /. 

Y.D.o6IIO nepettTH K H0BhIM cpyHKL(HHM f Hg: 

4 

\ f -~ . z . g 

I [ g 
~I = - • -

Z L 

/2.4/ 

i 
~~ 

<l>yHKL(HH f H g Y.I1,0BJieTBOpHIOT cne;:i:yIOIL(eH npOCTOH CHCTe

Me ;:i:u<lJ<lJepeuuuanhHhIX ypaBHettuil:: 

df L g 
--+--'.-=0, 
d r r Z 

f dg L 
-= o. 

dr r z 

OTCIO.D,a HaXO.I1,HM: 

_dd (f +ig)= iL_(f + ig). 
r rZ 

OKOH'laTeJihHO HMeeM: 

r d r 
f ➔ i g = c . exp I i L J ~ r ) 

ro 

/2.5/ 

l • /2.6/ 

KoHCTaHTa HHTerpupoBaHHH MO)KeT JaBHCCTh OT HIITCI·pa

JI0B E, L. IloJIO)KHM 

/
r_ dr / / /J - L ----- 2.7 

· r • Z ( r ) 
ro 

BhI.D,eJIHeM B /2. 7 / Bell.(eCTBeHHYIO tt MHHMYIO 'laCTH: 

" 

f = C. cos O 

g = C • .5in O. 

/2.8/ 

Y6e.D,HMCH, 'ITO ,ll.JIH KYJIOHOBCKOro noTeHL(HaJia Mhl nonyqaeM 
. V 

BeKTOP Pyure-Jlettua /1.3/. Ilo;:i:cTaBJIHH V(r)~--'- B /2.7/, 
r 

nonyqaeM: 

f C { f ) 

2 
I L 

- ---1 
r y m 

C 7i -
l+2EL

2 -

my 
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g C ( r) C 

Ii + 

1 

2 E L
2 

L 
r ym 

. z ( r). 

' 2 my 

<l>yHI<UHH X , iµ paBHhl B 3TOM cnriae 

Xe 
C 

/ 2 EL: 
✓ 1 + ~ 

iµ C 

C 

ym 

1 

/i Et 2 ' 
1 + m/2 

BLI6HpaH KOHCTaHTY HHTerpupoBaHHH C paBHOH 

I 2ErJ -,J 1 + --:i--
m y 

MLI nony<IaeM HCKOMLIH Be KT Op /1.3/. HaKOHeu, JaMeTHM, 

'ITO BeKTOP A MO)KeT 6bITb JanucaH eIUe .IJ;BYMH cnoco6aMH, 

3KBHBaneHTHblMH /2.1/: 

➔ 

A 
7 (~ X 1.) 

f ( r ) • :_ + g ( r ) • ·-rc-
r 

➔ . ➔ ➔ 

A = µ(r) • .L+ v(r)• p 
r 

/2.9/ 

<l>yHKUHH X H 1/J' BXO.IJ;HIUHe B /2.1/, BbltJHCnHIOTCH qepeJ 

$YHKUHH f H g C noMOIUblO COOTHOllleHHH /2 .4/. <l>yHKUHH 

/l H V paBHbI: 

µ = x(r) + 2m(E --V) • :iµ (r) • r 

v = - ,J 2 m ( E - V ) • r 2 - L2 • 1/J ( r ) • 

3. IIepeii,neM K o6cy)K,neHHIO $HJHtJeCKOro CMbICna BeK

TOpa A.HJ COOTHOllleHHH 

(L. ·$. ) = o 
cne,nyeT' 'ITO 3TOT BeKTOp ne)KHT B nnoCKOCTH op6HTbl. 

Y.no6Ho BbI6paTb CHCTeMy KOOp,nHHaT .TaKHM o6paJOM, 'IT06bI 

OCb z 6brna nepneH,IJ;HKynHpHa nnoCKOCTH op6HTbl. BOJJIH-

6 

KaeT BOnpoc: Ky,na HanpaBHTh OCL X ? Benn ,IJ;Bll)Kettne TaKo

BO, 'ITO HMeeTC.H O.IJ;HO HnH HeCKOilhKO BbI.IJ;eneHHbIX ttanpaB

neHHH, ·TO ,nocTaTO'LJHO OCL X ttanpaBHTL no O.IJ;HOM)' HJ 3THX 

ttanpaBneHHH. HanpHMep, ,nn,i: cny1.JaH ,IJ;Bll)KeHH.H B KynoHOB

CK0M IlOTeHuHane .nocTaTO'LJHO HanpaBHTL OCL ·X no-llanpaB

neHHIO 6onhllIOH nonyocn 3nnnnca. B cnyqae, ecnn ,niiH)Kettne 

MHOrOKpa'fHO nepHO.IJ;HtJeCKOe, T .e. tJaCTHUa nocne HeCKOnb

KHX o6opOTOB BOJBpaIUaeTC.H B HCXO.IJ;HYIO TO'IKY' MO)KHO 

ttanpaBHTb OCL X B O.IJ;HH HJ MaKCHMYMOB HnH MHHHMYMOB 

TpaeKTOPHH. 

B n1060M cnyqae, ,nn,i: Toro 1.JT06h1 BeKTop A, onpe,ne -

nHeMLIH COOTHOllleHH.HMH /2.1/' /2.2/, o6pen $HJHtJeCKoe 

co.nep)KaHHe, He66xo,nHMO HanH'llHe B CHCTeMe O,nttoro HnH 

HeCKOilbKHX BbI,neneHHbIX 11anpaBneHHH. OcTaHOBHMCH Ha 

3TOM YTBep)K,neHHH 6onee no.npo6110. IIycTb OCH X' y ➔Ha
qpaBneHbl B.IJ;Onh npOHJBOilbllbIX e,nHHH'lllbIX . BeKTOpOB f x , 

f y, ne)Kamnx B nnocKOCTH op6ttTbI. Tor.na e,nHHHtJHhIH BeK

Top, HanpaBneHHbIH no pa,nHycy- BeKTOpy, MO)KeT 6b)Tb 

paJno)KeH no 11anpaBneHH.HM f x , f Y : 

L ~~ r . cos ¢ - r · ·sin cf; , 
[ X y 

r.ne pa,nHyc-BeKTOp qacTHUbI ; H nonHpHbiii_yron ,/, onpe.

