
cJ.ttf.f 

f'•1-, 33 
9/t-{,t-i-6 

B.A .MaTBeeB, B .A .Marpa,rpe 

KOH$0PMHO-HHBAPHAHTHME 

BEPlliHHHME $YHKUHH 

,l(JIH CJIYtiAH HEOPEPMBHOrO COEKTPA MACC 



! 

L 

j 

1 

l 
~ 
l 

1 
.j 

l 

B.A.MaTsees, B.A.Marpa,n3e* 

KOH~PMHO-HHBAPHAHTHYE 

BEPWHHHYE ~YHKUHH 

P2 - 943e 

,lVIH CJIYqAfl HEllPEPYBHOrO COEKTPA MACC 

* l1HCTHTYT MaTeMaTHKH AH fpCCP 



----1 

I 

B B e .I e H H e 

OOHapyxeHHHe B axcnepHMeHrax no rnyOoxoHeynpyroxy B3aH¥o

~eRcrBHD nentOROB C ~p0H8¥H ¥6CWT60HH8 38XOHOM8pHOCTH npHB81H 

K 3~aqe H3YQ8HHR aBTOM0~81bHHX aCHMnTOTHK B KBaHTOBOR T80pHH 

nons/11. 

HanOonee nonsH¥ oopaaow 3Ta npoOnewa Owna nccne~oBaHa B 

paOorax/
1
/, r~e ownH Ha~esw ~ocraroqHwe ~~R cymecrBoBaHHR asro

xo~en&HoR 6CH¥nTOTHKM yCROBHR Ha cneKTpaRbHY8 ~YHKUHH B npe~CTaB-

18HHH ~aRcoHa-fiocra-RewaHa (~1m) ~~R uarpHQHWX 3neweRros Kouwy

raropa TOKOB. O~HH¥ M3 BBXHWX pe3ylbT6TOB 3TMX paOor RBHIOCh 

000CHOBaHH8 B36HMOCBR3H aBTOM0~81hHOro nOB8~8HHR H xapaxrepa CHH

rynRpHOCT8R XOMMyraropa AOKaJhHYX TOKOB Ha CB8TOBOM KOHyce/2/. 

0TM8THM, qro 6BTOM0~8RhHOMy nOB8~8HHD ~OpM~aKTOpOB rnyOOKO 

Heynpyrnx npoueccos coorsercrayer, B HeKoropow cuwcne, HCQ83Ho

B8HHe B nOB8~8HHH KOYMyTatopa TOKOB B0RH3H CB8TOBOro KOHyca pa3-

M8pHWX ~HH8¥HQ8CKHX napawerpoB/J/. 

3TO 00CTORT8RhCTBO n03BORR8T npHBI8Qh ~em 0 DpH0nHE8H

HOR HHBapHaHTHOCTH npH MaCwraOHWX npeo0p630BaHHRX :r.,. ~ if.X.f' 

npMC~eR B3aHMO,JeRCTBHD Q6CTHU Ha MaJHX paCCTORHMRX. 
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B DOCA8AHH8 rOAW 06Cy~ai&CL B03KOZHOCTL paCaHp8HHA CBOICTB 

HHBapHaHTHOCTH B3aHKOA8ICTBHI qaCTHn Ha KaiWX paCCTOAIHAX AO DOAHOI 

KOH~OpKHOI rpynnw, BKADqaDD18I B C86R 1 KpoKe H80~BOpO~BOI rpynnw 

RopeHna H uacmra6awx npeo6paaoJaHHI, raxze cnenxaa~awe xoa~puuwe 

npeo6pa30BaHHA
1 
OCT&BJA~He Hll&pHaHTHWK CI8TOIOI KOHJCJC

1 •o/4f. 
B paOore/5/ ownx HCCJ8AOBaHW aarouo~eJLHWt pemeaxs ypaaaeaxl 

uac•ra6aol H KoB~opKHol aaaapaaaraocrel ~~~ o~aoqacrxqawx 

uarpxqawx aneuearoB npoH3Jt~e••• IOK&JLBWX roxo1, cor1acy~xeca 

C rpeOOBaHHAKH DpHqHHBOCTH 1 CD8&tp&ILIOCTI I DOIXBOKH&I~HOI 

orpaaxqeHHOCTH. PaccuorpeHH8 npoBOAHIOCL ~~~ c1yqaa cxanapawx 

H COXpaHR~HXCA 18JTOpHWX TOKOI H qaCrHn C HJIIIOI K&CCOI. 

lltptqiCA8HW BC8 pemeHHI 8~&qi 1 a raxze H~8HH COOTitTCTIJD-

••• HH B8COBW8 ~YHKnKH I nptACTaJJ8HHH lftR. B paOore XCDOI~30-

BaiOCL JHHrapH08 H8llpHIO~IK08 Dp8~CTaBI8BHt (YHTI) KOifopMHOI 

rpynnw, DOJyqeHR08 B paOore /6/, COOTI8TCTIJDl88 083K&CCOBOI 

qacnne CO CDHHOKJ =0. 

