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SIMa.n:eeo P.M. P2-92-66 
MoAe.rth nonH.mrneuuoro 6oJe- H q,epMH-noAo6noro ocu,HJJJJsiropa 

TI peAJJO)l(eua MOAeJJh nonHJJHueuuoro q,epMH- H 6oJe- noAo6noro ocu,nJUisi
Topa, onepaTop faMHJJbTOHa K0T0poro HMeeT TTOJIHJJHHenuy10 3aBHCHMOCTb OT 
nopo~a10~nx oneparopoo. D:anhl npaonna AeHCTBHSI nopo)l(AaIO~Hx onepaTo
pos 003e- H q,epMH-THna B AHCKpeTH0M rwu,6epTOBOM npocTpaHCTBe COOCTBeH
HblX cocTOSIHHH raMHJJhTOHHaua. IloKaJauo, 11ro N-nnueuuasi MOAeJJh 
OTTHCblBaeT npou,ecc po.JKAeHHSI H YHH'ITO)l(eHHSI N-11aCTHU,, COOTHOCSl~HXCSI 
APYr c APYroM KaK anTH'laCTHU,bl. Tiocrpoeua cynepcHMMeTpn11uasi MOAeJJb 
nOJJHJJHHenuoro OCU,HJIJJSITOpa. 

Pa6oTa BblTTOJJHeua B Jla6opaTOpHH Bbl'IHCJJHTe.rtbHOH TeXHHKH H aBTOMa
TH3aU,HH OJ.HH1. 

Coo6u.1,em1e 061.c)IHHeHHOr(J HHCTHTyTa 1111epHblX HCCJle)loeaHHH. ,ll.y6tta 1992 

IlepeooA aoropa 

Yamaleev R.M. P2-92-66 
Model of Polylinear Bose- and Fermi-Like Oscillator 

The model of polylincar bose- and fermi-like oscillator, Hamiltonian of 
which has a polylinear dependence on generators, is suggested. The rules of 
operation of fermi- and bose-type generators in the discrete Hilbert space of 
Hamiltonian are defined. It is proved, N-linear oscillator model may be used for 
the description of the process of creation and annihilation of the N particles 
which are related to each other similar to particles and antiparticles. The 
supersymmetric model of poly linear oscillator is built. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

Communication or the Joint Institute for Nuclear Research. Dubna 1992 



I. 
I 

.B HacTosirn.eu P?6oT.e Mhl CTponM MOAe.JIH 6oJe-noAo6Horo n ct>epM11.:.noA06-
Horo:' och~iui~opa, onep~T~P~ faMIUihTOHa K'OToporo'n,,;ero·r' nonwinHeu11y~Q. 
3aBHCHMOCTh OT nOpo)KJ:lalOIQHX onepaTopo~. N~n;1He'HuaS1 'MOAMb ocu;~siTopa 
cTpoHTCSI na 6a3e N onepaTOpoB, ,'-lacT~ HJ KOTOphlx OTHOCHTCSI K Tnny n0Bhlma;-
10rrv1x, '-laCTh - K Tltny IIOHHX<alOIQHX onepaTOpOB, lfa 3THX onepaTOpOB MO)I(-

, , HO. o6pa30BaTh onepaTOPbl-;MOHOMbl, o6JiaAaIOIQHe .cBOHCTBaMH- o6WIHhlX, o~e
. paTOpoB po)KJ:lenusi u ynn'-ITOX<en11si:.: TaKHM o6pa30M, onepaTOpTaMHJihTOHa 
· ~io)KeT 6h1Th peAyu,npoaaH K KBaApaTH'-IHOMY Bhlpa'1<em110 OT onepaTOpoB po)K"'." 

., > ' ' • '•; ,,. • /, ,,'.. 1;· . 

MOAe.Jih KBaHT0BOI'O OCU,HJIJISITOpa :u,aeT Ha'-laJIO TOH HJIH HHOH CTaTHCTHKe. 
Teopnsi: 6o3e-cTaTHCTHKH na'-IHH,aeTCSl C 603e.:.noA06noro' OCIJ,IIJIJISITOpa, npo- ' 
·cTeumasi MOAeJih cpepMn-cTaTHCTHKH MO)KeT 6h1Th nocTpoetta na ocnoB·e cpepMH- . 
rio'Ao6noro ocu,uJIJISITopa. Ocu,nJIJI.IITop c necTaHAaPT~ou nyJieBou 3uepmef1 Be- · 
ACT K napacTaTHCTnKe. Hama MOAe.Jih. OCU,HJIJI,SITOpa TaK)KC BCACT K HOBhlM , 
YCJIOBHSIM KBaHTOBa~USl HK H0BOH CTa;H~T~IKC. BeJyc.iio~no, nplI 3TOM neo6~b-

•. ,AHMO nepeuTn OT Teopnu OAHHO'-luoro oc1.1,HJ1JIS1Topa K Teopnu cucTeMhl ocu;HJI-· 
~ . , -

JISl:ropo~ •. 

