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B pa6oTe [1] 6bIJI npeAJIO)KeH llOAXOA , B pa.MKax KOTOporo KJiaCCH'lecxne n KBB.HTOBbie 

CMeCH xapaKTepHOYIOTCH napon napaMeTpoB(/J, £) - cpegHen ImHI~eHTpaIJ;Hell npHOHaKa 

H CTeneHbIO' HeogHopogHOCTH. IIapaMeTpbI P H £ B 06I11eM cnyqae MOryT HOMeHHTbCH B 

npegenax PE [O, 1) H .C = (0, 1 - P),n noToMy Ka,KgM napa (P, .C) · onpe~enHeT TO'IKY 

Ha cne:a;HaJibHOll gHarpaMMe COCTOHHHll - npHMoyronbHOM TpeyrolibHHKe C egllHll'IHbIMH 

xaTeTaMH. 

MeTOA HeogHopogHOCTH npHBJieKaTeneH B ABYX OTHOIIIeHHHx.Bo-nepBbIX ' OH BHOya

mmHpyeT HmpopMau;1i:10 0 cMeCH , CBOAH Bee geno K paoMeUieHHIO H nepegBH,KeHHIO TO'IeK 
Ha i;narpaMMe cocToHHHn.Bo-BTOpbIX, oH yHnBepcaneH, T.e. npnMeHHM x cMecxM coBep
IIIeii1fo paonH"lHOn xoHxpeTHon npHpogbI. · 

B aTon cTaTbe MeTOA HeogHopOAHOCTH HcnonbOyeTCH gnH uccnegoBaHllH Ba,KHOro xnacca 

KBaHTOBbIX CMeceii - Me)K6at3UCHbIX paolIO,KeHllll. Me)K6at311CHOe pat3lIO,KeHHe onpegelIH

eTCj[ xax COOTHOIIIeHue 

(1) 

B xoTopoM Wb H <f1 4 - co6cTBeHHbie 4>yHx:a;1111 HeKoMMyTupyroUIHX apMHTOBbIX onepaTo
poB b n a, cooTBeTcTBYIOUille co6cTBeHHbIM oHa'leHitiIM b n a. IIog'IepxHeM, ·"lTO 6aoucy 

{ IJ, b} COOTBeTCTByeT He ogHa CMeCb ' a naxeT CMeceii ' HyMepyeMbIX' lIHgeKCOM b, H_ ' cite

goBa TeJibHO ' He ogHa TO'lKa ,a MHO,KeCTBO TO'leK Ha guarpaMMe COCTOHHlln.IIpuMepoM 

Me,K6aoucHoro paono,KeHHH cny,KHT pHg Kne6IIIa - fopgaHa (2), paonmKeHHe IIapxa - Tap

Tepa [3) , a TaK,Ke gpyrue aHaJIOrH'lHbie paolIO)KeHHH HO TeopHH aTOMa Bogopoga [4) u 
HOOTponHoro OCil;HlIJI.IITOpa [5). IIoneoHOCTb 1MeJK6a3I1CHblX pasJioJKeHllil:. COCTOHT B TOM ' 

"lTO OHH AaIOT npaKTH'leCKll egHHCTBeHHbill CHCTeMaTH'IeCKllll MeTOA BbI'lllCJieHllj[ BCTpe
'IaIOUIHXCH B npHlIO,KeHH.IIX MaTpll'IHbIX aneMeHTOB onepaTopoB no CMelllaHHbIM 6aoHCaM. 

06bI'IHO MaTpn:a;a Wab - 0TO ClIO)KHOe BbipalKeHHe,11: B TaKO:ii CHTYaIJ;lIH ecTeCTBeHHO 

npu6ereyTb x HarlIHgHbIM pe:a;enTaM MeToga HeogHopogHOCTH. CxaoaHHOe OTHOCHTCH u x 

TOll KOHKpeTHOll M<>genH ' KOTopyro MbI co6HpaeMCH IiccnegoBaTb B 0TOH CTaTbe. 

