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aKCHMbHOCTH. Ha»ACHa CBSl3b :noi-i MaTpHU.bl C 6j-CHMBOJiaMH. YAeJieHO cne
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1 Bne~eHHe 

PaccMaTplmaeMaJI HaMll npo6neMa OTHOCllTC.11 K KBaHTOBOll MexaHllKe KOJibqeo6p&lHbIX 

noTeHqllaJIOB. B o6~eM cny'lae TaKlle noTeH~llaJibI llMeIOT Bll/J; 

A 
U(r,19)=V(r)+ 2 . 219 r sin 

3µ;ecb V ( T )-n106oe ~eHTpaJibHO-CllMMeTpll'IHOe none, 19- yroJI Me)Kµ;y OCblO Z ll paµ;11ycoM

BeKTOpOM '{aCTll~hI, A- HeOTpll~aTeJibHbill napaMeTp, xapaKTep1my10~11:ii: llHTeHCll

BHOCTb aKcllaJibHO-CllMMeTpll'IHoii µ;o6aBKll K non10 V(r). Ilpll V(r) = -a/r 11 V(r) = 
r 2 /2 roBopJIT O KOJib~eo6p&lHOM aTOMe Boµ;opoµ;a ll O KOJib~eo6pa::iHOM npocTpaHCTBeH

HOM ocqIIJIJI.IITOpe. 06e nocnHµ;Hite Moµ;enu TO'IHO peWaIOTC.11 KaK B KJiaCCil'leCKoii, TaK II 

B KBaHToBo:ii: Mexam1Ke (1,2]. IIepeMeHHbie pa::iµ;enJIIOTCJI µ;n.11 V(r) = -a/r B ccI>ep11'1e

cK11x II B napa6onwiecK11x, a µ;nJI V(r) = r 2/2 - B ccI>epI1'1ecK11x 11 ~llJIIIH;J;pII'lecKiix KO

opµ;IIHaTax (3,4]. l1::3BeCTHbI KaK 6&lIICbI, COOTBeTCTBYIO~lle YK&laHHbIM Koopp;IIHaTaM, 

TaK II MaTpllqbI Me)K6&lIICHbIX p&lJIO)KeHllll (5,6]. Mccneµ;oBaHbI TaK)Ke CIIMMeTpllliHbie 

[7,8] II CTaTllCTil'leCKlle acneKTbI (9,10] 0TllX MOµ;eneii. Moµ;eJib C V(r) = -a/r, no

MllMO CK&laHHOro, llHTepecHa e~e CBOllM npnMeHeHneM µ;n.11 onllCaHllJI cneKTpOCKonnn 

6eH:JOJibHbIX KOJie~ [3]. 
Pa::iµ;eneH11e nepeMeHHhIX B ccl>epI1'1ecKllX Koopµ;nHaTax r, 19 n <p nopol!C,llaer <l>YH

Kqn10 Z1m(19,,p;8), onI1CbIBa10~y10 yrnoByIO :JaBllCIIMOCTb BOJIHOBOH <l>YHK~llII npn mo-

6oM V(r ), T,e. <l>YHK~n10, nrpa10~y10 µ;nJI KOJib~eo6pa::iHoro non.11 TY )Ke ponb, KaKy10 

ccI>epII'leCKlle <l>YHK~llII - µ;n.11 qeHTpanbHO-CllMMeTpll'IHOro non.II. IIapaMeTp 8 CB.11:JaH c 

napaMeTpOM A COOTHOWeHneM 

8 = ../m2 + 2A - 1ml, 

a KBaHTOBbie 'IIICJia m II l npo6era10T :JHa'leHn.11 m = 0, ±1, ±2, ... , ±l; l = 1ml, lml+l, ... , 
11 npII 8 = 0 llMeIOT CMbICJI op6nTaJibHOro H MarHIITHoro KBaHTOBOro 'lllCJia. 

