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1. BaeOeHue 

illHpOKO pacnpOCTpaHCHO MHCHHC, 'ITO KOH$OpMHaH CHM
MCTpHH HBJIHCTCH B03MO)I(HOH aCHMIITOTH'ICCKOH CHMMCTpH
CH CHJihHhiX B3aHMOJJ.CHCTBHH 111 . B CBH3H c 3THM npeJJ.CTaa
JIHeT HHTepec H3Y'ICHHC JIOKaJihHOH KBaHTOBOH TeOpHH IIOJIH, 
06JiaJ].aiOll.lCH CBOHCTBOM HHBapHaHTHOCTH npH 6eCKOHC'IHO 

· MaJihiX Kon$opMHhiX npeo6paJoaauun:x. PaccMoTpHM JJ.JIH 
llpOCTOThl CKaJIH:pHyiO TCOpHIO UOJUI, 3aJ].aHHYIO na6opoM 
<i>YHKUHH BaiiTMaua: 

Tpe6oaanue Kon$opMnoH:. unoapuanTuocTH 03Ha'IaeT 

--1 -1 
<0JU¢(x1 )U ... U¢(x

0
)U !0>=<0!¢(x 1 ) ... cp(x

1
)!0>,/1. 2/ 

rJ].e lJ = 1 + f AI)AB H JAB HBJIHIOTCH renepaTopaMH Kon<l>opM
HOH rpynnhi. HanoMHHM, 'ITO KOH$opMHaH rpyuna COJJ.Cp)I(HT, 
KpOMe npeo6pa3oaannH: rpynnhi IIyanKape, TaK)I(e MacuiTa6-

Hhie n~eo6pa3oaa~un: x ' 11 =Ax 11 f! cneuuaJihHhie npeo6pa3oBa
nun:x' =(XIl+cllx 2 )/(1+2CX+~X2). I13BCCTHO, 'ITO J].Byx- H 
TpCXTO'IC'IHhiC $yHKUHH OIIpCJJ.CJIHIOTCH IIOJIHOCThiO Tpe6oaa
HHHMH KOH$OpMHOH HHBapHaHTHOCTH: 

1 
<0! ¢(xl)¢(x2)10>=C 2d' 

(xl -x2) 
/1.3/ 

<0 l¢(x
1 
)¢(x

2
)¢ (x

3
) !0> = c' _____ 1 ______ , 

[ (xl-x2 )2 ( xl-x 3) 2(x2- x3 )2}d/2 

/1.4/ 
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r,D;e d - pa3MepHOCTh CKanxpHoro nonx ¢ H c , c · - npo

H3BOJihHbie KOHCTaHTbl. 

3TH Bblpa)f(eHHH HMeJOT npaBHJibHbie aHanHTH'leCKHe CBOH· 

CTBa, KOTOpbiMH ,D;OJI)f(Hbl 06Jia,D;aTb liJyHKIIHH BaHTMaHa BCJie,D;

CTBHe CBOHCTB cneKTpaJibHOCTH H npH'lHHHOCTH. <l>yHKIIHH 

Baii:TMaHa Bblcwero nopx,D;Ka, Ha'lHHax c qeTblpexTo'le'lHOH 

liJyHKIIHB, He onpe,D;eJIHJOTCH llOJIHOCTbiO HCXO,II;H JIHWb H3 O,II;HOH 

KOHiiJOpMHOH HHBapHaHTHOCTH. B qaCTHOCTH, 'leThipex TO'le'l • 

Hble liJyHKIIHH Bhl'IHCJIHIOTCH C TO'lHOCTbiO ,II;O npOH3BOJibHOH 

li>YHKIIBH g (A,B) .D;BYX rapMOHH'leCKHX nepeMeHHhiX A H B · 2
/ 

2 2 -d 
<0J¢(x1 )¢(x 2)¢ (x3 )¢(x4 ) JO>= [(x

1
-x4 ) (x2 -~ J I g(A,B), 

( 
2 2 

A =-x 1-x~(x3 -x4 ) 

( ') -x3 )2 (x2 -x4 )2' 

(xI- x 4) 2 ( x2-x3 )2 
B = -. 

