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BaeoeHue 

B nocneAnee speMJI ua6moAaeTca nporpecc a pa3BHTHH 
TeopHH non.11. penJITHBHCTCKHX CTPYH /TilPC//1-5/ - npo
CTeiiWHX npOTJl)KeHHbIX o6'LeKTOB a npocTpaHCTBe-speMeHH. 
O60611taJ1 TeopHJo non.fl Toqe1.1HbIX o6'LeKTOB, rAe K~oii 
TO'IKe Xµ npocTpaHCTBa-apeMeHH CTaBHTCJI B C00TBeTCTBHe 
onpeAeneHHoe 'IHcno <I> (x), 3Ta Teopu.11 conocTaan.HeT KIDKAOii 
Koncl>urypauuu CTPYHbI onpeAeneHHOe 'IHCil0 - cl>YHKUHOHan 
TpaeKTOPHH B npocTpaHCTBe- BpeMeHH. 

O)KHAaeTc.H, 'ITO nonHaJI H HenpoTusope'IHBaJI TilPC 
npHBeAeT K narpaH)KeBoii cl>opMynHpOBKe AYaJU.HbIX MOAeneii,' 
KOTopa.H Il03B0IlHT HCKJUO'IHTL B 3THX MOAeilJIX TaXHOH 
CilOHTaHHLIM HapywenHeM CHMMeTpBH; KpoMe Toro, nar
paff)KeBa cl>opMynupoaKa TilPC none3ua a KOHCTpyuposa1mH 
HOBLIX MOAeneii C BHyTpeHHHMH CTeneHJIMB CB060ALI. 

Hau6onee nocneAoBaTenLHblii noAXOA K narpaIDKesoii 
cl>opMynupOBKe TilPC 6bln pa3BBT PaMo/4-5/.ou npeAilO)KHil 
BLIBOAHTL KOBapBaHTHyro AHHaMHJCY 4iYHICUHOHanLHLIX noneii 
H3 npuuuarra HHBapuaHTH0CTH AeAcTBHJI K rpyrrrre perrapa
MeTpB3ausii CTPYHLI. PaccMaTpBBaJI cl>YHKUBOHanLHLie rronJI, 
orrpeAeneuuwe ua 3aMKHYTLIX cTpyuax, PaMo rrocTpoun 
raMBilLTOHOB cl>opManB3M B BTOPBl.fHOe KBaHTOBaHBe 4>ynK:u;Bo
uanos a cscTeMe 6ecKonequoro HMrrynLca. 

UenLIO uacTOJ111teii pa6oTLI J1BnJ1eTCJ1 TeopeTBKo-
rroneaaa cl>opMynHpOBKa OTKPLITOH CTPYHLI. B rrepBOH 
rnase MLI paccMaTpsaaeM cao6oAHLie rrona, o6cy)l(AaeM 
Tpanccl>opMa:o;BOHHLie CBOHCTBa BX :OTHOCBTenLHO rpyrrrrLI 
perrapaMeTpB3a:u;Bii CTPYHLI, KOHCTpyspyeM ,neiiCTBHe .IJ;IlJI 
4>yuK:u;souanLHLIX rroneii. Ilpe,nno)Keuo ,nsa napaMeTpB3a:u;sou
uo-uuaapsanTHLIX narpaff)l(Hana, KOTOpLie HMetoT o,nsnaKo-
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Bble qacTHble peweHHJI. Ilo,IJ;o6HO PaMc/5/ , Mbl HanaraeM 
Tpe6oBaHHe HHBapHaHTHOCTH ii>YHKUHOHanbHblX noneii OTHO
CHTeRbHO penapaMeTpH3aUHH CTPYHbl. Bo BTopoii rnaBe 
Mbl KBaHTyeM ii>YHKUHOHanbHble nonH B CHCTeMe 6ecKoHeq
HOrO HMnynbca. CornacoBaHHOCTb ypaBHeHHH ,IJ;BH:>KeHHJI 
C raMHRbTOHOBblM 4>opManH3MOM H Tpe6oBaHHe 3pMHTOBOCTH 
onpe,D;enHIOT reHepaTOpbl rpynnbl IIyaHKape C TOqHOCTbIO 
,IJ;O qneHOB C npOH3BORbHOH IlOCTOJIHHOH, KOTopaH, B CBOIO 
oqepe,D;b, ii>HKCHpyeTCJI Tpe6oBaHHeM nyaHKape-uHBapHaHT
HOCTH. IlpHBO,IJ;HTCJI peweHHe ypaBHeHHH ,IJ;BH:>KeHHJI B cu

cTeMe 6ecKoHeqHoro HMnynbca. 