B HaCTO.II~eii CTaTbe MbI uccneµ;yeM naµ;a'ly O pa::iJIO)KeHllll KOJib~eo6p&lHbIX <l>YH

K~nii no ccI>epn'leCKIIM. Ta1me pa::iJio)KeHI1e coaepwe1rno Heo6xoµ;I1Mo npII pa6oTe c KOJib

~eo6pa::iHbIMll Moµ;eJIJIMII, T.K. OHO CBOIJ;IIT BhI'lllCJieH11e MaTpll'IHbIX 0JieMeHTOB OT one

paTopoB no KOJib~eo6p&lHbIM <l>YHK~ll.lIM K 6onee npocToii npo6JieMe BbI'lllCJieHll.11 Ma

Tpll'IHbIX aneMeHTOB OT Tex )Ke onepaTopoB no c<1>epI1'1eCKllM <l>YHK~H.IIM, 

IIepBbili pa::iµ;en noCBJI~eH paCCMOTpeHIIIO OCHOBHOll IIH<l>opMa~IIII, OTHOCJI~eiic.11 K 

<l>YHK~ll.lIM Z1m( 19, <p; 8). 3aTeM pemaeTCJI naµ;a'la o pa::ino)KeHilll <l>YHK~lrn Z1m( 19, <p; 8) 
no <l>YHK~ll.lIM Z1•m( 19' <p; 8'). ::ha naµ;a'la o6o6~aeT llCXOIJ;HYIO, II B Hen MO)KHO .IIBHO 

npocneµ;I1Tb na CHMMeTpIIe:ii: Bbipa)KeHnii no napaMeTpaM 8 II 8'. Cne~IlaJibHO pac

cMaTpI1Ba10Tc.11 cny'laJI 'leTHhIX ll He'leTHhIX :JHa'leHilli pa::iHOCTII l - 1ml, OTµ;enbHO 

06cy)Kµ;aeTc.11 pa::iJIO)KeHne KOJib~eo6pa::iHhlX <l>YHK~Ilii no ccI>epn'lecKIIM. YcTaHaBJIIIBa

eTC.11 CB.11:Jb MaTpll~bI o6~ero p&lJIO)KeHH.11 c 6j - CllMBOJiaMll. B npllJIO)KeHne BBeµ;eH 

'laCTHhilt cny'laii l = 1ml = 0 pa::ino)KeHH.11, a TaK)Ke BKJIIO'leHhI HeKoTopbie rpaq>11Kn n 

Ta6JIII~bI. 



2 Konbn;eo opaoHbie <l>YHKD;HH 

IIycTb 12 n i,, - onepaTopbI KBa)J;paTa op6IITallbHOro MOMeHTa n ero z - npeKr\IIII, a 
onepaTop M HMeeT CJie)J;YI<>ll\IIll Bn)J;: · 

• 12 2A 
M=l +~{)· 

Sill 

Korrb~eo6pa::iHble pyHK~lilI Z1m({), r.p; 6) onpe)J;eJI.a:IOTC.!I KaK 0611\IIe co6CTBeHHhre q>yn
K~lIII onepaTopoB lz n M, COOTBeTCTBYI<>ll\IIe co6cTBeHHblM ::ma'leHll.!IM m n (l + 6)(1 + 
6 + 1). TaxuM o6pa::ioM, 

lzZ1m({),r.p;6) = mZ1m({),r.pi6) • 

MZ1m({), r.p; 6) = (l + 6)(1 + 6 + l)Z1m({), '-Pi 6) • 

_<l>yHK~lIII Z1m ({),'-Pi 6) IIMeIOT BII)J; 

Z1m({),r.pi~) = N1m(6)(sin{))lml+6c):'1~f+1/2{cos{))e;m"". 

(la) 

(16) 

(2) 

3)J;eCh N1m(6) - HOpMupoBO'IHblll q>aKTop, a C~(x) - rromIHOMbl rereH6ayapa. CncTeMa 
KOJib~eo6pa::iHblX q>yHK~IIll o6pa::iyeT 6a::inc, T.e . .!IBJI.!IeTC.!I IIOJIHOll II opTOHOpMnpoBaH
HOll. HopMupoBKa Ha e)J;IIHIIey o6ecrre'IIIBaeTc.a: rrpu 

. I 

N (6) = (-l(-}m'2lml+6r(lml + 6 + !){ (21 + 26 + 1)(1- !ml)!}'· 
Im . 2 4n2r(l+lml+26+1) 

<I>a::ioBblll MHO:lKIITeJib B N1m(6) Bb16paH Tax, 'ITO npu 6 = 0 qiym.:~uu Z1m({),r.p;6) 
rrepexO)J;.!IT B cq>epII'Iecxue q>yHK~lIII c TOll qia::ioii, KOTOpM IIpllH.!ITa (13]: 

I 

Yi ({) ) = (-l)m+Jml {(21 + 1)(1- !ml)! }'pJmJ( {)) im<p 
Im ,r.p 4n(l + !ml)! 1 cos e . 

