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1 BBe,n;eHHe 
, ', , ·!,11, 

B rrocne.nmie ro,nhl n lIOJIBHJIOCb MHOJKeCTBO pa6oT, IlOCBJIIll;eHHhlX npaBHJJaM CYMM ,l\JIJI 

ClIHHOBOH CTpy11Typnoil cpyHKilllll !pOTOHa Yi- 8T~T IIHTepec BO MH~rm.i"c~~3aH C TeM, ~TO 

3aMeHa rrpOTOHHOH MIIIIIeHII !pOTOHOM npIIBO,l\I!T K 6onee npOCT<~H. ll Il0,11,,llaIOIIIeficJI aHaJJH3Y 

( C TOqKII 3peHIIJI Teopl!II B03MyIIIeHIIH) ~IITyanIIII. I1 pa!31IJIO cyMM ,l\JIJI nepnoro MOMeHTa 

Yi onpe,neJJJieTCJI MaTpIIqHMMII 3JJeMeHTaMH aKCIIaJ!hHMX TOKOB [1, 2]. B qacTHOCTII, B [3] 
BI,JBe,neno rrpaBIIJIO cyMM fo1 Yi ( x )dx = 0 ,l\JIJI !pOTOHOB Ha MaCCOBOfi nonepXHOCTH; a n [2] 
paCCMaTpIIBaJICJI 6onee o6IIIIIfi cnyqafi. JJ:aHHaJI, pa6oTa IIHI!IlllllpOBaHa H,neeil IlpIIMeHe­

HI!Jl K rrpaBIIJ!aM cyMM npIIHill!lia T'XocpTa [4], yTBepJK,naIOIIIero, qTo COCTaBHhle qacTIIIlhl 

~ocrrpo1!3B0,l\JIT aKCI!aJ!bHhle aHOMaJIIIII CBOIIX COCTaBJJJIIOIIIIIX. TaKofi no,nxo.n ne rrpHBO,l\llT 

K Kal{IIM JJII60 1!3MeHeHIIJIM B HeCIIHrJ!eTHOM Kanane. CHHrJJeTHhlfi RaHaJJ HrpaeT llCKJl!Oqll­

TeJ!bHYIO poJJh Il3-3a OTCYTCT.BIIJI fOJl,l\CTOYHOBCKOro 603oHa npII CllOHTaHHOM HapymenHII 

1rnpamnoil CllMMeTpIIII (U(l) npo6JJeMa) II naJIIf'IllJI rino0HHi>fi aHOMaJJHll B afrcnaJibHOM 

TOKe. 8 qacTIIOCTII, 3TO rrpIIBO,l\lIT K MeXaHII3MY COKpaIIIeHIIJI !pOT0HHOH II rJJIOOHHOH aHo­

Mamifi, rrpe,nJJOJKeHHOMY n [5]. Hame ociioBIIOe .yTBepll(,nenIIe CBO,l\I!TCJI K T~MY, 'ITO BKJia,n 

CllHrJJeTnoro TOKa B rrpaBIIJIO cyMM ,l\JIJI Yi pa!3eH HYJl1?· '. ··' 

Orreparnpnoe pa3JJOJKeHIIe IIpl!BO,l\llT K Bhl'IllCJ!eHll!O Tpeyrom.IIhlX KBapROBbIX ,l\ll-
' . 

arpaMM, B KOTOpbIX o,nHa Bepnrnna OTBeqaeT aKCIIaJ!hHOMY .TOI{Y; a .nne ,npyrIIX ~ BIIpTy-

aJJblihlM !pOTOHaM. T~KHe ,l\IIarpaMMhl Bhl'II!CJIJIJII!Ch B pa6oTax [6, 7, 8] ripII pa3JJII'IHhlX 

qacnrnx CJJY'IMX KIIHeMaTIIKI!. HaM y,naJJOCb, Bhl'IIICJ!l!Tb ny. aMITJIIITY.l\Y IIpI! npOII3-

BOJ!bllhlX BIIpTyaJ!hHOCTJIX BHeIIIHIIX JIIIHIIlt, IlonyTHO HaMII 6MJJO IlOJJyqelJO KOMIIaKTHOe 

rrpe,ncTanne1rne ,nJJJI rn~:Wpnoil TpexToqeqn~fi cpyHKil.IIII fpIIna. ll XOTJI ,nJJJI rrpIIMeHeHIIJI. 

K npaBIIJJaM cyMM HYll(Ha JII!Illh Kll!IeMaTIIKa q = 0, Mhl IlOJJaraeM, 'ITO 3Tll pe3yJJbTaThl 

IIMeIOT II caMOCTOJITeJ!bHhli! l!HTepec. Ilo3TOMY Bhl'IIICJ!eHHJI rrpe,ncTaBJJeHhl ,l\OCTaTO'IHO 

rro,npo6no. 

Hamil Bhl'IIICJieHml 0CH0Bam,1 Ha Il!)IIMeHeHI!ll 11:ncnepCHOHHhl~ COOTH0meHHH 11:JIJI qiopM­

qiaKTOpOB. TaKOH Il0;!l;X0A K aH0M3Jlllll 6hIJI np_eAJI0JKeH B_.i>a6oTe (6 ·1. Ilpn 3T0M anoMaJIHJI 

B03!llmaeT ecTeCTBCHHhlM rryTeM KaK Bhl'IllTam1e. B .nncnepCI!OHHOM llHTerpane, IlOJIBJIJIIO­

IIIeeCJI BCJJe,nCTBI!e KaJJII6poBO'IHOfi llHBapIIaHTHOCTll. 

