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~,neH O MYIPOBOH ,nByMepHOH noBepXHOCTYI, CTHrY!BaromeA 
MYIPOBHe TpaeKTOPYIYI qacTYIU, 6HJJa BH,llBYIHYTa H.A.\lepHYIKOBHM [1] 

C ueJJbID npeo,noJJeTb TPY.llHOCTYI peJJHTYIBYICTCKOH MexaHY!KYI .llBYX 
qacTYIU. B pa6oTax [2) STa Yl,IteH 6HJJa npY!MeHeHa K 
peJJHTYIBYICTCKOMY onY1caHY1ID ,ItBY!EeHYIH .llBYX qaCTYIU~ B3aYIMHO 
npY1THrY1BaromY1XCH C noCTOHHHOH no MO.ItYJJID CYIJJOH. B TaKOM CJJyqae 
CTHrYIBaromaH noBepXHOCTb OKa3HBaeTCH MYIHYIMaJJbHOH noBepXHOCTbID 
B qeTHpexMepHOM MY!pe IlyaHKape-MYIHKOBCKOro. B pa6oTaX [3] 

pacCMOTpeH qacTHHH CJJyqaj;i, Kor,na qacTYIUH O,ItY!HaKOBH YI OCb 
BpeMeHYI t JJeEYIT Ha CTHrYIBaromeA noBepXHOCTYI. B STOM CJJyqae 
CTHrYIBaromaH noBepXHOCTb CJJe,ItyIDmYIM o6pa30M onYICHBaeTCH c 
noMombro CKaJJHPHOH ¢YHKUYIYI g(t) YI BeKTOPHOH ¢YHKUYIYI k(t). 

PaccMaTpYIBaeMYID noBepXHOCTb MOXHO sa,naTb B BY!,ne 

r = Y(TJ, t) , ( 1) 

- 00 ( t'< 00, ( 2) 

a ¢YHKUYIH y HeqeTHa OTHOCYITeJJbHO nepBoro apryMeHTa. KpaeBHe 
JJYIHYIYI T) = - g(t) YI T) = g(t) HBJJHIDTCH MYIPOBHMYI TpaeKTOPYIHMYI 
qacTYIU. MYlpoBYID TpaeKTOpYIID nepBOA qacTYIUH MO~HO 3anY!CaTb B 
BYl,lle 

r = y(- E(t), t) = - x(t) , 

r = y(f(t), t) = x(t) • 

I rnn~ea~n<"llHwn 1mcmryr I 
on,~!iUK m:c:k1011uml . 

~t,;SJll,tOTEKA · ---

(3) 

( 4) 



ECJJH HMnyJJI,C nepBotl qacTHL{H paBeH - p( t), TO HMilYJJI,C 
BTOPOH qacTHL{H paBeH p(t). ECJJH SHeprHH nepBOH qacTHL{H paBHa 

E( t) , TO SHepnrn BTopott . qacTHL{H paBHa TOllte E( t) • - '13 
_peJJHTHBHCTCKOH MexaHHKH MaTepHaJJI,HOH TOqKH H3BeCTHO, '1TO 

p(t) = E(t) X(t) , ( 5) 

r.ue T0'1Ka Ha.u'¢YHUHetl 03Ha'1aeT npOH3BO.UHYID no ee apryMeHTY, 

E(t) = ✓m2 + IP(t) 12 c-2 (6) 

B C~OID oqepe.u1,, m - Macca noKOH qacTHUH, C - CKOPOCTI, CBeTa. 
EcJJH m =.0, To 

IN t) I c .• (.7) 

a eCJIH-m > 0, TO· 

E(t) = m / ✓1 - fr(t) 12 / c2 
( 8) 

,llBHllteHHH paccMaTpHBaeMOH CHCTeMH 
CTHrHBaromaH noBepHOCTI, MHHHMaJJbHa _H Y.llOBJleTBOpHeT .llBYM 

B CHJIY ypaBHeHHH 

KpaeBHM YCJIOBH.HM, 0,IlHO H3 KOTOpux MOJKHO sanHCaTb B BHJJ;e sa
KOHa coxpaH9lli1R 3HeprHH 

E(t) + _F_ 
02 

g(t)=.E, ( 9) 

r.ue B8JIH'1HHH E H F He 3aBHCHT OT BpervieHH t . KOHCTaHTa E 
paBHa ITOJIOBliHe SHepnrn CHCTeMH. KOHCTaHTa F paBHa MO.llYJIIO 
CHJIH, C KOTOPOH '1aCTlil.{H TTPliTHrliBaIDTCH .upyr K .upyry. 
IlepeceKaH noBepXHOCTh (1) rlinepnJJOCKOCTl,ID t = canst, Bli,llliM, 
'1TO paccMaTpHBaeMyro CliCTeMy MOJICHO C'1liTaTI, COCTOHll(eH li3 .llBYX 
'1aCTHU .H CTHrliBaromett liX" "CTPYHH". Oc1,- BpeMeHH t ,lleJlliT 