TpaeKmopuu, noA.11, Aa2paHJ1CUaH 

MbI paccMaTpHBaeM O,IJ;HOMepHbIH o6'beKT B npocTpaH
CTBe-BpeMeHH . /cTpyHy/ KaK 6ecKoHeqHblH Ha6op npocT
paHCTBeHHo-BpeMeHHblX ToqeK - TpaeKTOpHIO B npocTpaH
CTBe-BpeMeHH. BBe,IJ;eM nyaHKape- HHBapHaHTHblH napaMeTp 
,\(,\~R), O,IJ;H03HaqHo COOTBeTCTBYIO~Hii Ka:>K,IJ;OH TOqKe Tpa
eKTOPHH x/1 (,\). /PaBHblM o6pa30M Mbl MO:>KeM Bb16paTb 
,IJ;pyroii napaMeTp a c o6naCTbIO R: TaK qTO TpaeKTOpHH 
B npocTpaHCTBe-BpeMeHH 6y,IJ;eT 3a,IJ;aBaTbCJI ,D;pyrHMH ii>YHK
UHHMH . y /l (a)/. Y.IJ;o6HO Bbl6paTb HHTepBan O.::; ,\ -:;,_ 211 H HM 
napaMeTpH30BaTb Haw o6'beKT., B 3TOM HHTepBane onpe,IJ;e

neHa opTOHOpMHpOBaHHaJI CHCTeMa ii>YHKUHH 

,\ 
fn (,\) = onO + y 2 cos n -- · n > 0 2 ' 

00 

I fn ( ,\) £
0 

(,\ ') = 211 o (,\ -.\') 
n=O 

277 d .\ 
f f(,\)f (,\)--= 0 nm• 

n m 277 
0 

Tor,IJ;a 4>ypbe-Ko34'4'H:u;HeHTbl pa3IlO:>KeHHJI x/1 (.\)= x 11i n' ,\) , 
xapaKTepH3YJOT TpaeKTOpHIO B npocTpaHCTBe-BpeMeHH. BBe-. 
,IJ;eM ,IJ;H4'4'epeHUHailbHblH onepaTop /ii>YHKUHOHailbHYIO npo
H3BO,IJ;HyIO/ 
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,, 

-~ 

., 
l' 

B 00 a 
BX /1 (,\) 

=I f nC.\) 
n=O a X /lil 

[ B 

0 x,i {,\) 
, X V (A')] = 2 77 0 ( A - A') -0 . µv 

IlapaMeTp ,\ onpe,IJ;eneH C ToquOCTLIO ,IJ;O aBTOMop4'H3Ma 

HHTepBana [ 0, 277] , OCTaBilJIIO~ero HeUO,IJ;BIDKHhlMH KOHeqHhle 

ToqxH :noro HHTepBana. HaH6onee o6~ee npeo6pa3oBaHHe 
HMCCT BH,IJ; 

-
A =A+ lg{.\), /1/ 

r,IJ;e npOH3BOilbHaJI ii>YHKUHJI g{,\) no,IJ;qHHJICTCJI TOilbKO co
OTHOWCHHIO g{O)= g{211) =0. He3aBHCHMOCTb OilHCaHHJI 06'beK
Ta OT Bhl6pauuoii napaMeTpH3aUHH.{ xµ {,\) =~ {A)l Tpe6y
eT H3MeHeHHJI xµ (.\) npH npeo6pa3oBaHHJIX A ➔ .i\ 

xµ<A)=x{A)-Eg{A)x'{,\) {x' =...2.._x {,\)) 
µ µ d.\ µ 

• d .\ 
oxnµ = l f fn{,\') g{A) a,\ fm{,\) ~ xmµ• /2/ 

B TeopeTHKo-noneBOM OlJHCaHHH npOTJl)KeHHhlX OO'beK
TOB Mhl cTaBHM B COOTBCTCTBHe KWK,IJ;OB TpaeKTOPHH npo
CTpaHCTea- BpeMeHH HCKOTOpoe qHCilO «l>{x (,\})=«I>{ "t) ,x1 ,x2, .... ). 

