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!(HHaMHllCCKHe ypaBHeHH9 faMHJibTOHa Q>OPMYJIHPYIOTC9 B lleTHOMepHOM 

<pa30BOM DJ)OC'l'paHCTBe, me Ka:)KJ:{OH DJ)OC'l'paHCTBeHHOH KOOPAHHaTe CTporo co

OTBeTCTByeT KOOPAHHaTa HMDYJibCHOI'O DJ)OC'l'paHCTBa. B STOM CMblCJie <pa30BOe 

DJ)OC'l'paHCTBO raMHJibTOHOBOH AHHaMHKH 9BJI9eTC9 AByMepHblM. :A.HaM6y [1 ] 
(1973) npe'A}IO:,KHJI aHanom ypaBHeHHiifaMHJibTOHa B TpexMepHOM <pa30BOM 

DJ)OC'l'paHCTBe. OH DOKaaan, llTO TaKoe o6o6meHHe B03MOXCHO, eCJIH BBeCTH ABe 

<pyHK~HH faMHJibTOHa. YpaBHeHH9M HaM6y aa nOCJieAHee BpeMB 6wrn DOCB9-' 

meHbl HeCKOJibKO ACC9TKOB pa60T (CM., HanpHMep, [2 ]-[6] H CChIJIKH B HHX). 

B HaCTOBmeii pa60Te Mbl npe'A}IaraeM OAHH H3 cnoco6oB Ae<popMa~HH HblO

TOHOBOH MexaHHKH. CymeCTBeHHO, llTO ::rra MexaHHKa peanHayeTC9 B TpexMep

HOM <paaoBOM npocTpaHCTBe. YpaBHeHHB ABHxce1:1HB npeAnaraeMoii MexaHHKH 

COOTHOC9TC9 C ypaBHeHH9MH HaM6y' KaK ypaBHeHH9 HblOTOHa COOTHOC9TC9 C 

ypaBHeHH9MH faMHJibTOHa. IlpH yCTpeMJieHHH K H)'JIIO napaMeTpa Aeq>OpMa

~HH HamH ypaBHeHH9 CBOA9TC9 K ypaBHeHH9M HblOTOHa, TaKHM o6pa30M ycra

HaBJIHBaeTCB COOTBeTCTBHe C MexaHHKOH HbIOTOHa. 

1. MO!(EJlb 3JIJil1IlTiflJ:ECKl1 

!(E~OPMlfPOBAHHOro OC~lfJIJI~TOPA 

MOAeJib rapMOHHllCCKOI'O OC~HJIJI9TOpa B KJiaCCHlleCKOH H KBaHTOBOH Mexa

HHKe HCDOJib3YeTC9 KaK CBOero poAa 3TaJIOHHa2 MOAeJib, Ha KOTOpoii HCDhIThIBa

lOTC9 HOBble npHH~Dbl. reoMeTpHlleCKH OC~HJIJI9TOpHOe ABHXCeHHe H306pa)Ka

eTC9 KaK ABH:lKeHHe TOllKH no OKPY:lKHOCTH Ha <pa30BOH DJIOCKOCTH. C TOllHOCTblO 

AO HOpMHpoBOllHblX MHOXCHTeJieii, HMeromHX Q)H3HlleCKyro paaMepHOCTb, ypaBHe

HH9 faMHJibTOHa CBOA9TC9 K <popMyJiaM AH<p<pepeH~HpOBaHH9 TpHI'OHOMeTpH-

1.1eCKHX <pyHK~HH. YpaBHeHHe ABH:lKeHHSI OC~HJIJISITOpa 

:tp = - maix, (1) 

.!!_x=.l!... 
dt m 

(2) 

B 6eapa3MepHb1X eAHHH~ax npHHHMaeT BRA 

..!!:__p_=-~ 
dq, mpw p' 

(3) 
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..!!:_~ = _p_ 
d<pp mpw 

(4) 

3AeCb m - Macca, (JJ - llaCTOTa, p - aMDJIHTYAa KOJie6aHH9 OC~HJIJI9TOpa, 

</> = wdt. 