- "CTPYHY" Ha ,llBe 0,l{liHaKOBHe '1aCTli. B COOTB8TCTBHli C ( 9) 
SHeprliH Kax.uott H3 STHX '1aCTetl paBHa F c-2 f(t). 3aMeTHM, '1TO 
s~eprHH E TTOJIOZHTeJlbHa~ TaK KaK E > 0, g > 0 HF> 0. 

',~·. 
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CorJJaCHO ¢opMyJJaM MoHza Ha. MHHHMaJJI,HOH noBepxHOCTH 

cymecTBYeT H30TponHaH ceTI, · nepeHOCa. B COOTBeTCTBHH C 

STHM IPYHKUHfl- y Y.llOBJJeTBOpHeT ypaBHemho 

[
_1_ a2 a2 

c2 a t2 - ~ ] y(l), t) = o • 
. u 1) 

( 10) 

TaK KaK OHa H8'18THa OTHOCHTe~hHO 1), TO ee MOllCHO npe,llCTaBHTI, 

B BH,lle 

C 
~ y(l), t) =- + h[ k(t+ ¾> +k(t- ¾) J ,(11) 

r.ue k( t) - BeKTOpHaH ¢YHKUHH, BTOpaH npOH3BO,llHaH KOTOPOH 

paBHa 

k(t) = - F h y(-1); t) 11) = 0 • ( 12) 

TaK KaK ceTb nepeHoca MHHHMaJlbHOH noBepxHOCTH H30TpOnHa, TO 

MO.llYJlh BTOPOH npoH3BO,llHOH paBeH KOHCTaHTe F, TO eCTI, 

r.ue 

lk(t) I= F. 

~3 (4) H (11) CJle,llyeT, qTo 

~ x(t) = f [ k(v(t;} -k(u(t)) J., 

u(t) = t + __g_u_} 
C • 

v(t) = t - __g_u_} 
C 

a TaKJtte, '1TO 

g(t) 
k(t) - ~ J y(n,t) d 1) = * [ k(u(t)) + k(v(t)) ] • 

.C O '-

( 13) 

( 14) 

( 15) 

( 16) 

g(t) 
k(t) - ~ J h y(n,t) d 1} = -+ [ k(u(t)) + k(v(t)) J. 

C O ,_ 

-3 
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IlepBoe KpaeBOe yc~OBHe (CM.(9)), CBH3HBaeT, CKa~HPHYffi 
IPYHKIJ,Hffi I;( t) C sHepr11eA 4aCTl1IJ,H. BTopoe KpaeBoe YCJIOBl1e 
CBH3HBaeT BeKTOPHYro IPYHKIJ,11ro k(t) C HMnyJibCOM 4aCTl11J,H. 
CorJiaCHO BTOPOMY y'CJIOBl1ro 

p(t) = f [ k(u(t) + k(v(t) J • ( 17) 

PaCCMOTPl1M pa3HOCTb 

N = e(t) X(t) - * [ k(u(t)) + k(u(t)) J. 
,:_ 

( 18) 

CorJiacHo ·(5) 11 (14) ee npo11sBo.l{HaH no BpeMeH11 t paBHa 

·p(t) - f [ k(u(t) + k(v(t) J + [ e(t) + + g(t) J x(t) • 
C 

( 19) 
PJie,noBaTeJibHO, B CHJIY Kpa~BHX YCJIOBl1'1 (9) 11 (17) OHa paBHa 
HYJIID 11 BeKTOP N He 3aBl1C11T OT apeMeH11. Ho Hl1 0.l{Ha 113 nepBHX 
ceMHa.l{IJ,aT11 IPOPMYJI He 113MeHl1TCH, 8CJil1 K BeKTOPY k(t) 
np116aBl1Tb KaKoA-H116y,n1 noCTOHHHHH BeKTOp. IlOCJI8,IUfl1H MOlltHO 
no,no6paTb TaK, 4TO CTaHeT N = 0, a 

e(t) x(t) = f [ k(u(t)) + k(u(t)) J • (20) 

Ilp11 STOM corJiaCHO (16) nOJiy'4l1TCH 

I;( t) ' 
k(t) = e(t) x(t) + ~ J y(l),t) d l). (21) 

C 0 

Hao6opoT, eCJil1 BeKTOP k(t) nOJIOlltl1Tb paBHHM (21), TO B8KTOP 
( 18) CTaHeT paBHHM Hy'JIID. IlOSTOMY 6es orpaHl148Hl1H 06IllHOCTl1 
MOlltHO C411TaTb BepHHMl1 paBeHCTBa (20) 11 (21). 