Ilnan cTaThII cne,ny10rn,1Ii!. Bo BTopoii' pa3.ziene npe,zicT~BJJeHu' nLI:.incnenII~ n o~no-
. l' .. • 1,·-:,_,. .· , 

neTJJeB0M rrpII6J11Ill(eHI!Il aMIIJIIITY.l\hl rrcpexo,na aKCIIaJ!bHOro TOKa n ,l\Ba !pOTOHa. Ilpu 

3TOM IICJIOJ!b30BaHhl pe3yJJhTaThl Bhl'IIICJICHIIJI CKaJJJipHofi TpeXTO'Ie'IHOfi cpyHKilllll fpnna, 

rrpnne,neHHble B rrpllJJOJKCHI!I!. B T))eTbefi qacT'n-pac~MaTpllBaIOTCJI npaBllJJa cyMM ,l\JIJI 

Yi II o6ocHOBhlBaeTCJI rrpIIMeHeHIIe IIpllHilllIIa T'XocpTa Ha cnyqail KllHeMaTIIKII q = 0, 
06cyll(,na10Trn o6nacTH rrpnMeHnMocTn ripaBIIJJ cyMM. Il0Ra3ano, 'ITO B'i(Jl·a.n rn~~.ii°eTHoro 

aKCllaJ!bH0ro T0Ka B rrpaBIIJI0 cyMM ,l\JIJI nepnoro M0MCHTa Yi panel! nymo: ( 

:; Ci0t.n:;r.d:t..~ti t;~::nyt i 
l u:t--:l'ii,U Hcr.i~1~:mmO i' 

I 6~SflHOTEKA ,. ----

'\ 



2 AMnJIHTy,na Ji ~ 2,* 

B Hll311IeM nop11,n;Ke aMilJIHTy.n;a nepexo.n;a aKCHaJibHhIH TOK -+ ,n;Ba q>OTOHa orrpe,n;eJI/leTCH 

TpeyroJibHOH KBapKOBOH ,!l;Harp~MMOH. 3anHIIIeM ee·B BH,!l;e 

T0 µv(k1, k2) =Fifoµvukf + F2foµvuk~ + F3k1vfoµpukf k~ + F4k2vfoµpukf k~ + 
+ Fsk1µfovpukf k~ + F5k2µfo~pukf k{. ' ' (1) 

r.n;e ki, k2 -, 4-HMrrym,Cbl cpoTOHOB. 

llHBapHa~THhie qiopM<paKTOphI F; He HBJI/11'.'TCH rioJIHOCT.bIO He3aBHCHMhIMIL B03e-rnM­

MeTpHH rrpHBO,!l;llT K COOTHOIIIeHH/IM 

Fi,3.4(k1, k2) =•-:F2,6,s(k2, k1), 

a ll3 K~~H.6po!30'lHOH llHBapHaH;~OCTH c~eeyeT 

F1 = (k1k2)F3 + (ki)F4, F2 = (k{)Fs + (k1k2)F6. 

3anHIIIeM aHOMaJibHOe TOJK,!l;eCTBO Yop,n;a [9] 

O ·' ( D' ' )' kpk" - T , 'l kPk" q T0 µv = r2 - F1 Eµvpu 1 2 - 2m µv + -
2 

Eµvpu 1 2 , 
' ' .. 27!' 

'(2) 

(3) 

(4) 

r,n;e -Tµ~ orneqaeT aMnJinTy,n;e nepexo,n;a nceB,n;ocKaJI/lpnoro ToKa B ,n;Ba · qi0To11a, a m -

Macca qiepMHOHa. B cnJiy 603e~CllMMeTpHn,1 KaJIH6poBo'lnoi!: n JiopeHI~-HHBapnaHTHOCTH 

cpyHKUll/1 Tµv llMeeT Bll~ 

Tµv(k1, k2) = G(k1, k2)fµvpukf k~. (5) 

C y'leTOM (5) TOJKAeCTBO Yop,n;a (4) 3anmrreTCH B BH,n;e 
' ·~ 

.. 1 ' 
2mG + 

2
1r2 ·=.F2 - Fi- (6) 

Bhipa3HM Tenepb F1, F2 qepe3 ocTaJibHhie qiopM<paKTophI c IlOMOIIIblO KaJin6poBO'lHol! 

HHBapnaHTHOCTll (3). · 

2mG + 
2
: 2 = (i- k{ - ki)F3 + k{Fs - kiF4. (7) 

B (7) ncrroJib3oBaH pe3yJihTaT np11Moro BhI'lHCJieH~H F3 = - F6 • 

KaK 6hIJIO OTMe'leHO B [6], aHOMaJIH/1 ecTeCTBeHHhIM o6pa30M B03HHKaeT B ,n;ncnepcnon­

HOM rro,n;xo,n;e. PacCMOTpHM ,n;ncnepCHOHHhie COOTHOIIIeHHJI no nepeMeHHOl! q2• IloJIOJKHM, 

'ITO AJI/1 F3, F4, F5 , G cnpaBe,n;JIHBhI ,n;llcrrepcHoHHbie cooTH011IeHH11 6e3 BhI'l1na1rnl!, n ,n;11JI 

MHllMhIX 'laCTeH HMeeT MeCTO "HopMaJibHOe" TOJK,!l;eCTBO Yop,n;a 

2mlmG = (q2 - k{ - ki)ImF3 + k{ImFs - kilmF4. (8) 

~ 

~ 

' 

.., 

r 

' 

IlpHMeH/1/1 K o6eHM qacT/IM paBeHCTBa (8) AHCilepcHOHHhie COOTHOIIIeHH/1 H Y'lHThIBa/1, 

'ITO HeT HHKaKHX BhI'lHTaHHH; IlOJiy'laeM 

00 

2mG = (q2 - k{ - ki)F3 + k{ Fs - kiF4 +; J ImF3dq
12

. 