,nenHIOTCH ypaBHeHHHMH .IJ;BH)KeHHH. BeKTOp ( L Y .r ) TaK)Ke 

ne)KHT B nnocKOCTH op6HTbl H nepneH,IJ;HKyn,i:peH r ' no3TOMY 
r.:. v r -• ➔ 
--·-- ,- P · Cos.Jc/) + f sin ,!, • 

L • r y · x · 

PaJpelllaH 3TH COOTHOllleHHH OTHOCHTenbHO p , f nony-
x y 

qaeM: 

e 
I X 

➔ ➔ 

'? Lx r 
cos cf; • - + sin cf) • ---

r L • r 
/3.1/ 

➔ 

ey 
➔ ➔ ➔ 

L Y r r 
cos ¢ • --- - sin ¢ · --

L • r r 

CpaBHHBa.H /2.9/ c /2.10/, y6e)K_naeMc.H. B nonttoii n,neHTHtJ

HOCTH ~ n i /yron 0 y,noBneTBOpHeT TOMY )Ke CO0THo

llleHHIO /2.7/, 'ITO H {) /. TaKHM o6paJOM, coxpaHeHHe 

V , f /HnH, 'ITO TO )Ke caMoe, BeKTopa A / OJHa1.JaeT, 
X y 

'ITO BLI6paHHaH HaMH CHCTeMa OTC'lleTa IlOKOHTC.H. Coxpa-

HeHHe aeKTopoa l npno6peTaeT $HJH1.JeCKHii CML1cn TonLKO 

7 



npH HanuqHH B CHCTeMe npocTpaHCTBeHHO BhIAeJieHHbIX H 

He3aBHC.Hll\HX OT BpeMeHH HanpaBJieHHii, BAOJib KOTOpbIX 

MO,KHO 6bmo 6bl ttanpaBHTh A . Ell\e 6onee .HBHhIM cTaHOBHT-

. C.H 3TO YTBep,K.I(~HHe, eCJIH paccMOTpeTb .I(BH,KeHHe qac

THIJ,bl B npoH3BOJlbHOM➔ no1:_eHIJ,Ha.J!.e V ( r' 0' <p ). 3aqJHKCHpoBaB 

e,I(HHHqHhle BeKTOpbl E x , e y , E z MO)KHO, B CHJIY ypaB

HeHHH ABH,KeHH.H, pa3JIO)KHTb r ,L. H(r xL )no 3THM opTaM: 

; - 1 I; x 
r 
➔ 

~ I =R(O,¢) I; y 
/3.2/ 

➔ ➔ I rxL I; z 
rL 

r Ae R ( 0, ¢) - TpexMepna.a Ma Tpm~a BPall\eHHH, 3aBHC.Hll{aH 

OT yrJIOB O , ch. KOTOpbie onpe.I(eJIHIOT opHeHTau,mo TQqKH. 

06paTHB COOTHOIIIeHHH /3.2/, nonyqaeM npH coxpaHHIOll{HXCH 

/B CHJiy ypaBueHHH ABH)KeHHH/ BeKTopa AJIH npOH3BOJihHOro 

noTenu,HaJia V( r, 0, ¢). KaK 6bIJIO OTMeqeuo pauee, coxpa

uenHe 3THX BeKTOpOB ue HMeeT $H3HqecKoro CMhICJia npu· 

OTCyTCTBHH B CHCTeMe $H3HqeCKH BhIAeJieHHblX u·anpaBJie

HHH. 

CHTyau,HH pe3KO MeHHeTCH, eCJIH Mbl CJieAHM 3a pa3BH

THeM CHCTeMhI Bo BpeMenH. B 3TOM cnyqae BeKTopy A YAa

eTcH npHAaTb $H3HqecKHH /no ue BCer,I(a reoMeTpHqeCKHH/ 

CMhICJI. lionee noApo6uo 3TOT Bonpoc, a TaK,Ke Bonp9ch1, 

CBH3aHHhle C HeOAH03HaquocTblO HHTerpaJIOB .I(BH,KeHm1, 

o6cy,K.I(aIOTCH B IIpu/lOJICeHUU. 

4. IlOCMOTpHM ua 3TH Bell{H C HeCKOJihKO HHOH TOlfKH 

3peHHH. IlyCTb B HalfaJihHbIH MOMeHT BpeMeHH t = to 3a,I(aHbl 

TPH KOOPAHHa Thi IlOJIO)KeHHH. lfaCTHIJ,bl x o , Yo , z O H TPH 

KOMnoneHThI ee cKopocTH ~ 0 , y O , ~ 
0 

• To, qTo B AaJib

ueil:meM npOH30HAeT C qacTHIJ,eH, IlOJIHOCThlO H OAH03Uaquo 

onpe,I(eJIHeTCH HaqaJihHhIMH YCJIOBHHMH H ypaBueHHHMH ABH

)KeHHH. IlycTb Xj - KOOPAHHaThl qacTHIJ,bl B MOMeHT Bpe

MeHH 

8 

.. 

J 

.II 

, X • 
l 

Xj 

f. (t,to, 
l 

0 
x.' l 

• 0 
Xi ) 

O • 0 
a fi ( t , t O, Xi, X j ) 

at 

/4.1/ 

COOTHOllleHHH /4.1/ MO)KHO o6paTHTh, T.e. Bbipa3HTb ua

qaJibHhle KOOPAHHaTbl ToqKH qepe3 TeKyll{He. Cornacuo Teo

peMe, AOKa3aHHOH JIK06H/<>/, 3TO BCerAa MO,KHO CAeJiaTb: 

. $YHKIJ,HH · x? , -~ ;
0 

Bblpa,KaIOTCH qepe3 Xi , ;_ i C IlOMOll{hlO 

Tex :>Ke $YHKU.HH f, HO c o6pa THhIM nop.HAKOM cne.u,oBaHHH 

t H t O • 3To TaK)K~ JierKO IlOHHTb HHAYHTHBHO: ypaBHCHHH 

MCXaHHKH CHMMeTpHlfHbl OTHOCHTCJlbHO H3MCHCHHH 3HaKa 

opeMeHH. Il03TOMY, 3a,I(aB B MOMCHT BpeMeHH t B Ka4CCTBe 

ualfaJihHhIX KOOPAIIHaT TeKYll\HC KOOPAHHaThI x., x. H nonb-
1 I 

3YHCb ypaoueHHHMH ABH)KeHHH, Mbl nonyqaeM B 6onee 
~ 0 • () 

paHHHH MOMCHT BPCMCHH to KOOPAHHaTbl Xi , Xi • Qqe-
0 • () 

