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B pa6ore nonyYeHo ycnos~e oproroHanbHOCT~ no op6~
ranbHOMY MOMeHTY paA~anbH~X BOnHOB~X ~YHK~~~ aTOMa so
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Mardoyan L.G., Sissakian A.N. 
A Hydrogen Atom in the Curved Space: 
Orthogonality of Radial Wave Functions 
in the Orbital Momentum 

P2-92-47 

We have obtained the condition of orthogonality in 
the orbital momentum of radial wave functions 6f a 
hydrogen atom in the curved space of constant positive 
curvature. This condition of orthogonality is proved 
to be a consequence of accidental degeneration of the 
energy spectrum. 

The investigation has been performed at the Labo
ratory of Theoretical Physics, JINR. 
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1. ArroM Bo~opo~a B HCKpHBJieHHOM npocTp~HCTBe 

, KBallTOBO-MeJCaJUl'leCKaJI oap;a'la aToMa nop;opoµ;a B llCKp;IBJreHHOM npocTpaHCTBe IlOCTO
.llHHOH llOJIOlKilTeJibHOiI KplIBmJHhI Bnepable 6bIJia paccMOTpeHa illpeµ;1mrepoM [1). Ha
CTO.IIIl.lee 11ccn~ona.J1ue eTmi: oap;a'l:11 np~cTaBn.sreT UHTepec n _cn.sr,m c ;1cnom,oona11ncM 
Mop;eneii: C rapMOHil'ICCKRMlI IlOTCHUHMaMlI µ;n.sr OillICalllI.II cnexipoB p;Byx'laCTII'IHhIX KBap-
KOBhIX Cll~TeM [2]. . ' . - ' . . : 

KoopAIIHRTbl c~epn'lec~oii: cncTeMhI, ncnon1,aona1111oii: illpeµ;nurepoM B [1),cn.noaHhI c 
xoopµ;nuaTRMII nnocxoro 'l:eThipexMepuoro npocTpaitcTna cooTH<;JWeun.srMn 

·i1 = &inxsi!i.8cosq,,x2 = Rsirixsin8sinq,,x3 = Rsinxcos8,x4 = R~osx,· (1) 

0 $ x,8 $ ir,O $ </> $ 21r. 

Paµ;nanh1ioe ypaimemie oap;a'ln aToMa aoµ;opoµ;a B cq>epn'lecxoM npocTpaucTne oannchI
BaeTCJl 13 cnep;ylOil.leM BHµ;e [1): 

. . . 

{
•.·ri2

[ 1 dc·-2d l(l+l)l Ze2
. }( .• ·? 

2MR2 • 2 d sm xd ) + . 2 R ctgx E tJ, x) - o, · (-) 
. sm X X · x . sm x 

rµ;e V(x;R) = (.:.Ze2/R)ctgx - rapMOHll'ICCK~IiI IlOTCHUIIM B lICKpHBJie~IIOM npOCTpa11-
CTBe, T.e. peweu'ne ypanHCHll.lI Jlanna.ca, a sinx = r/R. 8TOT IlOTeHUl!M npnft-+ 00 

·(T.e'.npn nepexoµ;e K nnocxoMy npocTpaHcTny) nepexoµ;nT B. n0Te11u11an KynoHa. B ccpc
. p11'1CCKOM npocTpa!ICTBe 0Ta oaµ;a'la iIMCCT _ TOJibKO µ;ncxpeTHhIR cneKTp, ll Illpeµ;nHrcp 

IlOJibOY.IICb MeT~µ;~M q>aKTOpuoaunu, Haliien BhipOlKp;CHHhIR _011epreTU'ICCKllH cneKTp a TO Ma 
noµ;opoµ;a.B IICKpIIBneHHOM npo_cTpaHCTBe 

· 1i2 _ · 2 MZ2e4 

En= 'iMR2(n -;-1)- 21i2n2 (3) 