(x -x )2(x -x 'fl 
I 2 3 4 

/1.5/ 

Ja,D;a'la CBO,II;HTCH, TaKHM o6pa30M, K onpe,D;eneHHJO liJyHKIIHH 

g(A,B). IlpH 3TOM 06bi'lHO HCXO,D;HT H3 H3BeCTHbiX ,D;BYX • 

H TpeXTO'le'lHblX liJyHKIIHH, HCllOJih3YH pa3JIO)f(eHHe llO CKe· 

JieTHbiM ,D;HarpaMMaM HJIH YCJIOBHe 3aWHypOBKH ,II;JIH HaXO)f(,II;e· 
•31 

HHH qeTblpexTo'le'lHOH liJYHKIIHH ' . B Haweii: pa6oTe npo-

6neMa H3y'laeTCH C ,D;pyroH TO'IKH 3peHHH. J,D;eCh paCCMaT· 

pHBaiOTCH aHaJIHTH'leCKHe caoii:cTBa .D;JIH li>YHKIIHH g(A,B) , 
CJie,D;yiOlliBe TOJibKO H3 06IIIHX Tpe6oBaHHH npH'lHHHOCTH 

B ClleKTpaJibHOCTH. 

2. 06U1Ue C80UC1118a 'le11lb!peX11lO'le'lHbiX r)yHKIJUU, 

cAeOYIOUIUe U3 aKcuoM BaumMaHa 

,[I.JIH ODHCaHHH ,II;OllYCTBMOrO KJiacca liJyHKIIHH g(A,B) HC· 

noJIL3yeM aKCHOMhi Baii:TMaHa H HX cne,D;CTBHH .D;JIH 'leTLipex

TO'le'IHOH liJYHKIIHB. KpaTKO nepe'licnHM OCHOBHble Tpe6o· 

BaHHH 3TBX aKCBOM: 

a/ nyaHKape·HHBapBaHTHOCTb 

4 

W4(xl,~2,x3 ,x4) = W((l,(2,(3)=W(~ (i)' 

(i=xi-xi+l, i=1,2,3; 
12.1/ 

61 ClleKTpaJibHOCTb 

W4(ql,q2,q3)=0, if qir:f_V+, 12.21 
- i(ql(l +q ~ + qf: ) 
W4(ql,q2,q3)= Je 22 3

W((i(2,(3)d(ld(2d(3;12.3l 

B/ JIOKaJibHOCTb 

1T 

W4 (') •"2 ,x3,x4)=W 4(xl,x2,x3 ,x4)=W 4(xit'xi2 ,xi3 ,xi4) /2.4/ 

,II;JIH llpOCTpaHCTBeHHOllO,D;06HblX paCCTOHHHH Me)f(,D;y apryMeH· 

TaMH noneii:, KOTOpble nepecTaBJieHLI. 

Bcne,D;CTBBe ycnoBBH cneKTpaJibHOCTB li>YHKIIHH W ((1 ,(2 ,(3 ) 

xanxeTcx rpaHB'lHhiM 3Ha'leHHeM I cxo,D;BMOCTh B S 'I li>YHKIIBH 

W(f1 , ( 2 .{j ) = fim +W (t,:-1 ,(2 ,(3 ), 
TJ.->0 

I 

ronoMopliJHoii B nepe,D;Heii Tpy6e. 

T3 =1(. =f. -iTJ., TJ· r;;;V+, i=l,2,31. 
I I I I 

/2.51 

12.61 

3Ty 06JiaCTb rOJIOMOpliJHOCTH MO)f(BO paCIIIBpHTb. rnaBHbiH 

pe 3YJILTaT TeopeMbl lioprMaHa- Xonna- BaiiTMaHa 3aKJIIO'la· 

eTCH B TOM, 'ITO liJyHKIIBH W (( l, ( 2 , ( 3 ) HMeeT O,II;H03Ha'lHOe 

aHaJIBTH'leCKOe npO,D;OJI)f(eHHe B TaK Ha3hiBaeMyJO pacWBpeH· 

HYJO Tpy6y T 3 , KOTopax onpe,D;enxeTcx o6'be,D;BHeHHeM: 

T~ = U A T
3 

, 
Ar;;;L+(C) 

12.71 

r.D;e ·L +(C)- npeo6pa3oBaHBH KOMnneKcHoii: rpynnhl JlopeHua. 