1. :KBMPA THIJH,MI MO.[lEJih B03E:. 
, 11 <I>EPMtt-nq,noimoro ocu;11JIJI51TOPA 

TpaAuu,uouuaSI MOAe.Jih OCU,HJIJISITopa cTpoHTCSI ua 6a3e :zt,Byx onepaTopoB: 
. :a+ n a - . [ 6 ]. OnepaTOp a+ :u,eucTByeT KaK onepaTop IlOBhlm~uorn.ero THna, nepe~ 
•BOA.R COCTOSIHHe <I> B COCTOSIHHe <I> +I no npaBHJIY . . .. . . 
. ,. n. , n .. . 

a+<l>n == rn+T <l>n+I' (1.1) 

, a onepaTOp a OTHOCHTCSI K THUY DOHH'1<alOI.IJ.HX, onepaTOpOB " :zt,CHCTBYCT ~o 
. npaBHJIY · 

a. -<I> = Vri"<I> 1· · n ·· n- , (1.2) 

HaHHH3lllCC COCTOSIHHe (COCTOSIHHe BaKyyMa) <l>o, COOTBCTCTBy10rn.ee MHHIIMY

MY 3neprnu onepaTOJ)a faMHJih.TOHa 6oJe-noAo6noro oc1.1,HJ1J1S1Topa 

1 + - - +)· H =-(a a + a a , 

Ob\tlHiHt'IHihltl KH-:myf 1· 

o~~nwx1acc~e1011ud 
__p;snt10~ ~ 

. (1.3) . 



onpeAe.11.SICTCR H3 pemeHHR ypaBHeHHSI 

a-<1>
0 

= 0. (1.4) 

Oneparophl Q +, Q - YA0B.IICTB0p51IOT KaH0HHlleCKHM yCJI0BHRM KBaHT0BaHH51 

[a-, a+]= a-a+ - a+a- = l. (1.5) 

CoocrBeHHhle 3HalleHH51 3pMHTOBa onepaTopa H IlO.ll0X<HTe.llhHhl, AHCKpeTHhI, H 

_ cy~eCTBYCT MHHHMYM cneKTpa Eo > 0: 

H In>= (E0 + n)ln>. (1.6) 

BH.ll~HeHHOe COOTH0ilieHHe (1,5) HaX0AHTC51 B npRMOH 3aBHCHMOCTH OT 3Hal!e-. 

Hmi Eo· B o6~eM C.1Iy11ae HMCCT MeCTo C.IICAYIOw;aSI 3aBHCHMOCTh MaTpHllHhIX 

3.llCMCHT0B KOMMyTaropa [a - ' a+] OT Eo [7 ]: 

- + ' 12£0 <n I a a In'>= d X [ ' ] nn', _ 2(1 - £ 0) A.1151 uel!eTHhlX n. 

):\.1151 llCTHhlX n 

KaK BffAH0, TO.llhKO npu £ 0 = 1 /2 sTa aanucuMOCTh AaeT ( 1.5). TT pH £ 0 = 1 OH<} 

npHBOAHT K TpH.llHHCHHhlM COOTHOilieHH51M napaCTaTHCTHKH 

a - a - a+ - a+ a - a - = 2a - . . (1.7) 

Teneph BKpaTu.e nepe11nC.11HM ocuoBHhle csoiicTBa TpaAHU.HOHuoro cpepMH-oc:

U.H.ll.llRTopa. 

Oneparophl poX<AeHHR-YHHllTOX<eHuR a+, a - cpepitu-noAo6uoro ocu.H.11-

flRTopa Il0Al!HH51IOTC51 6H.11nHeHHhIM CO0TH0llleHH51M (8 ]: . 

+- -+ ++ ++ +2 a a + a a =_l, a-a-+ a-a-= 2(a-) = 0. (1.8) 

MHHHMaJihHhlii nop51A0K MaTpuu. a+, a - paBeH ABYM, KaK npaBH.110, Hcno.11hay

IOTCR MaTpHIJ.bl BHAa 

+ (o 1) - {o o) a= 00' a= 10 • 

TTpocTpaHCTBO <l>oKa B 3TOM CJ1yqae COCT0HT H3 ABYX BCKTOpOB: 

<l>o = (?). <I>, = (b) · 
' - .ll,eiiCTBHC onepaTOpoB a+, a - Bhlpa)KaCTC51 cpopMy.11aMH 

_a-<l>o=0, ~+<l>o=<I>,; a-<1>, =<l>o. 

0.9) 

(1.10) 

- ' + ' 
OTCIO):\a C.lleAyeT HHTepnpeTaU.HSI a KaK onepaTopa YHHlITOX<eHHR, a KaK one-_ 

paTopa poX<ACHH51. OnepaTOp l!HC.lla 11aCTHU. CCTh ):\Harotta.llhHaSI MaTpnu.a 

( (' ,. j, ·~· 2 , 

,, , .. ,, ·t~~:' ,.f 

,i 

-I 
·I, 
r 

··1 

I 

j 
! 

i 
. ! 

·r 
-1 

- I 
l 
t 

' I 

'h + -.n 1 =aa = (b 8) · -- '<I.11) 

OnepaTop faMH.llhTOHa, KaK 1/u CJiyqae 6o3e-noAo6Horo OCU.H.11.1151TOpa, BbJ-

6upaeTCSI B BHAC 
' 1' ., : , ' ' ' 

_ H 1 =)1 1 +_c. .(1.12) 

TTOCTOSIHHaSI C HMCeT onpe;:\C.lleHHOe 3Hal!eHne. OAHO 113 YCJIOBIIH, KOTOpoe no-

3BO.n~eT "onpeAe.llHTh·c, ec;h Tpe6osai-iue y1-1nTap~OCTH onepa-r~pa exp (iH,). 

3T0T oneparop yunTapeu; eCJiu 

OTCIOAa HaXO):\HM 

trH1 = ?; 

1 
__ 2c= - tr '11 = - 1, C = - 2' 

(1.13); 

. .ll,.1151 cpepMH-IlOAo6HOH MO):\C.IIH TaKX<e cnpaBCA.llHBbl OCU.H.ll~rn-ropHhle _ ypaBHe.:.. 
• .. ' '• , • • ,· •, ,·. ; .· ., ' ,· r, •.. '. 