O1.1eBRAHO, pemeHH9MH (3)-(4) SIBJISIIOTC9 TpHI'OHOMeTpHlleCKHe <pyHK~HH 

_p_=acoswt 
mpw ' 

X • t - = a s1nw, a=v~ 
mw2p2' p 

(5) 

(6) 

(npoCTOThI PMH Mhl orpaHHllHJIHCh Ha1.1anbHhlMH ycnoBHBMH p(0) = mpw a, 
x(0) = 0). TaKHM o6pa30M, ypaBHeHHSI ABH:lKeHHSI (1)-(2) CBOA9TCSI K q>OpMy

JiaM AH<p<pepeH~HpoBaHHSI TpHI'OHOMeTpHl.leCKHX <pyHK~HH cos¢, sin</>, a Bbl-

pa:lKeHHe AJISI 3HepmH 
·2 2 

E=L+ mw x
2 

2m _2 __ _ (7) 

nocne AeJieHHSI Ha £ CBOAHTCSI K H3BeCTHOMY TpHI'OHOMeTpHl.leCKOMY COOTJ~ome

HHIO 

cos
2<j, + sin

2<j, = 1. (8) 

IlOA 3JIJIHDTHl.leCKOH Aeqx>pMa~Heii OC~HJIJISITOpa Mbl DOHHMaeM 3aMeHy 

pemeHHH O )-(2), Bblpa:lKeHHblX <pyHK~HSIMH cos </>; sin </>, Ha COOTBeTCTByro

mue 3JIJIHDTHl.lCCKHe <pyHK~HH ~Ko6H en(</>, k), sn (</>, k), rAe k - napaMeTp 

Aeqx>pMa~HH. ~OPMYJihl AH<p<pepeH~Hpo~aHHSI Tenepb npuirnMalOT BRA [7 J 
d . 

d</> en(</>, k) = - sn (</>, 'k) dn (</>, k), 

d 
d</> sn (</>, k) = dn (¢, k) en(</>, k), 

d . 
d</> dn (¢, k) = - k2sn (</>, k) en(</>, k), 

a BMeCTO (8) HMeeM ABa COOTHOmeHH9 

en2(<P, k) + sn2(<P, k) = 1, 

dn2(</>, k) + k2sn2(</>, k) = 1. 

(9) 

(10) 

(11) 

(12) 

(13) 

YpaBHeHHSI (9)-(11) DOKa3blBalOT, llTO B 3JIJIHDTHlleCKH AeQ>OPMHpoBaH

HOH MOAeJIH Heo6xoAHMo BBeCTH eme OAHY <t>aaoByro KOOPAHHaTy,.Koropyro Mhl l 

6yAeM o6oaea11aTh 11epea q. Ilpe:)KJ:{e Bcero eeo6xoAHMO ycraHOBHTb paaMep-

'"~<:,·~, ~-.. ~~ L;.;~1;~\< 
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HOCTb HOBo:li <pH3HqecKo:li KOOPAHHaThl. Ilepe1mmeM (9)-(11) B o6o3HaqeHm1x 

TpexMepHoro <pa3oBoro rrpocTpaHCTBa 

3AeCb Mb! BbI6pa.nH 

_!!:._ _p__ = - ~ g_ 
wdt mpw p Q' 

_!!:._ ~ - _p_ g_ 
wdtp- mwp Q' 

2 
_!!:._ g_ - - mp ~ _p_ 
wdt Q - Q p mwp · 

[q] = [Q] = [mp2], 

H II03TOMY 6e3pa3MepHaSI BeJmqHHa . . . 
2 

k2= mp , 
Q 

(14) 