4m2 

J-fa (9) II (6) CJie,!l;yeT1 'ITO ,!l;OJIJKHO BhIIlOJIH/ITbC/1 paBeHCTBO 

HJIH' 'ITO TO JKe caMoe , 

00 1 J ImF3dq'
2 

= 21r ' 
4m2 

1 2F ( 2 k2 k2) - __ lim q 3 q , 1, 2 - 21r2 · 
q2-oo 

(9) 

(10) 

(11) 

PaBeHCTBa (10,11) npe,n;CTaBJI/IIOT co6oi!: 3KBHBaJieHTHYIO <pOPMYJIHpOBKY aHoMaJibHoro 

TOJK,!l;eCTBa Yop,n;a (7). Bee BhIIIIeH3JIOJKeHHOe 3KBllBaJieHTHO YTBepJK,n;eHHIO, 'ITO HeJib3/I 

narmcaTb ,n;ncnepCHOHHhie COOTHOIIIeHll/1 6e3 BhI'lHTaHllH AJI/1 Bcex qiopM<paKTOpOB F;, He 

HapylliaH KaJin6poBo'lny10 HHBapnaHTHOCTb. IIocKOJibKY MhI noJio~nJIH, 'ITO AJI/1 F3-F6 

HMelOT MeCTO AHCilepCllOHHhie COOTHOIIIeHirn 6e3 BhI'lHTaHHH, TO BhI'lllTaHll/1 IlO/IB/ITC/1 B 

Fi, F2. lfro6h! y6e,n;HTbC/I B 3TOM, 3amt11IeM ycJIOBHe KaJin6poBO'lHOH llHBapHaHTHOCTll ,!l;Jl/1 

MHHMO:i!: qacni: F1 

q2-k2-k2 . 
ImF1 = ; 2 ImA + kiIIDF4 . (12) 

Tor,n;a 

q2 - k2 - k2 , 1 Joo 
Fi + Co + ... = 1 2 F3 + ki F4 + -

2 21r 
ImF3dq'2• (13) 

4m2 

· J,13 3TOro ypaBHeHllJI BllAHO - 'lT06hI KaJIH6poBO'lHaJ! llHBapnaHTHOCTb (12) BhIIlOJI­

HJIJiaCb H ,!l;Jl/1 ,n;eHCTBllTeJibHhIX 'laCTeH, Heo6XO,n;llMO npncyTCTBlle BhI'lHTaHHJI Co = 1 / 41r2, 
HeMe,n;JieHHO npHBOAJIIIIee K npaBllJibHOMY 3Ha'leHlllO aHOMaJibHOro 'lJieHa B (6). 3,n;ecb 

O'leBHAHa HeB03MOJKHOCTb O,!l;HOBpeMeHHOro coxpaHeHH/1 KaJin6pOBO'lHOH ll KnpaJibHOH HH­

BapnaHTHOCTH Ha KBaHTOBOM ypoBHe. 

Tenepb nepefi,n;eM K BhI'lllCJieHHIO aMUJillTYAhI (1). MHllMhie 'laCTH <pOpMcpaKTOpOB 

BhI'lllCJI/IIOTC/1 npn IlOMOIIIll YHHTapHoro pacce'leHll/1 ,n;narpaMMhI. Mb! He npHBO,!l;llM IlOJI­

HI,l:X Bhlpa)KeHHH, AJI/1 MHllMhlX 'laCTeH BBllAY HX rpoM03,!l;KOCTH. 3aMeTHM TOJlbKO, 'ITO ORI! 

HMeIOT BHA Q(q2, kf, kDimf(q2, kf, kD, r.n;e Q - neKaH .n;po6no-paunonaJibHaH cpyHKUHH 

CBOllX apryMeHTOB, a Imr - a6cop6THBHa/l qaCTb CKaJI/lpHOH TpexTO'le'lHOH q>YHKUHII 

fpHHa ( CM. npHJIOJKeHne). Henocpe,n;crneHHO BhI'lllCJillTb anaJIHTll'leCKH ,n;llCilepcHOHHhIH 

.,,2 3 

J ' .. ,' ·11 



llHTerpan c TaKIIM II0,!J;hlHTerpam,HLIM BLipaJKeHIIeM BeCbMa npo6JJeMaTIIqno. EcTb .upy­

roli nyTh 1 eCJill HaM 'u3BeCTHa He TOJihK0 lmf, HO II CaMa qJJHKIIIIR f. B 3T~M cnyqae OT 

IIHTerpana no pa3pe3y M0JKH0 nepeliTII K IIHTerpany no K0HTypy. Tor.ua BLiquc;1em1e .u11c­

rrepcII0HHoro llllTerpana CB0.l];llTCR K BLiqllcJieHIIIO BLiqeT0B OT ll3BeCTH0li qJJHKilllll, '!TO 

HecpaBHeHH0 rrporu;e. 8ToT MeTo.n; BLiqIIcJJeHIIR npIIMeHIIM K JJI06LIM .n;IIcnepcll0HHbIM C00T­

H0JJieHIIRM rro.n;o6Horo TIIna, ecJIII qiyHKIIIIR Qimr Be.n;eT ce6n Ha 6eCKOHeqHQCTll He xy}l{e, 

qeM Imr. B rrp0TIIBll0M cnyTJae HJJKHO 6LIJIO 6LI .n;eJJaTb .l];0II0JJHIITeJJhHLie BblqllTaill1R. 

CKaJJRpHaR qJJHKIIIIR fpIIHa f BLITJllCJieHa B npIIJI0JKeHIIII, no3T0MJ MOJKH0 !IpllMeHl1Tb 

onIIcaHHYIO BLIJJie nporre.n;ypy. ITpIIBO.l];llM JllIIIIb OKOHqaTeJJbHLiii pe3ymTaT BLI'll1CJJeHllR 

r.n;e 

1 {1 1 [ . Fr(x,y,.t) = -
2

71" 2 2 + 
2

,\2 (y- z)(x - y- z)p(x) - y(x - y - 3z)p(y) + 

] [
- 2 yz(y-z)]- } +z(x-z-3y)p(z) + m + ,\

2 
r(x,y,z) , 

1 1 { [ 12yz] F3 (x,y,z)= -
2

1r2 ,\2 (x-y-z)+ y+z+7 p(x)+ 

[ 
6yz(z-y-x)] () [ 6yz(y-z-x)] () + -y + ,\2 p y + -z + ,\2 p z + 

[ 
2 6xyz(x-y-z)1-· } + 2m (x - y- z) + ,\

2 
r(x,y,z) , 

X = q2 y = k2 - k2 ' . 1' z - 2, 

p(x) = Jl -4m2/x ln[Jl -4m
2
/x -1] 

