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1. Bse~e:u:ue 

HoBeCTJIO, 'ITO xami:6pOB0_'1HLie TeoplnI OTHOC.!lTC.!l K KJiaccyBLip02Kp;eH

Hl,IX. ,Um1 OTB:X Teopuii paopa6oTaH xax raMHJIJ,TOHOB [1-5], Tax u·Jiarpa11-

JKeB rrop;xop; [3, 5]. 0TnocnTeJIJ,HO 0KBHBaJieHTHOCTH.0THX p;B0c rrop;xop;oB, 

HailpHMep, IIOKaoaHO [6], 'ITO o6a OHH IIplIBOp;.!IT ]t ~p;HHM lI TeM JKe p;ll

HaMJI'1eCKHM TpaeKTOpH.!IM B KOH<pHrypaD;HOHHOM npocTpaJICTBe, Op;HaKo 
. . 

HeK0Top1,1e HO p;pyrHX acrreKTOB OToro BOrrpoca IIMeIOT p.!Ip; .HeTplIBHaJII>-: 

HLIX MOMeHTOB. MLI op;ec1, OCTaHOBHMC.!l Ha KaJIH6pOB0'1llliIX rrpeo6pao<>

BaHWIX. ,UHpaK rroxaoaJI, 'ITO xaim6poB0'1H1,1e cTeneHH cn~6op;LI ~6y~Jio

BlIHBaIOT HaJIH'1He B Teop1m crumeii nepBoro poAa, 6oJiee Toro, ou ~1,1cxa-. 

OaJI rHIIOTeoy, 'ITO BCe CWIOll rrepBoro pop;a reHepnpyIOT K8.lllI6pOB0'1HI,Ie 

rrpeo6paooBaIIWI [1] .. PaolIH'IHI,Ie JIOJILITKJI IIOCTp~emu: KaJIH6po~O'IHLIX 

rrpeo6paooBaHHH B <paoOBOM npocTpaHCTBe JICXOp;HlIH q>aKTII'1CCKlI HO pao-_ 

ttoro OTHomeHlI.!l x OTOH rHIIoTeoe (n op;1111x oHa rrpHHllMaJiac1, :noJIHOCTI,IO 

[7,8], B p;pyrnx OTBepraJiac1, [9,10]. B HalllHX rrpep;hlp;YIIUIX pa66Tax· [11] 
Mhl IIOlIY'1HlllI B o6o6m;eHHOM ra.MlIJIJ,TOHOBOM <popM8JillOMe KaJm6poB0'1-

Hl,IC npeo6paooBaHlI.!l p;llll orrpep;eJieHHoro KJia~ca n1,1poJKp;eHH1,1x Jiarpau

:lKHaHOB ( c orpaH1P1eHnei1 ua aJire6py crumeii: cxo6xn IlyaccoHa ( CII) nep

BJPIHhlX cB.HoeH co nceMn cB.no.11MH .HBJUIIOTC.!l lIIIHeHHOH xoM6HJian;Hei nep

BlI'IHhlX crumeii)2 11 rroxaoaJI:u, :'ITO r11n0Teoa ,U:upaxa cnpanep;JIHBa. Ilpo

HOBop;.llm;a.11 <l>YHKD;lI.!l JIOJIY'1CHHI,IX rrpeo6paooBa.HlIH M02KCT oaBJICCTI, KaK 

OT xoopp;HHaT cpaooBoro rrpocTpaJICTBa, Ta.IC II . OT lIX npoHOBOp;HliIX no 

BpeMeHH, IIpH'1eM MO:lKHO Bllp;CTI,, 'ITO 0TO HMCCT MCCTO, KOrp;a B OaKOHe 

rrpeo6paoonai1u BTopoH TeopeMLI HeTep cop;epxaTC.!l xax xoopp;HHaTlil, 

Ta.K H HX BhlCIIIHe IIpOHOBOp;Hlile. B 0TOM cny'1ae BCT8.eT BOIIpOC O KaHO

HH'IHOCTlI IIOJIY'1CHHliIX rrpeo6p~onannii. 

CJie):\yeT OTMCTlITb pa.60Tlil [2,11,12], B KOTOpliIX He BOOHHKaeT 0TOro 

Bonpoca, IlOCKOJILKY B HHX HCKOMa.11 rrpOHOBO)];.llUJ;a.11 <l>YHKD;lI.!l oap;anaJiaCI, 

B BHp;e, IIpH KOTOpOM COOTBCTCTByIOIIUIC KaJIH6pOB0'1Hlile npeo6paoona

HH.ll .llBllllIOTC.ll KaHOHH'IeCKlIMH aBTOMaTH'1eCKH. Op;Haxo 0THM MCTOp;OM 

He_ OXBaTiiIBaIOTC.ll Te CJIY'1aH, xorp;a KaJIH6pOB0'1HliIC npeo6paoOBaHlI.!l B 

KOH<pHrypaD;HOHHOM IIpOCTpaHCTBC OaBHC.!lT OT BliICIIIHX IIpOHOBO)];HliIX IlO 

2311;eCb 11 11;11.11ee pa.cC11a.Tp11Ba.DTCJ1 Teop1111 TOlILB:o co CB.!!Ollllll nepBoro po11;a., nocB:on1,xy 1111enno 0T11 

CB.!!011 OTBeTCTBeJUIU oa. ][a.llll6poBO'IIIHe CTenen11 CB060Jl;l,I 

h\C:ll)l'lt ... -.i 1'1C111YT 

•-- IICCJt.llllt&I! 
. fiMS~elTEKA ____ _.., ---



BpeMeHH OT KOOpf\HHaT. B pa.6oTe [7) HCilOJlb0OBaJlc.ll o6o6rn;eHHbIH ra

MHllbTOHHa.H HE, nony'laIOID;HHc.ll go6aBJieHHeM K KaHOHH'leCKOMY raMHJib

TOHHaHy BCex CB.noeii nepBoro pof\a co CBOIIMH MJIO)KHTCJI.nMH JlarpaH:lKa, 

K0Top1,ie o6'L.RBJI.nJIHCL f\OTIOJIHHTen1,n1,IMH xoopf\HHaTaMn. Arr.n HHX nocTy

lIHpoBanc.ll onpef\eJICHHhlii: oaxou npeo6paooBamrn. OAnaxo TaKHM o6pa

OOM pacinnpeuuoe npocTpaHCTBo ne IIMeeT CHMnneKTIPiecxoii: cTpyx'iyp1,1 

<J>aooBoro npocTpaHCTBa. OTMeTIIM TaK)Ke, 'ITO, BMmeyxaoanuoe orpaHn

qemrn Ha arrre6py CBBOeii: HMeCT MCCT0 u B nepe'IHCJICHHhlX II0f\X0AaX. 