BHAHO, lfTO KOOpAHHaThl X., Xi ' fiYAYlfH Bblpa,KCHHblMH 
l 

qepe3 TCKYll{He KOOPAHHaThl, HBJIHIOTCH HHTerpaJiaMH ABH-

)KCHHH. IloCKOJibKY lfHCTIO HalfaJibHblX KOOPAHHaT paBHO 6 , 

TO MaKCHMaJlbHOe lfHCJIO He3aBHCHMhlX HHTerpaJIOB TaK)KC 

paBHO llICCTH •• 113.J 3THX HHTerpaJIOB MO,KHO o6pa30BaTb 

pa3JIHlfllhle KOM6HHaIJ,HH, KOTOpblC TaK,Ke .HBJIHIOTC.H HIITer -

paJiaMH ABH,KCHHH. 3TH KOM6HHaU.HH MoryT HMCTh 6oJibllIHH 

$H3HlfCCKHH CMblCJI, lfCM HCXOAHble HHTerpaJibl. B KalfCCTBe 

TaKHX HIITerpaJIOB o6hllfHO Bhl6HpaIOT 3HeprHIO CHCTCMhl H 

TpH KOMilOHCHTbl yrnoooro MOMCHTa. OcTaIOTCH, TaKHM o6-

pa30M, Cll{C ABa HHTerpana ABH,KCHHH. B ynoMHHYThlX pa-
/ I - ' 6orax, -~ o KaqecTBC HHTerpaJIOB Bb16paHhl TPH KOMno-

HCHTbl yrnoaoro MOMeHTa, TPH .KoMnoueHThl BeKTopa A H 

3ueprHH. 3aMCTHM, ·qTO IlOJIHOe lfHCJIO HHTerpaJIOB paBHO 
2 ·2 

no-npe,KHeMy mecTH, IlOCKOJlbKY L +A Bblpa,KaeTCH qepe3 

3uepru10 E. 
Pe3IOMHpyeM: B KJiaccuqecKoii 3a,I(aqe ABIDKeHHH lfaCTH

IJ,bl B u.euTpaJibHOM noTeHIJ,Hane B03MO)KHbl CJICAYIOll{HC H~

TerpaJihl ABH,KeHH.H: 3HeprHH, TpH KOMilOHeHTbl yrJIOBOro 

MOMeHTa H CJICAYIOll{He ABe IlOCTO.HHHble BO BpeMeHH KOM6H

uau.uu: 
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r( t) dx 
I l == t 

- f [ 2 E _ 2 V {x) _ ~- ]½ 
m m m x 

12 
r(t) 

¢(t)-L I 
dx 

x 2 l2m[E-V(x}l 
L2 

- -2-2 
ID X 

I' 
/2 

/4.2/ 

/4.3/ 

3aMeTHM, '-ITO HHBapHaHTH0CTh 11 , l 2 RBJ15leTCR TPHBHaJib _, 

HhlM CJie,LJ.CTBHeM Te0pHH raMHJlhTOHa- JIKo6tt:'6 / HeCMOTPR 

Ha TO, '-ITO HHBapHaHThl 11 , I2 3aBHCRT OT ,LI.HHaMHKH 

CHCTeMhl u <l>opMbl ueHTpaJibHOro IlOTeHuuana v ( r 1 , TOJlbKO 

;;, 

B qacTHhIX cny'-laRX y,D.aeTCR ,D.aTb HM HarJIRAHYIO reoMeTpH- .JI 

qecKyIOHHTepnpeTaII.HIO. 

5. O6paTHMCR Teneph K KBaHTOBOH MeXaHHKe. KaK H B 

KJiaCCH'-leCKOH MexaHHKe, BeCbMa Ba)KHbIM HBJIReTCR OThICKa

HHe H0BhlX HHTerpaJI0B ,LI.BU)KeHHR, T .e. onepaTOpOB Ai ' 
K0MMYTHPYIOIUHX c raMHJlhT0HHaH0M H . Ilpo6JieMe OTbIC

KaHHR TaKHX onepaTopoB IlOCBRIQeHO MHoro pa6oT. l13 HUX 

Mhl ynoMRHeM JIHIIlh HeCKOJlhK0. B pa6oTaX '7 -9/ 6blJIH Haii

,D.eHhl ace noTeHuuaJihI, o6na,D.amuue B ,D.ByMepHoM cnyqae 

rpynnoii ,LI.HHaMH'-leCKOH CHMMeTpuu .H IlOKa3aHo, '-ITO BO Bcex 

CJiy'-laRX rpynnoii: CHMMeTpHH RBJIReTCR SU ( 2). B pa6oTaX, rn, 11,' 

6hlno npoae,D.eHo no,D.po6Hoe paccM0TpeHue · TpexMepHoro 

cnyqa11. 

IlocKOJlbKY OT KBaHTOBOH MeXaHHKH K KJiaCCH'-leCKOH 

M0)KHO nepeHTH, ycTpeMJIRR KOHCTaHTy IlnauKa h K HYJIIO, 

TO npH HaJIH'-IHH <l>u3u'-leCKOH CHMMeTpHH B KJiaccuY:eCKOH 

MeXaHHKe /B yKa3aHH0M BhIIIle CMhICJie/ Il0,D.06HyIO CHMMeT

pHIO CJie,D.yeT HCKaTh u a KBaHTOBOM cnyqae. OTCYTCTBHe 

no,D.o6uoii CHMMeTpHH yKa3bIBaeT Ha TO, Y:T0 HMeeT MCCTO 

CHHryJIRPH0CTh no KOHCTaHTe h -IlO,D.06Hhie H3MeHeHHR CHM-
, ] ? / 

MeTpHH Ha3hIBaIOTCR auruepoBCKHM COKpaIQeHHeM1 -, • 

Mbl X0THM 3,D.eCh paCCMOTpeTb ,D.ByMepHbIH KBaHTOBhIH 

aHanor cnyqa11, paccMoTpenHoro B n. 3, T.e. ,D.BH)Keuue 

B IlOTeHUHane 
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) 

V ( r) 
h2 2 

~+-7,\ 
r 2m r 

BoJIHOBbie <l>YHKUHH ypaaHeHHR lllpe,LJ.HHrepa C TaKHM 

Il0TeHQHaJI0M paBHhl: 

r/1 R ( ±: ifcp 
nf nf r)•e /5. l/ 

r,D.e 

L' 
R ~ ( r) 1 1 l'(nd) 1 2 f' :'.I. 