HUR ):\BHX<CHH51 

:a± =;=-la±., H1 I =_+a±. 

PaccMaTpHBaeMaSI M0):\C.llb 3aMel!aTe.llhHa TCM, l{TO OHa B3am,1.oo6paTHMa. B 
BhlpaX<eHnRx ( 1.8)-'- ( 1: 11) Mhl c OAnHaKOBhIM ycnexoM Mo~eM nHi-epnpeTupO- ' 

. BaTh (l - = b + KaK oneparop po.x<.;:\CHH51, B TO BPCM51 KaK a+ = b- 6yAeT nrpaTh 

po.11h onepa~opa yHnlITOX<eHn.si. CooTB~~cTBe1-1uo lJl0 = <1>1 CTaHOBHTrn cocTOR-

HHCM BaKyyMa_b-lJl0 = 0 n b+q,
0 

= lJl
1 

= <1>
0
.Mhl,TaK)Ke nMeeM 

j( 2 = b + b '- = -(8 ?) , _ i,± ~ I b±: JI 2 1 = +h±, 
',f 

(1.14) 

rAe·n 2 = '12 + _c - oneparop faMH.llhTOHa. 

JierKo aaMeTHTh, lITo oneparophl a+~ a - u b +, b - cnsiaaHhl Me)K):\y co6oii 

YHHTapHhIM npeo6pa30BaHHCM: 
• f">' 

b+ U + u-1 U (0 I) = a- _ . ' _ ~ I O ' (1.15) 

~e):\OBaT~hHO, _cpH3HllCCKH 3KBHBa.11CHTHhl. 
-- . -., • , - .. -i. ·. • '. ~. '. r; ., • . .i. i' • ,_. - • _· .• , . ._ ~- . + - . . 

. B cpn3HllCCK0H i.1o~e.nii, eCJIH onepaTop a 'cooTBCTCTBy'eT oneparopy po)K-

,!\eHH51 liaCTHU.hl, TO b + = a - ecTh onepaTop poX<AeHnsi- aHTHl!aCTHIJ.hl; TaKHM -

'o6pa30M, ,!\aHHaSI cxeMa '?.!\~HaKOI,3hIM cnoco6o_M OilHChIBaCT KaK qacruu.y, TaK H 

ee'aHTn11acrm.1,y. TaK)Ke 3aMeTnM, l!T0 · '·· 

;:. !l,1 t ~2 ~-~·. , h '·✓ 

(1.16) _ 
-· ~ ••. / '1 
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2. MO.ll.EJlh EO3E-TTOJI.OBHOro TPl1Jll1HEtlHOro 
· OCU11JIJI51TOPA 

OnpeAeJIHM Tpn oneparopa a1, a2, a3 B_ neKOTOpoM rHJJh6epTOBOM npo

crpancTBe { <I> n}, JieiiCTBYIOll.\HX ua 3aAaHHhlH BeKTop <I> n no npaBHJJY ( 1-3 ): 

a3<1> n = Vii <I> n-1' ait> n = rn-+T <1>11:..: I' a, <I> n- = v'n+I <1>11+2· <2.1) 

3AeCh a
1 

AeiicrByeT KaK oneparop noshlma10m.ero Tuna, oneparophl a2, a3 

SIBJUIIOTCSI noHHX<al0ll.\HMH onepaTopaMn. Jl,JISI KaX<]\oro H3 nonmKalOW.HX one
paTOpoB cyll.\eCTBYeT csoii "nyJiesoii BeKrop": 

a3<1>0 = 0, a2<1> -1 = 0. (2.2) 

Tar.HM o6pa~~M, Mhl npeAnOJiaraeM, lJTO onpe~eJieHHSI (2.1) cnpaBe):\JIHBbl TaK.: 
)Ke AJISI OTpnu.aTeJihHhlX n. 

B AaHHOM CJiytJae Mhl MO)KeM nOCTpoHTb Tpn MOHOMa, KOTOphle HMelOT u.e
JIOlJHCJieHHI>IH cneKTp: 

j{ I = a2a3al' '12 ~ a3al a2' '13 = a, a2a3 
-'.n,<l>n = (n + 2)<1>n, '.ni<l>n = (n + l)<l>n'.'13<1>n = n<l>n. 

TTo3TOMY onepaTop raMnJihTOHa Mhl onpeAeJISieM KaK cyMMy: 

n == ½ere, + n2 + 1t3)· 
.. 113 (2.3) · uaxoAHM cneKTP oneparopa H: 

H<l>11 = (E0 + n)<l>
11

, n = 0, l, 2, ••• 

· 3AeCh £ 0 = 1 cooTBeTCTByeT BeKTopy <1>0: 

H<l>o = Eo<l>o, 

KOTOphlH HaXOAHTCSI H3 pemeHHSI ypaBHeHHSI 

: a3<1>0 = o'. 

(2.3) 

(2.4) , 

(2.5) 

113 oneparopoB a
1

, a2, a
3 

M0)KHO nocrponTh·TPH Tuna onepaT0poB, n0Bhlma10-

ll.\HX H TIOHH)KalOll.\HX 3aAaHHOe COCTOSIHHe: , 

b-. b+ . b+ . 
I = a2a3, 2 = a3al' 3 _=_a,a2'. 
·+ - - ' 

b1 = a1, h2 . ~ a2, b3 = a3• 
(2.6) 

. Oun YAOBJICTBOPSIIOT CJICAYIOW.HM KOMyTaU.HOHHblM COOTHOmemrnM: 

4 

J 

J 
I 

•i ' 
1" 

1 

I. 
I 

I 

I 

·j 
: 

I•; ,• ~ 

f 

J· 
J, 

- lb~, ht I= 2~ (h_;;h; I=:= l, k = 2, 3. 