B CKa::laHHOM rrerxo y6e)J;IITbC.!I c IIOMOil\bIO q>opMyJibI (13]: 

p}ml(x) = (-Jmlr(1m1 + D(l - x2)l?ct1~~/\x). 

. 1IucrreHHble :ma'leHU.!I q>YHK~llll Z1m( {), r.p; 6) y)J;06Ho rrorry'laTb, IIOJibtJYlICb q>OpMyrroir 
(12]: 

V r(n+2v) ( . 1_1-X) 
Cn(x)=r(2v)r(n+1/ -n,n+2v;v+2,-2-' 

Bblpa:lKaIOil\ell IIOJIIIHOMbl rereH6ayapa 'Iepen rurrepreoMeTpII'Iecxyro q>yHK~uro. 
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3 Oo~ee paoJio)KeHHe 

<l>yHK~mI Z1m({),r.pi6) II Z1,m•(t?,r.p;6') OTHOClITCJJ K pa::illlI'IHblM orrepaTopaM M. Ma
Tpn~a pa::irro:lKeHirn )J;IIarOHallbHa IIO m, TaK 'ITO 

00 

Z1m(t'J,r.p;6) = L T,'[:(6,6')Z1,m({),r.p;6'). (3) 
l'=lmJ 

TaK KaK CIICTeMa q>yHK~mi Z1,m ( t')' r.p; 6') lIBJI.!IeTCJJ opTOHOpMIIpOBaHHOll, TO MaTpn~a 
pa::irro:lKeHirn onpe)J;eJIJJeTCJJ IIHTerpanoM 

1 

,..,.,m(6 ct)_ nm j(l x2)Jmi+¥clml+s+1/2( )Clml+6'+1/2(x)d .1.w 'u - II' - 1-lml X l'-lml XI (3a) 
-1 

r)J;e x = cost?, a 

Dw = 2
2
lml+s+s'r(1m1 + 6 + Dr(1m1 + 6' + ~) X 

I 

{
(21 + 26 + 1)(21' + 26' + 1)(1- lml)!(l' - !ml)!}' 

4n2r(l + 1ml + 26 + l)r(l' + 1ml + 26' + 1) (36) 

B curry CIIMMeTpmr 

c:(-x) = (-1rc:(x) 

lIHTerpan B Bblpa:lKeHmI (3a) OTJllI'leH OT HYJilI lIIIIUb TOr)J;a, KOr)J;a 'llICJia / n l' IIMeIOT 
O)J;IIHaKOBYIO 'leTHOCTb. 8TOT IIHTerpan BbI'IIICJICH B pa6oTe (13]. MeTO)J; Bbl'IIICJieHIIll 

CYII\CCTBeHHO omrpaeTCJJ Ha q>IIKCIIpOBaHIIe OTHOIUeHIIJJ IIOplI)J;Ka l' 2: /, 'ITO IIpIIBO)J;IIT 
K IIOTepe JIBHOll CIIMMeTpmI. 

T,'[:(6,6') = T,':';(6',6). 

EcrrII rmBeCTHa q>opMyrra )J;JIJI T,'[:( 6, 6'i l' 2: 1), TO T,'[:( 6, 6'; l' ::; l) orrpe)J;errJieTCJI rm Hee 
lI YKa::laHHoro CBOiiCTBa CIIMMeTplIII 

T,'[:(6, 6'; l' ::; l) = T,'[:( 6, 6'i l' 2: l). 

CorrracHo (13] 

1 k-n 7r j (1 _ x2)°±f-
3

-PC~(x)Cf(x)dx = (-1),-
2

2
0

-1 X 

-1 

r(n + 2o)r( 
0

+i-
1 

- p )r(_ ~ - p )r( ~ + f3) 
n!(k;n)!r(o)r(/3)r(o + ½)r( n+o;k-/l _ p )r( n+o~k+,O _ p) X 

F { ~+p+l, ~-p _!!. _n-11 } 
4 3 \n + l, -~ _ /3 + l,2 ~ + ½ 1 . 