06nacTb ronoMopliJHoCTH Tj li>YHKIIHB W ((I ,(2 ,(3) B o6nacTL 

rOJIOMopliJ!IOCTB T 3 li>YHKIIBB wrr ((I' (lz ·'3) ;jTT 03Ha'laeT ne

pecTaHoBKy B apryMeHTax li>YHKIIBH BaiiTMaHal HMeJOT He

nycToe Ce'leHBe ITO'IKB Hoc Tal' TaK 'ITO w (fl 'e 2 .e 3 ) B 

W TT(( 
1
,(

2
, (

3
) HBJIHJOTCH pa3JIB'lHblMB rpaHB'lHblMH 3Ha'le· 

HBHMB O,D;HOH roJIOMOpliJHoH liJyHKIIBB. C y'leTOM KOHiiJopMHOH 

BHBapHaHTHOCTH 3Ta rOJIOMopliJHaH liJyHKIIBH BMeeT 06lllHH 

BB,D;: 
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2 2 -d 
W((I,(2,(3)= [((I +(2+(3} (2] g(A,B}, 

2 2 
A= (I ( 3 

((I +(2 }2 (<2 +(~)2 
B 

2 2 
( (I+( 2 --~) (2 

,2,2 
I 3 

/2.8/ 

/2.9/ 

Bcne,IJ;CTBHe H3BeCTHoro noae,IJ;eHHJI pau;HoHaJibHoro MHO)KH

TeJIJI B /2.8/ CBOBCTBaaHaJIHTH'IHOCTH,IJ;JIJI W((I ,(2 ,(.3.} nepe

HOCJITCJI Ha caoii:cTaa aHaJIHTH'IHOCTH WYHKUHH g (A,B) oT 

KOMnJieKCHbiX nepeMeHHbiX A H B. 3Ta npo6neMa H3y'laeTcJI 

a cne,IJ;yroiD;eM naparpa4Je. Y'IHTbiBaJI paaeHcTao /2.4/, Ha

xo,IJ;HM, 'ITO cooTBeTCTBYIOIUHe WYHKUHH g(A,B) H g77(A,B) caJI· 

3aHbl B nepece'leHHH Hx o6nacTeii ronoMopWHOCTB /a cne.lio

aaTeJihHO, ITpH aHaJIHTH'IeCKOM npOJJ;OJI)KeHHH, BO BCeii: 06· 

JiaCTH rOJIOMOPWHOCTH/ COOTHOWeHHeM, KOTOpoe B CJiyqae 

TO)KJJ;eCTBeHHblX CKaJIJipHbiX ITOJieii: HMeeT BH.A 

g(A,B)=g(A-I,AB)=(AB)dg(B-I,A-I }=Bd g(AB,B-I ). /2.10/ 

3. AHaAumut.~ecKue ceoilcmea fPYHKijUU g(A,B) 

H3y'IHM aHaJIBTH'IeCKHe caoiicTaa WYHKUHH rapMOHHlfe· 

CKHX nepeMeHHLIX A H B. HcxonHoii TO'IKOii: JIBJIJIIOTCJI aHanu

TH'IeCKHe caoiicTaa qeTblpexTo'le'IHOii: WYHKUHH. 

H3 nopeHu;- HHBapHaHTHOCTH cne,IJ;yeT, 'ITO W ( (I' ( 2 ,(3 }

WYHKUHJI wecTH He3aBHCHMbiX cKanJipHbiX npoH3Be,IJ;eHHii ~ ( .. 
K 

~ J ~ 
CO)KaJieHHIO, aHaJIHTH'IeCKHe CBOHCTBa 'leTblpeXTO'Ie'IHOH 

WYHKUHH, KaK WYHKUHH nepeMeHHblX ( i ( j , o'leHL CJIO)I(Hbl H, 

KpOMe TOrO, H3BeCTHbl TOJibKO B npOCTOH 06JiaCTH rOJIOMOp4J

HOCTH. O,IJ;HaKo, ecJIH yqecTb, 'ITO WYHKD;HJI g(A,B) 3aBHCHT 

JIBWb oT ,IJ;Byx nepeMeHHhiX A H B , nonHaJI HHWOPMau;HJI o 

caoii:cTaax 'leTblpexTo'le'IHOii WYHKUHH He JIBJIJieTCJI Heo6xo

AHMoii. ll03TOMY ,IJ;OCTaTO'IHO paCCMOTpeTb nceB,IJ;OTO'Ie'IHYIO 

WYHKD;HIO 

I' 

w3 ((I· (2) ;- ) I . W ((I' (2, "'3 (3 =(I /3.1/ 

6 

OcHOBHaJI p6naCTb aHaJIBTB'IHOCTB WYHKD;BH w~ ((I ,(2} Ta)Ke, 

'ITO H y o6bi'IHOii TpexTo'le'IHOii WYHKUHH
15

•
6 

. TaKHM o6-

pa30M, caoii:cTaa TpexTo'le'IHOii: WYHKUHH MoryT RhiTb uc

nonh39BaHhl JJ;JIJI H3y'leHHJI aHaJIHTH'IHOCTH WYHKD;HH w3 ((I'~). 
B Ha'lane pa6oTbl Mhl paccMaTpuaaeM 3a,Aaqy pacwupeHHJI 