Jl-4m2/x+l 
( = q2-2k2 

00 

I'(x,y,z) = J L(x',y,z) dx' 
.\(x',y,z) x' - x, 

4m2 

( 14) 

(15) 

(16) 

(17) 

(18) 

(19) 

L II ,\ onpe_n;eJJeHLI, COOTBeTCTBeHHO, qiopMyJiaMI! (34) II (35). I' C TOqHOCTh!O .l];O MHO}l{ll­

TeJJR COBna.n;aeT co CKaJJRpHoil TpeXTOTJeqnoli qiyHKIIlleli fp1rna. OCTaJJbHLie qiopMqiaK­

TOpLI IIOJJyqaIOTCR C noMOIIIh!O COOTl!011Ie1111ii (2) II (3). B qacTH0M cnyqae k; = z = 0 

qiopMJJJLI (14,15) BOC11p0!!3B0.n;RT OTBeT, rronyTJeHHLiii B (7]. 
IT p!! BI,Iql!cJieHl!II qiyHKIIIIII Tc,µv MLI IICIIOJib30BaJIII .n;11crrepc1101111oe npe.n;CTaBJJeHlle no 

q2. MoJKHO HaIIIICaTh .n;ncnepcIIoHHLIJi 1111Terpan n no .n;pyroii nepeMenHoii, Hanp11Mep ·no 

kf. AHoMamHoe T0JK.n;ecTBo Yop.n;a Bocnpon3B0.n;HTCR II B 3T0M cnyTiae. Ananor qiopMJJJhl 

( 11) BLirJIR.n;nT CJie.D;ylOIIIIIM o6pa30M: 

00 

J ( ,2 1 
ImF3 - ImF4)dk 1 = - . 

21r 
4m2 

I1p11 3TOM nerKo npoBep!!Th, qTo (11,20) BLIIl0JJHeHLI. 

4 

(20) 

' 

l 

3 Ilpamu1a cyMM H rrpHHIJ;HII T'XocpTa 

ITp11MeHl1M nonyqemrne pe3JJlbTaTIJ K aHam13y npaBl!JI cyMM .l];JJR cnHHOB0ii CTp)"KTyp­

noii qJ)"HKill111 qJOTOl!a 9i.. ITepBb!li M0Me!IT qiynKUll11 9i. onpe.n;eJIReTCR .n;uaroua,1bHhH111 

MaTp!!qHbIMII 3JJeMeHTaMI! aKCl!aJJbHLIX T0K0B J!~l no qJOTOHHhlM C0CT0RHIIRM np11 q = 
0, k1 = -k2 = k. 3.n;ech r - rpynnoBoli HH.D;eKc r = 0, 1, ... , N} - l, rrp11qeM r = 0 oTBe­

TJaeT TJHCT0MY CIIHrJJeTy no rpynrre apoMaT0B. CBR3b rrepBoro M0MeliTa 9i. C MaTp11qHbI}ll1 

3JJeMeIITaMl1 T0K0B .n;aeTCR C00TIIOJJieHHeM (2] 
I J gl(x)dx = 4rn [I>(r) (FJrl(o,k2, k2) - Ft)(o, k2. k2

)) + 
o r#O 

+c(O) ( FJ0l(o, k2
, k2

) - F?)(o, k2, k2
))] • (21) 

3.n;ccb c(r) -- rpynrroBble MHmK11TeJJ11, orrpe.n;enneMhle KBa.n;parnM 3apn.n;oeoii MaTp11rrhl c. 2 = 
Lrc(r)_xr_ B CJiyqae rpynm.r SU(3) c(o) = 2/9,c(3) = 1/3,c(B) = 1/3/3. 

B qiopMyne (21) Mb! nonaraeM mq =/ 0, XOTR npe.n;en F1,(2J(0, k2, k2) rrpn mq --> 0 

RBJIRe'fCR perynnpHhlM. lfa (14) HeMe.n;JJeHH0 CJJe.n;yeT 

2 2 _ _ 1 + - In-- , 1 { 2m: T - 1} 
(F2 - F1)(0, k , k ) - 21r2 k2r r + 1 T = /1 -4m~//..c2

. (22) 

BLipruKe1111e (22) 61JJIO nonyqeno TaK}l{e B (10, 11], r.n;e 113HaqaJlbHo rrp11H11Ma;1a<"b H11m·­

MaT11Ka q = 0. 

Boo6ru;e roBopn, ua.n;o pa3JJ11qa'fh .n;ea cymccTBemm pa3n11q1Ib!X cnyqan KHHeMan1H11: 

a)1mr.n;a k2 =/ 0 11 6)Kor.n;a k2 --> 0. I1pae1rno cyMM (21) np11 k2 =/ 0, Kor.na HBap1rn MmH110 

cq11TaTb 6e3MaCCOBIJMl1, rroJJyqeuo B (1, 2]: 

I 

J -, (e4) a: 
g1 (x)dx = -Nc2 2

7r. (2:l) 

0 

r.n;e e· - 3JJeKTp!!qec1me 3apR.D;hl KBapK0B. O.n;naKO B 3Tl1X pa6oTaX Ht', 61JJJO y.ne;I('II0 

.n;oJJJKHoro BH11Ma1111n 11p11Hrr1111y cooTBeTCTBllR T'Xoqirn (4]. Ha oc110Be arnro 11ptt;11111na 