PaccMoTpHM npegnoJKem1y10 BnepBbie XapTMaHOM [6) HepemITIIBIIcTc:Kyio KBaHToayro 

Mogenb C noTeHil;llalIOM 

a A 
V=--+-~

r r2 sin2(8) 

3gecb Q HA· HeOTpH:a;aT~~!~f~iie~ii~e,~ii~~~~eJKgy OCblO Z ll pag11:yc-BeKTOpOM 

• I\ '.'.\f1-:::mMz m:c:ii_~~na~.t□'1 · \ · 
·· tf :1r;lilt1r;·:~s;551~ , 



'laCTHl\hI.B 0Toii: Moµ;enn ecTb µ;Ba 6a.:mca. - nonHhle Ha.6ophl peweHnii: ypa.BHeHWI illpe

µ;xmrepa B na.pa.601Ill'leCKIIX ll B cq>epu'leCKHX Koopµ;nHa.Ta.x. 8TH 6a.:JnCbl nccneµ;OBMllCb B 

pa.6oTa.x [7, 8) , a TaK:)!Ce - C HeCK01IbKO UHhIX no::mqmi: - B pa.6oTa.x (9, 10]. 
B pa.6oTe [11) 6bl1IO IlOKa.:Ja.HO, 'ITO MaTpm~a. Wab(J\) µ;ml COOTBeTCTBYIOlt~ero Mem6a.

OHCHoro pa.:31IO:)!CeHWI Bblpama.eTCjl 'lepeo o6o6in;eHHYIO rnnepreoMeTpU'leCKYIO q>yHKl\lllO 

3F2 n B npeµ;ene A= 0 nepexoµ;uT B noBeCTHYIO Ma.Tpney Ta.pTepa. (3]. OcHOBhIBMCb Ha 

aTOM proym,TaTe,MOlKHO npllATll K BhIBOAY,'lTO MaTpnqa Wab(A) nony'laeTCH HO MaTpHD;hI 

Wab(A = 0) C IlOMOID;bIO IlOACTaHOBOK 

n-+ n +Om, l-+ l +Om, 1ml -+ 1ml + Om , 

B KOTOphlx n,l 11 m - rna.BHOe , op6UTMbHOe 11 MarHUTHOe KBll.HTOBble 'IUC1Ia. ll:3·Teopuu 

aToMa BOJ:\OPOAa.,a /jm = ../m2 + 2A-lml. 'l'a.KHM o6pa.:30M, B MO):\ellll XapTMa.Ha. MaTpuqa 

Wab UMeeT Buµ; 

W~~n2(A) = 

(21 + 1 + 26m)r(l + 1ml + 1 + 26m)r(n1 + 1ml + 1 + 6m)r(n2 + 1ml + 1 + o;,;) 
n1!n2!(l - lml)!(n - l - l)!r(n + l + 1 + 26m) 

(n-lml-1)! F { 
r(lml + 1 + Om)

3 2 
-l + 1ml, l + 1ml + 1 + 26m, -n1 ll} 
1ml + 1 + Om, 1ml +1 - n ' 

(2) 

CooTBeTCTBeHHO, cyMMupoBa.HHC B (2) Beµ;eTC.ll no qenhIM oHa'leHH.llM l OT 1ml AO n - 1. 
liHAeKChI n1 H n2 - napa.6onH'leCKHe KBa.HTOBhle 'IHCna. aTOMa. Boµ;opoµ;a [12]. 

Cornacno pa.6oTe [1] "fj = a/ aM, rµ;e a = I:a alWabl2 n 'lepeo aM o6oona'leno MaKCH

MMbHoe OHR'lCHHe BC1Ill'lllHbI a B CYMMC (l)J(puTepllH HeOl];HOJ)Ol];HOCTH µ;aeTC.ll Bblpa.me-
HHCM (1): . . 

(o'J 

Lb = E (1 - ~)IWabl2 
• 

a=ao a 
(3) 

_ ·cyMMHpOBa.HHC B (3) Beµ;eTC.ll no a OT MHHHMMbHOro OHa'ICHIUI ao µ;o [a] , T.e. qenoii 'lll.CTH 

OT'ii. 