U.aaxo aax6onee cep~eaaaa npoOneua cocroxr 1 yqere aapy

meaHa KOH~OpKHOI CHKK8tpHH 1 I qaCtHOCTH 1 CDOBTaHHOro H&pymeHBI 

CHKK8tpHH
1 

CBR3aHHOro C BWpOaA8HH8K Baxyyua. B DOCI8~H88 lptMI 

&ax OAHa H3 B03KOKHOCT81 yqera BapymeBHA OOC~&JOC~ nptACT&B

!8HHt peanbHWX 18XTOpGB COCTOIHHI qepe3 cynepn03H~m ltKTOpGI 1 

06paay~HX 6a3HC HenpHBOABMOrO Op8ACTaJJ8HHA KOH~OpMROI rpynnw 

c aenpepWBHOI waccoA 181. HanoMHBM, qro cnexrp oneparopa KJ~
para waccwp1 AAR YHHrapHHX DP8ACTaBA8HHI KOH~OpMHOI rpynnw 

nHOO 3aDOJIHA8T B8J118CTB8HHJil DOAJOCL 0~ f2.< 0<> 1 1100 COCTOJIT 

H3 roqxH P2= 0 171. YIDI xoarpopKHol rpynnw c p~o, xoropoe 

npH orpaaHq&HHH rpynnol BeRna ocraerca aenpHBOAHKOI, Owno 

nonyqeHO B pa60Te/8/. 3aK8THK 1 qro paauepHOCTL COCTOIHHI B 

3TOM DP8ACTaBneHHH ~HKCHpOJaHa aaaqeHH8M e ~2. 

4 

B HaCTO.!tlllel pa!Sore w HSytrHJIH npe.~cTa.BJieHHII xoH(flopMHol 

rpyrtllW C P1~0 H C IlpOHSBOJl:&ROI pB.SMepHOCTl>ll t B i{lopM!lJIKSMe 

o!So!SuleRROI'O CBO!SO,JVIOI'O K:saHTOBaHHOro DOJIJI H npHMeHHJIH HX .~JIR: 

llOCTp08HHR BepmKHHWX ~yHKUHI. 

B ~acTHOCTH, B pa6oTe ~eHH pemeHHII ypasHeHeft KOH~op-

MHOI KHBS.pRaHTHOCTK, y~oBJleTBOpiiDIIHe rpe!So:ea.HHIIM crrexrpa.JILHOCTH 

H IIpHqHBHOCTH.0AHaK0 1 HaliK H~8HH AHWL qaCTHH8 peWSHHA H CA8A

CTBHA KOHrpOpMHOI HHBapHaHTROCTH 1 H8 DpOTHBOpeq&~~~He 06~HK rpe6oBa

HHAM KBaHTOBOI reopHH no~a, o6•aa xe a~aqa npeACTaBnaer co6ol cnox

HYD npo0JI8yY 1 rpeOy.,_yll ~&ILH81WHX HCCne~OBaHHI. 

06o6meHHoe "cBO!Sonnoe" none 

06o6meHH08 CB060~H08 IIOJ18 1 HM81lJJ188 C - ~HCJlOBOft KOMMy

TaTop, npHK8HIBW88CI B ~~e pa!SOT IIpH HSyqeHHH TeOpeTHKQ-IIO~e

BWX MO~eJieft, a TBltEe ~Jlfl IIpoBepKH IIOJIHO'l'U CHCTSMY BltCHOM JlOKa.JlL

HOft R:saHTOBOI TeOpHH nonnf9/, npe~CTaBJIR:eT co!Sol, IIO-B~HMOMY, 
OCROBy ~JIR TIOCTpOeHHR BepmBHHUX ~YHRnKft B KOHi{lopMHo-HHBapHaHTHOU 

TeOpHH DOJIR:. B CJ!ytlae HerrpepwBHOrO CII8KTp8. MacC o6o6uteHH08 CB060.~

H08 SpMHTOBOe IIOJle ~ (:JC) C pa3M8pHO CTLil cJ MOlleT OOT:& rrpe~CTaB-

Jl8HO cyrrepiiOSHUHel H88aBHCHMHX CBO!SO.JVINX DO~el C pa3Jl!NHHMH MaC-

CaMH: 

lfd.rxJ=fd"p(a+rpJeF+ 0.-(pJe-i~l= /df'r,ol/o'f(xf't; 
0 

<f'(:r:p'J=fl;i(B·rpJe;~ + i-tpJe-"j 
pl. 

(
·~ 

GtfpJ=fPI~&qtpiJ (p1J--- ~ 
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~~ech~~; -onepaTopH po•neHHH H YHH'ITO&eHHH ~acT~ c MaccoA 

p1~Q , .n;eltCTBHe orrepaTopoB ~) Ha BaltYYM nopo~aeT BBKTOpa 

COCTORHIDi, IIpHHa,n;Jie~Ke <Jx>KOBCKOMy IIpoCTpaHCTBY O.ll;HO~BOTii'mliX 

COCTORHHft HerrpepHBHOft MaCcu,G( - IIpOH3BO~hBWI nap8M8Tp. 

IlpH Ma.Cl11Ta6HHX H CIIBUHaJU.HHX KOmfJopMHHX npeo6pa30Ba.HIHX 

no.JU! 'f{t.(a:) npeo6pasyeTcR cJie,eyDIIHM o6pasoM: 

[*.f:rJ, /J] =- ;(ol +:x:I"BftlW~r:~e-; 

[ Wi.f:JCJ, 1<}41=- if 1d~ + i:x:f':.r,~"-.Je'O,..Pif(.f.rJ. (I.2) 

( /J H /<f' - reHepaTOIJ:i COOTB6TCTBYJIIIIIX npeo6paSOBaHd) o 

3arr.wmeM Ollpe,n;eJIRDIIH6 np8,11;CTaJJIIHU JtOMMy'l'~B:OHHHX COOTHo

llleHHI nTopH'IHo-KBaHTOBaHHHX oneparop<D ir(fJJ c reHepaTopa.MB 

KOH<Jx>pMHOft rpynUH J B B~e: 

[ a+tpJ' J' 1 = 03(f'~)ltpJ 

[1-CpJ, J] =()j(p~)l-fpJ. 