:Jp;ecb n=l,2,3, ..• - rnaBHOe KBaJITOBoe •mcno. 
B 194lr. C~uneHcoH [3] pewnn ypanHe~me (2) n Hawen paµ;nanhHhie BoJIHOBhie q>yHKl\1111 

RTOMa Bop;opoµ;a B ccpepU'ICCKO_M npocTpaHCTBe. B IJTOiI pa6oTe MhI 6yp;eM no~bOOBaTbC.!I 
pap;UallbHhIMII BOJIHOBhIMII <l>YHKUH.IIMU aTOMa BOp;opoµ;a B UCKpHB1leHHOM npocTpancTne, 
nplIB~eHHhIMII B (4]: 

'Pn1.,(x) = Cn1"(sinx)1 exp(-ix(n -1-iu- l)]F(-n+ l + l,!_+ iu + 1;21 + 2; 1- e2ix), (4) 

_rµ;e 

. 21+ie""'2 lr(l - iu + 1)1 
Cn1t1 = R(2l + l)! ' 

(n2 + u2 )(n + l)! 
21rnR(n - l - 1)!' 

MZe2R 
(! = nn2 

8TH pa~IIMbHhIC BOIIHOBhIC <l>YHKUUII HOpMnpoBaHhI cn~YIOI.I.IIIM o6pa.ooM: 

la
" ·-· ' " 

R;'J (sinx)2_'Pn1.,(x)tJ,:,,",(x)dx = bnn' 
0 . . 

2 

(5) 

(6) .. 

-}• 

l 

B npeµ;ene R --> oo ,mepreT1P1ecKni1 cneKTP (3) µ;n.sr KOHe'IHhIX n nepexop;l!:T B xopowo 
11onecT11y10 qiopMyny En = -MZ2e4 /2n.2n2 • B pa6oTe [5] noKaoaHo, 'ITO, nonbOy.srcb 

. cneµ;yIOII.IIIMll npeµ;eJibHhIMlI BhipalKeHll.lIMII: 

lim F(-n + l + 1,1 + iu + 1;21 + 2; 1- e2ix) = F(-n + l + 1;21 + 2;2r/an), 
R-HX> 

lim exp[-ix(n -1- iu-1)] = exp(-r/an), 
R--+oo 

lim (sinx)'e"o-t21r(l - iu + 1)11/ (n
2 

+ u
2

) = (r/an)'J21r/a3n3 
R--+oo V R3 

' 

MOJKHO H3 pap;HanbHOH BOJIHOBOH q,yHKl{HH . ( 4) nony'lllTb paµ;nanbHYIO BOlIHOBYIO qiyu

KUIIIO aTOMa noµ;opoµ;a n nnoCKOM npocTpaHCTBe [6], T.e. 

rµ;e 

2 
Rn,(r) = n2 

lim 'Pnlc,(X) = Rn1(r), 
R--+oo 

(n + l)! e-•/an 2r I 
a 3 (n -1-1)! (21 + 1)! (an) F(-n + l + 1;21 + 2;2r/an), 

3µ;ecb a = n.2 / M Z e2 
- 6oponcKnii: paµ;nyc. 

(7) 

2. OpToroHaJibHOCTb no opoHTaJlbHOMY MOMeHTY 

,UoKa)KeM, 'ITO p;ll.lI paµ;u~bHhIX BOJIIIOBbIX q>yHKUIIR aToMa BOµ;opoµ;a B IlCKpUBneHHOM 

npocTpaHCTBC IlOJIO)KUTCJibHOll KpilBilOHbI Hap.!Ip;y c (6) BbIIlOIIH.lICTc.ii cneµ;yIOII.ICC "µ;o6a

BO'IHOe" ycnonue opToro11anhHOCTll no l: 

r . 2(n2 +u2) 6,,, 
lo 1Pnlc,(X)1Pnl'c,(x) dx = nR3 . 21 + 1 • (8) 