3 



• 
3µ;ecb npeµ;nonaraeTcH, 'ITO k 2:: n. B HaWeM cny'Iae p = -1, TaK 'ITO 

T,'[: ( 6, 61; 11 2:: l) = ( -1) 1i=1 Eu, ( 6, 61) x 

r(1•;1 + 1)r(1-1•y-6' + 1) 

{ 
_ 1-JmJ _ I-JmJ-1 6-6' 1 + 6-6' I } 2 ' 2 ' 2 ' 2 

4Fa 1ml + 6 + 1, l';I + 1, _1+1~-1 - 61 1 , 

,. 
(4a) 

rµ;e 

m 
1 

- r(~)r(2Jml+~+6'+2)r(1+1'+;6'+1) 
Ell'( 6, 6) - ( ) ( . ) x 25- 5'+1r 1ml + o + 1 r 1t1'+;t6'+3 

I 

{
(21 + 28 + 1)(211 + 201 + 1)(11 

- lml)!r(l + 1ml + 28 + 1)} 2 
• 

(l - lml)!r(l1 + 1ml + 26' + 1) (46) 

Ifo pamro:lKCHlI1I (3) 1IBCTByeT, 'ITO npu 01 = 6 l];Oll:lKHO BbIIlOJIH1ITbC1I TO:lKl];CCTBO 

T,'j:(6,6) ~ ow . (5) 

JierKO y6eµ;lITbC1I, 'ITO 

I 

T.":(6 6) = {(21 + 26 + 1)(211 + 26 + 1)(1
1 

- lml)!r(l + 1ml + 26 + 1)}' x 
II ' (l - lml)!r(l1 + 1ml + 26 + 1) 

(-1)'';' { (l1 -1 1-11 
)}-

1 

1+11 +20+1 r -2-+i)r(-2-.+i 

IlolIY'J:CHHOe Bbipa:lKeH11e 06pa~aeTc1I B HYllb npu 11 i= l ::m c'!eT raMMa-q>yHK~lIH B 

IlOCJICl];HlIX IJ:BYX COMHO:lKlITCll1IX 11 paBH1ICTC1I Cl];lIHlI~e nplI 11 = l. TarmM o6panoM,MbI 

IlpllXOl];lIM K TO:lKl];CCTBY (5). 

4 Cnyqae: qeTHhIX H Hff9:eTHhIX l - 1ml 
li:JBCCTHO [14), 'ITO eCJIII B <f>YHK~llII 4F3 cyMMa BCpXHIIX napaMeTpOB 6oJibWC cyMMbI 

HlI:lKHllX napaMeTpOB poBHO Ha eµ;1rn11ey, TO cnpaBCl];lllIBa <f>opMyna 

4
F

3 
{ x, y, z, -n j i} = (v - z)n(w - z)n X 

u, v, W (v)n(w)n 

F: { u - x, u - y, z, -n j i} 
4 3 u, 1 - v + z - n, 1 - w + z - n • 

{6) 

B HaweM cny'Iae OTMC'ICHHOC BbIWe ycJIOBIIC yµ;oBJICTBOp1ICTC1I, lI IlOGTOMY MO:lKHO npu

MCHIITb q>OpMyny (6). IlpuB~CM OKOH'IaTCJibHbIC proyJibTaTbI: 

IT'm+c c Cl) 1 · 1r( 01 - 6) Km(, Cl)Qm+ ( c Cl) 
.1. 11, o,o = -sin II' o,o II' o,o 1 

7r 2 
(7a) 

4 

JI 

':' 

! 
1 
~ 

• I 

I 

i 

l 
fl 
·' 
·1 

i 
! 

,,.,m-(' ,1) 1 . 1r(81 - 8)K,m(c1 ')Qm-(' ,1) 
.1.w o,o = -sin ·1,1 o ,o 11, o,o • 

7r 2 (76) 

B GTIIX <f>opMynax np1rn1ITbI cneµ;y10~11e 060:JHa'Iemrn: 

I<;;!(o,81
) = Ai(o)Bj:'(61

), 

Am(o) _ {(l + 6 + 1/2)r(~ + 1)r(~ + 6 + 1) }½ 
I - r (1-J7;J+1) r (1+J7;l+1 + O) ' 

m 1 {(l
1

+6
1

+1/2)r(~)r(~+o')}½ 
B 1, ( 6 ) = ( ) ( ) , r 1'-l;l+i r l'+Jml + 6' + 1 

(l-fml)/2 r( 6~
61 + s + 1 )r(lml + ¥ + S + 1) 