J=: If' ' ,..,, I tJ ~ 

B tJacTIIocTH, n;Jl!l n;lfllxiJepeHUHaJil>HHX on~paTopon MaCDJTa6Horo H cne-

UHaJII>Horo KOH<Jx>pMHoro npeoOpa30BaHHI HMeeM; 

0~ = Oft = i( f+ fl-at) 

~ =- Ot;.=~r~a: -")-1ft+p'~~.,J#, , 
rn;e -f=~+d.-1( I= 1./d.~+d-I!I.J • 

(I.3) 

B peryJl!lpHoM c.nyqae, xor.n;a :s BHJ)8aeHB:K .n;M .n;JIN>epe~~niBJI~>HHX 

onepaTopoB (I.3), COOTB6TCTBY~HX crreQHanl>HYM KOmfJopMHYM npeo6pa-

30Ba.HIHM, OTCYTCTByeT CHHryJl!lpHHft tJJleH -It , B:MeeM +/• a/ 

T.e. pa3MSpHOCTH nOKaRhHOrO UOJIR H Oll;HoqaCTH'IHOrO COCTORHB:R C 

H8npepHBHOI MaCCOft npoTHBOUOJIOaHH. 
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IIonaraa ,JtaJiee t=+ d., Hal,~~;eu H3 TpeOoBaHHSI KOHtfJopMHolt 

HHBapuaarHOCTH TOI.IHUI BH.Jt xowyraropoB oneparopoB (k , B:t 

c a-tpJ, a+cp~l= rpiJ"-~JCp-p'; 

f B-fpe), B+fp'e'll= &p!Hp2J2-eJrp-p/rrt-1 Mee' 

f=-d t>1. (I.4) 

0TCD,Jta HaXO,JtHM TOI.IHHlt BH~ nepeCTaHOBOI.IHUX COOTHOmeHHlt JIOKaJibHOro 
ITOJISJ: 

f IJfe(a:J, 1/ferou jd"fJcrpo)(p!Je-2e-ip.x-

I 
_ i'fl~qecc.r,; r.x:~re t =1= 2, .g, . . . n 

= _ ;rr2f6 (-0)8-icr.roJrff.r'l f=2 ,3, ... n. 
r-rJJ J 1 -• 

I!OSJBJISJD~HeCSJ 3,Jt6Cb CHHryJISipHue BUp~eHHSI cne,JtyeT nOHHMaTb B Tep

MHHaX oooo~eHHux ~YHKUHlt/IO/. KpoMe roro,Halt~eM 

c <pr.x m6
J, <fJ(.x' m~JJ =- ir2WfJlX.r-.x.' m~JJ(m'~-m'1J(m'*J2-olr{ci-1.J 

['P(.x:m2), ciJr.:.e'm''JJ = i(2f173cfr.r-~'J¥m1-rn'~(m2J9-ri rr d-1J • 

3aMeTHM, I.!To oOoO~eHHoe CKaJISipHoe noJie, npeoopasy~~eecSJ no He

npHBO.JtHMouy npe~cTaBJieHHD rpynnu BeRJISJ, H3yl.lanocb B paOore/ll/. 

Pa3MepHOCTb O,JtHoqaCTHI.IHOro COCTORHHSJ 0HJia ~HKCHpOBaHa 3Hal.leHHeM 

/!: fi. , I.! TO 3KBHBaJieHTHO TpeOoBaHHD 3pMHTOBOR CaMoconpRlltSHHOCTI1 

reHeparopoB uacmraOHoro H cneunaJibHoro KOH~opMHoro npeoOpa3oBaaHa. 

O,JtHaxo, ecn11 onpe,~~;enHTb CKaJISipHoe npoH3Be,JteHHe c Hopuolt 

djA(pl=rp}f"'ol"p, TO reHepaTopu KOH~OpMHUX npeo0pa3oBaHHI 
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OKaShiBa.!OTCSI Ca.MOCOIIplllleHHHMH ITpH rrpoHSBOJILHHX paSM8pHOCTSIX f ~i . 

2o Ma.TpiNHHe 3JI8:U8HTY TOKa 

ITpHM8HHM Tpe~OBaHHR KOH~pMHoa HHBapHaHTHOCTH K MaTplNHOMy 

3Jl8M8HTY JlORaJILHOro CKaJISipHOro TOKa MSW O.rtHO~acTIAHllMH COCTOSI-

HHRMH C HMIIyJILCaMH p H p 1 
: 

F(~7a~~Be4= <pf/:XfoJJp'l'> p1~o !''"~ o, 

r.ne ~l.=pl 7._=P't. ~=~(f'·p'J o Tipe,D;rrOJIOZHM, ~To TQJt X (:1:!) 

HMeeT pasMepHOCTL d H rrpeo6pasyeTCSI ITO HSITplmO.rtHMOMy YHRTapHOMy 

rrpe.rtCTaBJ18HHD ROH~pMHoft rpyniTH 

CXf.tJCJ, J J= la,r~tkJX(~J, 

J - reHepaTop xo~pMHoft rpyniTH, .rtmpflepemum.JI:&we onepaTopu 

O.o K O!<f .namcJI cooTHOWeHHRMH ( I.2), a O,JJ;HO'lacrnuYe coc-

TOJIHKH CTpOSITCSI KaK pesyJl:&TaT .rteftCTBHR orrepaTopa p0~8HK11 frftOe) 

Ma. KOH~pMHo-HH:ea.pHaHTwft Ba.KYYM I o> 
lt,itp .. )= i+fpl)/0) l'•~o B>~ . 