, B f\aHHO:ii pa.6oTe MM II0Ka)KCM, 'ITO IIOJIY'ICHIIbie HaMH panee KcUIH6po

BO-riHl,Ie npeo6paoonamUI [11] BBJij{IOTc.ll KaHOJIH'IeCKlIMH n"ecTeCTBellllbIM" 

o6paooM pac111HpCHH0M cpaooBOM rrpocTpaHCTBe; rrpu OT0M AHHaMHKa CH

CTeMhl B ceKTope nepeMe1im,1x ucxoAHoro cpaoonoro rrpocTpancTBa oC'raeT

Cll uen0Me1111oii. Pacmnpe1rn:e <flaooBoro npocTpaHCTBa Tpe6ye1·c.ll B CJIY

'lae, xorga oaxoll npeo6paooBamtit. B Komfmryp'an;:ao11110M npocTpancTBe 

COACPlKIIT TaK2Ke BbICillHC npouonog111,1e oT KOOPAHiiaT. 'feM ca.MhIM BM

.nBrr.neTc.ll MexaHH0M BO0HIIKH0BCHH.ll BbICIIIHX rrponoBOAHI,IX B' 6ecKoHe•rno

MepHOH rpynne ClIMMCTpnu, COOTBCTCTBYIOI.Ll,Cll BTOJ)OH Te'opeMe HeTep: 

MeTOA npogeMOHCTpnpoBa.H na npuMepe •. 

2. Kann6poaO'lHbie 11peo6paooaau1U1 

Cna'lana BBegeM 11cnom,oycMhlC B 11.am,neihneM onpe11.errenH.n. Arr.n rrpo

CT0TLI 6Yf\CM pacCMaTpHBaTb CIICTCMY C KOHC'IHhlM 'IHCJI0M CTCileHeH CB0-

601:\M, 0ITlICbJBaeMyIO BblpO)K/1.CHHMM JiarpamKHctHOM '.• L( q, q) ' rge 'I= 
( Q1, · · ·, QN) H q = ftq =. ( (J1,; · ·, </.N )-o6o6u~eHHhlC KO0J)f\HHaThl H CKopoCTH •. 

B1,1po)Kge1rnocT1> rrarpaH)KIIana oonaqaeT, 'ITO 

'I {fl T, 11 = R < N' rang I 8qi&<J.i I i,j=l,•••,N. (1) 

Aita rrepexo11.a K raMHJihTonony cpopMaJIHOMY BBegeM HMrryn1,c111,re nepe-

MeHHhie 
8L 

p;(q,q) = 8q/ (2) 

KOT0pbIC BCJICf\CTBHe YCJI0BJUI (1) He BCe HeoaBHCHMJ,I. B peoym,TaTe B00-

HHKaeT N - R cooTnomeHuii:: 

</>~(q,p):::::O, . a= 1,··•,N-R. (3) 

,,.,, ,• , .......... __ _ 
~rt'1?,!t~~r;~ ~~;iM·4>t-1,::~~ \.-: ,..~.-; 1 

i ''.i"y1;.:f .. ~;1.:::J''t~,~\~ ':&,!ai:~·~ .. ~--·:· 
to,~'";(;~;~' C.,i~~~~ .. -~ 

......... , 

I ,, 

I 
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3j\ec1, </>l, ITO TepMHHorrornH AHpaxa [1], ecTb nepBII'!Hhle cMoH, a::::: 060:

oHa'laeT crra.6oe paneHcTno. 

raMlIJibTOHOBhl ypaBHCHH.ll /1.BlI:lKCHH.ll 0aillIChlBaIOTc.ll C IlOMOin;bIO CTa.H

gapTHhlX err C IlOJIHbIM raMIIJlbTOHIIaHOM HT: 

llT =He+ Ua<Pl, (4) 

rge lie-KaHOHlI'ICCKlIH raMIIJibTOHIIaH, Ua( t)-MHO}KHTeJIH JlarpaH}Ka. 

Ycnonne caMocornacoBaHHOCTH ypaBHeHnii: f\BIIlKeHH.ll Tpe6yeT coxpa

HCHH.ll BO BpeMCHII nepBlI'IHblX CBBOeii. OTCIOj\a B00HIIKalOT BTOplI'IHhle 

CB.ll0II </>;( q, p) ::::: o, KOTOpbie TaK:lKC ):\OJI)K}ll,I 61,1Tb CTaD;lIOHapHbIMII, 'ITO 

ITpnnognT K cn.no.nM crregy101n;ero oTana. 8ToT ITpon;ecc, 6Yf\Y'IH npogon

lKenn1,IM, oanepIIIIITc.ll gJijJ nnyTpe11ne ne11p0THBope'IHBhlX Teopnii na ne

KoTopoM 0TaITe Ma. Beeb n_a6op CB.noeii, KaK 11epBH'IHbIX, TaK H BTOplI'I

HblX BCCX 1na110B, 060011aqBM 

,1,.m., 
o/a '; a= 1,··•,N-R, ma= l,2,•·•,Ma. (5) 

encTeMa (5) ITpCJ:\CTaBJI.lleT co6o~ ITOJIHhlH na.6op HeoaBHCHMbIX <l>Y.HKD;HH. 