TpaHcqiopMaUHOHHhle CBOHCTBa ii>YHKUHOHaROB «I>-( x(,\))oT
HOCHTenLHO rpynnhl penapaMeTpH3a:u;Hii npe,IJ;nonara10TCH 
npocTeiiwHMH. PaccMaTpHBaIOTCJI IlHWb IlOilJI, KOTOphle JIB
IlJIIOTCJI HHBapHaHTaMH: 

a> {x{.i\)) =«I> {x {,\ )). /3/ 

TaKHM o6pa3oM, Ha none «l>{x{.\)}Hano:>KeHo Ba:>KHoe .IJ;IlH 
.,IJ;anLHeiimero H3IlO)KeHHJI orpaHHqeHHe 

B <I> = <I> { x /1 { A ) .-. l g { A) x IL (,\)) - '11 {x { ,\)) = 0 
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HJIH B ,IJ;Htli4>epeHI.(HailLHOH 4>opMe 

x; ox:(>.) ll>(x(>.))= 0 /4/ 

IlpH C,IJ;BHrax H Bpall(eHHJIX TpaeKTOpHH B npocTpaHCTBe-
BpeMeHH 

xµ(A) ➔ xµ{A) + aµ+Eµv xv(A)= ~(A) /5/ 

MLI paccMaT:Q_HBaeM npocTe:iiwy10 4>opMy npeo6pa30BaHHJI 
4>YHKD.HOHana: II> (x (A))= II> ( X ( A )) ' T. e. none II> C'IHTae TCJI 
cKanJipoM. Tor,IJ;a 6ecKoHequo ManLie npeo6pa3oaaHHJI no
neii HH.D;YD.HPYIOTCJI reuepaTopaMH rpynnLI IlyauKape cne
,IJ;y10ll(ero BH.D;a: 

pµ 
a 

a XOµ 

00 a 
M = I X ---- - ( µ ➔ V ) • 

µv n = 0 nµ a X n V 
/6/ 

Hau6onee o6ll(ee BLipa)KeHue .D;nJI ,IJ;e:iicTBHJI HMeeT BH,IJ; 
r 

L oil> 
S = f 9lx(>. )f ( II>, - 1r;---), r,IJ;e HHTerpupoaaHHe pacnpocTpa-

ri µ 
HJleTCJI no TaKHM KOH4>Hrypau.HJIM TpaeKTOPHH, OTHOCH· 
TenLHLie paCCTOJIHHJI Me)K,IJ;y TOqKaMH KOTOpLIX ff:BilJIIOTCJI 
npocTpaHCTBeHHo-no,IJ;o6HLIMH. IlapaMeTpLI Ti H rf O,IJ;HO· 
3HaqHO COOTBeTCTBYIOT uaqanLHLIM H KOffeqffLJM runepno
BepXHOCT JIM, Ha KOTOPLIX ne)KaT TpaeKTOpHH B npocTpau
CTBe -apeMeHH. Mepa HHTerpupoaaHHJI 9)x (>.) npe,IJ;nonarae T· 
CJI napaMeTpH3aD.HOHHO·HHBapuaHTHOH. Tor,IJ;a narpaH)KH• 
aH ,IJ;Oil)KeH 6LITL nyaHKape- H napaMeTpH3aIJ.HOHHO·HiiBa
pHaHTHLIM. KaK HeTpy,D;HO y6e,IJ;HTLCJI, npocTeiiwue narpaH
)KHaHLI, y,IJ;OBileTBOPJIIOU.(He 3THM Tpe6oBaHHJIM, HMelOT BH,IJ; 

6 

- 211_d>. __ l_(~ ~~+ /x'2cI><I>) 
f-[ 211 yx'2 oxµ oxµ 

/7/ 

A 
\\ 

li • I 

i 

', 

211 d>. oil> oil> 2 
f = f - 2- v -r;;-

o 7T µ 
-0-- + g X , 

2
lf> <I> 

X ' /8/ 
µ 

r,IJ;e x '2 = x,;. • x ' H g - noCTOJIHHaJI COOTBeTCTBYIOU.(eii 
pa3MepuocTH. CTaH,D;apTHLIM cnoco6oM HeTpy~uo nony
quTL ypaBHeHHJI ,IJ;BIDKeHHJI ,IJ;IlJI o6oux narpaH)KHaHOB: 