Tpe60Ba.HI'I8 HHBapi'IaHTHOCTI'I MaTpiAmiX 3.118M8HTOB </'JX(ZJif''> 

OTHOCI'IT8.11LHO rrpeo6pa30Ba.HHft ROH(fx>pMHOI rpyniTH ITpiiBO.l(I'IT R CHCT8Me 

rt~peHllJ'IaJI:&HhiX ypanMeMHI: 

{ OJ'(fJ'J + OT(!JJ + O.:r(~J} <piXf.,J/p'>l =- 0 
l~o 

J ==!}< ,.,.., /J if~. • HcnoJILsySI BNpaJKeHKa .rt.1111 .n~epe~HaJI:&miX 

orrepaTopon OJ , BI>IITI'IWeM ypanMeHKa Ma.CmTa6Hoft PI KOH~pMHol 
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HHBapHaHTHocreA ,JJ;JIR BeJIH'lHHH F : 
(d- t- t'JF- J.Zt.Ft-2.Z:~.R-.2ZJFa = 0 

Z1.F11. -(a+ZaJF& -2'?.1F2a -+rt-1JA-t'FJ= 0 

Z~h.1.-f~t.-+~o3)FJ3 -!lZ1F13 +(t!..t)F2 -tF.J=O (2oi) 

( d - paSMepHOCTL TORa, f H t: pa.3M8pHOCTH COCTOJIIIHM, f:t=#fi 
H Tolto Y.rto6Ho pewa.TL CI'IcTeMy (2oi), rrepexo.l(JI R cpypJ.e-o~pasy 

neJII'I'!I'IHI>l F no rrepeMeHHhiM Zl o CncTeMa ypa.nHeHHH .11.1111 F 
YlJte rrepnoro rropg,rtKa: 

(r:/+6-e-e'/F + .21.11.Ft + 1u2'/=2 + .2ual=:J = o 
- '_,1 ,...._ I~ ,.._ ,..._ (2 2) 

UfA- (ua -+!llh.IA3)H -L-U F.3 + [lu.ra-e>+ Uaft'-4J]F= 0 ° 

LJlh -(ul+21l11Aa)A -ulF.; +lU:H.3-e'J+t~art-'fJ]F= 0 

itl;i!i,...... 
F(i!) jdu. e Fru:t u, Ua) • (2 ,2.) 

PeWHB ci'IcTeMY (2 o 2) .rt.1111 BeJIINI'IHH F , no,JJ; craBHB HaiirteHHoe 

pemeHHe B ~pMyJiy o6panteHIDI (2 o2') H HHTerpnpyn: ITO rrepeMeHHOM 

lk , HaxO.rtHM cJieJzy!OOIHe Bl:lpaJEeHHH .l{M HcRo!Aof:l rpyHKn~rn F : 
F(ti~~Z., J=jdMalz•Jl(1+W1)f1(1.+Wj_ JP,(MW~-1 Ji-20 (2o3•) 

o{CJ.(iJ+lJJJ.FJ. + ~F:dj.~ + C2.{Z3+ W:tZ:t.+ IP), 7~l:.y. ?.. :f:.r.3,1., 1., ···-I< 

R~:t.7iZ3J=cjdWlolhb.(1-~ow:~.'ift+~A.a!Prlv1W'.1-1 ;j-10 <2 o 3 • • > 

• i ..:1-.2 Jf~-J.J ( ~.3 + W:t~1 + lU1 Z2) .A= .3, .2. , 1 

F(ii 'Z1 Za) f'tuJ.o/l<Jl(1-~o MJt"t1+ lA..f) Jil( W:t Uh -1)}-1• 

• (c:t.(i!J+W1'i'1+~?,pJf-;..l['(iF.J+W:ti'1+~i!.P) + 
(2o3•. ') 

+ C,2 {2-A.){J-A.){ey + l<.Hb. + Mi!:l ;-:>.; .-1=. 0,-1, ... - k , 
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I 

rwe ::. _ e+e~-d d~- d-2+C-e
1 

lo d-J+rf (1+Wi)cj.i 
,U, 1'\- 2 I ;.<- 2. ) (]{:.., .2 •-

Q3Haqaer npOH3BOJibHY~ JIHHeRHym KOK0HHaUHD oOoO~eHHHX ~YHKUHI 

(J+MJ1' H (J+W"l}!'i /IO/, GJ. H C.2 -np0113BOnDHHe KOHCTaHTH. 

PaccuorpHK pemeHHe (2.3) npH He:ttoropsx qacrusx 3HaqeHHHX 

napauerpoB e I e: d. • 
l, {_ = 2, el= .f. d, =3 , ll3 ~OpKJJIY (2,3 1 ") npH~"O CJie,J;yer: 

F = C.2jdJP1dM (i+wtJd(W1tc.!- 1) = cf¥1J1. 
(2.4) 

3auerHM1 qro 3TO pemeHHe CBH3aHO C TOKOM JT.X)= ?..fle{.x.)l./le'(.x.) 1 

r.n:e /]=1 e'= J 1 a coorBeTCTBym~R ltOlOIYTaTOp TOKOB onp8,1te-

Jifi9TCH BHpaK9HH9M: 

[ J(f), J(-fJ] = -16i'ff':er~J.x1; Wif-f}l/fffj)- 'li'iT2tr:roJ6(.:r:2J'If(=fll.fit(f}, 

o.n:HoqacrHqHue uarpHqHue aneweHru :ttOroporo ner:tto ssqHcnHrb: 

<neJ[J(.J;J,J(-fJllp'e>=-8ti~cri.OJxsr.:x:t;~(E!£;z _.JJ;'fiJecn.J.ft:d.Urp-f~ P=9.. r :t. -~ (J::!I)g_ 
(2.5) 