06JiaCTH rOJIOMOPWHOCTH ,IJ;JIJI W ((I ,(2 ,(3} C llOMOUU.IO H3BecT· 

HbiX MacwTa6HbiX npeo6pa3oaaHBii, a 3aTeM Y'IHTbiBaeM 

caoiicTaa noKaJibHOCTH JJ;JIJI ,IJ;aJibHeiiwero pacwupeHHJI o6nac

TB ronoMOPWHOCTH JJ;JIJI WYHKUHH g (A, B). 

a/ p a C W H p e H B e 0 6 Jl a C T H r 0 Jl 0 M 0 p W H 0 C T H 

npB KOMITJieKCHblX MaCWTa6HblX 

npeo6pa3oBaHHJIX 

TO'IHO TaK )Ke, KaK H B CJiyqae KOMITJieKCHblX npeo6pa-

30BaHHB rpynnbl JlopeHu;a, MO)KHO pacwHpHTb o6nacTb rono

MOPWHOCTB c noMOID;biO KOMnneKCHblX MacwTa6HblX npeo6pa-

30BaHHii. 
llycTb WYHKUHJI f ( ( 1, ~, ( 3) ronoMop4JHa B T 3 H o6na-

,IJ;aeT MaCWTa6HOB HHBapHaHTHOCTbiO 

d 
f(A(l,A(2,A(3}= A f((I,(2,(3}, (i ~T3 /3.2/ 

Tor,11;a npaaaJI cTopoHa /3.2/ JIBJIJieTCJiaHaJIHTH'IecKoiilbYHK

u;ueii: OT nepeMeHHOB A H ee MO)KHO llpOJJ;OJI)KHTb B o6JiaCTb 

KOMITJieKCHblX 3Ha'leHHB nepeMeHHOB A • JleaaJI CTOpOHa 

onpe,IJ;eJIJieTCJI KaK aHaJIHTH'IecKaJI WYHKUHJI .AJIJI 3Ha'leHHii 

nepeMeHHhiX, He Jie)KaiD;HX B nepeJJ;Heii Tpy6e T3. TaK Haxo,IJ;HT

CJI O,II;HO H3 B03MO)KHbiX pacwspeHHB o6JiaCTH rOJIOMOPWHOCTH. 

B o6ID;eM cnyqae TaKoe pacwupeHHe aeneT K WYHKUHH, onpe

,IJ;eJieHHoii Ha MHOroo6pa3HH PHMaHa B 3aBHCHMOCTH OT 

3Ha'leHHB pa3MepHOCTH d . 0HO OTJIH'IaeTCJI OT pacmHpeHHJI, 

ITOJiy'leHHOrO npH KOMITJieKCHblX npeo6pa30BaHHJIX JlopeHD;a, 

,AaiOID;ero OJJ;H03Ha'IHOe npO,D;OJI)KeHHe. 3TO HaXOJJ;HTCJI B COOT· 

BeTCTBHH C TeM, 'ITO Kt>MITJieKCHble npeo6pa30BaHHJI JlopeHu;a 

He HMeiOT CHHryJIJipHbiX npeo6pa30BaHBB. 0TMeTHM, O,IJ;HaKO, 

'ITO orpaHH'IeHHe -11<arg A< 11 npHBO.AHT K o,IJ;HOJIHCTHOMY 

npO,AOJI)KeHHIO. 0JJ;H03Ha'IHOCTb MO)KHO ,IJ;OKa3aTb, eCJIH pac

CMOTpeTb npO,IJ;OJI)KeHHe K TO'IKe ( , HCXOJJ;Jl H3 .ABYX pa3JIHlf· 

HblX TO'IeK, (0) H ( (2), KOTOpble Jie)Ka T B Tpy6e T 3 . 
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' =A ;-0) \ j2) •"' ~-/\(_,' -rr< argA
1 