~:= -0 V -----·---·--- • -· ------· ---- e , r1 L ( /J) • n I 
\' 2 rr I' ( n t 2L 11) 2 n 1 2L 1 1 11 

r h ·,y <) 

(J a --·- --~-------- L ,, p - I A -
a 

v--BE-m 

YpOBHH :rncprHH: 

•) 

m ,,- l 
~ l ., E /5.2/ 
2h 2 .(n 1 L , 2 f 

IlpH UCJIOY:HCJICHHOM" 3HaY:CHHH yrnoaoro M0MCHTa /' H npo

H3B0JlbHOH K0HCTa1ne B3aHMO,D.eHCTBHR A B0JIH0BhlC cpy11K

II.HH /5. I/ HBJIRIOTCH HeBhlp0)K,D.eHHhIMH, Y:T0 CJIC,LJ.yc·, H3 

Bb!pa)l(CHHH ,LI.JIR YPOBHeH :rneprHH /5.2/. JierKo BH,LJ.Clh, 

O,D.HaKo, Y:T0 Beer ,LI.a B03M0)KH0 OThICKaTb TaKyIO ,LI.HCKpCl HYIO 

COBOKynH0CTb fl /Bo06IUe roaop11, HeQeJibIX/, Y:T0 B0JIH0Bhie 

qiyHKII.HH /5. l/, 0TBeY:aIOIUHC ,D.aHH0MY YP0BHI0 :rneprHH E , 
0Ka 3 hIBalOT CR Bhlp0)K,Ll.eHHhlMH. E CJIH Y:epe 3 N 060 3 Ha Y:HTh 

2 my 
rnaBHoe KBaHT0Boe l{HCJI0 ( E ~ - -----). TO ,LI.0llYCTHMhie 

2 l '> -
2h ( N+Tr 

3HaY:eHHR f onpe,D.eJIRIOTCH C00TH0IIIeHHeM: 

I'= ±\'(N-n)2-,\2. /5.3/ 

CyIUeCTBOBaHHe Bblp0)K,LJ.eHHR CTaH0BHTCR 6onee 0'-leBH,LI.HhIM, 

eCJIH B0JIH0Bbie $YHKUHH 3ailHCaTh, HCil0J1h3YR HH,LJ.eKChl NH n : 
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1/lN =RN (r)• exp[±iy(N-n)2
-,\

2
] • 

,n ,n 

/5.4/ 

R 
.N,n 

!__l__; f(n+l) 1 _£_ ./r a\ -['(2N. -- ------ e 2 PN-n L2(N-nl( ) 
v 1T -n+l)2N+l n P • 

BOJIHOBhle cpyHKl.(HH /5.4/ npH ,IJ.aHH0M 3Ha'-leHHH N H pa3JIH'-I

HhlX n npHHa,IJ.ne:>Ka T 0,IJ.H0MY H T0MY :>Ke yp0BHIO :rneprHH. 

OTMeTHM TaK:>Ke H auanormo c KnaccH'-lecKHM cnyqaeM, 

r,IJ.e op6HThl CTaH0BJITCJI 3aMKHYThlMH )].llJI ueuenhIX ,IJ.HCKpeT

HhlX 3Ha'-leHHH yrnoaoro M0MeHTa. BonHOBhle <PYHKl.(HH 

/5.4/ Y.IJ.0BneTB0pHIOT cne,IJ.yIOIUeMy ycnoBHIO opTopHTpoaau

H0CTH: 
00 00 

frdrJd¢ if;N, ,1/'N =o(n-n')o (N-N'). 
, n , n 

0 -oo 

6. Harneii 6nH:>Kaii:rneii Ja,IJ.a'-leii: HBnHeTcH nocTpoeHHe 

onepaTopoB, K0MMYTHPYIOIUHX C raMHllhT0HHaH0M H nepeao

.IJ.HIUHX . B0llH0ByIO <PYHKl.(HIO /5 .4/, npHHa,IJ.Jie:>KaIUyIO yp0BHIO 

3HeprHH E B llHHeHHYIO KOM6HHal.(HIO <PYHKl.(HH, 0TBe'-laIOIUHX 

TOH )Ke 3HeprHH. Bocnon1,3yeMCJI cpe,IJ.CTB0M, npHMeHeHHhlM 

~HpaKOM npH nHneapH3aUHH ypaaneHHH Kneii:Ha-rop,IJ.ona -

B ypaBHeHHH lllpe,IJ.HHrepa 
h2 d2 if; l d t/J h2 A 2 2 

- -~---- ( --·2 ; -· - ··--) I ----.,, ( L f /\ ) VJ .. y -VJ E 1/1 
2m dr r dr 2mt'" r 

paJ,IJ.enHeM nepeMeHHhle: rp(r,¢)..., R(r), ¢ (¢) 

h 2 l d2R 1 d R if 1 ~2 2 Y - ---- - ( --- + -- -- ) + ----- - ( I.: +· ,\ ) ¢ - ---- - E . 
2m R dr 2 r dr 2mr 2 qi r 

A 2 2 
Ilpe,IJ.cTaBHM onepaTop L + ,\ a BH,IJ.e nonuoro KBa,IJ.paTa: 

~ 2 2 A ') 

L ' A -~ ( a L l {3 ,\ )- , 

r,IJ.e (l H f3 - )].Be p:aynneBCKHe MaTpHl.(hl, Y.IJ.0BneTB0pHIOll.(He 

C00TH0llleHHJIM: 

a 2 
·c l , {32 1, a{3+f3a=0. 

Y,IJ.06110 Bhl6paTb a H f3 cne.IJ.YIOIUHM o6pa30M: 

12 

f 

' l) 

,. 
1. 
t 
'i 

1 
a = ( 0 

0 

-1 ) -. f3 
0 

( 1 
l 

0) 

<l>yHKl.(HJI qi B ,IJ.aHH0M cnyqae HBnHeTCJI CilHHopoM: 

<IJc(f) 
g 

<l>yHKl.(HH f, g Y.IJ.0BneTB0pHIOT cne,IJ.y10iuen CHCTeMe ypaa-

HeHHH: 

.!... d f 
d ¢ + ,\g = ,\ £ 

1 d -
--~+,\f =,\g 

i d¢ ' 

r,IJ.e A - co6cTBeHHO JHatJeHHe onepaTopa. 

L =al. +{·n. 

<l>yHKl.(HH f H g paBHhl: 

/_ 2 
f ,\ = A • e i v' ,\ - ,\ 2 ¢ . /r:-y---+ Be - i \- ,\ -,\ 2 ¢ 

,. 

,\ 
;-::;;-;, 

g = A 
·I i \ ,\ - _ ,\ - d, 

,\ - r:::;:;-------
e . 