<pe'!lJ{-f)·J{-f)Jip'f)=-3'1irJ18(~MWJ ~ _ 16i~cr.xaJsfC.x2Jipo.;q1-p~ • 
.:;J:!f .2. .:.t.i e'=J 

QqeBH,I;H0 1 qro 3TH pemeHHfl COOTBerCTBYDT OopHOBCKHK BKJ!a~M B 

uarpHqHsR aneweHr npoH3Be.n:eHHH ro:ttoB c rpexroqeqHol sepmKHol, 

3a.D;aHHOR pemeHH8M (2,4): 

<pe=!iiJ{X)JfoJ/fJif>s =)' _q?==9-) + 
~,o 1 

<pe~1/J(.1:JJ(oJ/p'e)6 =} q'l>.; o , + 
," 0 -"'0 .... -1':', 

, G\.'l 'o ... 
~ 

-- ---.-1"--.::-

... pl:=O ~~;0 
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II. d= !l. e == e'= 2 ; B 3TO)( cnyqae npHXO,Il;HM K pemeHH!O 

F(.p.!p'1J:J.LJ')= __£_}rlwulkll. a{w~UJ!-1)J(w~,.,E!. + W!E1 + 1 )= 
rr pp' r· 1PP' 9pp' / 

- ceNt - :JCOfVf ~ 
-j(pp'J2-pflp~1 '-/rt -rm+m'Jl][t-rrn-m'Ji' -t -+oo 

~f t = (p-f>'J!l. 
-t 

Ill. d=3 f= f'= 2 ; yqu ~OPJlYJIY (2.3') H nonaran .n;nR 

npocrorH p'=p'1, nocne He:ttoropsx ssqHcneHHR nonyqHM BYpaxeuHe: 
i a 

F(plpp 1
) _., fc1. '1t(~w-£{k)( + C2 [olk(I<CI<J-E(kJ) f 
{~f"J+P2 1" 1:.(1-k~k1-ai) //(1-l<'){cfJ-1<1' , 

a. 0 

r.n:e k(J<) H E (/<.) - nonuwe 3JIHnrHqec:ttHe HHTerpanY' a =lfj'-~ .. 
fp'+~ 

IlpH OonbmHx suaqeuHnx nepe.n;aHHoro HMnynbca t=Yb-1'~2 ,se.n:ymHR 

B aCHMnTOTHKe qneH ¢opY$a:ttropa (2.5), nOMHMO creneHIIOR 3aBHCH

MOCrH or t, Hueer H norapH~wHqec:ttym nonpaBKy: 

F~-ff-(t!n/(1){1,]+ J(7T+1J~;,; + fr(/tn/J Cn;fi +jt!n~fnf!;+~1· 

3. M§rpHquse aneweuru npoH3Be8eHHR ro:ttoB 

H3yqHM renepb CJie,ll;CTBHfl wacmra0HOR H KOH~OpMHOR HHBapHaHr

HOCT8R ~Jifl MaTpHqHHX 3JieMeHTOB npOH3Be~eHHI .ll:BYX CKaJIHpHHX JIO

KaJibHHX rOKOB wez.D;y O~HoqactHqHYMH COCTOHHHHMH: 

{(.rf>p'J== <piXf.rJXro;tp'.> p~~o to'1~o. 

Bcne~CTBHe JIOpeHUOBCKOR HHBapHaHTHOCTH ,ff.J!p{J') 3aBHCHT or 

mecrH nepeweHHYx, Koropse MY BHOHpaew B cne.n;ymmew BH.D;e: 

x-i ~= a:cp+fJ'J a.=:x:cp-p'J W=.:x:lp-p' ?=~ l"=p~,x-.2 • 
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I 

IIcnoJII>3Yll llBHhle BhlpanHHII (I. 2), (I. 3) ~Jill ~nqxpepeH1 . .\H8.JibHhiX 

onepaTopoa O.r , BblnHmeu ypaBlleHHII Ma.CWTaOHoit H KOH!IJopMHOit 

HHBapHaHTHOCTeit ~Jill l.laTpH'IHWX 3JieMeHTOB <plX(.xJ')((O)/f}: 

{t(a-eJ+.x.fld,._ pJAC$- pj..ap j fr.:cpp'J=O C3.I) 

{2.d.:r.l' + :z.:x:.l'x,.a"'- ..x'dJ-t + 2i(t+p""'a-..Jd/ + 'Pf'(-L _ avae J 
, p1 

- 2iff+p'"a~Jd} - 'PI{f~ _ a"a,:, J j fra: fOfO'l = o. 
~ (3.2) 

!Io~tiepKHeM, 'ITO paSMepHOCTH TOKa cJ H O~HO'IaCTH'IHOrO COCTOIIHHll 

R 3~ec1> npoH3BOJII>Hbl. H.a.K H B paOoT/
51, y.n;oOHo aaecTH npe.n

CTaBneHHe: 
i;e"'~ 1 r.xp fO 'J =r-.x'- ;e.ro Je-r~- e <p r~1. 1!1 w .., r;, 

(3.3) 

y~oaneTBopaDmee ypaBHeHHD ~o~acmTadHoit HHBapHaHTHOCTH (3.!), Be

JIH'IHHa 1'{i'.<'2Wf)J 3aBHCHT OT de3pa3MepHbiX nepeMeHHbiX H BCJ!e)l;CT

BHe OpMHTOBOCTH TOKOB xapaKTepH3yeTCII CJie)l;yDmHM CBOitCTBOM: 