Q7t,+(o,ol)= ~ . s!r(lml+o+s+l) Mi'r•(o,o'), 

(1-fmf-1)/2 r( 6~
6

' + S + 1 )r(lml + ¥ + S + 1) 
Q'u,-(o,o')= ~ s!r(lml+o+s+l) Ni'r'(o,o'), 

ms 
I 

r(~+o+s)r(1'-lm~-6+S' -s) 
Mw ( 6, 6) = r c-1m1 - s + 1) r (1'+lml~HN3 + s) ' 

r(1+1m1 + 6 + s + 1)r(l'-lml-;Ho'-I - s) 
Nm•( 6 61

) - ---'~----------'--;-----'-----,---'-

w ' - r(1-17;1+1 - s )r(1'+lml~5+6'+3 + s) 
3HaKII "+" II"-" OTHOCJtTC1I K 'ICTHbIM u He'ICTHbIM 1- 1ml cooTBCTCTBeHHO. 

5 Paono)KeHHe KOJihD;eoopaOHbIX <f>YHKD;HH no c<f>e

pHqecKHM 

3anuweM GTO pa3lIO:lKCHIIC B BlIµ;e 

00 

Z1m(t9,r.p;6) =:;; L W1'[:(6)Y,,m(t9,r.p). (Sa) 
l'=fmf 

MaTpu~a Wl[:(6) yµ;oBJJeTBopHeT yCJioBIIIO noJIHOTbI 

00 

I: Wi'r:(o)Wii:"(o) = 1. 
l'=fmf 

s 



OTcIO;a;a CJieAYeT, 'ITO o6paTHOe pa::mo:iKem1e UMeeT BUA 

00 

Yim(i9,',0) = L WiiJ"(8)Z1,m(i9,1,0;8) • 
l'=lml 

O6pa~rurcb K o6~UM q>opMy1IaM (3), (4a) u (46), MO:iKHO IlOK.uJRTb, 'ITO 

(-1{;-' 
u,m(8· l' > l) = ( ')r(1-1,+s + 1) x rr II' ' r /';I + 1 2 

r(1 + f )r(lml + f + 1)r( !¥) 
--'---;-----'----,---;--~---,-~x 

21+sr(lml +8 + 1)r(~) 

{ 
(21 + 28 + 1)(21' + l)(l'...,. lml)!r(l + Jml + 28 + 1) }½ x 

(l - lml)!(l' + Jml)! 

F 2 , 2 , 2• 2 1 
{ 

_!.::.l!!!l -~ f 1 + f I } 
4 3 Jml + 8 + l, l';I + 1, _1+1;-1 

(-1{;-' 
' X 

Wii,( 8; l' < l) = r ( i-;1' + 1) r (1'-;-s + 1) 

r(1 ~ !)r(Jml + f + 1)r( ~) 
X 

21-slml!r(~) 

{ 
(21' + 28 + 1)(21 + 1)(1 - lml)!(l' + lml)!} ½ x 

(l - Jml)!r(l + 1ml + 28 + 1) 

2 ' 2 ' 2' 2 { 
_1'-lml _1'-!mH _f 1- £ I } 

4F3 1ml + 1, 1-;I' + 1, _1+1;-1 - 8 l_ 

6 CB.S:3b C 6j-CHMBOJiaMH 

(86) 

(9a) 

(96) 

MaTpn~ T![:(8,8') cornacHo (4a) Bblpa:iKaIOTCH 'Iepen 4F3 -q>yHKIJ;UIO. IloKa:iKeM, 'ITO 

:JTO nonB01IHeT CBH:JclTb IIX C 6j-CUMBOllclMII. ,Il;nH :JTOro BOCilOllb.JyeMCH q>opMynoii: [15] 

{ a, b, c}=(~lt+b+d+e(a+b+d+e+l)!x 
d, e, f 

_Ll~( a_d~c)_Ll~(.,...cd_e~)Ll_(~ae_f~)Ll~(b_df~)--...,...,...,.-----=-:-x 
( a + b - c )!( -c + d + e )!(a+ e - f)!(b + d - !)!( a + c - d + !)!( -b + c - e + f)! 

F { -a-b+c, c-d-e, -a-e+f, -b-d+f ll} 
4 3 -a-b-d-e-l, -a+c-d+f+l, -b+c-e+f+l ' 

6 

l 
I 
~/ 

l 
~ 
ij 

I, 
1 

i 
<II 

I 
~ 

B KOTOpOII 
I 

-{(a+ b- c)!(a - b+ c)!(-a + b + c)!}' 
Ll(abc) - ( b )' . a+ +c+l. 