, arg,\2 <rr. 13.31 

ITpo~o~eHHe He JaBHCHT oT nyTH, ecnH 8a8~eTcH Henpe

pbiBHaH KpHBaH, KOTOpag CBH3biBaeT TO'IKH (O_h ((2
)H ne)I(HT 

noJIHOCTbiO B Tpy6e T3 . TaKaH KPHBaH ~aeTcH Bblpa)l(eHHeM 
(1) 

A(t)( , r~e 

(I) (l) -l (l) 
A(t)( =(1-t)( + tA 2 A1 ( , O:;:ts._l. 13.41 

TaK KaK 3TO BbmyKnaH KPHBaH H T3 HBnHeTCH BhlllYKJibiM 

MHOroo6pa3HeM, TO OHa ~O~Ha llOJIHOCTbiO Jie)l(aTb B Tpy6e 

T 
3

. qeTbipexTo'le'IHaH li>YHKUHH y~oBneTBOpHeT paBeHCTBY 

-4d . 
w (A 'I ' A' 2 ' A '3 ) = A w ( 'l ' ' 2 ' '3)' I 3 . 5 I 

TOr~a KaK 4JyHKUHH g(A,B) HBJIHeTCH MaCmTa6HO-HHBapHaHT

HOH: 

g(A(l ,A(2 ,A(3) = g((l ,(2,(3). 13.61 

3To CBOHCTBO ynpmu;aeT o6cy)l(~eHHe o6nacTH ronoMop4JHoCTH 

4JyHKUHH g(A,B)·~ 

2d 2d 
g ( A , B) = W ( ( 1 , ( 2 ' ( 3) ( ( 1 + ( 2 + ( 3) ( 2 ' 13.71 

TaK KaK A ( i BMeCTe C nepeMeHHOH ( i Jie)I(HT B o6naCTH 

ronoMop4JHoCTH g (A, B) . 

61 AHa n H T H 'I e C K He C B 0 H C T B a 4J y H K U H H g (A,B) , 
cne~YIOIIJ;He H3 CBOHCTB TpeXTO'Ie'IHOH 

4JyHKUHH W
3 

H MaCWTa6HOH HHBapHaHTHOCTH 

3~eCb Mbl HJyqaeM OCHOBHYIO o6naCTb ronoMop4JHOCTH 

4JyHKUHH 

~ 2 2 -d ~ 
w3 <( •• (2)=[(2 (.+(2) (21 g(( •• (2). 13.81 

EcJIH npH'IHHHOCTb He y'IHTblBaeTcH, 4JyHKUHH ~3 HMeeT 

TY JKe CaMyiO OCHOBHYIO o6JiaCTb rOJIOMOp4JHOCTH, KaK o6bl'l-

8 

1 
~ 

!J 

f\ 

HaH TpexTo'le'IHaH 4JyHKUHH BaHTMaHa. 3Ta o6nacTb HJyqe

Ha qenne:AoM H BaHTMaHoM /
6 ~ BMecTo nepeMeHHhiX (i Hc

nonb3YIOTCH nepeMeHHble 

2 2 2 
Zl=(l' Z2=(2' Z3=(() +(2). 13.91 

rpaHHUbl OCHOBHOH o6naCTH rOJIOMOp4JHOCTH ~JIH TpeXTO'Ie'l

HOB 4JyHKUHH ~aroTcH: 

11 pa3pe3aMH zi = r , 0 ~ r :5 oo , 13.101 

21 F - KPHBOH ( Im z 1 Im z 2 ~ 0) , 

z z 2 z:1 = z 1 + z2+ r + _J..:_ , 0 ~ r ~"" 
r 

13.111 

31 S - KPHBOH (lm z 1 Im z 2 ~ 0), 

1 
z 3 =(1-k)z 1 +(1- k)z2 , O::;k:Soo. 13.121 

)J.nH llpOCTOTbl o6naCTb rOJIOMOp4JHOCTH paCCMaTpHBaeT

CH B z 3 -nJIOCKOCTH ~JIH 4JHKCHpOBaHHbiX nepeMeHHbiX Z l H 

z 2 . Tor~a o6nacTb ronoMop4JHoCTH ne)I(HT c npaBoH cTopo

Hbi IHJIH CBepxyl f-KpHBOH HJIH C neBOH CTOpOHbl 

s -KpHBOH. rapMOHH'IeCKHe nepeMeHHbie A H B Bblpa)l(aiOTCH 

qepe 3 nepeMeHHbie zi cne~yiOIUHM o6pa3oM: 