~,.r~1.l:1 w-1 rJ = <pr- 1!1. l1 w- .r.., 1 • 

IIocJie no~cTaHOBKH npe~cTaBJieHHil (3.3) B ypaBHeHHe KOHlPOPMHOit 

HHBapHaHTHOCTH (3.2), yCJIOBHe JIHHeitHOit HeSaBHCHMOCTH BeKTOpOB 

.X , p , p' Bblpa:meTCil KaK CHCTeMa. HeSaBHCHIWX .D;HqxpepeHUH

aJII>HbiX ypaBHeHHit ~Jill lPYHKUHH ~ 

F2f <pt~ + (/J11 + ~} + 2l1.'f>u4-2~3+ 2FJf'fJ'f1.+(/Ptl J-2 'rftps1.+'!Jn)+2fifJ.1. = 0 

f/>11.+ 'fJ:u +f + !i<j)1.! +2fl:t-ll)(JJ13+ .2(W+ 'fJrp.33+.lfr<fJM+2f1.1-271'tl(-}{f-f)<fJifff '/J= 0 

Cf1J+~ -f ~ - 2rp1.1 +2f~t+ l1l'!J1.3 +j(l!J+ "7 Jf33+'17f/J.N-I-2f!Pg-2j([Jss -%f-1~2~ Cf= 0 • 

(3.4) 

12 

OrpaHH'IHI.ICII 3Ha'leHHeM napaMeTpa 9=() H BblnHWeM HaHOOJ!ee 

npOCTble 'laCTble pemeHHII CHCTeMbl (3.4). HanpHMep, ~Jill pemeHHit, 

3aBHCIIDtHX JIHWI> or Tpex nepeueHHbiX F~ '7 ) ,cHcTeua (3.4) sHa'IH

reJibHO ynpootaeTCft H MOKHO HaRTH npH'IHHHble H cneKTp8.JibHble pewe

HKII OOpHOBCXOrO THna: 

r-xJ-;~el-ae~ ~Jrp+p?.x: 
frxpp'J=J r-.x'l-i.xoel-ae~et:».J...(f>+p?.x rp~p'•.xL~J'--f 

I T .2-e 
irp-,._'Hr. 

(-.X~-i.roEJI-«e---r- COO.i.(fHf'~ fflpgp'1.Xq• e:~ 
2 

llepBOe H3 3THX pemeHHA COOTB8TCTByeT dopHOBCKOMY npHOJIH

zeHHD uarpHt!Horo sneweHTa <pi X(.a:JXro; 1 p ') c TOKOM 

X(.:x:J== : 1/f'f.x): ( CJl, 2. 5) • PemHTb CHCTeMY ~HqxpepeHUH8.JibHHX 

yp6BHeHHB B tlaCTHHX npOH3BOlHbiX BTOporo nopH.D;Ka C nepeu:eHHbiMH 

KOS!MlHUHeHTaMH B od!llel.l BHle HeB03MOlltHO. O.n;HaKo npH N= 0 K03cfl-

4JHIUieHTbl ypaBHeHHA (3,4) JIHHeitHbl no nepeMeHHbiM, H,CJie~OBaTeJII>HO, 

Mbi JlOKeJl HCnOJI:&SOBaTD npeo6pa30BaHHe <l>ypi>e ~Jill BeJIH'IHHbl 9Jf&ll W'?'1): 

~(F~al.JZ'fi:s)-: jaftt ea:pht;.Xi f(IA11A~ IAJUIIIAS) 

w= FJ 7 =?If ':r= ~.;, 

nocne qero nonyqHM ypaaHeHHH ~Jill 4Jypi>e-o6pasa 

{ubti-;f)~-1-1U!~'ifo_+2til/k~+itMU~+U1)~1(-21k(U1.-tl.l)fjs+ff1)-2!)14~=0 
UtUJ(~-~J+ UJ~ +(u/+:ttt.Jtts}~-t4fh ={Utiio~UJf!~ +f2f-10JUa+f6-2fJU.,]fj 

U1Ual~ + ~) + uJfj_,+(u.f +2UJU~tlfo-uJVir = f[i(l.l!-uvtf+ (:Jf-J0)1A:J+(6-ieJUs] 'if. 
(3.5) 

llpHJleHHM laJiee XOpOWO HSBeCTHblit MeTO~ /!2/ perueHHSI HHHeAnoR 

CHCT8Jlbl B 'laCTHbiX npOH3BO~IlbiX nepBOfO nopll~Ka. OnyCKall 
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BhiJtJia.D:KH, Bbi!JHID8M pe3yJihTaT: 

iii= u'"~ti-u.u.#'-"~'Fta, ltto'4-'/~~~~} . 
T 11 /U3 [U:IIAI+~j}~ 'IJJ-LJt-j)+~(U14UJ.- ~ 

(3.6) 
lt1!aCCH'I8CKOe O!li~ee pemeHHe (3.6) llO-BH,l(HUOu:y, !JOJIHOCTI>Il He HC-

ttep!lbiBaer acex pemennn cHcTeMN (3.5); uoryT cy~eCTBOBaTh o!lo!l-

ll!8l1Hble H OCOClH.e pemeHHSI , KOTOpble HaUH He paCCilaTpHBaJIHC:&. 

OtteBH,l(HO, llpHHUH!lbl llpH'IHHHOCTH H cneKTPaJil>HOCTH HaKJI~Ba

llT Ha lPYH KUHil 1> O!Ipe,l(eJieHHble rpaHH'IHble yCJIOBHSI, KOTOpble H3-

-3a CJIOlltHOCTn He yttHTb!BaJIHCh rrpH rronytteHHH pemeHHII (3.6). B 

CJie.D:Yilll!eM rraparpa~e Mbl .D:a.D:HM aHaJIH3 pemeHHSI (3.6) C TO'IKH 3p8HH11 

3THX O!lll!HX Tpe!loBaHHR. 