MLI naMepCHbl 110Ka3aTh, q'fo BKJJa.n; Cl!HrJJeTH0I'0 aHCl!aJJbll0f0 T0Ka B npaBllJI0 cyMM (:tl) 
paBeH IIJJJIO. Cornac110 T'XoqiTy aHCl!aJJbllaR aH0MaJJllR J]0JJ}l{Jla Bocnpo113B0J]llThC11 11a 

aJ]p0HH0M ypoBHe. O6ocHOBa'fh 3;0 M0}l{II0 TaK. AMIIJJHTyJ]a nepcxo.n;a aHCl!aJJhll0l'0 T0!ia 

.J; B .n;Ba peaJibHLIX qJOTOHa HMeeT aHOMaJJhllhlli 110Jl!OC. 8m uaHna.n;b!BaeT orpaHl1'l('Jll1Jl 

Ha qiopMqiaHTOpLI. B qacTH0CTII, 113 (11) CJJeJ]ycT 

I I 
F3 ~ - 21r2 q2 , 

m2 k2 
11p11 -+ , 2 --> 0 . 

q q 
(:ti) 

8Ta CIIHI'YJillpH0CTh B03HHl{aeT BCJie.l];CTBIIC 6c3MaCCOBOCTI-I l{8ap1<01l 11p11 llb1'!11C:1c·111111 

TpeyroJJbl!Oll .n;11arpaMMLI. Ho, IIOCK0JlhKY l{BapKll !IC Bb!JleTaIOT, 3T0T IJ0JJI0C /l,0JlllH'll H0C­

npo113BOJ]l1ThCR KaKl1Ml1-T0 qJl1311qecKl1Ml1 'laCTHUaMll. ).lnn 3TOro J]0JUHlll,l cyU(('("Tll0Han. 
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6eaMaCCOBble 6ap1!0Hhl irn6o 6eaMaCCOBble Me30llhl. Kali 1!3BeCTH0, B npHp0).((' pea;rn3y­

eTCJI BTopa11 B03M0JKH0CTb (cM., HaIIpl!Mep, [12]). Ilp!! 3T0M B HeCHHrneT!!ClM Raua,ie 

II0JIIOC aRCl!aJJbHOil: aH0MaJJl!II B0CIIp0113B0).(l!TCJI r0JJ).(CT0JII0BCl{l!MII 6oaouaMI!. Cm1rneT­

Hhlll JKe RaHaJJ rrpe).(CTaBJJJ!eT co6ofi oco6hlfi cnyTiafi. Ifa-aa HeTpl!Bl!aJJbHOil: CTPYiffJpb! 

BaRyyMa KXJ.( COOTBeTCTBYIOII(l!ll r0JJ).(CTOYHOBClil!ll 603011 0TCJTCTByeT ( 1!3BCCT!JaJI lJ ( 1) 
11po6JJeMa). TaRl!M o6paaoM, 77'-Me30H 0Ra3hIBaeTCJI TJIJKeJJblM I! He M0JKeT B0c11po1!3BeCTI! 

aH0MaJJl!IO. 8 Cl!JJY rrpHHUlllJa T'Xocjna, 3T0 3Ha'IHT, 'ITO aHDA!aJJbllhlll !10,1IOC ).\0JIJKeH 

coRpamaTbCJI Ha ypoe11e RBapR0Bb!X aMIIJJl!TJ).(. TaKoe COKpameHl!e ).\0JJJKH0 np0!!CX0).\l!Th 

MClKJ.\Y rJJIOOHH0ll I! q>OTOHHOll aHoMaJJl!JIMI! (CM. Pl!C.l). <l>oTOHHO-rJIIOOHH1Jil: 6JJOH na 

p!!C.16 /l0JIXCeH 6b1Tb HerrepTyp6aTl!BHhIM, 'IT06bl R0MIIel!CHpoBaTb JJl!IIIJIIOIO crenem, Us 

(o R0HBepCl!I! 2g ---+ 2, CM. [12, 13]). 

3).(eCb CJJe).(yeT CRa3aTb eme HeCR0JJbl(0 CJJ0B 0 IIp!!HUIIIIC T'Xocj>Ta. Hanm paccyJK).(C­

HllJI 0 ero crrpaBe).\JJl!B0CTI! 0CH0BbIBaJJl!Ch Ha cymecTB0BaHl!ll aHoMaJJbH0ro II0JIIOCa y 

aMIIJll!TJ).(11 (1). O).(HaRO B CJJJ'!ae q = 0 roB0pl!Tb 0 II0JJIOCe He rrpl!X0).(l!TCH. Mb! )_(0J]}KHbl 

Bbl).(eJil!Tb aH0MaJJl!IO HaRHM-T0 J.\pyrHM crroco6oM. B Rl!paJJbl!0M rrpe).(eJJe "HopMaJJhllaJI'' 

'!aCTh aMIIJll!TJ).(hl ( 1) aBT0MaTl!'leCRII o6pamaeTCJI B H0J!b. TaRl!M o6pa30M, BhlpaJKeH11e 

(F2 - F1)j ~ (A - Fi)I ~ -1
-

mq--+0 k2 --+oo 21r 2 
(25) 

JIBJJJ!eTCJI 3RDl!BaJJeHTHblM YTBepm,neHl!IO (24). l1TaR, HaJJl!'ll!e aH0Mamifi D ueornrneT­

H0M RaHaJJe rrpl!D0).\l!T B Cl!JJY IIp!!HUl!IIa T'Xocj>Ta R cymecTB0DaHl!IO roJJ).(CTOJH0BCKllX 

6oaOHOB. OTCJTCTBlle JKe r0JJ).\CT0JH0BCRoro 6oaoHa D Cl!IIrJJeTH0M KaHaJJe BJJel!eT 3a co-

6ofi 0TCJTCTBl!e aH0MaJJl!I!. C yTieT0M Bcero BblllleCRaaa1rnoro, Mhl rrpHX0).\llM R BhIB0).(J' 

'ITO rrpH k2 =I= 0 BRJJa).\ Cl!HrJieTIIOro RaHaJJa B rrpaBl!JJ0 C.}'MM ).\JIH" 9i paDeH HJJJIO 1!3-3a 

C0RpameHl!JI cj>oTOHHOil: ri rmooHHOil: aHoMaJJHil:. IlonoMy (23) IIp!!Hl!MaeT Bl!).\ 

1 

I -, (e4) a 
g1 (x)dx = -Nc--(1 - c), 

2 2ir 
0 

(26) 

r).(e C = (e2
)

2 /(NF(e4
)) - OTH0JlleH11e BeC0B Cl!HrJieTH0ro I! HeCl!lirJJeTH0ro uaHaJJ0B [2]. 