2 

A=~ 
z2 

TaK KaK 

(2z 1 + 2z 3-z2 )z2 
B = -----r--

z• 

z 
zl v A 

·~--

z -- 2 :~ 1 + y A - v ( 1 + JA) - AB 

l .--
z-=vA 

2 ' 

13.131 

/3.14/ 

TO ~JIH Ja~aHHhiX A H B MO)I(HO onpe~enHTb TOJibKO OTHOwe

HHH z
1 
I z

2 
H z tf z

3 
.llo3TOMY Bcer~a MO)I(}IO Bb16paTb 

Imz 
1 

Imz
2 

::;0. Tor~a g(A,B), KaK li>YHKUHH nepeMeHHhiX z i , 

aHaJIHTH'IHa CJieBa OT S - KpHBOH H HeaHaJIHTH'IHa cnpaBa OT 

Hee lpHC. 11. 
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Jw.. ~) 

PHc. 1 

"J-...~l 

PHC. 2 

10 

S - KPHBaSI 

Rul 

S'-KpHBaSI 

o6nacTb 

r01IOMOpcpHOCTH 

Rt '!
1 

I 

t 

I 
~ 

I 

MacwTa6Ha.H HHBapHaHTHOCTb /3.6/ ,ll,JI.H liiYHKI.{HH g((1( 2 )no

Ka3b1Bae'I', 'ITO TO'IKH (I ,( 2 H A (I ,A ( 2 Jie)Ka T BHYTPH o6-

JiaCTH rOJIOMOpliiHOCTH H ,ll,OllOJIHHTeJibHble TO'IKH BeTBJieHH.H 

He BO 3HHKaiOT. 

HcnoJIL3yeM KoMnJieKcHoe MacwTa6Hoe npeo6pa3oBaHHe 

('i = i ( i HJIH Z j = -z i, KOTOpoe COOTBeTCTByeT llOBOpOTY 

S -KpHBOH Ha yron 11 /pHc. 2/. Teneph o6nacTL aHaJIHTH'I

HOCTH Jie)KHT CJieBa OT S -KpHBOH. C ,ZJ,pyroil CTOpOHhl, 

np.HMoe npHMeHeHHe pe3yJILTaToa qeJIJieHa H BaiiTMaHa npH

BO,IUIT K aHaJIHTH'IHOCTH CJieBa OT KpHBOH S ': 

S'': z 3 = (1-k)zi + (1- f-)z2 O~ks_oo, /3.15/ 

KOTOpa.H MO)KeT 6b1Tb llOJiy'leHa H3 S - KpHBOH Bpall.{eHHeM. 

3TO 03HaqaeT, 'ITO liiYHKI.{H.H g (z i ) rOJIOMop~i~Ha ,ll,JI.H BCeX 

3Ha'leHHH Zi , KOTOpble He Jie)KaT HaS -KpHBOH /3.12/ H KO

TOpble OTJIH'IaiOTC.H OT HYJI.H H 6eCKOHe'IHOCTH. 

B nepeMeHHhiX A H B Haxo,ZJ,HM: g (A, B)- ronoMop~i~Ha.H 
liiYHKUH.H .D.JI.H acex 3Ha'leHHH A H B, KOTOphle He Jie)KaT Ha 

noaepxHOCTH <11, 

<ll: B = (1- s) (1- - 1- ), sA 
H He OTHOC.HTC.H K MHO)KeCTBy 

2 
0 :::; s = (1-k) ::;;. 

A= 0, A = "" /.D.JI.H acex B/, 

B=O, B ="" /.D.n.HacexA/. 

oo, /3.16/ 

/3.17/ 

/3.18/ 

B/PaCWHpeHHe o6naCTH rOJIOMOpliiHOCTH 

BCJie,ZJ,CTBHe npH'IHHHOCTH 

PaccMoTpHM TenepL cne,ZJ,CTBH.H npH'IHHHOCTH npH ,ZJ,aJib

HeH:weM pacwHpeHHH o6nacTH ronoMop~i~HoCTH. Ba)f(Hble cne,ZJ,

CTBH.H npH'IHHHOCTH Bblpa)KaiOTC.H liiYHKI.{HOHaJILHbiMH COOTHO

WeHH.HMH: 