4. ITpHttHHHocro H crreKTpaJil>HOCTl> 

IlaH!lOJiee KOM!laKTHO Tpe!lOBaHHSI llpHHUH!lOB npH'IHHHOCTH H C!l8KT

paJibHOCTH BblpazallTCSI B !Ip8,l(CTaBJieHHH nHR ,l(JISI MaTpH'IHOrO 3JleMeH

Ta KOMMyTaTopa TOKOB, Bhl!lHWeM COOTB8TCTByllmee HHTerpaJibHOe 

llp8.l(CTaBJI8HHe ,l(JISI !laTpH'IHOrO 3JI8U8HTa !IpOH3Be,l(8HHR TOKOB, !JOJiy

'18HHOe B pa!lOTe / 5/ C ytteTOU MaCIDTa!lHOR HHBapHaHTHOCTH 

jf.xtJf''J= cr-.;c~+,.e.xol-"ei~-p~(cln.J3jaluej~~%rupp'J} 

!Uol+f{;jU¥ (4,I) 

C .D:pyroR CTOpOHbl, !le3pa3MepHa11 ~YHKUHII CJ'f~JY~W't'J-), 

onpe.l(8Jl111lll!al! pemenHe ypaBH8HHR KOH~OpUHoR HHBapHaHTHOCTH B CHC

Teue EpeRra, B cnny (4.1) H pa3u:epHoro aHaJIH3a, uozer !lbiTL 3arrw-

caHa B BH.D:e: 
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1> r~1 ~2 w 7 r J-~ j c!JA efft~% (p~o.f'J #; .Jj) 
(pol+(p/+)i"'}~f a=(p;p/o .)Ak== ~k 

(4.2) 

Y.D:O!lHO BB8CTH HOBbiR Ha!lop H83aBHCHUHX nepeueHHbiX: 

?/=r1.=2axo 
7i = " u,_rJ~-(7•'r+ltF}~J]=.9.a.r, 

{Wf-11'(1' 

.ey'= d _ «t-'!'Ja-C?+:t+wl&z72 _:/(f+r .. wJ='Iat.-d 
(w-1-117:!') 

~~t'= !1. 4~ 1.-
IP W 

B KOTOpbiX HHTerpan (4,2) !lpHHHMaeT CJie.D:Yilll!HR BH,l(: 

.J.o,.,i'i •,jA,J~) r;,(, /i~ I I 

C!~f~#~ JO(l¥1%0J.jloj43 i't ~) 

IJA•I+-/R+}J 1~ 1. (4,3) 

C~opuynHpyeu BHattaJie Tpe!loBaHH8 llpHttHHliOCTH .D:JI11 MaTpH'IHOro 

3Jieueara KDuuyTaropa TOKOB: 

(f'I[X(f),X{-f)Jp')= r-.x1+ i£:xol-oi1Jf~1 ~~ W'? 'r J-(-,xl.-;~~ol-"'qJf-£'1-~t w'l;)= 

iJL c(~oJ( .xf.l-fi/rp(lf~1W1 Y' )•0(-ri-~ W?'1'1 +f-f*,xiJ.J:I/·dr 'fJfi'fhW7'T)-1Jf.lt·~ 
l"fFtiJ I J r 

f-t!J/# -2· .. -tz 
~MV~ (4.4) 

i'ff(-O)J-t-1. .:c~ • (f/'f~a"llv'I'I'J+y>f-~t-lfJllr?,.J) + 

rra-f)rra-t-tJ 'fcl-t-J + Br(-D ;d-NJ..L rrpr~fi'~ar7 rJ-fH·~~-~ w 7,.J) 
<r~ 

P-al=-1, · · · - n. • 

flaK H B pa!loTe / 5/, ~JISI BblllOJIHeHHSI !lpHqHHHOCTH ,l(OCTaTO'IHO 
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notpeelosau: 

cp (?"t a Z3 z't"Zs)= CjX-~-b. ?3Zq Zs) 

~J=W Z"'= "'/ Zs= r. 
YqHTUBaH taxze yCJIOBHe 3pUHTOBOCTH TOKOB: 

CfJ"lr1 ~ ~3 z., Zs) = '!J(- Zt Z2 Z3 Zs Z4) 

,~tna <l>YHKUHH F , onpe,~tennDmeR pemeHHe (3.6), 

DIH6 CBORCtBa CHMMetpHH: 
~ 4 

F(d.,.B J= F(-cJ. 13J 
r-1 J f-e F*r d.,ftJ= F(-o.ftJ 

(4.5) 

HaXO,JtHM CJ16,JtYD-

(4.5') 

OrpanHqHMCH ,JtJlH npOCTOTU 3HM6HHHMH napaMeTpOB a=J H f=2. 