3a).(a).(HMCH. Terrepb eorrp_ocoM: TITO oaHaTiaeT k2 =/= O? IlocRoJJbKY Mhl apryMeIITll­

pyeM IIpl!MCHl!M0CTb rrpHHUHIIa T'Xocj>Ta rrepexo).(0M R HHpaJJbH0MY rrpe.neny (25), TO; 

rro-BH).(HM0MY, ).(0JJJKH0 6b!Th k2 >> mq, r.ne mq - Macca RBapRa. Ha a,npoHH0M ypoBHe 

xapaKTepHb!M MaCJllTa6oM uapyllleHl!JI KHpaJJbH0il: .l!HBapl!aHTH0CTI! JIBJIHeTCH Macca IIl!-

0Ha, H03T0MY k2 ~ m,,.. _AHanorHTIHOe aaRJJIO'leHl!e B cnyqae ROHq>OpMHOil: aHoMamrn 

IIpl!B0).\l!TCJI B [14]. MolKHO ,naTb ).(pyrofi Kpl!Tep!!il: Hpl!Mem!M0CTI! upaB.l!Jla cyMM (26). 
PacCMOTpl!M 0).\H0IIeTJieBy!O aMIIJII!TJ).(Y cj>oTOH-q>OTOIIHOro pacceJIHl!JI Brrepe).(. IlycTb p 

- Bl!pTyaJJhl!blll l!MIIJJJbC l!IITerpHpoBaHl!JI B IIeTJJe. AHoMaJJbllaJI qaCTb C00TBeTCTByeT 

o6nacTn HHTerpnpoeamrn p} ~ m
2 [11], r.ne PT_- rrorrepe'!Hhlfi HMIIYJJhC. O6nacTh nH­

TerpnpoBamrn p} ~ m
2 

.naeT BRJJa).( B "11opMaJihHJ10" TiaCTh, II03TOMY rrpaB!!JI0 CJMM 

(26) COOTBeTCTByeT 3RcnepnMeHTY, B R0TOp0M R0HC'lllble a,np0Hhl HMe!OT rronepe'!Hhle l!M-

11ym,c11 PtT ~ m;. 

6. 

I 
I 

:1 
' 
) 

J 

O6paTHMCJI R cnyTia!O 6), T.e. R rrpe,neJiy k2 ---+ 0. Ilpn k2 
/m

2 
---+ 0 ( q = 0) B He­

cnHrneTH0M RaHaJie l!MeeT MeCTO C0HpameHHe aHoMaJibHOil: .I! "HopMaJihHOil:" ,!\HBepre11unil: 

aRcnaJJbH0fO T0Ra. Ilo3TOMY CJie,l(JeT 0lKH,!\aTb, TITO 1; 9i'N
8(x)dx = 0. B 3T0M M0JKH0 

Herrocpe,!\CTBeHH0 y6e,!(HThCJI, .l!CII0Jib3JH JIBH0e BhlpaJKelrne (22). CnHrJieTHhlil: JKe Hanan 

).\0CTaBJIJieT orrpe).(eJieHHble TPY.!\H0CTH. J.(eil:CTB.l!TeJibHO, ,ll;HarpaMMa pHc.la naer HyJieBoii. 

BHJJa).\ no TOH JKe rrpl!'IHl!e C0RpameHl!JI aHoMaJibl!0il: I! "HOpMaJihHOH" ).\HBepreHUHil:, B TO 

BpeMJI ·, RaH ,ll;JIJI ).\HarpaMMhl pHc.16 TaK0ro 33KJIID'leHHJI C):leJI3Tb HeJib3ll. 

B II0Jib3Y TaHoro coRpameHne MOJKH0 rrpHBeCTH CJie,!\JlOIUHil: apryMeHT. IlpH q = 0 .1!3 

RaJIH6poBO'IHOil: HHBapnaHTH0CTH (3) CJie,l(Je':r 

(F2 - F1) = k2(Fa - F6 + Fs - F6) = O(k2), rrpn k2
-> 0. (27) 

BTopoe paBe!ICTB0 B (27) crrpaBe).\JI.l!B0, ecJIH B11pame1me B CR06Rax He .l!MeeT II0JilOC0B. 

3aMeTHM, TITO B JieCHHrJJeTH0M RaHaJJe TaRHX Il0JIIOCOB HeT ( CM, (22) ). 

PacCMOTpHM 6oJiee ,neTaJibH0,HaR M0JKeT nponCX0,11;.l!Tb CORpameHne. BRJia,11; .nnarpaM­

Mhl PHc.16 rrpn q = 0 aanHJlleM B en,11;e 

R(k) = F}26)(k) - F}26\k) = I ~?[F2(p) - F1(p)]G(p, k). (28) 

3,11;ec& F1, F2 0TBeTia!OT TpeyroJihHoil: MarpaMMe TOR-> 2g, a G(p, k) on.11c11BaeT Henep­

Typ6aTHBH1Iil: 6JIOR R0JIBepC.1!.I! ,ll;BJX rir!OOHOB B ).\Ba q>OTOHa. MHOJKHTeJib 1/p4 
B03H.l!RaeT 

na-aa rJIIO0HHhIX nporraraTopoB. CornacHo (2'2) 

F2(p) - F1(P) = N(m,p) + 1/2ir2
, (29) 

r,11;e N(p) - "HopMaJibllaJI" TiaCTh, a l/2ir2 - aHoMaJibllaJI, Paao6beM o6JiaCTb HHTerp.11po­

BaHHJI Ha ).\Be TiaCTI! p2 ~ m 2 .I! p2 ~ m 2. IlpoMeJKyTOTIHOli o6JiaCTb!O .l!HTerpHp0BaH.l!JI 

p2 ~ m 2 Mhl npene6peraeM, CTIHTM, TITO oJia ,11;aeT MaJihlil BRJia,11;. RpoMe Toro, 3arrnllleM R 
B B1!,ll;e CJMMhl ,ll;BJX CJiaraeM11x, OTBeTialOIUHX .l!HTerpaJiaM C "HopMaJibHOH" .I! aHOMaJibHOH 

TiaCTJIM.I! cj>opMJJihl (29). 