YcrroBHe neoaBIICHMOCTII or:rna'IaeT, 'ITO HII OJ:\HY no cn.noeii </>'::"' nerr1,o.n 

11pe,apraBHTb B nnge lIIIHeii:uoii KOM6uHaJWH ocTaJibH~X c KOOq>q>H~HeH

TaMn, 0aBIICJIIn;HMH OT q H p, a H0JIHOTa IlO!lpaoyMeBaeT, 'ITO. lII06aJI cpyH

Kil;llil OT q HP, paBHaJI HYJIIO Ha noBepXHOCTII CBBoeii, Bhlpa)KaeTc.ll JIBHCHHO 

qepeo 4>'::" c KOOq>q>IID;BCHTaMH, oaBHc.llln;lIMB OT q 11 p [1]. 
CB.HOB </>'::" H Ile, iaK,'BeJIH'IlIHbl nepnoro poga, Yf\OBJieTBOp.llIOT CO0T

HOIIICHHllM: 

{ ,1,.m0 ,1,.mft} = fm 0 m,my,1..my 
'f'a •'+'(3 a (3 '1 '+''1 ' (6) 

•{,l,.m~ lf}=gm~m,,1,.m, (7) 'f'u , c u r 'f'r , , 

a,fJ,; ,u,, = 1, · · ·, N - R, ma,/J,'1,'7 = 1, · · ·, Ma,/3,'1,'7' mr = 1, ···,mu+ 1. 

(3ACCb II garree ITO IIOBT0p.lllOin;lIMc.ll IIHACKCaM, KaK BepxnnM, TaK u llll)K

HIIM, IlO):\paoyMeBaeTc.ll cyMMIIpoBalrne.) D <f>opMyrrax (6) n (7) HCil0Jlb0O

BaHbl CTallj\apTHhlC err. 

B HaIIIIIX npeghl):\yin;HX pa.60TaX [11] lIHq>HHIITeonMallbHbie KaJIII6poBO'I

HbIC ITpeo6paoona11n.n B cooTBeTCTBBH c r11n0Teooii Anpaxa ucxannc1, n 
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BH):\e. 

<fl= qi+ 6qi, 6qi = { qi, G}, 

P~ = Pi +6pi, 6pi = {p;, G}, 

rj:\e IIpOHOBOp;.Hma.a <l>YHKD;H.ll G ecTI, 

G = t";'<> </>";'<>. 

(8) 

(9) 

B cooTBeTCTBHH c onpeµ;eneHHeM ~peo6paooBaHHii CBMMeTpHH ·rpe6oBa

Jiacb BHBa.JrnaHTHOCTb µ;eiiCTBH.ll S OTHOCHTeJibHO OTHX npeo6paooBaHHH. 

Yµ;oBJieTBOpllTb 0TOMY Tpe60BaHHIO y)'.\aeTCJl µ;JI.ll TeX TeOpHH, nepBH'IHbie 

CB.HOH KOTOpbIX .llBJI.HIOTCll Hµ;eaJIOM rrceBµ;oanre6pbI CB.lloeii,T.e. 

{</>l,</>'!l,l = !~ ; 11 .,1<1>~. (10) 

rrp11 CJieµ;yromeM orpatt1111eHHH Ha e;:"': 

tm.,, + gffl/Jfflo, efflfJ _ O a pap-, mp= ma.-1,·•·,Ma, (n) 
BoJibllIHHCTBO cpHOH"leCKHX Teop11ii o6naµ;aeT CTPYKTypoii CB.lloeii (10), 
XOT.ll nerxo MO)KHO YBHµ;eTb, "ITO nepexoµ;oM K 0KBHBaJieHTHOMY Ha6~py 

cB.a~eii aTo yCJioBiie MO)KeT 6hlTh HapyuieHo. · · · 

CHcTeMa ypaBHeH11:ii ( 11) .HBJI.lleTCll HCilOJIHOH. KoJIH'IeCTBO HeHOBeCTHbIX 

<l>YRKD;HH 60JibIIIe 'IBCJia ypaBHeHHH Ha 'IHCJIO riepBB.'IHhlX CB.lloeii. Oµ;HaKo 

yxaiKeM, "ITO c11c'teMy ypa:irneHuii (11) cpaxT11-iecx11 ~e Tpe6yeTciI pemaT~. 

BBoµ;.ll rrpoHOBOJibHhle <l>YHKD;HH ea B'KOJIH'IeCTBe rrepBH"IHhlX CB.lloe:ii, C no

MOmbIO H~epan;HoHHoii rrpon;ej'.\ypbI (cM. IlpunoJKe1rne) MOJKHO BbipaoHTb 
Bee t:;i-"' :i3 n11µ;e: 

em"' = Bm.,,mp ""(M.,,-mfJ) 
a a p "'P ' mp=ma,···,Ma {12) 

(n cpopMyne (12) cyMMIIponaune uµ;eT Tax2Ke no mp), rµ;e 

e(M .. -mp) - dM.,-mfJ 
/3 == dtM,.-mptp(t),, ep(t) = t:tJ. 

Koocpcpnn;nenThl B':"'';/J B (12) n rrpHHI(Hile MoryT OaBHCCTI, OT q, p n 

11x rrpo11onoµ;HhlX µ;o nop11µ;xa Ma - 2 BKJIIO"IHTeJII.Ho. Torµ;a OKOH'IaTeJII.HO 

npoHOBOp;.llmaa cpynxn;H.H · Mo)KeT 6hlTI. oam1catta B Bnµ;e · 

G = Bm,.m11,1,.m,u(M,.-mp) , 
a p 'l'a "fl ' mp= ma,··•,Ma, (13) 
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BHAHO, 'ITO KOJill'ICCTBO cymecTBeHHbIX rrapaMeTpOB ca(t), OT KOTOpbIX 

oaBHCHT rrpOHOBoµ;.ama.a <l>YHKD;H.H G' paBH.HeTC.ll "IHCJIY nepBH'IHLIX CB.Hoe:ii, 

np1111eM: B O~OH npeo6paooBaHH.ll MoryT BXO):\HTI, KaK <l>YHKD;HH ca(t), TaK H' 

HX IlpOHOBO):\Hbie AO Ma -1 IlOP.HAKa BKJIIO'IHTeJII,HO, npH 0TOM. HaHBbICIIIHe 

rrpoHOBOp;Hhle e~M .. -l) rrpncyTCTBYJOT C Heo6XO):\HMOCTI,IO. 