A +y>..2 _ ,\2 

+B 
I\ -i ✓~ 2 -,\2 ¢ 

e 

,\ ✓ -2 
') 

- ,\ - ,\ -

t-

r,IJ.e A H B - Il0Ka np0H3B0llhHhie K0HCTaHThl. IIonnaJI aon

H0BaJI <PYHKl.(HJI 0'-leBH)].H0 paaua IlP0H3Be,IJ.eHHIO npe)KHeii: 

pa,IJ.Han1,noii <PYHKUHH RN, n H cnHHopnoii <PYHKUHH ( :•: _':j . 
OnepaTOphl, nepeB0)].HIUYIO B0ilH0ByIO <PYHKl.(HIO 1/' N B 

lf'N,n±l' HMeIOT BH.IJ. 
/ ,n 
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') 

1 h- c'J 1 - ·- I 
A ~· -= f (¢)1y+-(----L)(L+-)I 

+ \12 + m rJ r r 2 

') 

1 h- J 1 - - I 
A --£ (,j,)ly1--(--,--- -L)(L --)J 

- \12 - m rJ r r 2 

3.11.ecL f (,h)u £_ (,/,) Y.11.0BJICTB0PHIOT C00TH0UJeHHIO: 

L ' f I ( <!,) I I f t ( </J ) • 

Onepa1opL1 f. H { HMCIOT )].0CTUT0lJH0 CJIO)KHLIH BH)]. H Mb! 

HX He npHU0)].HM. A. , A , L Y.11.0BJieTB0pHIOT C00TII0illeHHHM 

IL, A, I I A 
., 

I A I. A_: 
4 h-

- --HL 
m 

4T06Lt npHUCCTH K0MMYlUIJ.H0IIIILIC C00TII0UJeHHH K CTa11.11.apT

H0MY HH.IJ.Y, nepe11opMHpyeM onepaT0pbl A, . A 

A, 
A+ 

·) 

4h-
\. - ---iu- H 

Tor .11.a HMeeM: 

IL.A+J=!A ' - + 

A+, A J ~ L . 

OTCJO)].a cne.11.yeT, lJT0 onepaTopb! L. A,. A_ JIBJIHIOTCH 

reuepaTopaMH anre6pbl SU (2) .TaKHM o6pa30M, K0HCTaTHpy

CM C0BIIa)].CHHC rpynn CHMMCTpHii B KJiaCCHlJCCK0M H KBau

T0B0M cny'laHx )].JIH II0TCHU.Hana: 
, h2 ,\2 

V(r) =-L+ - -
r 2m r2 
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Pa3yMCCTCH, peanH3aUHJI onepaT0p0B A C II0MOll{hlO MaTpHI..( 

IlaynH He HBnHeTcJI o6H3aTenLuoii. ropa3AO 6onee npeA • 

IlOlJTHTCnLHOH HBnJICTCJI peaJIH3aUHJI Ha HCXOAH0M Knacce 

qiyHKUHH /20/, K0T0PYIO M0)l(H0 nony'IHTL c Il0M0ll{LIO 

MCT0,na, npe)ln0)l(CHH0ro B / 13/_ IlpH 3T0M, 0)lHaKo, onepa

T0pbl A 6y)lyT C0]lCp)l(aTh np0H3B0)lHhle CK0Jih yro,nuo Bbl· 

C0K0ro nopH)lKa. HaKOHCU, yKa)l(CM ABC pa60ThI/l s, 1 4/ , 
6JIH3KO npHMLIKalOll{HC K HaCTOHll{CH IIPH paCCMOTPCHHH 

KJiaCCHlJCCKOH 3a)].alJH ABH)l(CHHJI lJaCTHULI B UCHTpaJILH0M 

Il0TeHUHaJie. 

7. B npe,!J.LI,!1.Yll{CM nyHKTC Mhl HMCJIH .neno c HCUCJILIMH 

3HalJCHHJIMH yrJI0BLIX MOMCHT0B. AHanorH'IHLIH Bonpoc MQ)I(· 

HO II0CTaBHTh H B 0TH0IIICHHH pa.nHaJihHLIX KBaHT0BLIX l{HCCJI 

nr : 'iT0 npHB0,!I.HT K KBaHT0BaHHIO YPOBHCH 3HeprHH? 

CTau.napTHLiii 0TBeT, .nau11L1ii: y}Ke 3.lllpe,!J.HHrepoM, 3aKmo

qaeTCH B Tpe6oBaHHH K0HClJH0CTH BOJIHOBOH qiyHKUHH npH 

r=O H r == . Mhl 3HaeM, 0,!I.HaKo, lJT0 3THM TpefioBaHHHM HC 

BCCr,!J.a B03M0}KH0 Y.D.0BJICTB0PHTL /B KalJCCTBe npHMepa 

yKa}KeM, lJT0 B0JIH0BaH q>yHKUHJI CBH3auaoro C0CT0HHHJI 

,!I.JIH ypaBHeHHH )].npaKa C KYJI0H0BCKHM Il0TCHUHaJI0M HMeeT 

CHHrym1pH0CTb B HatJaJie KOOP.IJ.HHaT/. <l>H3H'ieCKHM YCJI0BHeM 

HBJIHeTCJI ycJI0BHe K0HelJH0CTH uopMbl BOJIHOBOH q>yHKUHH. 

IlOIILITaeMCH II03T0My BbllJHCJIHTb CKaJIHPH0C IIP0H3Be.nenne 

H H0PMY B0JIH0B&IX ql)'HKU.HH TpexMepaoro 0CUHJIJIHT0pa .l].JIH 

IIP0H3B0JILHLIX HeueJI0lJHCJICHHLIX 3HatJeHHH 3HeprHH, ue 

npn6eraJI K Tpe6oBaHHIO K0HCl{H0CTH B0JIH0BLIX q>yHKU.HH. 

Pa.nHaJILHOC ypaBHCHHe HMeeT BH.l]. B 3T0M cnyqae: 

h
2 l R 2 

--[--2-+-
2m d r r 

dR 

dr 
p (f + 1 ) R J + a2 r 2 R = E. R • 

2 

IlonaraH f -

iR 
-i;r 

E 

;:~2:~1~"' · P 
2m-

r 

-2 
. 2 ma 

V 
h2 

2 r 

2 

II0Jiy'laeM 

2 dR P(P 1 1) 
t -- --- - --- 2··- R .. p R It R 0 

p dp p 

X e 
3aMeHOH x = p2 , R = e 2 x2 • rj,,uaxo.IJ.HM CJIC.IJ.YIOll{ee ypam1e

HHe )].JIJI r/1 , 
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X 1/, " + t/, ' {f + _3_ _ X ) + t/, _f - 2f - 3 
2 4 

o. 