277 
d >. f -...::..:= 

o 2 v· -2 1T . X 

02 
( . 

ox 2 
<I> -x'2g2<1>) = 0 

/9/ 

H 

2 77 
d>. 

f z;-
0 

(-o- II> _ g 2x, 2<J>) 
ox2 

---------- = o. 
( o 11> o <I> 2 , 2 <I> <I> )½ _O_X __ O_X_ + g X 

µ µ 

/10/ 

HuTepecuo, qro o6a ypaBHeHHJI HMeIOT O,IJ;HHaKoaoe pewe• uue, aoo6ll(e roaopJI, qacTHoe, onpe.D;enJieMoe H3 ycnoaHJI 
2 

~x~ - g x'
2 

11> = 0, /11/ 

KOTOpoe cornacyeTcJI C ycnoaHeM HHBapHaHTHOCTH 

0 
non JI <I> no OTHOWeHHIO K penapaMeTpH3aIJ.HJIM: x ~ T; ¢ = 0 

xµ 

HaXO)K,IJ;eHHe KnaccuqeCKHX peweHHH /11/ c yqeTOM 

x '-0-<1>=0 3KBHBaneHTHO onpe,D;eneHHIO 4>u3uqecKHX COCTOJI· 
µ oxµ 

HHH penJITHBHCTCKOH CTPYHLI B KOBapHaHTHOM KBaHTOBa
HHH/9/. 

B ,IJ;anLHeiiweM MLI orpaHHqHMCJI ypaBHeHHHMH ,IJ;BH)KeHHH, 
COOTBeTCTBYIOU.(HMH 6onee npOCTOMY narpaH)KHaHy /7 /. 
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Keaumoeauue 

KaK IlOA'lePKHYTO B/5/, AJUI l<BaHTOBaHHJI Hamy CHCTeMy 

YA06Heii paccMaTpHBaTL B CHCTeMe 6eCKOHe'IHOr0 HMnyni.-

/6 1 I 1 
ca · ' • BBeAeM nepeMeHHLie u(A)= _ rcr(xO(,\)-x d + I ( ,\ ) ) 

. v2 

v( ,\ )=-1-( x°(,\) +x d+l(,\)); I(,\)=(x! ... xd)Ha'laJILHaJI runepnouepx-

,/2" 

HOCTL AJIJI raMHJILTOHOBa l}>opMami3Ma BLI6HpaeTCJI B l}>opMe 
u(A)=0, H3-3a CBJl3H CHCTeMLI 6ecKOHe'IHOro HMilYJILCa H 

npeo6pa3oBaHHJI Jlopem~a co cxopocTLIO cBeTa/B/ IPYHKUHH, 

3aAaIOIUHe Il0JIO>KeHHe TpaeKTOPHH, HMeIOT BHA v(,\)=vo= v , 

BLI6opoM TaKOH runepnouepXH0CTH A0CTHraeTCJI ynpmueHHe 
l}>ymcuuoHani.uoii npoH3BO'AffOH _8 __ 

0 V (,\) 

a . a -<1>=-<1>. 
av(,\) a V 

/12/ 

HMilYJILC, KaHOHH'leCKH conpJl>KeHHLIH nomo <I>, HMeeT BHA: 

rAe 

'Il _ a:f 
a <l> = 

a --au 

a <ti 

av 

d ,\ 
·Co (;) = J 

➔ c0 ( x) 

KBaHTOBaHHe A0CTHraeTCJI HaJIO>KeHHeM KOMMyTaUHOHHLIX 
COOTHOWeHHH 

[<ll(0, v,;
1 

(,\), Il(0, v',x
2

(,\))] = ~ o(v-v')8(;
1
(,\)-x°

2
(,\)) 

/13/ 

C0 GH <I> (0, v, x~ (,\)), <ti (0, v; ;i,\))] = 
4
~ dv - v')o G l,\) _ ;i,\ }). /14/ 
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3Ha'IHTeJILHl,Ie YCJIO>KHeHHJI CBJl3aHLI C TeM, 'ITO raMHJIL· 