Kax 6JAeT BHµ;Ho no µ;an1,Heiimero, OaBHCHMOCTb xoocpcpnn;neHTOB B':"}j/J 
OT rrpoIDJBOp;HbIX OT q n p HMeeT MecTo B TOM CJiy"lae, xorAa B oaxou npeo6-

paooBaHH.H B KOHcpHrypan;IIOHHOM npocTpaHCTBe H B IlOBepXHOCTm.m 'IJICH 

B napnan;1111 µ;eiicTBH.ll BXoµ;.aT npoHOBOAHble OT KOOpffHHaT BbIWe nepBoro 

IlOp.Hp;Ka • .flcHo, 'ITO B 0TO,M CllY'tJae B~TaeT BOilpOC o".HBHOH" KaHOHH"IHO-. 

CTH IlOJIY'IeHHbIX npeo6paoOBaHHH BHe IlOBepXHOCTH CB.llOeH. B CJie)'.\YIOmeM 

paoµ;e~e Mbl noxaJKeM, "ITO rrpoIDJBORHmrui: <l>YHKD;H.H {13) reHepHpyeT xa

Hou1111ecxHe rrpeo6paooBaml.ll B pacmHpeHHOM cpaooBOM npocTpattcTBe. 

3. ,IJ;mcaoaTeJILCTBO KaBOBB'tJHOCTH KaJIH6pOBO'tJHLIX upeo6pa-
u ' 

OOBaHHH 

PacCMOTpHM narpam1maH L(q,q) H npeo6paoOBa.JIH.ll JIOKaJibHOH KaJIH.;. 

6poBO"IHO:ii CHMMeTpHH, B xoTopbie BXORB:T rrpo:iioBO):\HLie OT xoop):\~aT 

BbIIIIe nepBoro nop.llAKa. IlpH aToM npeo6paooBaHHH HMeeM · 

. L' = L(~,q) + !F(q,q,q,• · · ,t,i,• · ·), (14) 

r):\e t(t)-cymecTDeHHhle napa.MeTphl. ,11,o6aBJieHHe x narpa1rnrnauy L(q,q) 
IIOJIHOH IlpOHOBOµ;Hoii no BpeMeHH OT <l>YHKI(HH, OaBHCJime:ii B TOM "11:ICJie 

OT rrpoHOBOAHbIX BbICmero rrop.ll):\Ka, He MCH.lleT narpatt2KCBLIX YPaBHCHHH 

A~mKeHH.ll. Kax BH):\HO no (14), Ha TeopHIO C narpaII.2Kllcl;HOM L' CJie):\yeT 

CMOTpeTI, xax Ha TeopHIO 'C BbIClllHMH IlpOHOBO):\HLIMH. Kax narpamKeBhl, 

Tax II raMHJII,TOHOBhl cpopMylllipOBKH TeOpIIii C narpaH1KHaHaMH L H L' 
0KBHBaJICHTHbI [13,14]. laMHJILTOHOBa cpopMyJIHpOBKa TeopHH c L' CTpo

HTC.ll B pacmHpeHHOM cpaooBOM rrpocTpaHCTBe. 8KBIIBaJICHTHOCTI, ra.M.HJII,

TOHOBLIX cpopMynupoBOK Teop:m':i c L n L' oima11aeT, 'ITO raMHJII,TOHOBbI 

ypaBHCHH.ll ):\BmKCHH.H 0TWC j:\Byx TeopH:ii CB.llOaHbI KaHOHH'ICCKIIMH npeo6-

paooBaHH.llMH, II00T0My raMHJII,TOHOBa cpopMynupoBxa Teopirn c narpatt

)KHaHOM L µ;oJI)KHa 6bITI, IlOCTpOeHa B TOM )KC pacmHpCHHOM cpaooBOM 

npocTpaHCTBe, 'ITO n AJI.H L'. To ecTL Teopn10 c L c caMoro Ha1Iana 6JAeM 
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paccMaTpHBaTI> xax TeOpl'IIO C BhlCIIll'IMB; DpOlIDBOp;Hl,IMl'I Toro )Ke rrop.!lp;Ka, 

'lroHyll. , · 

lio npHB~eHHl,IX paccy)Kp;eHl'IH TIOH.!ITHO, 'ITO Tpe60BaT1> Ka.HOHH'IHOCTI> 

KamI6poBO'IHI,IX npeo6paooBaHHH HMeeT CMl>ICJI B yxaoaHHOM paCIIIHPCll

HOM q>aoOBOM npocTpaHCTBe. 

liTaK, TIOCTpOHM pacmnpenHoe q,aooBoe npocTpaHCTBO, rrpH 0TOM ·uc

TIOlll,0yeM cpopMaJIHOM TeOpHH c Bl>ICIIIllMll npoH0BOjJ,HblMH [13-15]. Orrpe

J);elll'IM KOopp;HHaTI,I 

dB-l 
ql i = qi, qai = dta-l qi, S = 2, · · · ,·K; i = 1, .. ,, N (15) -

( K paBH.!leTC.!I HaHBhlCIIIeMy TIOp.!lp;Ky rrpoHOBO]];HLIX OT q II p) II COJJp.!l)KeHHbie 

BM lIMJIYJILCLI, BLl"ll'ICJI.!leMLIC no q>OpMyJie 

' K dl-r {)L 
Pr i = :E(-l)l-r dtl-ra-q ., 

l=r r+l , 

P1 i = Pi, Ps i = 0 JJ;ll.ll s = 2, · · ·, K. (16) 

O60611\eJIJU,Ie HMIIYJILCLI J);Jl.!I .'I ~ 2 npe]];cTaBll.llIOT. C060H p;OJIOJIHHTeJILHLie 

nepBH'IHbie CB.!I0H. 

B pacnrnpeHHOM q>aoOBOM rrpocTpaHCTBe IlOJIHhIH raMHJlbT0HHaH oam1-

rneTC.!I 

HT= HT(q1 i,Pi i) + As i P, i, S ~ 2, (17) 

rjJ,e HT HMeeT TOT 2Ke BHP,, 'ITO H B ( 4 ), a -\, r--npoHOBOJILHhle <l>YHKIJ;HH 

BpeMeHn. 

lio BH]J;a (17) MO)KH0 0aKJIIO'llITh, "ITO jJ,OJJOJIHHTCJII,HblX BTOpH'IHbIX CB.!1-

oeii, cooTBeTCTBYIOil\HX p, i ]];JI.!I s ~ 2, He BO0HHKaeT. Ha6op CB.!IOeH (5) B 

nepBOHa'IaJibJIOM q>aoOBOM npo~TpaHCTBC OCTaCTC.!I TCM )Ke B pacmnpcH

HOM <f:>aooBOM npocTpaHCTBe, JAOBJieTB0p.!leT TOH )KC cU1:re6pe (6),(7) n, 

KaK H HT , He oaBHCHT OT HOBLIX KOOpjJ,HHaT H HMilYJILCOB. 