CpaBHHBaH 3TO. ypaBHeHHe C ypaBHeHHeM JJ.JIH Bhlpom
,neHHOH runepreoMeTpuqecKoii qiyHKLUIH: 

zF"+ (c-z)F' -aF, 0, 
HaXOJJ.HM: 

2 p . 

R -T f F ( , -U -3 o 3 2) 
· e fl - ---·- ---- r f - p /7 1/ 

1 I 4 ' 2 ' . 

Ilpu r • 0 qiyHKl.(HH R ( r) ocTaeTCH KOHetJuoii npu P-- O u o6pa
ll.(aeTcH B uynL npu P IO .Ilpu r , "" HMeeM: 

T.e.: 

F ( ) - i 77a ) ' ( c) -a r· ( C} Z a-,· 
a, c, z - e • ---····-- z t --- e • z 1 1 · I ' ( c -a) I' ( a ) 

R • 
. ( 

l 77 
e 

2 r -3 
4 

l'(P I ]_) 

2 
< -- .'l 

fl --.,-

I' ( ~--tlf_ t -~-) 
4 

3 
r(P 1 

2
) 

I --· ·-----·-· --··--· ---·-- ----·--

f - 2f -3 
l' ( - ------------ ) 

4 

1'2 

2 
e 

f_±_ 3 

. p 2 

? 
p-__ 'l __ _ 

• e - I 

/7.2/ 

HaJIHlJHe BToporo lJJieHa a /7. 2/ npHBOJJ,HT K TOMY, 'ITO 
qiyHKl.(HH R npu 6oJiblllHX 3HatJeHHHX r ueorpauuqeuuo 

. B03pacTaeT. Ilpu 3TOM ueorpauuqeuuocTb aonuoaoii IPYHKUHH 
o6bilJHO CBH3bIBaeTCH C HeHopMupyeMOCTbIO / 16;. IlepeXOJJ.HM 
TenepL K BbitJHcneuu10 uopMbI qiyuKl.(HH R • IlpeJJ,BapuTenbuo, 
OJJ,HaKo, BbIIIHllleM CKaJIHpuoe npoH3BeJJ,euue BOJIHOBbIX qiyuK-
1.(HH: 

16 

2 f+P'+2 
N=Jp dpRne{p)RnT(p)=Jp dpe 

2 
_p_ 

2 

/7.3/ 

X 

< - 2e - 3 . J 2 ( f , - 2e, - 3 o, 3 2 l 
X F ( - ------ e + - r ) F - ----- L + - r 

1 1 4 ' 2' 11 4 ' 2' 

1 oo f+f'_ l 

=2fx z +T 
0 

-x f-2f-3 3 
. dx. e 1 Fi (---4----,e + -2-, x) x 

x F ( - ~-~-:-JL_-:_3 £' t l._ x) 
l 1 4 ' 2 ' 

HuTerpaJibl BHJJ,a /7 .3/ BCTpetJaIOTCH B pa3JIHlJHbIX pyKo
BOJJ.CTBax no KOH!pnI03HTHoii runepreoMeTpuqecKoii qiyHKUHH 
/cM., uanpuMep/17-20/ /. HuTerpan 

00 -Kt h-1 
I-. J e • t 1F1 (a,b,Kt), 1F1 (a',b',Kt)dt /7.4/ 

0 

npu Re b -0, Re K ·-0, Re( 1 ta' - a)> 0 cyll.(eCTByeT H paaeu 

I = K-- h _[_Jb)- l'(b') · r(b' a' - b) .f'(l + a' t b ---~') · f0~:-~l_ . ; 7 . 5/ 
l '(b ' - a'). r(b ' - b). 1( 1 + a' - a + b- b '). f'( a') 

HuTerpan /7 .4/ HMeeT MHOro 0611.(ero C HCKOMbIM HHTerpa
JIOM /7 .3/. B qacTHOCTH, noJJ,bIHTerpanbHaH qiyuKl.(HH ueor
pauutteuuo B03pacTaeT npu t '"", xoTH caM HHTerpan ocTa
eTcH npu 3TOM Kouettli:bIM. Cpaauenue /7 .3/ u /7 .4/ npuao
JJ.HT K CJieJJ,yIOll.(HM BbIBOJJ,aM: HHTerpan /7 .3/ paaen nynIO 
npu P -, P' u E 1·E'/u3-3a HaJIHttHH B 3HaMeuaTene <l>YHKUHH 
ne:..e )/. Ilpu p -- e, H E ~ E, noJiyttaeM HeonpeJJ,eJieHHOCTb BH
JJ,a 00 / 00 • BMeCTO a' H b' YJJ.06no BBeCTH HOBble nepeMeHHbie 

a H < b : 

a'-.- a + ta b' - b • t h , 

Y.T06bI pa3pelllHTb ynoMHHYTYJO Bblllle HeonpeJJ,eJieHHOCTb, 
ueo6XOJJ.HMO ta , < b ycTpeMHTb K HYJIJO. IloJJ,CTaBJIHH 
B /7.5/ a' ub' u nonaraH ta u c b paBHbIMH HYnIO B COM
HO)KHTeJIHX, He\ BHOCHll.(HX BKJiaJJ,a B ynoMHHYTYJO ueonpeJJ,e
neHHOCTb, HMeeM: 

00 

- Kt h-1 ( K ) f e • t • l FI (a, b, K • t) • IF I. a+ E , b + < , t d t = 
0 

1 
-~ 

~i~.lL 
I' ( b -a) 

r(-a)_l' ( l _~ a) I'(t.u) 

I'(a) l'(tb) 
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3aMeTHM, qTo B 3aBHCHM0CTH OT OTHOCHTenLHOi CTeneHH 

CTpeMneHHH la H lb K nymo MLI M0)KeM nonyqHTL ,IJ;IlH H0PMLI 

mo6oi pe3yilLTaT • IloCKOilLKY npH a :uenoM 0TPH:UaTeilLH0M 

BLlp0)K,IJ;eHHaH reoMeTpHqecKaH qJyHK:UHH C0Bila,IJ;aeT C MH0ro

qneHaMH Jlarrepa, TO ecTeCTBeHH0 TaK ycTpeMHTL la H 

( 1, K Hymo; qTo6LI nonyqHTL npaBHilLHYJO H0PMHP0BKY ,IJ;IlH 

3THX MHoroqneH0B. 3To ,IJ;aeT ( a =-l b H cne,IJ;yIOil.\ee BLipa

)KeHne ,IJ;IlH H0pMLI: 