H paccuotpHu<I>ypbe-oelpa3KOMUytatopa TOROB (4.4) (c yqerou 

ycnoBHH (4.5) ): 

jrrpp'J=/d"~ e;9~<p1£.1(f).x{-f)l/p/ = 
= ~;"/ cl'~.x c(.xoJt.ff.x2)ei!f.:k"1J(~t=fD<~pJx a=F-f7.x W=ptJ:rf f=¥'r--P;.xJ: 

iF, iUL'h-ft'f4'a<~-1u./(,j;)+iu/(-&) + ll(JW 
=i,JTjd~~.xcr.xoYr:xtJe rULriUJctttaduL<illf e ·1Jru1 ~ t{;J -yj -ffi-), 

r,Jte /,/:::u,w uj:~W. Hcnonb3y.R HBH!ilt BH,Jt pemeHH.R (3.6), 

nepexo,~ta no,Jt HHterpan no nepeueHHHM tli x npe,~teny .A'2-+ 0 
I I 

H HHterpupya no ""~ H tJs , nonyquu: 
- ·Q";"st; .i.ruf-ul+J.)-:i 
1rrpp 1J=1'j'olutrilb.oll139;~· q'F;/11, "'i-,-.. ~.' 
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r.zte .J jiK".x er..r .. ;Jr.:x~Je /(f+u,rp+p'J+u.q.-p'J).r . 
3aMeTBM, 'IJTO yxasammft npe.n;eJI:bHHA nepexo.n; BosMoxeH, ecJIH 

pemeHae ~f.!& W? 'rJ He BMeeT oco6eHHocTeft no nepeMeHuoa 

Wm~f>f1 B HyJie. 

()qeBII;I(HO, 'IJTO HHTerpaJI no nepeMeHHOft /,{J MOUT OHTl> 

B3SIT H63aBHCBMl: 

e-· F .a , .q~'-eM+1Jf = "l{f( Ut u. J +- J.t~·4J ~ 
-~ LIJ -411,1-(fiAt-1;} • (4.G) 

BW'IJHCJHB THnHQHHI ~ H Y'IJ!TYBaSI ~pMyJiy (4.6),0RO~aTeJibHO 

npiiXO.ztBM R liYpUE!HIIIl: 

jrfpf'J=-'ff'/"',r~~~,_ery..fplp'Joll,+<!'-fYJ-~«Jd[f~f{Hf'J'It'+rp-p~u,'+.lf~HAJ.+Afff'Ju,+ 
+1(f•-f''JH.t.IAJ] 1f'" ( tf.t IAI.) t ( 4 • 7) 

xoropoe nocne saMeHH nepeMeHHHX npmnn.m.eT cTa.H.~apTHYIO qpprzy 

npe.ztCTaBJI6HI'ISI naH: 

fifpp'J=~fiJ/.tii(IGr,.-14Jifl,.-u:J'-trp-ufi2-*(J.If1f'(-~~+-~, -~,uf} 

r.n;e 
1• I I I ,.,.=- fp+p~~u,- r,-p '•"'• 
li/= - lp. u, • 

BcJie.ztCTBHe cneRTpaJil>HOCTI'l HOCHT9Jlb ~yHKqHH ~ .~JIXeH ClHTb 

cocpe.n;oTo'IJeH B o6Jia.cTH 

/If,,'/ -1-/1-to'/~ ~ 
i 
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IIJII'I 

J w. + (rp;;cu~j + ftft>70 jl U2/ ~ i . (4.8) 

flepecetJeHI'Ie ;·,rnolKeCTB (4.8) rrpH rrpoHSBOJI:&HHX I'IMIIJJI:&cax p 1'1 p' 
orrpeneJJ.fieTcR nepa.neacTBOM 

IU.t/+IU1!< I , (4.9) 
KOTOpoe JlerKO ,.ji()J:eT 0HU YAOBJietBOpeHO: 

Tam~.1 o6pasor.~, cuertTpaJ!J>Hoe H rrpH'li'IHHOe peweHHJI ypaBnenl'ltt llncmTa~ 

l!Oii l'I ItOmpopMHOH HHBapHaHTHOCTel ,I{JIJI fllyp:&e-o0pa3a lllaTpHIIHOro 3JI8-

:e!!T8 !WI,t:,!YT1lTOpa CKa.JUipi!HX TOKOB B CJIYtfae J:.J , f=2. 

HM811T CJICJt'{l00\1'1!! Bliil: 

fr r pp 'J=ja !Jt du.zf{ ro~fnp'JoU1~~-p'Jo l/1 JJ[ f+{f~pJ'uJ#f>-!J71h~ }(p'f"')LJ*U, + $ffJf'J.bf 
/1/t/+//h/<j ¥f..U1UI)=If'(tl,ttbpH'Jl'll!llOCTl> + 2f!rp-f'JfA2} liJ(U1la). 

l/f11(U1U2)='1./f"(UtUl)3pl.ll'lTOBOCT:& 

.AJrJ>TepnaTHBHOe B!lpa:&eHHe D;JUI Ma.TpifCUIOro 8JleMeHTa npoH3Be,lleHHit To-

ROB Hveer B~: ,. iu·y,· ,_~(ul-ul~~J 
;rx~f'J=f-x1-iea:ol-olePfoue . utlft~l-ll'ft<ffJ{:""" F(d. ,f3) , 

r.n;e o( 111 .13 .D-8JJTCJI B !fx>pMyJia.X (4.5•), a F(ol,ft) y:n;oBJieTBOpReT 

Tpe6oBaHHRM F{d.,fiJ=F(-c~.jJ 

(-1)HF•ra.fi)== F(-rA,flJ 

Frd..fiJ=O ./3~0 f=!i. a/=3. 
I10CJI8,D;Hee CBOHCTBO CJien;yeT 1'13 JCJIOBI'IR ( 4. 9) • 

ABTopa BHpasamr rnyOoKym OJiaro~apnocTJ> A.H.TanxeJI~se sa 
oOc~eHHH paOOTH 1'1 UeHHHe saMe'JaHBR, 3.BHUopeKy,B.P.rapceBaHHmBH
Jll'l, ~.Po6arul'!Ky, A.A.XeJiamBI'IJII'I sa rroJiesHHe .n;HcKyccHH. 
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