Jd4p 
R =RN+ RA, RN= p4N(m,p)G(p, k), I d

4p 1 
RA= -A -2G(p,k). 

P"' 2ir 
(30) 

Ha npHHUHIIa T'Xocj>Ta Mhl aJiaeM, TITO RA = 1/2ir2
. qT0611 o6ecrreTIHTh 3T0 paBeH­

cTBo, cj>yHRUl!JI G/p4 ).\0JIJKHa y611BaTb Ha 6ecKoJieTIHOCTH, 0CH0BHOH BKa).\ ,11;aeT o6JiaCTb 

HHTerpHpoBaH.l!JI MaJiblX p. ltopoTie r0Bop11, B RA H RN cymecTBeHHhlH BKJia).\ ,11;aeT J!Hlllb 

o6JiaCTb HHTerpnp<>BaHHJI p ~ 0. Ho. Il0CK0JlbKJ R 3aB.l!C.l!T JIHlllh OT ,l\BJX pa3MepH1IX 

napaMeTp0B m, kµ, TO M0JKH0 C'IHTaTh, TITO m2 
-> 00 rrpH k2 ~ m 2

• 8 TaK0M pelK.l!Me 

N( m, p) ~ -1/2ir2 ( 3T0 CJie,l(JeT .1!3 (22), T.e • .1!3 C0Kpamen.1111 "11opMaJihHOil:" .I! aH0MaJib­

HOH ,ll;HBepreHUHH B TpeyroJibHOH rrerne). B CHJIY 3Toro HMeeM RN ~ -RA, T.e. R ~ 0. 
J.(pyrHMH cJioBaMH, MH0lKHTeJib (F2 -F1) B cj>opMyJie (28) npH k2

-> 0 3q>q>eKTHBIIO o6pe­

saeT o6JiaCTb HHTerpHpoBaHHJI MaJihlX P, B K0T0pOH cj>yHKU.l!JI G/p4 
cymecTBeHH0 0TJI.l!TIHa 

OT HJJIJI. IT p!!Be,!\eHHhle BIIOCJie,D;H.l!X ,D;BJX a6sauax paccyJK.ZieHHJI' , K0He'IH0' JIBJIHIOTCJI 
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cpopMaJII,HL!Mll n 'lllCT0 Ra'leCTBeHHL!Mll\ .nlI.11 6onee aKRypaTHoro aHaJIJf3a Tpe6yeTCR 

3HaTh 60J!hIIIe O cpyHRD;llll G. IIocROJ!hRY 0Ha co.n:epJKHT cpaKTOp 1/o.., TO, K0HeqHo, He 

M0JKeT 6LITh noJiy'leHa B paMRax pa3JI0JKeHHJI no o.,. O.n:HaRO TaRoe n0Be,n:e1me M0JKH0 

06'.bJICHHTh · B paMRax 1/ N-pa3JioJKeHHJI (15]. Ilo.n:po6HLI.H auaJIH3 npose.n:eu B 

pa6ore (16]. 

Pa60Ta BhIIlOJIHeHa npll Il0)1Aep,KKe PocCH.HCKOro (p(JHJl3 ¢yHMMeHTaJlhHhIX llCCJie)IOBaHH.H, rpaHT 

Ng 93-02-3811. 

A IlpHJiomeHHe 

PacCMOTpllM CRalI.l!pHyIO TpexTolJe'lHYIO cpyHRD;llIO TpnHa f BO BT0p0M nopR,n:Ke Teop1111 

B03Myin;eHn1!.. Pa6oTLI, nocBRID;eHHLie CRalI.l!pHLIM neTJieBLIM IIHTerpaJiaM, 11ep110,n:11qecKII 

noJIBlI.l!IOTCJI B JlllTepaType [17, 18]. B 'laCTH0CTll,B [17] II0JIY'leH0 K0MilaKTH0e BLipaJKeHl!e 

JilI.11 r ,lI.lI.11 ~JIY'laJI m = 0. Hae llHTepecyeT MaCCllBHLI.H CJiy'la.H 

2 2 2) / d
4
p 1 . 

f(k1,k2,q = (2ir)4[p2-m2][(p+k2)2-m2][(p-ki)2-m2]· (31) 

IlycTh JIBa H3 Tpex HMnyJ!hcoB JIBlI.l!IOTCJI eBKJIHJI0BLIMH kf, k? < 0. C'InTaa, '!To ueT 

OCJIOJKHem1.0: C aH0MaJihHL!Mll noporaMn, HannIIIeM ,n:IICIIepCllOIIH0e rrpe,n:cTaBJieHne 6e3 

Bhl'lllTaHll.H no TpeTbe.H nepeMeHH0.H k5 = ( k1 + k2) 2 = q2 . 

00 

2 2 2 1 1· ds 2 2 f(k1,k2,k3) = - . -k2Imf(k1,k2,s). 
1l" s - 3 

(32) 

4m2 

BL1paJKem1e JilI.11 MHllMO.H 'laCTll II0Jiy'laeTCJI, ecmr c,n:eJiaTh YHHTapHL!.H pa:1pe3 .n:11ar­

paMMLI .II npoHHTerp.11poBaTh no yrnaM. 

r.n:e 

i l L, 
· Imf=-l6ir>.(x3,x1,x2) 

L ~ ln[x3(X3 - X1 - x2) - >.(x3,x1,x2)>.(x3,m2,m2)], 
x3(x3 - x1 - x2) + >.(x3, xi, x2)>.(x3, m2, m 2) 

>.(x,y,z) = Jx2 + y2 + z2 - 2xy - 2yz - 2zx, 

X1 = k;,, X2 = k~ , X3 = k~ . 