g(A ,B)= g(A -t, AB)= C~B) d g(B-I ,A -I) =B dg(AB, B -I ) ·/2.10/ 

3TH COOTHOWeHH.H ll03BOJI.HIOT HaRTH aHaJIHTH'IeCKOe npo

)l,OJI)KeHHe liiYHKUHH g (A, B) B 6onee wHpOKYIO o6nacTL rono

Mop~i~HocTH. AHaJIHTH'IeCKHe caoH:cTBa MHO)KHTeJI.H (AB) d, B d 

II 



H3BeCTHbl H He MeHHIOT o6naCTb rOJIOMOp$HOCTH ,!J;JIH $yHI<I.J,HH 
g(A,B). TaK 'ITO HY)KHO paccMaTpHBaTL TOJILKO nosepxuocTH 

ueauanHTH'IHOCTH ,IJ;JIH <l>YHKI.J,HH g(A,B), g(A -\, AB), g(B -I,A -~. 
g(AB, s-I) , a HMeHHO: 

<I> I : ( -I B = 1 - s I ) {1- ( si A) ) , 13.191 

<I> 2 : 
-I -I 

B = {1- s 2 )(A - ~ ) , 13.20/ 

<1>3 : 
-I -I 

B = (1-s3 )(1- ( s3 AB) ), 13.211 

<1>4: 
-I -I 

A = (l-s 4)(1- s 4 B). 13.221 

Rcuo, 'ITO rpauuua o6nacTH ronoMop<l>uocTH ,IJ;JIH <l>YHKI.J,HH 
g(A,B) onpe,IJ;enseTcH ceqeuueM 3THx qeTLipex nosepxuocTe:H. 
Cuaqana ua:H,IJ;eM ceqeuue ,IJ;Byx TaKHx nosepxuocTeil. llpu 
3TOM llOJIY'IHM COOTBeTCTBYIOII.J,He 06JiaCTH HeaHaJIHTH'IHOCTH: 

A= ai ai ' 
-I -I 

B = {1-a i )(1-a i ), 

a I = .l.. , a 2= s 2 ' 
s I 

O<S.<oo. 
- 1-

a3=1- j_ 
s ' 

3 

_l_, 
a4 = 1-s4 

13.231 

13.241 

Ceqeuue scex nosepxuocTe:H MO)KHO uaiiTH, ucnonL3YH pa
seucTBo BeJIH'IHH a i ,!J;JIH ,!I;OllYCTHMbiX 3Ha'ieHHH S i.,lJ;JIH 3TOro 
HY)KHO O,!I;HOBpeMeuuo y,IJ;osneTsopHTL ypasueHHHM 

1 s I 
s 2 = - , s 3 = -- , s 4 =1-s I , 0 <,;_ s i ::; oo 

si si-1 13.251 

3Ha'ieHHHMH BeJIH'IHH S I , KOTOpble Y,IJ;OBJieTBOpHIOT 3THM 
ypasueHHHM, HBJIHIOTCH s I = 0,1, oo. CooTBeTCTBYJOII.I,He 3Ha
qeuus ,!J;JIH BeJIH'IHH S 2 , s3, S 4 CJie,IJ;yiOT H3 ypaBHeHHH 13.251, 
see OHH npHBO,!J;HT K A=O,oo, B=O, oo.TaKHM o6pa30M, <l>YHKI.J,HH 
g(A,B) ronoMop<l>ua B KOMnneKCHbiX A- H B-nnocKOCTHX, 
3a HCKJIIO'ieuueM MHO)KeCTBa TO'ieK A =0, "" l,ll;JIH scex B I u 
B=O, ..,I,IJ;nH scex A 1. 3Ty o6nacTL ronoMop<l>uoCTH pac

wupHTL ,IJ;anee y)Ke HeJIL3H, TaK KaK HCKJIIO'ieHHble TO'IKH 
COOTBeTCTBYJOT CBeTOBbiM KOHyCaM (x i -Xj ) 2 = 0. 