B MOµ;enn Xa.pTMa.Ha. BenH'lllHhI "fj n C HeBo3MOlKHO BbI'lHCnHTh a.na.nnTH'lecxn. HeKo

Tophle pe:1ynbTll.TbI 'IHCneHHblX paC'lCTOB npeµ;cTa.B1ICHbl Ha.MH Ha pucyHKll.X 1 - 5. PncyHoK 

,·, 1 µ;a.e'T o6iu;ee npeACTa.BneHUC O Ka.pTllHC HeOAHOPOAHOCTU CMecu. 
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·""' 
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Puc. 1. AToM Boµ;opoµ;a, 11 = 35. 

. ·.·:-::??Jr~,.~. 
IlbIBCl];CHHruI Ha 0TOM pncyHKC qmrypa - :no CBoeo6pa3Hbll'i nopTpeT cnyqafiHoro Bbipo

;i,:µ;eHirn,npncyiu;cro aToMy Boµ;opuµ;a. Pac'ICTbI noKaObIBaIOT, 'ITO B o6iu;ux 'lepTax 0Ta 

KapTIIHa He MCHlICTCll C poCTOM n; YBCJill'IIIBaeTc!l 1Illllib cpeµ;H.ll.ll Il1IOTHOCTb TO'ICK B HCii. 

CpaBHeHnc p11cym.:0B 2 , 3 11 4 AaeT npeµ;cTaBneHne o npo~eccax , npo1tcxoA>1I111tx B naKeTax 
cMecefi c. n = IO np1t H3MeHemm napaMeTpa A. 

.. !;. 

Puc. 2. AToM BUAopuµ;a, 11 = 10. 

Puc. 4. Moµ;enb XapTMaHa,11 = 10, 
A = 500. IloBopoT KnacTe

poB BbIJ>alKcH Cil1IbHCC, 'l<'M 

Ha npeµ;hIµ;yin;eM pncyHKc. 

Puc. 3. Muµ;enb XapTMaHa, 11 = 10, A = 100. 
OprammyK>TC.ll j1,1j-KnacTepbI.·3a.Mc

TeH noBopoT lml-KnacTepoB. 

Puc. 5. Moµ;Pnh XapTMami, 11 = 10, A = oo. 

lml-Kmu·TcpbI ncpexoµ;nT B ::IKB11µ;11-

CT1IHTHO pacnonOJKCHHbIC fi-KnacTepbI. 

Ha 0TIJX p11cyHKll.X xmo6pa.:iKeHhl KapTIIHhl HCOl];HOJ)Ol];HOCTII , OTHOC.!IID;IICCJI K :3Hll.'IC

HIIIIM napaMeTpa A = o, 100 II 500. .D:oB01IbHO 'ICTKO Bb!piICOBb!BaIOTCH TJ)II npoqecca : 

rpynnnponKa ('MC'('('ll B K1I11('TC')lhl , IIOBO)lOT llC'('X Killll'T(')lOB IlJ>OTIIB 'Hll'OBoii CT})C'1IKII 11 

BblllpJ1~11I<'HIIC KnacTPJ>OB.KaK IlOKll.'1b!BaCT 'IIH'.Il<"HHblll aHanna, KillKl];UMY K1Ial'Tcpy COOT
BCTCTBYCT onpeAeneHnoe :1Ha'iem1e 1ml. 
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Ilb!lICHIIM KapTIIHY HC0AH0}l0AH0CTJI B llPCACJJe A = (X).O60:JHit'lllB MaTplll.\Y (2) B ;)TOM 

llPt'AeJJe •1epe:J lVd;) (aACCh a = l - 1111 I, b = 11 2 , 11 = n 1 + 11 2 ), u~wcM 

wM 2" 
ab = -

2i 

(v - a)!b! 1 
(v - b)!a! (b-a)!F(-a,v- a+ 1,b- a+ 1, ~). (4) 

Ilocnej:IH.l!JI q>opMyrra Il03B0JI.!IeT ycTaH0BllTb OKOH'laTeJibHbill BII)l; KapTIIHbI He0}l;H0p0)J;H0- '!. 