Byp;cM ncxaTh rrpolI0BOA~Il\YIO q>YHKD;BIO B TOM LKe BJiAe (9), 'ITO H B 

rrepBOHa'IaJil>HOM q:>aoOBOM npocTpaHCTBC. Torp;a HO Tpe6oBaHH.!I H1IBap1I

aHTHOCTl'I p,eii:cTBH.!I 

l t~ . -
S = dt[Pr i qr+l i + PK i qK i - HT], 

~ . r = 1,···,K-1 
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,l 

I 
I 

1I 

·I 
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OTHOCHTeJibHO rrpeo6paooBaHHH, rettepupyeMbIX 0Toii: rrpoHOBOA.!111\eH cpyn

KJJ,Be:n:, JJOJIY'IHM Te )Ke orpaHH'leHH.!I ( 11) Ha e~a . 
II pe)Kp;e "IeM. rrpoBOJJ;HTL BhlllleyxaoaHHYIO IITep~HOHHyIO npon.ep;ypy' 

jJ,aIOil\YIO peoynLTaT (12), OTMCTBM, 'ITO K00q>q>lIJJ.IICHTl>I B';a;/J 6yp;yT oa

BHCeTL TOJlhKO OT ql i H Pl i H HX rrpoH0BOp;HbIX. Terrep1,, rrpOBOJVI HTep~H

OHHYJO rrpon.e)WPY, 6yneM oaMeJi.!ITb rrpoH0BOjJ,Hbie OT ql i B C00TBeTCTBIDI 

c q>OpMynoii ( 15), a jJ,JI.!I rrpoH0BOjJ,HblX OT Pl i 6yp;eM p;CllaTb CJiep,yIOil\He 

oaMen1,1: 

8L · - . 
Pti = ,s--=ho(q1bq2k), i,k=1, ... ,N, 

uq2 i 

. Dhh oh& I i ( _ ) Pi i = oq . q2 n + !lq q3 n = l,1 qi le, q2 k, q3 k , 
1 n U 2 n 

P
(,~ .. -2) 
1' = h'.w-,.-2(q1 k,q2 k,· · · ,qM .. -1 k). 

B peoyJihTaTe JJOJIY'IHM BI,Ipa)KeJIHe ]];JUI B';'a';JP(q1 i,•·•,qMa-1 i;P1 i) no 

BRAY Taxne )Ke, KaK H B IlCXOjJ,HOM qiaooBOM npocTpaHCTBC, OjJ,HaKo oanH

caHHhlC c Y'ICTOM -BbIIIIeyxaoattn1,1x uaMen. TorjJ,a KaJI1I6poBO'IHhle npeo6-

paooBaHH.!I B paCIIIHpeHHOM q>aoOBOM IIp0CTpaHCTBC HMCIOT BHP,: 

6q1 k = e~M~-mp)(t}{q1 k,n;:a'J;P(q1 i,"',qMa~I iiPl i)Ji;:a(q1 i,Pl d}, (18) 

J: (M,,,-m/1)(--t){. flmam/1( . )A:m,,,( )} 
up1 k = ep Pi k, a J3 ~1 i, ... ,qM .. -1 i,Pl i 'f'o ql i,Pl i , 

rp;e CII onpep;eJie111,1 cJiep;y1011\HM o6paooM: 

{A,B} = 8A _an _ 8A 8B. 
. 8qr i 8pr i ""lfji;i Dqr i 

MoRrno y~ep,HThc.H, 'ITO 

{qi k + 6qi k,Pj ~ + bp; n} = b;;bkn, 

TO CCTb JIOJiy".leHHhle IlH<PilHHTCOHMaJII,HI,IC KaJIH6poBO'lHLie npeo6paooBa

HIDl .llBJlllIO'l'C.11 KaHOHH'leCKHMH B pacmnpeHHOM qiaooBOM rrpocTpaHCTBe. 

Kann6poBO'lHhie rrpeo6pauoBaHH.ll B·KOHq>urypan;uonnoM npocTpancT:se 

MO)KHO rrony'IHTh, eCJIH rroCJie BbI'IHCneHH.!I CII B rrepBoH qiopMyne (18) 
Y'ICCTb orrpejJ,CJieHH.!I (15) Il (2) ' a ]];JUI 6q HCJIOJibl30BaTb q>OpMyny bq = 
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ft8q. 8To npeo6paobBaHHll HeTep. {3aMeTHM, 'ITO, KaK BH!J;HO HO {18), 
p;1.UI COKpaIUeHHll pa.c'IeTOB M02KHO IlpH JIOrry'IeHHH 0THX npeo6paooBaHHH 

Hcnori:1>00BaT1> q>opMyJILI (8) B rrepBoHa'IaJILHOM q>aooBOM npocTpaHCTBe, 

eCJIH IlpHMeHllTb cnep;y10w,ee "npaBHJio": IlpOHOBO!J;HLie OT q H p npoCTO 

BbIHOCllT~ oa CIT.) IlpH OT~M ecnH xoeq>q>HD;HeHTLI B':"';, llBHO oaBHc.HT 

OT q, i, rp;e 3 ~ 2, TO B oaKOHe npeo6paoOBaHHll B KOHq>Hrypan;HOHHOM npo

CTpaHCTBe 1IOllB1.UIIOTCll Bbl~IIIHe npOHOBO!J;HLie .OT KOOpp;HHaT, qf')(s ~ 2). 
O 

0

1IOl1BJieHHH TaKOH oaBHCHMOCTH CHrHaJIHOHpyIOT <PYHKD;HH g~"';T, BOOHH-' 

KaIOIIJ,He B q>opMyne (7). IlpH'ICM O 1IOpllp;Ke HaHBLICmeii: rrpoHOBop;noii: OT 

xoopp;HHaT M02KHO cyp;HTb y2Ke BHa'Iane,rrpH IlOJiy'IeHHH .HBHoro BHp;a g~"'J!'T. 
,D;1.UI 0Toro paCCMOTpHM CHCTeMbl COOTHomemrii {26) H (27) B IlpHJI02Ke