CpaBHIIBaJI npI!B~eHHYIO q>opuyny c q>opMynaMII (4a) n (46), MO:iKHO y6ep;UTbCH B TOM, 
'ITO 

1;i,(8, 8') = e-i1r(~+8') { a, b, c } 
a - ~ b+ l J X 

4' 4' 
I 

{
(l + 8 + l/2)(1' + 8' + 1/2)(8 - 8')(2Jml + 8 + 8')>} 2 

(l - l' + 8 - 8')(1 + l' + 8 + 81 + l (10a) 

r;a;e 

a = l + JmJ + 8 + 8' b = l' - JmJ + 8' - 8 - 2 
4 ' 4 ' 

l' - l + 21ml +28' - 2 l + l' + 28 - 1 
C = 4 ,f = 4 . (106) 

7 PeKyppeHTHOe COOTHOWeHHe 

Ilo;a;e11cTByeM onepaTopoM M Ha p.u31Io:iKemre (3) n Bocno111,3yeMcH ypaBiremreM (16). 
Ilony'IHM 

oo { 2(A A')} (l+b)(l+o+l)Z1m(i9,1,0;8) = L I;i,(8,8') (l'+b')(l'+8'+l)+ . -;i9 Z1,m(i9,cp;b'). 
~~I = 

YMHO:iKIIM o6e 'IRCTII :JToro COOTHOll!eHirn Ha sin2 i9 zl~'m ( i9, cp; 8') II npoBep;eM IIHTerpu

poBaHIIe no TenecHoMy ymy. Y•mTbIBrur opToHop:1.mpoBaHHOCTb q>yHKIJ;Hii: Z1,,;( i9, 1,0; b), 
nony'IIIM 

00 

2(A - A')7;T,;(8, b') = L 1;i,( 8, b')(l + 8 - l' - b')(l + 8 + l' + 8' + l )(sin2)1',1,i9, 
l'=lml 

r;a;e 

(sin2 i9)r,1, = j Z{:,m(i9, cp; 8') siri2 i9Zl'm(i9, 1,0; 8)d0. 

O'IeBu;a;uo, 'ITO 

(sin2 !9)1"1, = 81"11 - (cos2 !9)1''/,. 

,Il;nH Bbl'UIC1IeHIIH MaTpII•rnoro :J1IeMeHTa ( cos2 i'J)r,1, crre;a;yeT IICIIOllb.JOBaTb peKyppeH
THOe COOTHOllleHire [12] 

2(n + v)xC~(x) = (2v + n - l)C~_ 1(x) + (n + l)C~+ 1(x). 

Ilp1rne;a;eM OKOH'13TeJlbHblH pe3yJJ&TaT: 

(sin
2 

!9)1"/J = H1,m( 0
1
)81" ,lt-2 + R11m( 0')81''/1 + H1 1+2m( b')8r, ,11+2-
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3µ;ech: 

H, (6') = -{(l' - lml)(l' - lml- l)(l' + 1ml + 26' - l)(l' + 1ml + 26')}½ 
l m (21' + 26' - 1)2(21' + 26' - 3)(21' + 26' + 1) ' 

R, (6') = 2(f + 6')(1' + 6' + 1) + 2(lml + 6' - l)(lml + 6' + 1) 
l m (211 + 2o' - 1)(21' + 26' + 3) 

IIom,oy.lICh ::JTI1M proyJihTaTOM, MO:lKHO lIOKa3aTh, 'ITO MaTp:m:~a T;'[:( 6, 6') yµ;oBJieTBO
p.!IeT CJieµ;yro~eMy Tpex'IJieHHOMY pexyppeHTHOMY COOTHOllleHillO 

{ 2(A - A') - (l + 6 - l' - 6')(1 + 6 + l' + 6' + l)R1•m( 6') }Tii,( 6, 6') = 

(l + 6 -1' - 6' + 2)(1 + 6 + l' + 6' - l)H1•m(6')T;'J,_2(6, 6')+ 

(l + 6 -1' - 6' - 2)(1 + 6 + l' + 6' + 3)H1•+2m( 6')T;'J,+i 6, 6'). 