CTII B npei:1ene A = 00 .,ri:m1 'JaCTH0ro ClIY'lalI naKeTa CMeceii C n = 10 C00TBeTCTByIO

lllalI m1q,opMaun.11 HaHeceHa Ha pncyHoK 5.Ifo aToro pucyHKa Mb! BH}l;IIM rnegy10111ee : (a) 

Bee lml-KnacTepbI Bbinp.!IMJIJIIOTC.II n opneHTIIpy10Tc.1I B BepTIIKaJibH0M HaIIpaBrreHmI, T.e. 

nepexog.llT B KnacTepbl C )l;aHHblMll ::rna'IeHHJIMlI /3; (b) pacnoJIOJKeHne :S-xnacTepoB 8KBH

)l;IICTaHTHO II npn qmxc11pOBaHHOM n 0aBIICllT JIIIWb OT ::rna'leHHH , nplIHHMaeMblX BelllI'IH-

HOll 1ml ; (c) 11p11 m = 0,tteoaBllCIIMO oT 0Ha'leHm·1 n, caMhliI neBblH P-xnacTep oaHnMaeT 

llOJIOJKeHHe p = 1/2 , CRMOMY npaBOMY (ogHOTO'le'IHOMY) KJiaCTepy COOTBeTCTByeT 0Ha

'JeHIIe 1ml = n - 1; (d) paccT0JIHUe MeJKgy cocegHuMn P-xnacTepaMn He 3aBncnT OT 1ml 

ll MeH.!IeTCJI C lI3MeHeH!IeM n (nocJie}l;Hee , KOHe'IHO,He BII)l;HO Ha p11cyHKe 5 , a cnegyeT !IO 

CpaBHeHll.lI pucyHKOB , OTH0CJ!ll.ll!XCJI K paoHblM n II K A = oo, KOT0pble Mb! 3gecb pag11 

xpaTKOCTl! He npllBO}l;IIM). 

lf3 CBOllCTBa aKBH}l;IICTaHTHOCTll cnegyeT, 'ITO /3 .IIBJIJieTcJI JIIIHCBHOH q>yHK~11en OT 1ml, 

K0TopM npn m = 0 n 1ml = n - 1 paBHa 1/2 11 1 cooTBeTCTBeHH0. Bee aTo roBopIIT o 

TOM, 'ITO 

_ 1 1ml 

/3 = 2 + 2( n - 1) 
(5) 

. MTaK, B Mogenn XapTMaHa B npegene A= oo nponcxognT P -KnacTepnoa~nJI cocTO.IIHIIll 

He0)l;H0p0}l;HOCTll. 

<l>opMyna ( 5) nony'leHa HaMll no attann3a noBegeHU.!I To'leK Ha gnarpaMMe cocTOJIHllll,n 

B 8T0M CMblCJie 0Ha HOCllT q>eHOMeHOJIOrll'leCKIIll xapaKTep. ,nnJI Bbl.lICHeHll.lI Toro, 'ITO 0Ha 

OTpa:lKaeT C IlOOil~lllI Teopuu, BOCilOJibOyeMCJ! CJie)l;yIOll.llIM npegcTaBJieHHeM }l;JIJI MaTpll~ 

Bp~eHnll Bnrnepa (2): 

. 7r €MM' 
d~rn,( 2) = p!J2P+q (s + p+ q)!(s + p)! F(-s,s + p + q + 1,p+ 1, ~), 

s!(s + q)! 
(6) 

B KOTopoM p = IM -M'I, q =IM+ M'I, s = j -(p+ q)/2, a q>aKTOp €MM' paaeH C}l;HHII~e 

np11 M' ~ M H paBeH (-l)M'-M npn M' < M. CpaBHHBa.11 (4) c (6) Bll)l;IIM, 'ITO 

W (v) & di ( 7r ) I \ 
ab = ~ab i-a,f-b 2 • ' \ 

8To npegcTaaJieHHe. }l;JIH MRTPH~bl w1;> noneoHO TeM, 'ITO ll00B0JIJieT BOCll0JibOOBRTbC.11 ' \ 

COOTHOWeHHeM 
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. 7r . M' . . 7r 
d~rn,( "§) = (-1 )'- d~M,M'( 2) 