HHH. Mo2KH0 BHp;eTL, 'ITO eCJIH KaKHe-JIH6o HO K00q>q>HD;HeHTOB g:f .. - 1 f" 
H g:f" 1/" rrepep; CBllOllMH nocnep;Hero 0Tana Ma OaBHCllT OT ql i H Pl i, TO 

B':"il' 6yp;yT OaBHCeTL OT q. i( s = 2, · · ·, Ma - 1) , a n 1IpOHOBO!J;llIIJ.YIO 

q>JHKD;HIO G, KaK BH!J;HO HO (27), 6yp;yT BXO!J;HTL q, i( s = 2, · · ·, K). Torp;a c 

y11eTOM (15) rrop.Hp;OK HaHBLicmeii BOOM02KHOH 1IpOlmBOp;Hoi OT Koopp;HHaT 

B OaKOHe HeTepOBCKHX npeo6paoOBaHHH n KOHq>HrypaI(HOHHOM npocTpaH

CTBe paBHlleTCll K = maxa(Ma-1). EcnH 2Ke 0TH KOO<pq>HI(HeHTLI llB.lI.!IIOTCll 

KOHCTa.HTa.MH a KaKHe-JIH6o HO xoemmHrrtreHTOB gM .. - 2 M,.-1. .gM,.-l M,.-l H 
' 'i''i' .,,~ a P ., a P 

9:!" r.,-l rrepep; CB~OllMH npep;1,ip;yw,ero 0Tana </>1;"-l ~aBHCllT, OT ql i. H · 

P1 i, TO B oaxone HeTepo:acxHX npeo6paoonanHii TIOPllAOK Ha.HBLicmeii noo

M02KHOH npOHOBOp;Hoii 6yp;eT Ha ep;HHHD;Y MeHLme: maxa(Ma - 2). U BO

o6w,e B IlpOHOBOlILHOM CJiy'Iae, eCJIH KaKHe-JIH60 HO K00q>q>HD;HeHTOB Ilepep; 

CB.ROllMH k-ro oTana </>'p oaBHCllT OT q1 i H p 1 i, a Bee 1meq>cf>iln;HmITLI rrepep; 

CBllO.HMH </>';/1( i = 1, •··,Ma - k) llBll.llJOTC.H KOHCTa.HTa.MH, TO IlOpllp;OK Ha.H

BLICmei nooM02K11oii npo11ono11Hoii B oaxoHe HeTepoBCKHX npeo6paoonaHHii 

eCTb Ma-k, , . · 
Ilopllp;ox 11aHB1>1cmei npo11onop;Hoii OT ca(t),nxop;.aw,e:ii B oaxoH HeTepoB 

cxHX npeo6paoona.imii, ncerAa paneH Ma - 1. 0TMeTHM, 'ITO KOJIIl'IeCTBo 

npoHOBOJILHblX <l>YHKD;HH ca(t) paBHJleTC.H KOlIH'IeCTBY nepBH'IHLIX CBllOe:ii. 

. 4. II pilMep 

IIpop;eMOHCTpHpyeM B1>1meonHca.H111>1e peoym,TaTLI Ha npHMepe cnep;y-
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'I 
I 

,j'i 
ii :, I 
111 

10w,ero rrarpaHiKHana: 

L=xz+xyz. (19) 

Torp;a xauonHtJ;ecxHii ra.MHJILTOHHa.Ii HMeeT BHp; 

He= P:cPz - :tyz. 

IlpH OTOM noonHKaIOT op;ua nepBH'IHaJI H TpH BTopH'IHLIX CBllOH paoHLIX 
, . , ', 

OTallOB: 

' ,1,J 
'l'l = Py, </>? = xz, </>f = XP:c + ZPz, </>f = 2P:cPz• 

' 
TerrepL no q>OpMyrre (7) IlOJiy'IaeM, 'ITO OTlIH'IHbI OT HY1.UI TOlII,KO cnep;yio

IIJ,He OJieMeHTLI g~" r_;.ir : 

g l 2 _ g2 3 _ ...3 4 _ 1 
1 1 - 1 1 - Yl 1 - , ...32-g43-2y Yl 1 - 1 1 - • 

Torp;a CHCTeMa ypaBHeHHH ( 11) oaTIHmeTCll Ka.K 

·4 3 0 c1 + c1 = , 
·3 2 4 + 2 0 c1 + Yc1 c1 = , 
·2 2 3 . 1 0 

c1 + Yc1 + c1 = • 
(20) 

011pep;e1.UI.ll cf= CH npoBep;ll'o:rmcaHHYIO Bblllie HTepaI(HOHHYJO npon;ep;ypy, 

norry'IHM cnep;y10w,ee BhlpruKeHHe p;1.UI G: 

G = (- ·e +4ye + 2yc)py + (e - 2yc)xz - e(xp:i; + ZPz) + 2cp:i;pz, (21) 

Tax KaK BLipaiKeHHe (21) OaBHCHT OT ii, TO, 'IT06LI noxaoaTI, Ka.HOHH'I

HOCTb COOTBeTCTBYIOII(HX npeo6paooBa.HHH, BOOHHKaeT Heo6xop;HMOCTb pac

mHpeuu cf>aoonoro npocTpa.HcTBa. ,Il;1.UI eToro BBep;eM nepeMeHHLie 

,X1 = X, X2 = X1, {22) 

COOTBe
1

TCTBeHHO p;llil y H z. Torp;a no cf>opMyJiaM {16), H J'IHTLIBaJI, 'ITO 

rrarpa.HEHa.H (19) He O~HCHT OT ycxopeHHH, IlOJiyqaeM BLipaiKeHH.ll p;1.UI 

HMilYJILCOB: 

Pl:c = P:c, Ply = O, Plz = Pz, 

P2:c = P2y = P2.s = 0. 

9 
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• 
PaBeHCTBa {24) npej:\CTaBJI.!lIOT co6oii j:\OTIOlIHHTeJlbHbie nepBH'<JHbie CB.llOH. 