12 

4. 3aK/l10'leHue 

Ha ocuose H3BeCTHLIX cTpyKTYP Kou<l>opMuoii qeTLipex
TO'ie'IHOH $yHKI.J,HH paCCMOTpeHbl aHaJIHTH'ieCKHe CBOHCTBa 
<l>YHKI.I,HH g ( A,B) 

< 0 i¢ (xI)¢ (x2 ) ¢ (x 3)¢(x 4)10>=[(x1 x 4 )
2 

(x 2 -x 3) 
2 r~(A,B) 14. 11 

KaK <l>YHKI.J,HH rapMouuqecKHX nepeMeHHbiX Au B. 3Ta cTpyK
Typa u auanHTH'IeCKHe csoiicTBa <l>YHKI.J,HH BaiiTMauase,IJ;yT 
K TOMy, 'ITO <i>YHKI.J,HH g(A,B) ronoMop$ua B KOMllJieKCHbiX A
H B -nnocKOCTHX 3a HCKJIIO'ieHHeM MHO)KeCTBa 

A =0 H A= (X) I ,ll;JIH scex B I 
' /4.2/ 

B = 0 H B = 00 /,IJ;nH scex A/. 

,l],pyrue YCJIOBHH, HanpHMep CBOHCTBa pa3JIO)KeHHH Ha ny'IKH 
,IJ;JIH <l>YHKI.J,HH BaiiTMaua HJIH pa3JIH'IHble ,IJ;HHaMH'IeCKHe npe,IJ;
nono)KeHHH, orpauuqusaroT ,IJ;anee <l>YHKI.J,HouanLuyro CTPYKTYPY 
<l>YHKI.J,HH g(A, B). Hawu uccne,IJ;osauus onpe,IJ;ensroT o6nacTL 
rOJIOMOp$HOCTH qeTblpeXTO'ie'IHOH $yHKI.J,HH TaK)Ke B nepe
MeHHbiX ~i · cl>yHKI.J,HH W (~I , ~ 2, ~) rOJIOMOp$Ha 3a HCKJIIO'Ie-
HHeM MHO)KeCTBa TO'ieK 

2 2 
(i=O, (~i+~i)=O, ( ~I + ~ 2 + ~ 3)

2 
= O. 

Oco6oe npe,IJ;cTasneuue Kou<l>opMuoii qeTblpexToqequoii <l>YHK-
. /7 I I I I 

I.J,HH ,IJ;auo CuMaH3HKOM 1 ~ u To,IJ;opoBLIM ~ : 

W 4 (xI, x2 , x3 , X 4 ) = W 2 (X I , X 2 ) W .j._ X 3 , X 4 ) + W 2(xi , X 3 ) W 2 (x2 ,x4 ) 

T 
+ W2(xfx4)W2(x2,x3)+ W 4(xi,x2,x3,x4)' 

/4.3/ 

T 2 2 2 2 
W4 (xi,x 2 ,x3 ,x 4 )=[(xcx 2 ) (xi-x3 ) (xi-x 4 ) (x2 -x3 ) X 

d . . 
2 2 -- +•oo +Ioo 

x (x 2-x 4 ) (~-x4 ) ] 
3 f dui.f da 2[K(ai,a2 ) x 

- 100 -100 

d d d !7t -a2 
X r(T+ai)r(3 +a2). f'("3"-ai-a2 )A B ]. /4.4/ 

13 



3TO Bbipa)l(eHHe o6na.n;aeT, O,li,HaKO, BeCbMa CITei.J,HaJibHbiMH 

CBOHCTBaMH rrpu pa3JIO)I(eHHH Ha rryY:KH. KpoMe Toro, Ha 

H.ll.PO K(a
1 

,a ) cne.n;yeT HaJIO)I(HTb orpaHHY:eHHH, Y:T06bi o6ec

rreY:HTb TpetryeMbie aHaJIHTHY:e CKHe CBOHCTBa Y:eTblpeXTOY:eY:

HOH 4JYHKI.J,HH. Ba)I(HbiM rrpu 3Tux paccMoTpeHHHX oKa3biBaeTcH 

yY:eT ycJIOBHH 11pHY:HHHOCTH. ,ll;JIH TO)I(,ll,eCTBeHHbiX CKaJIHpHbiX 

ITOJieH 3TO MO)I(HO C,ll,eJiaTb rrpu ITOMOII.J,H COOTHOIIIeHHH /2.10/. 
,ll;JIH pa3JIHY:HbiX ITOJieH 110,li,06Hble COOTHOIIIeHHH OTCYTCTBYJOT 

H yqecTb BJIHHHHe rrpHY:HHHOCTH TPY.D.Hee. HecMoTpH Ha 3To, 

HMeeTCH B03MO)I(HOCTb 0606II.J,HTb paCCMOTpeHHe TaK)I(e Ha 

3TOT cnyqa:H. 
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