Hs ( 9) , ( 14) 11 ( 20) noJiy'l¾aeTCH CJI8.l{YIDillaH saBHCl1MOCTb 
M8llt.l{Y IPYHKIJ,l1HMl1 l;(t) 11 k(t): 

[ E c2
- F l;(t) J [ fc(u(t~) - k(v(t)) J = 

= - F C [ k(u(t)) + k(v(t))'] • 
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3aMeT11M, 4TO, MHpOBHe TpaeKTOPl111 paccMaTP11BaeMHX 4aCT11U 
HBJ!HffiTCH JI11Hl1HMl1 noCTOHHHOH KPl1B113HH, TaK KaK KBa,npaT MO)ly'JIH 
4-CWJIH .(np11 m > 0) paaeH 

( ~ ) 2 [ ( ¾f) 2 _ c2 ( ¾+) 2 J = p2 • 

B Cl1JIY TOllt,IJ;eCTBa 

(23) 

-½- . h f £2 [ < %+ ) 2 - c2 < ¾+ > 2 ] } =. x r . < 24 > 

113 (23) CJie,nyeT, 4TO 

·x ct> P. <t> = o. (25) 

M11poBHe TpaeKTOPl111 paccMaTp11aaeMHX TeJI HBJIHffiTCH 
ac11MnTOTl14eCKl1Ml1 Jll1H11HM11 Ha noaepXHOCTl1 ( 1 ) , · 1:¾TO B11.l{HO 113 
paaeHCTBa 

e <t> i <t> = f [ iicu<t> + ic<v<t> J u<t> v<t> • (26) 

Ms paaettcTB (13) 11 (25) cJie.l{yeT,4TO 

ic<u<t>> iccv<t>> v2 <t> + ti<v<t>> iccu<t>> u2 <t> = o, 
(27) 

lk(u(t))I u2 <t> = lk(v(t))I v 2 <t> (28) 

MMeeM TPl1 BHpazemrn ,IJ;JIH IPYHKIJ,1111 e( t). Ilepaoe BHpazeHHe 
.l{aeT saKoH coxpaHeHHH sHepnm ( 9). BTopoe noJiy11aeM, 
nO.l{CTaBJIHH B (6) IPYHKIJ,11ro (17).TpeTbe noJiy4aeM, no,ncTaBJIHH B 
( 8) IPYHKIJ,l1ID( 14): 

e2 <t> u<t> v<t> [ F2 + iicu<t> ii<v<t> J, = 2 F2 m2
• C29> 

MTaK, peJIHTl1B11CTCKaH 3a.l{a'l¾a .l{BYX O)ll1HaKOBHX TeJI C 
nocTOHHHOH no MO)ly'JIID Cl1JIOH np11THllt8Hl1H CBO.l{l1TCH K TOMY, 4T06H 
no np11Be.l{eHHHM BHme lf)opMyJiaM HaATl1 IPYHKIJ,1111 l;(t) 11 k(t), a . ,.· . ' ';' 

3Ha 411T, 11 pemHT:b ypaBHeH11e ( 22) "· 
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B pa6oTax (3] .neTa~bHO' HCC~e.noBaHu npHMO~HHeHHOe H 
KpyroBoe ,l(BHJICeHHH qacTHU. noKa3aHO, qTo npH KpyroBOM 

',l(BHJICeHHH CTHrHBaromaH noBepXHOCTh HB~HeTCH qaCThID re~HKOH,l(a, 
orpaHHqeHHoro ~HHHHMH /;· = const, 
3aBHCHT OT BpeMeHH t, TO 
C~OPMY~HPOBaHHOH BUllle 3a,naqH 0 

H , Hao6opoT, ec~H /; He 
e.nimcTBeHHUM pemeHHeM 

CTHrHBarorueH noBePXHOCTH 
HB~HeTCH qacTh re~HKOH,na, orpaHHqeHHaH BHHTOBUMH ~HHHHMH. 
IlpH npHMO~HHeHHOM ,l(BHJICeHHH CTHrHBaromaH noBepXHOCTh HB~HeTCH 
qacThID n~OCKOCTH, orpaHHqeHHOH ,l(BYMH "nH~aMH",' COCTOHmHMH H3 
,nyr rHnep6o~u (eC~H m > 0) H~H H3 npHMO~HHeHHUX 0Tpe3KOB 
( ec~H m = 0). 
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