3 
2 

ll'(P +l})2 
---- 2 ----· -- - ----
l'({+2P1-3} 

4 

.·J'(t-:+1} . /7.6/ 

E,IJ;UHCTBeHH0e, 'ITO BLl3LIBaeT C0MHeHne npu nonytJeHHH 

H0PMLI /7 .6/ - 3T0 He0,IJ;H03HalJH0CTL npe,D;eilLH0ro nepe

X0,IJ;a. K T0MY )Ke, K0HelJH0e BLipa)KeHne ,IJ;IlH H0PMLI np0TH

aopetJUT U3BeCTHOH TeopeMe /21/' cornaCH0 KOTOpOH cneKTP 

one pa To pa f - ~ + q2 ( x }ltJUCTO TO'lelJHLIH, ecnu H0pMa K0Heq-

d x2 
•) 

Ha, a q~ (x} CTpeMHTCH K ~ npu X ➔ (X). O,IJ;HaKO U3 npHMLIX 

BLllJHCileHHH 3T0 He 0lJeBH,!J.H0. TeM He ~enee, nro6onLITeH 

caM <l>aKT CYil.\eCTB0BaHHH CBH3aHHLIX COCTOHHUH C npoH3-

BOilLHOH 3HeprHeii opToroHanLHLIX ,IJ;pyr K .u.pyry npH E ,fE: 
Ilo,IJ;BO,!J.H HT0ru, K0HCTaTnpyeM C0Bila,!J.eHUe CUMMeTpnii 

B KnaccuqecK0M H KBaHT0B0M cnyqaJIX. OTnHlJUe CHMMeTpuii, 

o6Cy)K,!J.aBIIIeecH B ynoMH_HYTLIX BLIIIIe .pa6oTax, HClJe3aeT' 

ecnH 0TKa3aTLCH B KBaHT0B0M cnyqae /KaK 3T0 acer,IJ;a 

HMeeT MeCT0 B KnaccuKe/ OT Tpe6oaaHUH :uenotJHcneHH0CTH 

yrnoBoro M0MeHTa. 

O,IJ;UH H3 aBTopoa / A.r .H./ rny6oKo 6naro,IJ;apeH npo<l>. 

.H.A.CMopo,D;HHCK0MY' 6e3 BHHMaHHH H ,IJ;py)KeCKOi Il0,IJ;,D;ep)KKH 

K0T0poro ,IJ;aHHaH pa6oTa He Morna 6LI 6LITL ,IJ;0Be,IJ;eHa ,IJ;0 

K0H:Ua. 

IIPHJIO)KEHHE 

3,IJ;eCL MLI pacCM0TPHM Bonpoc 06 0,IJ;H03HaqH0CTH nony

qeHHLIX B n. 3,4 HHTerpanoB ,IJ;BH)KeHHH. liy,IJ;eM HCil0ilL30-

18 

BaTL ,IJ;nH A nepBoe H3 BLipa)KeHuii /2.9/. B 3T0M cnyqae 

qJYHK:UHH f u' g .HBil.HJOTC.H HanpaBil.HlOIQHMH K0CHHyCaMH, 

onpe,IJ;eil.HlOIQHMH uanpaBn~HHe aeH3MeHHOro BeKTopa A oT-

H0CHTenLH0 Bpall.\alOII.\HXC.H e,IJ;HHHqHLIX BeKTOPOB 

f "'· C • cos () , g = C • sin e . 

Yron e B C00TBeTCTBHH c /2. 7 / paBeH: 

r d 
()( r} = L f --~,:i_c ____ . 

· X • Z ( X) ro 

➔ 

r 

r 

➔ -) 

L x r. 
H-~-

/Il.1/ 

3,IJ;eCL r o - pa.u.nyc-BeKTOp qacTH:ULI BHatJanLHLIHMOMeHT to
Ecnu MLI He HHTepecyeMC.H pa3BUTUeM CHCTeMLI BO BpeMeHH, 

TO <l>YHK:UUH O ( r} .HBnHeTCH MHOr03uaqHoi <i>YHK:UHeii r . 
B caMoM ,IJ;ene, TpaeKT0pH.H qacTU:ULI B 0611.\eM cnyqae 3a

Knioqeua B K0ilLIJ,e C BHyTpeHHUM pa.u.uycoM rMvlH u auern

HUM pa.u.uycoM r l\1aKC OTnpaBnHHCL OT T0lJKH r o , tJaCTU:Ua 

npoxo.u.nT qepe3 3a,IJ;auuoe .3HatJeHne r ( > r O } KaK B nepBoM 

1.1,uKne, TaK H B Ka)K.!J.0M 03 nocne.u.yioIQnx. Ecnu qacTn1.1,a 

.!J.0CTnraeT 3HaqenHH r nocne np0X0)K,IJ;eHU.H n 1.1,HKil0B, TO 

()(r} paBH0 

0 (r} = n • L • cJ> __ j_~---- + L J --~! __ . 
x,Z(x} x•Z(x) 

ro 
/Il.2/ 

Ecnu onycl'HTL nepnoe c~!lraeMoe, T.e •. uaHBH0 6paTL 

HHTerpan OT ro ,IJ;0 r, TO A' , 6y,IJ;ytJu IIOCT0.HHHLIM B npe

,IJ;enax 0,IJ;Horo 1.1,UKna, CKalJK0M U3MeHHT uanpaBneHHe /ua 

dx 
yron '\(), Lcfa----( -·}- / npu nepexo,IJ;e K cne,IJ;yJOIQeMy U.HKny. 

x•Z x 

Ecnu )Ke paCCMaTpHBaTL 3a.u.aqy He CTaTH'leCKH, TO He-

0,IJ;H03HaqnocTL HClJe3aeT. B caM0M .u.ene, nyCTL MLI U3Me

punu. () B M0MeHT BpeMeHH to H UHTepecyeMCH 3HatJeHH

eM O B 6onee no3.U.HHH M0MeHT apeMeuu t . TaK KaK nepuo.u. 

o.u.uoro :UHKna paBeu 

r = m of, ~- dr 

y'2m(E-V} 
L2 
r2 

/Il.3/ 
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TO nerKo Bhl'-IHCilHTh lJHCilO nonHhIX 1.1,HKilOB n -· HaKOHeI.J,, 

noJJ,cTaomrn n B /II.2/, MhI eoccTaHOBHM &(r), 

IlponnmocTpnpyeM cKa3a
0

nHoe BhIIIIe Ha npuMepe noT

Te111.1,nana: 

V( r) ·· 
}' __ , 
r 

') 

r 
') 