IIoµ;cTaBIIM B (8) uopMnponaHHYIO paµ;na/IbHYIO qiyHKD;llIO aToMa noµ;opoµ;a (4), oann

weM runepreoMeTpll'ICCKHe 4JYHK~IIIl B 1Pnlc,(x) II tp:,,c,(x) B nnµ;e MHOrO'I/ICHOB,npouoB~eM 

uuTerpnpoBaHile cornaCHo qiopMyne [7] 

Il Y'lTeM, 'ITO 

{" . 7r r(l + a)ei1r/J/2 

lo (sint)°e'/Jt dt = 20 r(l + ~)r(l + ~) Rea> -1 

r(c)r(c - a - b) • 
F(a, b; c; 1) = r(c 

7 
a)r(c - b) 

Torµ;a, o6ooHa'lruc UHTerpan (8) 'lepeo J,,,, nony'lnM 

J , _ 2(n2 + u2 ) exp[i1r(l - l')/2] 
11 - nR3 (2l + 1)! X 

• ~~ ·"• R•••--••-n• ............. --.. .. , 

~ \J; .. .-,~;,.;-~"-11;.~_~; C1a(_";t;-r:7t t 
r: •. -~,@..,.. 1·, .. ~·,.,~-.-"•··~~"'"".,..'.3, I 
~ .; ·tt;.s',1t;ol'~«;:~ ~ 
~._..__,. ~ _, 

(9) 



{ 
(n + Z)!f(l - iu + l)f(l' + iu + 1) }1/2 

(n + l')!(n - Z - l)!(n - l' - l)!f(Z + iu + l)f(l' - iu + 1) x 

nti (-n+ l + 1),f(l + l' +s + l)f(n- l-s) • 
,=o s!(2Z + 2),f(l' - l - s + 1) 

IlpuMeHUM K raMMa-q>yHKD;llllM, HaXOµ;.lIID;lIMCll noµ; OHaKOM cyMMHpOBaHirn, qiopMyny 

f(z) =(-ltf(-z+n+l) • 
f(z-n) f(-z+l) 

CyMMa no s, KaK nerKo y6eµ;nTbCll, CBOpa'IIIBaeTCll B nmepreoMeTplI'ieCKYIO q>yHKD;UIO 

TlITia (9), TIOCne '!ero µ;ll.lI Jll' UMeeM 

J, = 2(n2 + u2
) exp[i1r(Z - Z')/2] 1 x 

11 nR3(l+l'+l) f(l-l'+l)f(l'-l+l) 

(n + l)!(n - l - l)!r(l - iu + l)f(l' + iu + 1) 

(n + l1)!(n - I'+ l)lf(l' - iu + l)f(I + iu + 1) 

IIony'ieHHoe BbipalKeHne o6pa~aeTC.lI B Hynh Tipn l i I' (oa. C'!eT Tipommeµ;eHnll raMMa
q>yHKn;uii OT (l - l' + 1) n (l' - l + 1)), 'ITO n TipnBoµ;nT K ycn0Bn10 opToroHanbHOCTll 
(8). 

TeTiepb, Y'ilITbIBalI (7), nerKo TIOKaoaTb, 'ITO ycnomte opToroHanbHOCTll (8) Tipll nepe
xoµ;e K TillOCKOMY TipOCTpaHCTBY nepexoµ;nT B COOTHOilleHne opToroHanbHOCTll paµ;uanbHbIX 
BOllHOBbIX q>yHKD;llH aTOMa Boµ;opoµ;a TIO op6nTanbHOMY MOMCHTY 

1
00 2h2 611, 

Rn1(r)Rn1•(r) dr = 23-
1
- , 

o an2+1 

rrony'leHHoe B paf5oTe (8]. B :nou lKe pa6oTe [8] HaMn TioKaoaHo, 'ITO ycnoBne op

ToroHanbHOCTll paµ;nanhHbIX BOllHOBbIX q>yHKll;llli f-MepHoro (f 2: 3) aTOMa BOµ;opoµ;a u 
IIOOTponHoro ocn;1mnllTOpa TIO rno6anbHOMY MOMeHTY MOlKHO oaTinCaTb B eµ;IIHOM Bnµ;e, a 
nMeHHO 

{
00 J 3 2M (8En) 611, 

Jo r - Rn1(r)Rn,,(r)dr=,-;,'2 al n.2l+f-2, 

rµ;e TipOimBoµ;Hrur no l 6epeTCll npu q>llKCHpOBaHHOM paµ;nanhHOM KBaHTOBOM 'illCne nr. 