113 onpeAeJieHHH (2.3) n (2.6) nOJIYlJH~ 

(2.7) 

'". b-b+ b-b+ ""' · b+ - b-b+ <n b+b- b+b- 2 8 Jli = I I = 2 2' Jl2 = 2 b2 7 3 3' Jl3 = I I ~ 3 3. · ( • ) 

3Tn pasencTBa rio3BOJISIIOT npnAaTh H CJ1eAy10m.uii BHA: 
3 

H = ¼ L (b:b; + b;b;). 
· k=I 

(2.9) 

3aMeTHM, lJTO oneparopbl '.)ti, '12, '.)'{3 He He3aBHCHMhl, a YAOBJieTBOpSIIOT JIH

- . HeHHOMY COOTHOWeHHIO 

'1i +a'½+ ,8~ = 2 + a, (2.10) 

rAe a, ,8 - npoH3B0JlbHbie C-lJHCJia, CBSI3aHHhle MeX(J\y co6oii paneHCTBOM . 

1 +a+ ,8 = 0. 

TToJih3y11ch (2. 7)-(2.10), noJiytJnM TPH Tuna Bhlpa)Keunii AJISI H: 
. ~ . -

+...; 
(I) H = b1 h1 + 1, 

(II) H = bib~, 

(III) H = btb3 + l. 
(2.11) 

KaK TOJlbKO' BeKTOp OCHOBHOro COCTOSIHHSI <I> O uaiiAeH, co6crseHHhle BeKTOpbI H, 

COOTBeTCTBYIOll.\He nOJIO)KHTeJihHblM n, HaXOASITCSI no (pOpMyJie: 

(b +)"<I> 
3 0 · 

<I>= 312, n=l,2, ... 
11 ((n + l)!) 

(2.12) 

YpaBllellUSl O<JUXellUSl . 
+ . 

3aBncnMOCTh OT BpeMeHH onepaTopon ak,bk uaxoAHM, nOACTaBJISISI 3TH one:-

parophl " oneparop faMnJihTOHa (2.4), (2.11) B ypaBneune ABH)Keum1 reiiaen-
6epra. 11cnOJib3YSI KOMMyTaIJ.HOHHhle COOTHOllieHmI (2. 7) " onpe,/:\eJISISI (2.6),. 
noJiytJHM 

a,= (a,,HI = - 2al, ak = (ak,HI = ak, 
·+ + + ·+ + + 
h1 =(h1,HJ = +2h1, bk= lbi,Hl = +bk, k = 2, 3. 

3. MOJI.EJih N:·Jl11HEf1HOro OCU11JIJISITOPA 

B rHJJh6epTOBOM npocrpaHCTBe {<I> l 3aAaAHM N oneparopon, AeHCTByIO- .. . n 
ll.\HX mi 6a3HCHhle neKTOpbl npocTpaHCTBa no CJieAYIOll.\eMy npanHJJy: 

5 



al<l>I! =_{n + N- 1)1/N<l>ll+N-1' 
. .. 1/N · ~ 

ak<l>
11 

= (n + N - k) • <1>
11

_ 1, k = 2, 3, 4, ... 

PacCM0TpHM ,ll.eHCTBHe N-mrneiiHhlX onepaTOpOB: 

JlN = ala2a3 ··· aN 

j[ I = a2a3 · · • aNal 
, ' ' •··• ........ . 

'1k = ak+I ... aNal ... af-1 ak · 
............. 
'.)lN-1 = aNala2 ... aN-1 

Ha 3a,ll.aHHhlii BeKTOP npocTpaHCTBa <l> 
11

• 

IloJib3YRCb (3.1), nony'IttM 

j{k<l>
11 

= (n + N - k)<l>,:. 

. no anaJIOrHH c (2.3). onpeJJ,eJIHM onepaTOp raMHJlbTOHa Ka~· cyMMY 

(3.1) 

(3.2)' 

(3.3)., 

}' ·N .. ··. , 

. H= N(L jlk):_ . <3.4) 
· '•.·k=I · · · · 

Cne~TP H HaXOJJ,HM, IlO,ll.CTaBJI5IIl (3.3) B. ypaBHemie 

H<l> I = E <l> •• 
. /1 11 11 

(3.5) 

. HaXO,ll.HM Ell =. Eo + n, n == 0, 1, 2; : ... 3~alleHtte Eo em,e npeACT0HT onpe,ll.e:.: 

JIHTb,. ,ll,JIR onpe,ll.eJieHttR co6crneHHJ>IX cpyHKU,Hii onepaTOpa H npe,ll.cTaBnr-'1 
ero iiepe3 o6bI'IHbie nopmKJJ,aIOm,ne onepaTOpbl. Ka)K,ll.blH H3 onepaTOpOB 
j(I, '12, ••• , nN MO:>KHO npe,ll.CTaBHTb qepe3 onepaTOpbl po)KJJ,eHHil H YHH'ITO)Ke-

HHR ,ll.B)'MR _ cnoco6aMH. . . . . 

HanpuMep:' · 
, , ·4 + 

(1) ·j{i = bfb2 ; (2) 'ti= b;b1 ,· . (3.6):. 

b- b+ - . + . 
r,ll.e 2 = a2, 2 = a3a4 ..• a~l' b1 = a2a3 •.. aN, b1 = a1• ,ll,aJiee, noJIO)KHM_ 

+ ·. . . : , ,, . , . 
bi, =.ak, bk ~ ak+lak~2 ... a.N ... ak-1' k = 2, 3, ... , N. 