Iloµ;cTaBJI.lI.lI croµ;a (10a) ll (106), npnxoµ;nM K BhIBoµ;y O TOM, 'ITO Hallln 6j - CUMBOJihI 
µ;oJI:lKHhI lIOl!;'IllH.lIThC.lI pexyppeHTHOMY COOTHOllleHIIIO 

{ a, b, c } F _ { a, b- ½, c- ½ } G { a, b + ½, c + ½ } G 
a - ¾, b + ¼, f - a - ¾, b - ¼, f - ½ 1 + a - ¾, b + ¾, f + ½ 2' 

B KOTOpOM 

F = (a - b + c)(-a + b + f - 1/4)- (a - b - c - l)(a + b + f + 9/4)L, 

L = (2b + c + f + 7 /4)(2b + c + f + 11/4) - (2a + c - f - 3/4)(2a + c - f + 5/5) 
2(2b + c + f + 5/4)(2b +c + f + 13/4) ' 

G1 = (2b+ c+ f + 5/4t1(2b+ c+ f + 9/4t1(-a + b+ f + 1/4)½(-a + b+ f + 3/4)½ x 

{ (a+b+c+ 1/2)(a+b+c+ l)(a-b-c- l)(a-b-c)(a+b+ f + 1/4)(a+ b+ f +5/4)} \ 

G2 = (2b+c+ f +9/4t1(2b+ c+ f + 13/4t1 (-a + b+ f +5/4)½(-a+ b+ f + 7/4)½x 

{(a+b+c+3/2)(a+b+c+2)(a-b-c-2)(a-b-c-l)(a+b+ f +5/4)(a+b+ f +9/4)} ½, 

MbI He HallIJill B [15) TaKOro pexyppeHTHoro COOTHOllleHll.lI µ;JI.II 6j-CUMBOJIOB. He IICKJIIO
'IeHO, 'ITO OHO .lIBJI.lieTC.lI HOBhIM. 

8 IlpHJIO)KeHHe 

,[(JI.II lIOJIHOThI xapTIIHhI pacCMOTpIIM e~e HeCKOJihKO 'IaCTHhIX peoyJihTaTOB. 
(A). PaccMoTpIIM paaJIO:lKeHne (3) µ;JI.II cJiy'IM l = 1ml = 0. IiMeeM: 

v'm'(Y) 
r(6 + ½)r(l + ¥) (sint9)5-5' = 

8 

j 
j 
f 

°" (l' + 6' + 1/2)r(m)r(''-5+5') _ I: 2 2 5'+1/2 
l'=O ~(''Ht5'±3 )r( ~ + 6' + 1) - C,, (cost9) . 

OTcroµ;a cJieµ;yeT, 'ITO 
,r 

j (sin t9)5H'+icf,'+1l2( cos t9)dt9 = 
0 

0rr(1+~)r(¥+6')r(~) 

r( f + 1 )r(6' + ½ )r( !ilif±1 )r(
5
';

5
) 

8TOT :lKe proyJihTaT MO:lKHO IIOJIY'IIITh He0aBIICIIMO = IIH_TerpaJia [12) 

1 j (l - x)"'(l + x)'3C~(x)dx = 2"'+/1+tr(a + l)r(;B + l)r(n + 2v) 
-1 n!r(2v )r( Q' + ;8 + 2) X 

F, { -n, n + 2v, a + 11 1} 
3 2 V + ½, Q' + ;8 + 2 . 

ll q>opMyJihI [14) 

a, b, c for( a+;+l )r(c - a+;-1 )r(c + ½) 

3F2{ a+;~1, 2cl1}= r(~)r(~)r(c-!!:f)r(c-¥) 

TaxIIM o6paaOM (rroMIIMO CJIY'IM 6 = 6'), MhI HallIJill e~e oµ;Ho lIOl!;TBep:lKµ;em1e rrpa
BIIJihHOCTII HallIIIX proyJihTaTOB. 

(B). IlpnBeµ;eM Ta6Jimzy MaTpIIIIhI T;'[:( 6, 6') µ;irn HeKoTophIX 'IacTHhIX OHa'IeHnii 
KBaHTOBhIX 'IIICeJI l u l' 

I'll 1ml 
1ml 

r(lml + ¥ + 1) { r(lml + 6 + 3/2)r(lml + 6' + 3/2)} ½ 

r(lml + 5+~+3) r(lml + 6 + l)r(lml + 6' + 1) 

lml+2 
(6' - 6)r(lml + ¥ + 1) 

X 

2r(1m1 + H~+s) 

1 

{ r(lml + 6 + 3/2)r(lml + 6' + 7 /2) } 2 

(21ml + w + 3)r(lml + 6 + l)r(lml + 61 + 2) 