. B pacnmpeHHOM <J>aooBOM npocTpaHCTBe c Y'<IeTOM (22)-(24) crrej:\OBaJIO 

61,1 npoBeCTH npou;ej:\ypy penapaMeTpnoan;HH CHCTeMbl ypaBHeHHB (20), 
XOT.ll <f>opMaJibHO j:\JI.!l norry"<JeHH.ll OKOH1IaTellbHOrO BHj:\a j:\OCTaT01IHO oaim

caTb G B xoopj:\HHaTax 0Toro pacmnpeuuoro npocTpaHCTBa: 

G = (- e +4y1i + 2Y2e)P1y + (e - 2y1e)X1Z1 - (25) 

-i(X1P1z + Z1P1z) + 2eP1zPlz· 

BHAHO, '<ITO Karrn6poBO'<JHbie npeo6paooBaHH.ll, reuepnpyeMbie OTOH npo

HOBOA.llUJ.eii <f>yHKn;Heii G, y)lrn .HBll.llIOTCll KaHOHH'IeCKBMH B pacurnpeHHOM 

q>aoOBOM npocTpaHCTBe. 0HH HMeIOT crreAYIOIIJ.HB Blip;: 

OX1 = .:...ex1 + 2eP1z, 8y1 = - ·e +4iy1 + 2eY2, 8z1 = -iz1 + 2ez2, 

8p1z = (2y1e-e)z1+iP1z, CP1y = -4iP1y+2eX1Z1, CPiz = (2Y1e-e)x1+ip1,,. 

IIepexop;.ll B KOHq>Hrypan;HOHHOe npocTpaHCTBO lI oanBCbIBa.ll Oa.KOH npe

o6paooBaHllll CKOpocTeB c y"<JeTOM o6ooHa'IeHHB (22) B BBp;e 

8x2 = 8:i:1 = ti 8x1 

(auarrorH'IHO }1Jl.ll 8y2 H t5z2), MO)KHO y6e)1HThCll, 'ITO 

t5L = ti [2(xz + xyz)e - xze], 

TO eCTh 11eiicTB1Ie lIHBapHaHTHO OTHOCBTeJihHO norry"<JeHHhIX npeo6paoo

BaHHB. 

5. 3aKJUO~ICHHe 

Ilpn nocTpoemm KaJIB6poB01IHbIX npeo6pao0Ba1rnii B <f>aooBoM npo

cTpaHCTBe Ha OCHOBe rHTIOTeDbl ,II.npaxa [11 npoBOB0}1.llllJ.a.R <l>YHKD;llll (13) 
M02KeT OaBHCeTb OT npOHOB0}1HhlX OT KOOpp;HHaT lI BMnyrr1,coB ( CM. IlpH

ll02KeHHe). IIoaToMy cxo6KH Ilyaccoua B (8) ue onpe11erreu1,1. B p;aimoii pa-

6oTe TIOKaDaHo, '<ITO 0Ta TpYJ1HOCTb npe0)10lleBaCTC.ll nocpep;CTBOM paClllB

peHllll <f>aooBoro npocTpaHCTBa. 3To pacmnpeune np0Be11euo no crre11y10-

m.eMy pen;enTy: no ClICTCM ypaBHeHIIB {26),(27) ycTaHaBJIHBaeM nop.llj].OK 
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naIIBhlcmeii nponoB0)1HOB no BpeMeHH OT q H p, H C1IIITaeM, 'ITO ncxo

}1Ha.H TeoplI.ll .llBJI.lleTC.ll Teopneii C BblClliHMH npoHOBO):\HbIMH. Ha e):\BHHD;Y 

6orr1,mero nop.ll)1Ka; oaTeM CTPOHM npOHOB0}1.llllJ.YIO <l>YHKI(IIIO npeo6pa~ 

ooBannii ~ <f>aooBOM npocTpancTBe 0Toii Teopnn. IIoxaoa110, 'ITO xan:H-

6poBo'<JHbie npeo6paooBaHB.ll .llBll.HIOTC.H KaHOHH'<JCCKHMH B pacumpeHHOM 

q>aoOBOM npocTpaHCTBe, a COOTBCTCTBYIOIIJ,He HeTepOBCKHe npeo6paooBa: 

Hllll B KOHq>HrypannoHHOM npocTpaHCTBe COj].ep)lmT BhlClIIHe npoHOB0}1Hble 

OT KOOp)1HHa.T' HaHBhICllIHH nop.llp;OK KOTOpbIX onpep;ell.lleTC.H CTPYKTypoii 

arrre6pbl CB.lloeii. BbI.llCHell MeXaHHOM TIO.llBHeHH.H BbICllIHX npom3BOp;HbIX 

OT KOopp;nnaT B oaKOHe npeo6paooB~HH.ll CHMMeTplIH BO BTOpoii Teope~e 

HeTep. 

Bee 0TH BbIB0}1hI neno 0606m.a10TC.H ua Teopnn c BhlClliHMH nponoBo

}1HbIMH. HaKoHen;, oa.MeTH~, 'ITO npH nonyqeHHH KaJIH6pOBO'IHbIX npeo6-

paooBaHHH npC/WO)KCHHbIM MCTOj:\OM HC BOOHHKaeT 11onoJIHHTeJibHblX Tpy

}1HOCTeii n He Tpe6yeTC.H p;ononHHTeJibHbIX npep;noJIO)KeHHH .no cpaBHCHHIO 

c nop;xop;oM ,II.npaxa. 

ABTOpbl Bbipa:l:KaIOT 6Jiarop;apHoC'rb A.B.foBOpKOBY, A.H.KBHHHXHp;oe, 

B.B.HecTepeHKO n A.M.XBep;eJinp;oe oa noneo111,1e o6cy)Kp;eHH.ll. 