J,fa onpe,ll.eJieHHR (3.2) CJie,ll.yeT: 

(1) 'Jl.k=bi,bt, (2) j{k =bt_1bi,_ 1, k=2,3, ... ,N- l, 

(1) j(N~btb;, (2) j(N;,·b;_~b;_l: 
(3.7) 

6 

-~ I 

:·I I, 
;,1/r 

T' 
-~ 
j 

~)· > ~,, 
f 

.·ii, 
1 

l 
I. 

I 
I 

I', 

ITo,ll.cTaBttB (3.6) u (3. 7) B (3A), Haxo,ll.HM Bhlpa)Ke:me H B TepMnHax onepa-+ - , , , 
Topcm bk , bk , k = 1, ... , N: 

N . 
1. ~ b+b·- b·-b+) 

H = 2N L., ( k k + k k . 
k=l 

(3.8) 

OnepaTOpbI b:, bi,, (k = 2, 3, ... , N) Y.ll.OBJieTBopRIOT o6bl'!HbIM KOMMyrnu,uoH

HbIM C00THOIIIeHHRM 

- + 1 (bk, bk I= .. 

OncpaTopbI bf, b; no~'!HHRIOTCSI .ll.PYrHM COOTHOUJCHHSIM: 

- b+ (bl , I I= N - 1. 

(3.9) 

(3.10) 

ITOJib3YSICb (3.3), Mbl M0)KCM Il0JIY'IHTb JIHHeHHble COOTHOUJemrn Me)KJJ,y oncpa-
TopaMH '1i, ~ .... , ;lN; • . 

j{k -rek=p, p= 1,2, ... ,N- l. -p , (3.11) 

TaKHM o6pa30M, onepaTOp H MO)KeT 6hlTb Bblpa)KCH '1Cpe3 re : . p 

. H =rep+ p - (N + 1)/2. (3.12) 

. OTCIO,ll.a, noJib3YRCb (3.7), JICrKo no11y'l1tTb ewpa:>1<eH11e H B TepMnttax b;, b; 
,ll.JIR 3a,ll.aHHOI'O p: 

l
btb; + (N - 1)/2 · 

H= + -
bp bp + p - (N + 1)/2, p = 2, ... , N. 

(3.13) 

PaccMoTpttM npe,ll.cTaBJiem1e H npH p = N: 

H = b~b; + (N - 1)/2. (3.14) 

OcttOBHOC C0CTORHHe onpe,ll.eJIRCTCSl 113 YCJIOBUR 

b;<t>0 = 0. (3.15) 

BeKTopy <l> 0 cooTBeTCTBYCT 

E0 = (N - 1)/2. (3.16) ', 

KaK TOJibKO BCKTOp.<l>o ttaii,ll.ctt, BeKTOp <l>II, CO0TBeTCTBYIOllJ,HH co6cTBeHHO'

My 3Ha'lettnIO E = E0 + n, MO)KeT 6wTb noJiy'lcH no cpopMyne 
II 

(b~)<llo 
$ = (N 1)/N. , (3.17) 11 ((n + l)!) -
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YpaBHeHH.11 ABU)KeH~rn feibett6epra AJI.11 cinepaTOpOB.ak tt b: UMeIOT BH)J,: 
a1 = [a1, HJ= - (N- l)al' ak·= [ak,H] = ak '. _-· . < .. •, . 
··+ + + ·+ . + + 
b1 = [b1,HJ=+(N,-:-l)b1, bk_=_lbk,H)=+b"i:,k=2,3, ... ,N. 

4. MOD,EJib TTOJil1Jil1HEtiHOro 
ct>EPMl1-TTOD,O6HOro OCU11JIJI5J'TOPA -

+ . 
OnpCJl.CJIHM onepaTOp . po,KACHH.11 a , YAOBJ1ernop.1110muit yCJioBHHM 

' (~+)"" ~-o, (~+t.;_ 1 ~ o. <4.0 

· ·, 5lctto, 4T0 onepaTOp a+, onpeAeJICH'Hhltt TaKHM o6pa30M, AeitcrnyeT B N
MepH0M BCKT0PH0M npoCTpaHCTBe. no aHaJionrn c (1.15) onpe.ll,CJIHM YHHTap-
HblH onepaTop u TaKoii; llTO ' . . .. 

UN= l, (4.2) 

H B~e,!(eM N - l onepaTOp0~ C I;IOM~uiblO npeo6pa30Bam1u · 

a(k) __ uk-la+u-(k;-I) -k=2 3 N - ' ' , ... , ' (4;3)" 

H Il0JI0)KHM a<1
) = a+. 

KaK H3BeCTHO [9 ], u,uKJitt4ecKaH MaTpuu,a N x N, cocT0HUJ,aH 113 eAHHH4-

HhIX :meMeHT0B, YJl.0BJieTBop.11eT (4.2). Tio3To~y MaTpnu,a 

!
o·+i . i< N 

- I ,J 
(U)ii - o. . i= N 

1-11+1,J 
(4.4) 

MO)KeT 6hITh Bh16pa~a B Ka4CCTBe OJl.HOH u3 peaJIH3au,uii onepaTOpa U. Hania 
IJ,eJih - npnJI.aTh onepaTOpy 

N 
n = TI a<k) (4.5) 

k=I 

c~hIC.11 onepaTOpa 4HCJia 4aCTHU. c co6crneHHhlMH 3Ha4eHH.IIMH Q, 1, 2, .. ·., N .:_ L' 
' + C 3TOH U.eJihIO n1>16epeM MaTpH4Hy10 peaJin3au.mo onepaTopa a n CJieAy1ow.eM 

BH)],C: 

(a+)ij = (i - l)I/Noi,j+I" (4.6) 

Ymaep:iKiJeuue 
OnepaTop (4.5) ecTh Jl.HaroHaJihHaH MaTpttu.a 

(TT)ii = (i - 1 )o ii (4.7)'. 