(33) 

(34) 

(35) 

(36) 

<l>opMy!lhl (32-36) HYJKHLI np.11 Bhl'lllCJ!eHHll .n:ncrrepCH0HHLIX .IIHTerpaJI0B JIJIJI al'4IIJil1-

TY.n:LI i! -> 2-y. CaMy JKe cpyHKD;HIO r rrpoin:e BLI'IHCJ!HTh HHLIM crroco6oM. Cne,n:yJI 

pa6oTaM (19),HaII.IIIIIeM .n:mpcpepeHn;HaJihHOe ypaBHeHne JilI.11 r, R0T0poe y.n:aeTCJI peIIIHTh 

B JIBH0M B.IIJie. IlyTeM .lrnTerpnpoBaHHJI no 'laCTJIM BhlpaJKemrn (32) M0JKH0 II0JIY'lllTh 

rne.n:y10in:ee ToJIUJ;ecTBo (19] 

2m
2~f + '2J1 - X3D2 - X2D3 =· 0, 

dm 

8 

(37) 

r.n:e BBCJieIILI 0603uaqelll!R 

I d 4p 1 
J; = J(k;) = (2ir)4 [p2 _ m2]2[(p _ k;)2 _ m2]' 

X1 = (k2 - k3)
2
, X2 = (k1 - k3)2, X3 = (k2 - ki)2 , 

(38) 

(39) 

a D; orneqa10T TpeyroJihH0.H .n:11arpaMMe, B K0TOpo.n 0JIHa 113 Jll!JIIIH rrpo.n:11cpcpepelll.(ll­

poBaHa no m 2. IlocKomKy BCR 3aBHC11M0cTh r OT Macchi co.n:epJKHTCR B nponarnropax. 

TO 

d 
D1 + D2 + D3 = dm2 r. (-10) 

CooTBeTCTBYIOilll!M o6pa30M CIIMMeTp113YJI ypaBHCHIIC (37) ll IICil0Jlh3YR ( 40). ~!Oi!UIO 

l!36aBl!TbCR OT l!IITerpaJI0B D;. Ilpll 3T0M IIoJiyqaeTCR ypasne~l!e 

I').\C 

<P d!2 r = </J(Il Ji + </J( 2l J2 + </J(:iJ J3. 

</J(I) = X1(X2 + X3 - X1), 

¢(2) = X2(X1 + X3 - X2), 

</)(3) = xJ(x1 + x2 - x3). 

</J =</J1+m
2

</>2, 

¢1 = X1X2X3, 

¢2 = >.2(x1,x2,x3). 

.ll,ncpcpepcHn:11amHoe ypaBHeHHe ( 41) nerno 1111Terp11pycTCH 

2 i /
1 

/m
2 

d/t
2 

{ </J(l) } 
r(m ) = -16ir2 e de <P1 + p 2</J2 /L 2 + ((( - l),r1 + .... 

0 +oo 

)(11) 

(-11) 

(I:l) 

3.n:ech II HHJKe MH0r0T0lJl!eM o603HalJeHLI JIBa CJiaraCMbIX, II0Jiy•1aeMLIX 11:J nqrnoro Int· 

KJlll'leCK0.H nepCCTaHOBKO.H X1, X2, X3. flp11 !pl!KC!!p0Ba111111 nmKIJcro npcJIC!Ia HIIT<'rpa;1a 

no dµ 2 MLI IICII0J!h30BaJ111 TOT cpaKT, '!TO I' YJI0BJieTB0pllCT CCTCCTHCIJnoMy rpanl1'1110~1_1' 

yrnoBHIO r(m2 = oo) = 0. Ilpo111nerp11poBaB (43) no d1i2, no;1y•111M 

I'(xi, X2, X3) = -~[<P(l),,.(x1, ,1:2, X3) + ... ] , 
16ir 

I . I e [m
2 + e(e - j ).r1 l 

t.(x1,x2,x3)= d(, '(' !) ,1.ln . 2 +'/-" . 
'1'1 - \. \. - x, '1'2 m <Pi '1'2 

0 

9 

.. 

(11) 

( 1.'i) 



I1HTerpaJI no dt B ( 45) M0JReT 6b!Th BhlqlfcJieH RBH0. Pe3yJihTaT llMeer Bil.I( 

1 [ . ( t1 + 1 ) . ( t1 + 1 ) . ( t1 - 1 ) . ( t1 - 1 ) l 11:(x1,x2,x3)=, -112 -- -112 -- +112 -- +112 -- ,(46) 
I\ i1 - TJ i1 + TJ i1 - T1 i1 + TJ 

r.ue Li2( z) = - f0
1 
dl In( 1 - ze)/ <" - .uunorapttq,MttqeCKan q,yHKUHR, a t1 u T1 3a.ua10rrn 

Bb!paJReHHRMll 

i1 = (x1 - X2 - X3)/ A, T1 = ✓1 - 4m2/x1. ('17) 

TaKllM o6pa30M, ypaBHeHHR (44), (46) ll (47) .ua10T 3aM1rnyroe Bb!paJReHllC! .UJIR Mac­
CHBHOll CKaJIRpHoll TpexroqeqHoii q,yHKUllll rpuna (31). Ilpe.ueJI m -t O 1Ip11B0.UIIT I{ 

qJOpMyJie .UJIR r, IIOJiyqeHHOil panee B [17]. 

a) 6) 

PBCYJIOlt 1. Coi:pall.\eHBe<t,OToHHOi (a) B rruooHHoi (6) auoMMBi 

&ICBam.Horo TOI& B CBHrneTHOH I8H&ne. 
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