9 



,11 lml+l 
lml+l 

r(lml + ¥ + 1) {r(lml + o +5/2)r(lml +•' +5/2)} ½ 

r(lml + H~+s) r(lml + o + l)f(lml + 6' + 1) 

lml+3 
(6'-6)r(lml + ¥+1) 

X 

2r(Jmf+ '±~±7) 
{ 3f(lml H +5/2)f(lml H' + 9/2) } ½ 

(21ml + W + 5)f(Jml + 6 + l)f(Jml + o' + 2) 

I'll JmJ+2 
1ml 

(6 -6')r(Jml + ¥ + 1) 
X 

2r(Jml + •±';+•) 
{ r(Jml + 6 + 1/2)r(lml + 6' + 3/2) r 

(21ml + 26 + 3)f(lml + 6 + 2Jf(lml + 6' + 1) 

Jml+2 

r(Jml + ¥+ 1) ( (6 -6')(6 -6' + 2)) m+6+1- x 
r(Jml+ 6t~t1) I I 4(2lml+W+3) 

{ (1ml + 6' + 3/2)f(lml + 6 + 7 /2)r(Jmj + 6' + 7 /2)} ½ 

(1ml H +3/2Jr(Jml H +2Jr(lml +•' + 2) 

I'll lml+3 
lml+l 

(.5-.5')r(lml + ¥ + 1) 
X• 

2r(lml + s+s;+7) 

{ 3r(lml +a+ 9/2)r(lml +a'+ 5/2) } ½ 
(21ml .+ 2a + 5)r(lml +a+ 2)r(lml + 6' + 1) 

lml+3 

r(lml + ¥ + 1) ( 3(.5 _ 6')(6 - 6' + 2)) 
1ml +.5+ 1- x 

r(lml + s+s;+9) 4(2lml + 26' + 5) 

{ (1ml +a'+ 5/2)r(lml + 6 + 9/2)r(lml + 6' + 9/2)} ½ 
(1ml + 6 + 5/2)r(lml + 6 + 2)r(lml + 6' + 2) 

10 

(B). Huce IIp][Bep;ClU,l IIpOCTpllJICTBCl[l[l,lC rpaq>U:ll ]ICXOTOpliX ccJ>ep:a:'le
CllX (A= 0) K XOlILll;C06paolll,IX (A= 40) 4>YJil'.Itll· lpiuf>llll'. ~8Jll,l B ccJ>epne
cx:ax xoop~:aRII.TII.X 8 :a tj,. BweCTo p~:ayca. r oTnOllCelU,l wo~n:a ccJ>epnecx:ax 

J[ XOJil,JtC06paoru.tX cJ>y.a:xJtlli. 

· -~ 
---- -------
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3 

Ha. npeARoCJI~KeK p:a:cyue p;a.u: cpeo npoCTpa.u:CTueuoro rpa.4>:ua. <J,yim:ud 
IZ1ol• Ilocn(WD[i rpa4>u on:a:CLIBB.eT oa.u:a:CDlOCTL Toi :lite 4>yu:~ OT yrna. 0 
np:a: (A= o) :a: (A• 40). 

13 



9 3aKJIIO"':leHHe 

IIonyTJ:eHHbie B aTOII pa6oTe pa3JIOJKeHIUI OTHOC.!ITC.!I K paop.HAY 061.QHX peoyrrhTaTOB 
xom,~eo6p83HI,IX Mop;erren:, nocxom,xy OHH He 08.IIHC.!IT OT Bnp;a ~eHTpaJibHO-CHMMeTpll'IHOro. 

IIOTeHI~HaJia V(r) B BbipaJKeHHH U(r, 19). OTCIOAa CJieAyeT, 'ITO ero MOJKHO lICII0Jib0O
BaTh B :JaAaTJ:ax O paaJIOJKeHH.!IX 6aancoB KOJibIJ;eo6paaHhIX MOAeJiei'i: no 6aaucaM CO0T
BeTCTBYIOI.QHX JIM ccpepJI'IeCKIIX rrapTHepoB. 

Mb! 6naroAapHhI C.ILB1IHIID;KOMY, H.B.Jiyo;eHKO :3a rroJieoHhie o6cyJKAeHirn II C.B.Tep-
AHTOH.HHY oa rrocTpoeHHe rpa<pHKOB. · 
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