. + 
n npCJl.CTaBJICHHH a u Uc Il0M0UJ,bJO MaTpnu. (4.4) u (4.6). 

8 

\ 

-_ \ 'n·· f. 
'I 

j ii 

·:!J 
';J 

. ijf! 
ll 

. ,\'1 
. ,yi, 

. /40Ka3atne.llbCtnGO . . 
,·. Cornarno (4.3) u (4.5) onepaTOp '7 M0iKH0 3am-1ca;h Tai-t: , 

< • • " •• , '.. ' ' •• 

J'l. = a<')a<2) .. . a<N) = ·- ... 
. .· - .·'-I. 

.= a+(Ua+U- 1)(U 2a+U-2) ••• (UN-la+U I-N).= U-\ua+tu. . . 
,....... . . - ' . .. - ' .· '"' 

. I1faonpeACJieHHH (4.4) H (4.6) CJieAyCT -- . ·.. . ' 

Ua+/ -!ioi+l,k+_I i<n 
( , · - p · i = 0. 

TioJl.CTaBHB 3T0 B1>1pa)KeHne B npeAhIAymee, noJiy4HM (4. 7). Yrnep)KJl.eHue ~o-:-
Ka3auo. , . 

Ba3nc npocTpaHcrna ct>oKa, B K0T0poM ACHCTB)'IOT onepaTOphl, onpe.ll,eJieH
Hhle B (4.6)' COCT0UT ll3 BeKT0p0B 

<P(t)m = oi,m+I (i = l, ... , N; nz = 0, ... , N - 1). 

D,eiiCTBHe a+ Ha cp Bbipa)KaCTC.9: QJ0PMYJIOII' 
. Ill 

a+ cp m = ~ cp m+ '; ' 

HJill B MaTpH4HblX 0003Ha4CHH.HX: 

-~ (a+)ijcp(j)m ~ tfm: (o"i,m+2·. 
J . ·. 

(4.8) 

TaKHM o6p;30M, onepaTop ~+ .IIBJI.IICTC.11 onepaT0P0M "nOBblilleHH.11" )J,aHH0ro 
C0CT0.IIHH5I Ha e)J,HHHU.Y. 

, O6o3Ha4HM 4epe3 a - onepaTOp · 

a - = a<2)a<3) ... a<N). 
KaK· CJie.ll,yeT 113 'cpopMyJI (4.5), (4.7) H (4.8), onepaTOp a - I~rpaeT p0Jib "nOHH-
';KaIOIIJ,~ro" onepaTOpa: . . . . .. 

a-<Pm = ~ <I:>111-1·_. (4;9) 

llcn0Jih3Y.II (4.8) H (4.9), IlOJIY4HM, qTQ onepaTOp. 4iic.n:a. 4aCTHU. 
Jl1 =a+ a- HMeCT COOCTBeHHhle 3Ha4eHH.II m = 0, 1, ... , N -. 1. _ 

PaccMaTpnaaeMa5I M0ACJih 
I 
m,tefT CJie,~10m,y10 3aMe4aTCJihHYJO oco6eH

HOCTh. 3Aecb nee onepaTophl a<), a<), ... , a npnroJl.Hhl Ha poJib "noablmaIO
w.ero" onepaTopa. D,eiiCTBHTeJibHO, CACJiaeM a npOII3Be)J,eHlm (4;5) Il,HKJIII-
4eCKYJO nepeCTaH0BKy: 

. . :n, ~:n .... '12 = a<2)a<3) ... a<N)a<') . . 

J13 (4.3) uMeeMa+ = u-1a<2)u. 
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IlOACTaBHB 3TO Bhlpa)KeHHe B (4.8), IlOJIY'-IHM 

a+ <I> = U - l aC2) U<I> = rm+T <I> a<2><1>(2) = tfm+T <1>(2) . ( 4.10) 
m m · m+l' · m m+l' 

·. rAe <1><2> = U <I> • 
m Ill 

TaKHM. o6pa30M, a; = a<2) SIBJI5IeTCSI IlOBhlWalOlll,HM onepaTOp0M B 6a3HCe 

{<1><2>}. CooTBeTCTBeHHO, ponb noHH)KaIOlll,ero onepaTOpa B 3T0M 6a3uce 6yAeT m . 

nrpaTb 
a;= a<3)a<4) ... a<N)a<I), 

IlOCKOJlbKY 
a -<1>(2) = ~ <1>(2) 

2 m 111-1· 
"(4.11) 

-TaKKaK 

'½ = u'll, u -, , 

·To noCJieAOBaTeJibHOCTb co6cTBeHHhlx 3Ha11eHnii '1 2 HMeeT BHA: m + 1, 2, ... , 
+ - -

N - 1, 0. D,JISI onepaTopoB a2, a; ,'12 TaK)Ke cnpaBeAJIHB0 C00TH0WeHHe 

'l7 + + .. . 
[.'2,az]= ±az. (4.12) 

. .. 