TOHHaHLI 

H=P =Jdvi1(,\)(I) a<ti -f) /15/ 
u au 

vi ➔ i a j a 
M = J d v-~ x ( ,\ )[ x £ + ·n ( v, -.- - x -- ) <I> i = 1, 2, ... , d 

0 na I n a 
,?'n Un /16/ 

J1BJIJ1IOTCJ1 IPYHKUHOHanaMH He T0JILK0 I1 H <I>, HO H npo

a <I> 
H3BOAHLIX I _a ___ I . OnpeAeJieHHe nocne.z:i;HHX AOJI>KHO 

u u =0 n n 

6LITL coeMeCTHO c ypaeHeHHJIMH .IJ;BH>KeHHJI IPYHKUHOHana 

<I> e CHCTeMe 6e CKOHe'IHOrO HMilYJibCa 

rAe 

2 
00 0 ➔ 2 
I C [2a a <l>-.<-➔--gx' >n 

n v u 8 x2 n=O n 

2 11 1 
Cn = [ fn (,\) lx'2(,\ )) ½ 

~ 

d,\ 

211 

<ij_= 0' /17/ 

CoBMeCTHOCTb c ypaeHeHHJIMH ABH>KeHHJI /9/ Tpe6yeT l}>op-

Mbl 

-1 2 -

a "" a 1 ( o 2➔ ,2 a, o 1 -1,,. 
u '1' = V - .<-- -g X > +.J.J )<llis-- <f> + --a ·:IJ qJ 

n 2 ➔ 2 ll ll . 0 2 V ll ' ax .. Un 

00 

r.z:i;e onepaTopLI ~ no.z:i;'IHHJIIOTCJI ycnoeuro I C g) = o . 
Ee 3 no Te pH 06ll.lHOCTH MO>KH0 ciiuTa Tb n =0 n n 

of C o - 00 
-'.On= f (x)(.< ~-:;-> + 9) ) , ecJIH I C '.D = 0 . ox ox n n n =0 n n 

IlepeMeHHaJI v ( ,\) e raMHJibTOHHaHe /16/ onpeAeJIJleTCJI 

AOil0JIHHTeJibHLIM YCJI0BHeM /4/ B CHCTeMe 6eCKOHe'IHOro . 
HMnyni.ca 
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v , < >.) _E._ <1> < o, v, x < >.)) = x' c >.) -J- <1> co, v,-; <>- n .. 
iJv ch(>.) 

HeH3BecTHLle BeJIHtfHHLl ~n a H x) onpe,neJIJUOTCJI Tpe6oaa

HHCM 3PMHTOBOCTH reHepaTOPOB M vi: 

a i a Ya a i a ½ c0a <l>(v: - -x -)<I>="-' <I>( v -. - x -)C0 <I>. 
V n axi n au '1) n ax 1· n au 

n n n n 

3To ycnoBHe onpe,neJIJieT x!~n·: 

-½ 
i -1 BfnCn BCo -½ BfnCn 

xn~ n = """""iT [ < 8 ➔ ~ > n + CO < ~ co x ox ux 

2 -½ 
BC 

-½ 

!_ > + s-; n 

+< 0 > 
8 ~2 n 

sc0 s a -½ 
+ 2<-- -> + (v --.-C 0 ) + 

~➔ ~➔ n na1 
ux ox xn 

a -½ -½ i 
+(--. C 0 )vn+(vC 0 )ax 

ax 1 n n 
n 

·~oonpe,llCJIJICTCJI C TOtfHOCTLIO .llO IlOCTOJIHHOH µt, 

~o =< 
Bfn Co 

s; 
2 

8 1 S fn C 0 
Bx >o +2< 5;2 >o -

1 BCo 8Co 2 - -< -- ---> +µ 
4C~ s; sx O o • 

/18/ 

KoHCTaHTY µ~ MO:lKHO onpe,lleJIHTL H3 YCJIOBHB nyaHKape

HHBapHaHTHOCTH, a HMCHHO: 