2 rn r -

113 ypaeneunii raMunhToua-JIKo6u nMeeM: 

rJJ,e, 

dr 
t - \> · m I ---====--=--=--=--=---=

r o \·2rn(E-V)-L
2 

') 

. i: sms 

r-

' \' __!!!_ ~ • l' 
2, 2, ·' 

') 

, m 1L 
, -- . \ 

-\ 2£ 4c 2 

!El.a CilCJJ.YKHl.l,HM o6pa30M CB.!13aHO C 

•) ·) ., 
}' ,, - L- I ,\ -

r ---·- .. \ cos'~ 
2, 

•l ---

2,- 2m, 

/Il.4/ 

L2 + ,\2 
- ---- X 

2mc 

/II.5/ 

/II.6/ 

113 /II.5/, /II.6/ cneJJ,yeT, 'ITO B uatJanhHhIH MOMeHT t 0 tJac

THUa HaXOJJ,HTC.!I ua MHHHManhHOM yJJ,aneHHH OT npnnirn

ea10Il.l,ero ueHTpa. Yron /J(r) paeeu: 

r(t) 

O(r)=Lf 
dx 

UT··n + 
r O •) ) 

x-v2m(E-V ~ 
? x-

+ 
L 

-z-----2° 
V L + ,\ 

1 m )' 
- 2 2 

r L +,\ 
arc cos-------------

[( 
my 2 2mE ½ 

-~-)+ ---] 
•) 2 

L- + ,\ . L2 +,\2 

/II.7 I 

r,D;e OT ecn, yrnoeoe paccTOHHHe Me)K.D;y .D;BYMH coce,D;HHMH 

MHHHMyMaMH: 

20 

OT 
2L 11 ______ ;_, __ 

v·L2 +,\2 

BpeMH O,!J.Horo 1.1,HKna paBHO: 

2 ' m y 
TT\' - -

2c 2£ 
T = 

Mbl BH,D;HM, '-ITO, ecnn e /II. 7 /ue Y'-IIITbIBaTb npe,D;blCTOpIIIO 

JJ,BH)KCHH.!1, T .e. OCTaBHTb TOJlbKO BTOpoii qneu,_;ro np11 ne

pexoJJ,e H3 OJJ,Horo ceKTOpa B COCCJJ,IIIIH UCKTOP A no1rnpa

'-IHBaeTCH CKa'-IKOM Ha yron /)'(', T.e. KaK fibl cneJJ,HT 3a ueK-
_, 

r L ·.· r ~ ~ 
TOpaMH -····- H _L___ KynoHOUCKHII CJly'-laH Bbl)J,CJUICTCH 

r • r 

TCM, 'ITO ynoMHHYTblll CKa'-IOK OKa3bIBaeTC.!I paBHblM 2 7T ' 

-r.e. BeKTop A coeMell.l,aeTCH c caMH'.'1 co6oii. Ilo·,roMy 

B cnytJae aToMa BOJJ.OpoJJ,a CHMMeTpHH npuo6pe-rac r JJ,eii:

CTBHTenbHO reoMeTpH'IeCKOe COJJ,ep)KaUHe H He 3aBUCHT 

OT IlOBeJJ,eHH.!I CHCTeMbl B npournoM. 

,LJ,nn IIOTCIIIJ,llana /Il.4/ )J,JUI 3Ha4CHHii yr nouoro MOMCH· 

Ta, YJJ.OBneTBOp.!I!Oll.l,HX coo fHOWCHHIO 

L m 

. 2 2 
\' L + ,\ 

•n 

' 
r.ue. m. n - u;enbIC HCOTpuu;a I CJlbllblC '-IHCna, KJ(aCCH'-ICCKHC 

opOHTbl CTaHOB.!ITC.!I 3aMKHYfblMH. 8 :)"f(JM c11y4ae CHMMC I -

PHH npuofipe-raeT re·oMCTpH'-ICCKHH CMbICJI H MO}KHO IIOJly<IH r b 

UH rerpanbl JJ,BH}KCHH.!1, HC :JaBIIC.!111\HC OT HOBC)J,CIIHH CHC fCMbl 

B npOWJIOM. 

Pacc~HnpuM Tenepb cnrrnii pacccRHH.H, r .e. E 0./J,Jrn 

npocTOTbl B03bMeM TOT }KC norcuuuan /B.4/. Tor·.ua HMCCM 

OJJ.HY TO'-IKY noeopoTa: 

r . 
1111n 

2 
Y , }' ,. 

--+\/-~ = - 2E 4E 

·) . .., 
{'- f ,\ 

2mE 

H cne.uy10mue ypaBHCHHR, auaJIO[ lf'lllbIC ypaBHCHH.!IM )J.Jlll CB.ff· 

3aHHblX COCTO.!IHIIH: 
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t - to 

ch x= 

() 

---r~ X ] 
-- y 2 L + A [ S h X - ---::::====-;;--.;- ' ./ m ·•v--+- -- . 2 2 

= v 2 E 4 E 2 2 m E V 1 + ~L + X ) 

_r._ 
r ➔ 2E 

Y2 G + >..2 v-- ➔ 
4E 2mE 

L 

my2 

1 my 

r - L2:-A2 

arc cos ------------
') ') 

..jL- ➔ A- 2 2 I/ 2mE my . ,c: 
--+{---) I 

L2 + A2 L2 + >.,2 

B OTJIH'IHe OT CJiy<J:aH CBH3aHHOro COCTOHHHH, O(r) eCTh 

OAH03Ha<J:Ha11 IPYHKUHH r • Ilo3TOMy HHTerpaJILI ABIDKeHHH non

HOCTLJO onpeAeJIHIOTCH paAHaJILHOH KOOPAHHaTOH r , He 3a

BHCHT OT npeAhlCTOpHH CHCTeMhl H HMeIOT reoMeTpH<J:eCKHH 

CMhlCJI. OAH03Ha<J:HOCTh HC'le3aeT AJIH Tex noTeHL{HaJIOB, 

AJIH KOTOPhlX B03MO)KHO opfiHTHpoBaHHe/22/. B 3TOM cnyqae 

CJieAyeT nocTynaTL, KaK AJIH CBH3aHHhlX COCTOHHHH. 

OTMeTHM, HaKOHeU, 'ITO pe3yJILTaTLI, nony<J:eHHhie B 

AaHHOH pa6oTe, CTaHOBHTCH IlO'ITH TpHBHaJihHhlMH Ha 113h1Ke 

CHMilJieKTH'le CKHX MHoroo6pa3HH /CM., Hanp.' A06aaJieHHe 

8 /23/ /. 
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