ITpoAOJI)KaSI 3TY npou.eAYPY, nocne k-ii nepecTaHoBKH o.nepaTOpoB a(l), a<2>, ... 
Il0JIYlIHM . 

a+= a<k) a-= a(k+l)a(k+2) a<N)a(I) a<k-l) 'hJ = a+a-
k ' k .. ' . .. ' ilk k k ' 

npu11eM 
'h + + 
[Jlk,ak] = ± a-;: (4.13) 

TaKuM o6pa30M, Mhl noKa3anu, '-IT0 Ka)KAhlH H3 oneparnpoB a<15, a<2>; 
aC3), • ; ~ S1BJIS1eTcsr onepaTopoM n0BhIWaIOlll,ero nma, B To BpeMSI KaK onep_arnp 

. . ' 

IlOHH)KaIOlll,ero Tuna qJaKTOpu3yeTCSI B np0H3BeAeHue N - 1 onepaTOp0B p0)K-

AeHUSI. '.:ho 03Ha11aeT, '-ITO paccM0TpeHHaR M0ACJib 0ilHCblBaeT rpynny H3 N irnc:
THU., KOT0phle COOTH0CSITCSI APYr C APYroM KaK aHTH'-laCTHU.bI, 

faMHJibTOHttaH MhI onpeACJisreM _ 06b111HbIM cnoco6oM: 

1 - + ·. + -) H = N(a a - a a . (4.14) 

k . 
OT:'1eTHM TaK)KC, 11To onepaTOphl: -po~eHHSI a< >, k = l, ... , N no.r111ttHS1-

IOTCR CJieAyIOlll,eMy YCJI0BHIO: 

{a(l), a<2>, ... , a<N)}.= N(N - 1)/2, (4;15) 

rAe { ••• } o603Ha11aeT cy~MY M0H0MOB a<1>a<2> ... a<N) C U.HKJIH4CCKOH n~peCTa
HOBKOH COMHO)KHTeJICH. 

IO 

·-r·· .. 

~ 'A 

~1·· s[; 

_/ 

5. CYTTEPCI1MMETPI14HA5I MOD,EJlh -
TTOJII1]I1HE~HOroocu111111~TOPA 

IloA06Ho T0MY, KaK 603e- u ¢epMH-OCU.HJIJISITOphI OObCAH~SIIOTCSI B cynep
CHMMeTpu11tty10 M0ACJib OCU.HJIJISITOpa I 16 ),, 6oae- H ¢epMH-llOAo6Hble II0JIHJIU-
11eiiHblC 0CU.HJIJISIT0pbl o6bCAHHSIIOTCSI B CAHHYIO cynepcHMMCTpu1111y10 M0AeJib. 
KaK .u B npeL1bILIYlll,HX pa3.r1enax, paccMoTpHM ctta4aJia TpHJ11-111eii11blii cny11aii. 
06o3~a11HM 11epe3 b,' ~2' b3 - ~3e.:, a 11cpe3 1, 'f2.f3 --'- ¢epMH-re11epaTO))bl 

TPUJIHH~HHhIX 0CU.HJIJISIT0poB'. D,eiicT~1rn oneparnpoB b 1, b2, b
3 

11~ 6o3oirnoe co_

CT0S111ue In 8 > onpeACJICHO B (2.1), a ¢epMHOHHble onepaTOphl, AeiicTBY,IDlll,i!e _: 

Ha ¢epMHOHHOC COCT0SIHHe In F>' HMCIOT BHLI, M3TPHU.bl 3x3: 

(5.1) 
·[o o ol .. · [ o o 1} [o on] · 

11 = 1 ~ o , 12 = rr_ o o , 13 = o o o . 
- on-o ooo . 010 

B1.1e.r1eM cynepaapsrAhI TPCThCro nopSIL1Ka 

Qk = fik' k = l, 2, 3 (5.2) 

u TpHJinHCHHbIH cynepraMHJihT0HHaH . . . • 
1 ·. . -1 · 

, H = 3 (QI_Q2Q3 t Q2Q3QI + Q3Ql(22) 7' 3{Q,' Q2, Qi. . (5.3) · 

OnepaTOpbl Q,, Q2' Q3 LICHCTBYIOT Ha C0CTORHHC In~~~-- P~cn"nllleM (k)n~e. 

noApo6no onepaTOp H: 

H = ½(
3n; \~O+ i' g. 1· = HB + HF, HB = (~ + l)okt;F= qiki' 

·. 0 0 3n + 2 · -· · (5.4) 
, 

r.r1e 

q, = 2/3, C/2 = q3 = - 1/3, (5.5) __ 

111'0 CO~TllCTCTBy·eT CrICKTpaM TPIIJIHH~iinwx6o30HHOro H ¢epMHOHHoril 0CU.HJI:-
' ' < :1- '> 

mnopon. 
. TpnJIHHCirnh1ii cynepcnMMeTpu11Hb1ii raMHJihT9Huan H cocT0HT u3 Tpex 

11acTeii: 

.H = H1 + H 2 +_H3, 

,i'Ae I l l -
HI =3Q1Q2Q3, H2=3Q2Q3Q1, H3=3Q3Q1Q2. 

11 II 
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OnepaTOphl H k' k = 1, 2, 3,uMeIOT o.ri.nHaKOBhlH cneKTP, aa HCKJII04~mteM o.ri.Ho

ro co6crseHHoro·aHa4eHHSI. IlycTh <1>11 - co6cTBe1rn'an q>yHKu,u.11 H
1 

c co6cTBeH:-, _ 

· HhlM 3Ha4eHHeME , TaK.qTo 
.• 11 

1 
.. HI <1>11 = 3 Q, Q2Q3<1>11 = £11<1>,z-

_ ·YMHO)KaSI :no ypasHeHue.Ha Q3, noJiy4HM 

HiQj<l>II) = Ell(Q3<1>,). 

YMH0)K3SJ nOCJie,D.Hee COOTHOWCHHe Ha Q2' HMeeM 

Hi(Q2Q3<1>,) = E/Q2Q3<1>11). 