[ M vi , M vj ] = 0 • /19/ 
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B vi i a i 
Lipa3HB B M onepaTopLI x n H xn 11epe3 onepaTopLI 

pO)K,llCHHJI H YHH'ITO)KeHHH ' npa npoBepKe COOTHOWeHHH 

KOMMyTanaa MO)KHO HCilOJIL30BaTL pe3yJILTaTLI pa60TLI 191 H 

,llOKa3aTL, 'ITO TeopHH nyam<:ape·HHBapaaHTHa npH d=24 H 

00 k d µ2=g+2 _g_ 
0 k=l 2 

Tor.na HeTpy,llHO IlOJiy'IHTL peweHHe ypaBHeHHH 

1 2 + 1 

/20/ 

1 [ ] a l 2 -1 o 2 ➔,2 2 2 T Hf<I> = a"";;"<l>=2Co av <\~2-g X "">o+µo) Co <I> /21/ 

B BH,lle 

➔ dpv 
<l>(u,v,x(,\)= f-0(p) 

p V 

d ➔ oo 24 + ➔ ➔ i 
f P 2 2 I_[A(pv•P,fn) 

25/2 n=O i=l I e:ii V (2rr) 

/22/ 

i(vp -p1)+~(➔p2+M2(£i )) 

Xe 

V 2 Il Pv ½ . 
)(~.IC~ 

2

(~)FG, £~),+ 9.C. 

. 
r,lle e~ 
1,2, ... / 

- MHO)K~CTBO neJILIX IlOJIO)KHTeJILHLIX 'IHCeJI /0, 

2 2 i i 2 
M = M ( £ n ) = n £ n g - µO • (,) = n 

1 
ng2 /23/ 

j
H 4>YHKUHH F CBJI3aHLI c IlOJIHHOMaMH 3pMHTa H £~ (x 11Vwn ) 

i - i CX> wn ➔ ➔ 
FG~£n)= Hei (ywn xn )exp 2 - x x • 

n n= 1 2 n n 
/24/ 

CneKTp COCTOHHHH IlOJIH 3KBHBaJieHTeH cneKTPY COCTOJIHHH 

CHCTeMLI, COCTOHl]leii H3 6eCKOHe'IHOro 'IHCJia OCUHJIJIJITO • 

poB, HyMepyeMLIX HH,neKCOM n = 1,2, ••.. c qacTOTOH Wn=ngf: 
PeweHHe /22/ }!e JIBJIHeTCH HOPMHpOBaHHLIM no BHyTpeHHH~M 

nepeMeHHLIM x~ , B ,naJILHeiiweM MLI 6y)leM HHTepeCOBaTL· 

.L 2 
CH 4>YHK]lHOHaJiaMH cI> '=C 6 <I> • "llJieH µo B ypaBHeHHH /21/ 
HapywaeT napaMeTpH3a]lHOHHYIO HHBapaaHTHOCTL Teopaa H 

11 



CBH3aH C BH.IJ,OH3MeHeHHeM CBH3eii, Ha.rio)KeHHhIX Ha KBaH... 
TOBOe none <I>, no cpaBHeHHIO C KJiaCCH'ieCKHMH • 

KaHOHH'ieCKHe COOTHOUieHHH /13/ 3KBHBaJieHTHhl cne-• 
.IJ.YJO~HM: 

+ ➔ i ➔ j ➔➔ 
[A (pv,p.~),A(pv,,p',e~ ]= pvo(pv-Pv,)o(p-p') XOej e-i·· 

n, m 

/25/ 
+ ➔ i - ➔ i 

Onepa TOpbI A (pv' p' en) HA (pv,R, en) HHTepnpeTHPYIOTCH KaK 
onepaTOpbI pO)K.IJ,eHHH H YHH'iTO)KeHHH COCTOHHHH nOJIH <J) C 
onpe.u,eJieHHhIMH 3Ha'ieHHHMH Pv , p H M 2• 

B3aHMO.IJ,eHCTBHe cpyHKIJ;HOHaJihHhIX noneii 6y.u,eT pac
CMOTpeHO BO BTOpoii qaCTH CTaThH. 

AaTop npH3HaTeneH B.ll.OrHeaen;KoMy, 1i.M.1iap6aUio
BY' A.r .MyJIKH.IJ,)KaHHHY, B.B.HecTepeHKO H B.H.IlepByUIH· 
HY 3a o6Cy)K.IJ,eHHH. 
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Py,wnucb nocmynuAa e u3oa111eAbc1<uii omoeA 
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