Hl'paeT pOJib rrapaMeTpa Ae<popMan;HH. OAHaKO 3TO ew;e HeAOCTaTOqHoe o6ocHO

B~lHHe Bhl6opa pa3MepHOCTH q, IIOCKOJibKY pa3MepHOCTH q H Q MOryT 6bITb H3Me

HeHbI, HarrpnMep, yMHO)KeHHeM u AeJiem1eM cncTeMhl (14) Ha pa3MepHyIO KOH-

CTaHTY w2. B 3TOM CJiyqae 

[q] = [Q] = [E], 

rAe [E] HMeeT pa3MepHOCTb 3Heprnu. KaK Mbl y6eAHMC51 HH)Ke, 3TOT Bbl6op pa3-

MepHOCTH q SIBJISieTCSI Han6oJiee YAaqHbIM'. · 

' , 

2. 3JIJil1IITl1qECKMI .UE<I>OPMAIJ;l151 

. MEXAHI1Kl1 HhIOTOHA 
l1 ,Ul1HAMl1qECKl1E YPABHEHI151 HAMBY 

qT06hl o6o6w;nTh pe3yJihTaT:bl rrpeAh!AYm:ero naparpa<pa, Heo6xoAHMO pe

mHTh no Kpa:liHeH Mepe ABe 3aAaqu: a) BBeCTH IIOTeHD;HaJihHYIO <pyHKD;HIO; 6) 

IIOJiyqHTb HHTerpa.nbI ABH)KeHHSI. IlOCKOJibKY rrpon;ecc Ae<popMaD;HH Mbl rrpOBO-
AHM Ha 6a3e H3BeCTHOI'O raMHJibTOHHaHa , ' 

2 

H = im + V(x), (15) 

TO AJISI 3aAaHHOI'O IIOTeHn;ua.na V(x) AOJI)KeH 6bITb AaH pen;errT HarrucaHHSI BTO

po:li <pyHKD;HH raMHJibTOHa. O603HaqnM ee qepe3 N . .Ue<t>opMHpOBaHHaSI Mexa

HHKa COAep)KHT HOBYIO <pyttAaMeHTaJibHYIO KOHCTaHTy. O603HaqnM eeµ. ECJIH 

· rrpHCBOHTb 3TOH KOHCTaHTe pa3MepHOCTb 3Heprnu, TO ypaBHeHHSIM 3JIJIHIITHqec

KOI'O OCD;HJIJISITOpa MO)KHO IIPHAaTb CJieAyIOIIJ;HH BUA: 
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!!:J!.. __ dV(x) g_ 
dt - dx µ' 

dx _ ]!_g_ 
dt - mµ' (16) 

dq __ dV(x) ]!_ 
dt - dx m' 

- 2 2 
V(x) = m~ x. (17) 

KaK BHAHO, <pa30Bble KOOPAHHaTbip H q, a TaK)Ke rrapaMeTpbI m Hµ BXOASIT 

B ypaBHeHHSI (16) CHMMeTpnqHbIM crroco6oM. 

HaxOAHM ABa HHTerpa.na ABH)KeHuSI: 
2 

H = .I!__ + Vi(x) 2m ' 
q2 

N = 2µ + V(x). (18) 

l1crroJib3YSI AaHHble <pyHKD;HH B KaqecTBe Heo6xOAHMbIX HaM ABYX <pyHK

D;HH raMHJibTOHa, rreperrumeM CHCTeMy (16) B BUAe 

!!£ _ _ dH dN 
dt - dx dq' 

dx dH dN 
dt = dp dq' 

dq dH dN 
dt = - dp .dx. (19) 

IloJiyqeHHble ypaBHeHHSI SIBJISIIOTCSI aHa.noroM · ypaiiaettu:li ABH)KeHHSI 

raMHJibTOHa AJISI Ae<pOpMHpOBaHHOH MeXaHHKH HbIOTOHa. 3aMeTH~, qTQ B03-

MO)KHOCTb rrpHBeCTH ypaBHeHHSI ABH)KeHHSI K AaHHOMY BHAY 6bIJia 3aJIO)KeHa B 

orrpeAeJieHHH pa3MepHOCTH HOBOH <pyttAaMeHTaJibHOH KOHCTaHTbI µ. CncTeMy 

(19) HeTPYAHO o6o6w;nTb AJISI CJiyqaSI, Kor;:i:a H u N SIBJISIIOTCSI <pyHKD;H5IMH OT 

x, p, q. B pe3yJihTaTe rroJiyqnM 

!!£. _ dH dN ...:. dH dN 
dt -:- dq, dx , dx dq ' 

dx dH dN- dH dN 
dt = dp dq - dq dp ' 

dq dHdN dH dN 
dt = dx dp - dp dx . 