.lleitcTBu.11 onepaTOpoB Qk, k = 1, 2, 3, ·Ha COCT0.11Hue· In ;11-B MO)KHO cxeMa

Ttt4HO Bhlp33HTb T3K: 

Q11n;11-B>- lnp-2,nB+2> 

-Q21n;11-B> ~ lnF + l, nB ._ l > 

Q3ln;11-B.>,- lnp+ 1, nB---:1>. 

3TH COOTHOWCHH.11 .IICHO pacKpblBaIOT CMblCJl cynepaap.11,rJ.OB TPCTbero nop.11,rJ.Ka. 
· B aaKiI104eHue_o6o6lll,ttM npe.ri.1,1.ri.ylll,ue q>opMyJihl Ha CJiy4ait N-JittHeitHoro 

cynepcttMMCTPHllHOro OCU,JUIJl.llTOpa. 
Onpe.ri.e.n:uM N-JittHeHHhle onepaTOphl j{ , n = , 2, ••• , N, ttMeIOlll,tte TaKyIO _ ' . . II . 

)Ke_ q>opMy' llTO H B (3.2)' r.ri.e a,1 3aMeHeH Ha QII. B 3THX TCPMHHax cynepra- ' 

l>fJUihTOHuaiI ttMeeT su.ri. (3.4): 

> ' 1 N 
H =-( ~ '1 ) . N .4J II 

11=1 

1 
= N {Q,' Q2, ... , QN}. (5.6) 

3TOT onepaTOp HMeeT cneKTP, paBHblH cyMMe CilCKTpoB 6oae-:no.ri.o6Horo u q>ep.:. 
· Mtt-no.ri.o6Horo ocu,JUIJI.Snopos: 

H=HB+Hp• 

. r.ri.e H B onpe.ri.eJieH B (3.5), HF - . s ( 4.14). C .ri.pyroit CTOPOHbl, H COCTOHT H3 N 
.. 1 . 

CJiaraeMblX BH,D.a H II = N nil, n = 1, ••• , N. OnepaTOpbl H,1 HMeIOT O.rJ.HH3KOBblH 

cneKTp ~a HCKJIIOlleHHeM COOCTBCHHOro 3H3llCHH.ll, COOTBeTCTBYIOlll,ero COCTOSI
H~IO <1>0; 

QN<l>O = O. 
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Co6cTBCHHble q>yHKU,HH CB.1133Hbl C IlOMOlll,bIO onepaTopos: QN, QN_lQN, ••• , 

••• , Q2Q3 •.• QN_IQN. 

3AKJl1O1IEHI1E 

KaK uasecTHO [10 ], nopo)K.rJ.a10w,ue onepaTOphl q>epMu-ocu,HJIJISITOpa npn
Ha.ri.Jie)KaT anre6pe fpaccMaHa n MOryT 6wTh nOCTpoeHhl na· 3JieMeHTOB anre6phl 
Knnq>q>op.ri.a. Ilo.ri.o6Ho 3TOMY onepaTOphl ·po)K.rJ.eHHSI .D.JISI noJIHJIHHeiiHoro 
q>epMH-IlO,D.OOHOf'O OCU,HJIJISITOpa TeCHO CB.113aHbl C o6o6w,eHHOH anre6poii Knn<t>
q>op.ri.a [ 9, 11-14] n o6o6w,eHHOH anre6poit Tuna fpaccMaHa, ·3neMeHThl K0TO
poii IlO,D.llHH.IIIOTC.11 IlOJIJUIHHeiinoMy aHTHKOMMyTaTopy. ( 4: 15). Ilpe.D.Jiq)KeHHhle 
MO,D.eJIH 6oae-" q>epMH-IlO.rJ.OOHblX IlOJIJUIUHeiiHhlX OCU,HJIJISITOPOB He COBna.ri.aIOT 
C OCU,UJIJISITOpoM napaCTaTH~THKH. Mo.ri.e.n:h IlOJIJUIHHeituoro OCU,HJIJl>ITOpa npH
BO,D.HT K aosoii cTaTHCTttKe, uaablsaeMoii "MeTaCTaTHCTHKa". 

MeTaCTaTHCTHKa eCTb CT3THCTHKa MeTa6o30HOB H MeTaq>epMHOHOB. MeTa
q>epMHOHbl OilHCblB3IOTCSI MeTacnuaopaMH [ 1, 9, 15] H .ri.n<t><t>epeHIJ.HaJihHblMH 
ypasaeHHSIMH BhlCillnx (OOJihllle .ri.syx) nop.11.rJ.KOB. Mern6oaoahl n <t>epMHOHbl -
nop.11,rJ.Ka N o6pa3yIOT rpynny H3 N ll3CTHU,, COOTHOCSIW,HXCR .ri.pyr C .ri.pyroM KaK 
aHTHllaCTHU,bl (AJIR N = 4 CM. [ 15 ]) • 

B nOCJie,rJ.HCM paa.ri.e.n:e · Mbl yKa3aJIH nyTh IlOCTpoeHHSI cynepCHMMeTpHH 
Me)K,D.y MeTa0030H3MH H q>epMHOHaMH. . 

· . B CJiyllae rpynnw IlyauKape 6y.ri.eM nMeTh 
. Ill 

{Q (O), Q (I), ••• , Q (11-1)} = Na \O) (I) (u-1)P , a
1 

a
1 

a
11 

a
1 

a
1 

••. a
11 

Ill 

r.ri.e o''fo> (11-1J - Teaaop IIayJiu B npocTpaHCTBe MeTacnuuopos; a cynepaapSI-a ... a. . 
I u 

Ahl Q (11-I) B CHCTeMe IlOKOR p = (- M, 0, 0, 0) HaMH y)Ke 6wm onpeJJ,e-
a - Ill 

II 

JieHhl B n.5. 
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