3. IlpHpo~a OpTOrOHaJibHOCTH rro opoHTaJibHOMY MO

MeHTY 

B 0TOM paoµ;ene Mhl µ;oKalKeM, 'ITO ycnoBne OpToroHanbHOCTll (8) llBJlllCTCll cneµ;CTBUeM 
cny'laiiHoii Bhlpo,Kp;CHHOCTH :mepreTn'iecKoro cTieKTpa TIO op6nTanbHOMY MOMeTy l. 
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1] 

l 

3annmeM ypaBHeHIIC IIIpeµ;1rnrepa µ;nll noTcHn;nana V(x; R) B cneµ;y10~cM Bnµ;e: 

Htf.,n1c(x) = Etf.,n1<1(x), (10) 

rµ;e '!epeo iI o6ooHa'ieH apMIITOB onepaTop 

• n2 
[ 1 d . 2 d l(l + 1)] 

H = -2MR2 ---2--d (szn x-d )- -. -2- + V(x;R). 
szn x x x szn x 

(11) 

lfo ( 10) n ( 11) nony'iaCM 

(E - E') lo'' sin2xtf.,n1"(x)tf.,:'l'<T,(X) dx 

= u.:~2 (l - l')(l + l' + 1) f tf.,n1"(x)tf.,:'l'<T,(X) dx , 

Ecnu cneKTp BbipolKp;eH TIO l, ~o TIPH E = E' u l i l' IIMeeM 

l" tpn1<1(x)tf.,:,,(1(x) dx = 0 • (12) 

,Uanee, uoBecTHO [6], 'ITO µ;nll apMIIToBoro onepaTopa F, oaBIICll~ero OT HeKoToporo 
,TiapaMeTpa .x 'IIMeeT MeCTO TO)Kp;CCTBO 

8F 8Fn 
(aJnn =a>:' 

rµ;e ycpeµ;HeH11e Tipom:moµ;uTcll no co6cTBeHHhIM BOllHOBbIM q>yHKD;IIllM oTiepaTopa F. IIpn

MeHllll 0TO TO:lKp;CCTBO K OTiepaTopy (11) II Bb16uprur B Ka'!eCTBe TiapaMeTpa .x op6uTanbHbIII 
MoMeHT l, no_ny'laeM 

{" ( • ( 2M(8En) 1 
lo tpn/<1 x)tf.,nl<1 x) dx = Rn2 az nr 21 + 1 I (13) 

rµ;e npOIIOBOp;HruI no l 6epeTC.II Tipn q>IIKCIIpOBaHHOM paµ;l!anbHOM KBaHTOBOM 'il!CllC nr = 
n - l - 1. 06'beµ;uH.II.II_ (12) c (13), OKOH'iaTCJlbHO lIOJIY'iIIM 

" 2M (8En) 6w l tf.,n1<1(x)tf.,:,,(1(x)dx = Rn2 al n.21 + 1 (14) 

IloACTaBJillll B npaBOH 'iaCTU COOTHOillCHII.II (14) BhlpalKeHnc 0HepreTII'iccKoro cncKTpa (3), 
ncrKo y6eµ;uThC.II B cnpaBeµ;mrnocTn ycnomrn opToroHanbHOCTII (8). 

B oaKJIIO'iCHlle BhipalKaeM 6naroµ;apHOCTh B.M.Tep-AHTOHllHY, C.II.BnHI1n;KoMy u 
r.C.Ilorocirny oa nonenHhlc 06cyJKµ;eHu.11. 

' 
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