- H3BeCTHble ypaBHeHHSI HaM6y B TpexMepHOM <pa30BOM rrpocrpaHCTBe. 
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(20) 

(21) 

) 



B TPaAH~OHHoii KJiaccH11eo<:oii MexaHm<e eCJIH nOTeH~aJI He HMeeT m1-

Hoii 3aBHCHMOCTH OT BpeMeHH, TO <PYHK~IUI raMHJibTOHa npeACTaBJI.SleT co6oii 
no11Hy10 3Hepm10 CHCTeMbl. B CJiy11ae AHHaMH11ecKHX ypaaHeHHH HaM6y caMo 
IlOH.SITHe IlOJIHOH 3HepmH OCTaeTC.SI HeonpeAeJieHHblM. B Aeq>OpMHpoaaHHOH Me
xaHHKe AJI.SI KOHe'IHblX 3Ha'leHHiiµ"nepBbIH HHTerpaJI, no q>OpMe coanaAaIO~HH 
C 06bl1IHbIM onpeAeJieHHeM raMHJibTOHHaHa, He BhlpaxcaeT q>OpMyJiy AJI.SI IlOJI
HOH 3HepmH CHCTeMhl. OAHaKo s 3TOH MexaHHKe KOH~enTyaJihHo MOX<HO aaeCTH 
0OH.SITHe pa60Tbl CHJibl, a 3Ha'IHT H 3ilepmH. B1:,1paxceHHe AJI.SI nOJIHOH 3HpemH 
MOX<HO IlOJIY'IHTb, IlOJib3Y.SICb ypaaHeHH.SIMH ABHX<eHH.SI. B AaHHOH pa6oTe Mbl 
npHBOAHM 3TO, BblpaxceHHe 6e3 AOKa3aTeJibCTBa. OHO HMeeT BRA 

-I (L ) (i ) £total- µ 2m + V 2µ + V · 

HeTPYAHO BffAeTh, 'ITO npHµ ➔ 00 3TO a1:,1paxceHHe nepeX0AHT a 06bl11Hoe onpe
AeJieHHe 3Hepmu B HbIOTOHOBOH MexaHHKe AJI.SI nOTeH~HaJIOB, He 3aBHCSl~HX OT 
BpeMeHH. 
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.s!MaJieea P .M. 
3JIJIHilTH'leCKH Aeq>opMHpoaaHHa.SI KJiaCCH'leCKa.SI MexaHHKa 
B TpexMepHOM q>a30BOM npoCTpaHCTBe 

P2-94-109 

Cq>opMyJIHpOBaHbl OCHOBHble IlOH.SITH.SI MexaHHKH B TpexMepHOM q>a30BOM 
npoCTpaHCTBe, KOTOpyIO MOX<HO HHTepnpeTHpoBaTb KaK 3JIJIHilTH'leCKYIO Ae
q>OpMa~HIO HbIOTOHOBOH MexaHHKH. IloKa3aHo, 'ITO pOJib AHHaMH'leCKHX ypaB
HeHHH raMHJibTOHa AJI.SI Aeq>OpMHpoBaHHOH MexaHHKH HrpaIOT ypaaHeHH.SI 
HaM6y. 

Pa6oTa BblilOJIHeHa a Jla6opaTOpHH Bbl'IHCJIHTeJibHOH TeXHHKH H aBTOMa
TH3a~HH O11.s!l..f. 

Coo6~em1e Ofu.e'AHHeHHOI'O HHCTHTyTa ll'AepHbIX HCCJie'AOBaHHH. )fy6Ha, :I 994 

IlepeBOA aaTopa 

R.M.Yamaleev 
Elliptic Deformed Newton's Mechanics 
in the Three-Dimensional Phase Space 

P2-94-109 

We formulate the basic notions of mechanics in three-aeminsional phase 
space, which is obtained as elliptic deformation of Newton's Mechanics. It is 
shown, in that mechanics the N ambu equations will play the role of the Hamilton · 
equations. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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