II npII}l;TlI K CBOHCTBY CIIMMeTpIIII }l;ll.lI MaTpIIqbI Wl~): 

WM= (-l)bW(v) ab , v-a,b (7) 

KaK OTCIO}l;a BII}l;HO, MaTpll~a 1w1;>12 IIHBapllaHTHa OTHOCllTeJibH0 npeo6p~o~aHllJ! 

a-+ v - a .8To otta'll!T, 'ITO MaTpm~a IW1;>12 
, ecnn ee paccMaTpnBaTb KaK q>yHK~mo OT 

KOH~eHTpau1111 p(a) = a/v , onpej:leJieHa Ha 0TpeoKe (0, 1) II CllMMeTpll'IHa OTH0CHTeJibH0 

cepegHHbl 8Toro OTpeoKa.OTCIO}l;a rnei:iyeT I 'ITO f3(•l = 1/2, T.e. a= v/2 = {n...:. lml-1)/2, 

n noToMy 7J = 1/(n -1) =(a+ lml)/(n -1), 'IT0.paBHo~eHH0 q,opMyne (5). 
MTaK, npegcTaBJieHHble Ha pucyHKax npo~eccbl n q>opMyna (5) JIBJI.IIIOTCH cnegcTBHeM 

llOCTeneHHoro Bb!XO}l;a CllCTeMM B penmM 11.CHMllTOTH'IeCK<>,il (A== oo) CIIMMeTpHH (6). 
:JaKOH'IHM CTRTblO CJiegyIOll.ll!M coo6pa.JKeHHeM 06111ero XapaKTepa. IlpHBJie'Jeime Me

T0)l;a HeO}l;HOpO)l;HOCTH K nccne}l;OBaHIIIO CTaTIICTH'leCKOH IIHq>opMau1m, 3aJIOJKeHH~H B MelK-

6aoucHblX paoJIOlKeHHJIX,~eHH0 He TOJlbKO B cnny HarJIJI)l;HOCTH ~Toro MeToga. MeTO)J; He

O)l;H0p0}l;H0CTH - 8TO TaKlKe HllCTpyMeHT, C llOM0ll.lbIO KOTOporo npegcKa.'1blBaIOTC.II HOBble 

peoyJibTaTbl. ThnH'IHblM npnMepoM, llO)l;TBeplK)l;aIOll.lllM aapHCTH'leCKYIO ~eHHOCTb MeToga 

HeO)l;HOpO}l;H0CTII,CJIYlKIIT q>opMyna (5). ,nencTBIITeJibHO, Bpll)l; Jill HHa'Je Morna B00HHKHYTb 

CaMa nge.11 06 HCCJie)l;0BaHmI ue06bI'IHOr0 }];JI.II M0}l;eJil! XapTMaHa npegena A ...'..+ 00. l\1e)K6a-

3HCHble paonoJKeHHJl,B CB0IO 0'Iepep;b,.IIBJIJIIOTC.11 He3aMeHHMhIM norrurOH0M }l;JllI_l!CllhITaHil.11 

BOOMOlKIIOCTelf MeT0}l;a He0)l;H0p0)l;H0CTH, T.K. l!MeHH0 3gecb pearrnoyIOTCJ! O}l;H0BpeMeHH0 

}];Ba 0aMe'JaTellbllblX CBOHCTBa: (a) pa6oTa BegeTCJI He c O)l;HOH CMeCbIO, a cpaoy c naKe

T0M CMeceii:; (b) CMecn CHa6JKeHbl co6cTBeH~blM MelCRHl!0M0M (a 11aweii: oaga'Ie - oa C'IeT 

napaMeTpa A), cnoco6Hb!M MeHJITb C0CT0.IIHHe IIX He0)l;H0p0)l;H0CTH. KaK nepaoe, TaK n 

BTOpoe CHJlbHO D0BhIWaeT HHq>OpMaTRBttyIO eMKOCTb HCCJiej:lyeMOH 3a}l;a'ln. 

MbI 6narogapHb1 C.M.B11HH~K0My oa noneottble o6cy:iKgemrn oaTpottyThlX B aTon: CTaTbe 

BonpoCOB. 
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