IIpuno)KeHne 

Iloxa2KeM, KaK MO)l{HO BhlBCCTH <f>opMyny (12) no cncTeMhl ypaBHenliii 

(11). 3anHUICM CHCTeMy paeeHCTB (7) Ha JIOBepXHOCTH nepBH'<JHbIX CB.lloeii: 

{ </>~, llc} = g! ~</>i, 
{,1,.2 H } _ 2 2 ,1,.2 + 2 3 ,1,.3 

'f'rx, c - 9a /3'1'/3 9a f3'1'f3, 

(26) 

{,1,.M"-2 lJ} ·= 9M,.-2 2,1,.2 + gMa-2 3,J,.3 + ... + gMa-2 Ma-1A,.M0 -l 
'I' rx , c rx /3 'I' fJ rx /3 'I' /3 rx fJ 'I' /3 ' 

{</>~"-1, He} = · g~a-1 j</>i + g~"-1 J</>i + ... + g!1"-l /1"-l</>f!"-I + 
+gMa-1 M .. ,1,.M,. 

rx /3 'l'fJ , 

{-I.Ma H} = gMa 2,1,.2 + gMa 3,J,.3 + ... + gMa Ma-1,1,.Ma-1 + gMa M,.,1..Ma 
(f',x · , c rx f3'1'/J er f3'1'/J rx /3 '1'f3 a /3 '1'f3 • 

Mo)l{HO BHp;eTb, '<JTO 

m,.m, = 0 
Ya /3. - npn mp - m 0 2: 2. 
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TorAa CHCTeMy ypa.B~eHHH (11) MO.>KHO npeACTaBHTL B BHAe 

e,Ma + ..M., MaeM"' + ..Ma-1 MaeMa-1 = 0 a Yp . a f3 !lp. a f3 , 
e,Ma-1 +gM"' Ma-leM"' + gMa-1 M,.-leM"'-1 + gMa-2 Ma-le;Ma-2 = 0 

a f3 a f3 f3 a f3 f3 a f3 , 

(27) 

e,2 + gM"' 2eM"' + gM .. -1 2eM .. -l + gl 2 el = 0 
a f3 a/3 f3 a/3 f3af3 , 

a,l3 = l,• .. ,N - R. 

06ooHa'IHB ea = elf" H IlOACTa.Billl.ll 0TO B nepnyro CTpO'lKY CHCTeMhl 

(27), IlOlIJ'IBM CHCTeMy N - R HeOAHOPOAHhlX arrre6paB'ICCKHX ypa.BHC

HHH OTHOCHTClILHO N ~ R HeBOBCCTHbIX etf"-1({3 = 1, ... , N - R). Perna.a 

0TY CHCTeMy H ITOACTaBll.ll.ll peoyllbTaT BO BTOpyro CTpO'IKY CHCTeMbl (27), 

OII.llTb ITOlIJ'lHM cHcTeMy N - R ueoAHOpoAHhlX arrre6pan1Iecx11x ypa.Bue

uHi oT~ocH~enLHo N - R HeBOnecTHbIX etf.,-2, xoTopyro crreAyeT paope

llIHTb, ITOACTaBHTb peoyllbTaT B ClleAYIOllzylO CTpO'IKY CBCTCMI,I (27) H T,A, 

AO nocrreAHeii cTpO'IKH, rAe 6JAeT norry'leHa cncTeMa N - R ypa.BHeunii 

oTHOCHTeJibHO N - R HelionecTHbIX e~, paopema.a xoTopyro,norry'IHM, 'ITO 

nee e-::"' BblpruKaIOTC.ll 'lepeo ea(t) H BX npOHOBOAHbie (q10pMyrra (12)). 

Tenep1, noxa.>KeM, 'ITO xaJKAaJI n1,1meyKaoaHtta.a · cucTeMa N - R HeoA

HopoAHbIX arrre6paH'lecxnx ypanueHHH ncerAa HMeeT pemeHHe, TaK xa.x 

Ha6op CB.HOCH (5)·cocTOIIT HO HeoaBHCHMhlX <PYHKD;HH. ,I1;lll OTOro BhlITH

meM HCKOTOPYIO IlpOBOBOllLHYIO CTpO'IKY CIICTeMbl ypa.BHCHIIH (27): 

e1;f;-k + !It/"' ,:.:.-ketf"' + ... + gtf"'-kaM"'-ketf"'-k + (28) 

+ M,.-k-1 M,.-k M,.-k-1 - 0 k - 0 1 M 2 9p a e/3 - , - , , .. ·, a - • 

(28)-CHCTeMa N - R HeOAHOPOAHhlX arrre6paH'leCKHX ypanueuue: OTHOCH

TelILHO N - R HeHOBCCTHLIX etfo,-k-1; npH 0TOM 6JAeM C'IBTaTL, 'ITO Bee 

BClIIl'lHHLI etf"'-k' ... 'e:1;!" BblpruKeHI,I KaK <PYHKD;HH ea H IIX npOHOBOAHhlX 

B cooTBeTCTBUH c BLirneon:e:caJiuoii npon;eAypoii. IIpeAnorro2K1:1M, 'ITO .0Ta 

CHCTeMa He BMeeT pemeHH.ll, TO ecTL 

det ll!!t/"'-k-1 :1°"-kll = 0. (29) 

.IJ:arree Ml,I Il~Ka.>KeM, 'ITO pa.BeHCTBO (29) IIPHACT n IlpOTHBOpe'IHe c ycrro

BBCM HeoaBHCBMOCTH CB.HOCH. ,IJ;eiicTBHTCJII,HO, BMCeM 

{ ..J.M .. -k-1 H }I = gM,.-k:...1 M,.-k..J.M,.-k 
o/p. ' c E p a o/a. ' 

12 

(30) 

rAe :E oona'laeT rroBepxuocTL ncex CB.aoeii AO 0Tana Ma - k - 1 BKlIIO'IH
Terr1,uo. Ho paBeHCTBa (29) ClICAJCT 

..Ma-k-1 M,.-k = D gM.,-k-1 Mo,-k Yp . a /3<1 u a • 

IlOACTaBll.ll.ll (31) B rrpany10 'laCTb (30), IIOlIJ'laeM 

{,1.,M,.-k-l H }I _ D gM .. -k-1 Mo,-k,1.,M,.-k -~ {D .IM'o,-k-1 H }I 
'1'f3 , c I: - /Ju <1 a 'l'c, f3uo/u · , c I: • 

0TCIOAa 
. {,1.,M,.-k-l - D ..l.Mo,-k-1 H }I - 0 

'1'f3 . /3uo/<1. ' c E - • 

IIocrreAuee paneucTBo ooua1IaeT, 'ITO 

</>M,.-k-1 _ D <f>!'a-k-1 + <f:1 ,1.,M .. -m, 
/3 , - {Ju " . . • /3 'l'f3 , ' mp = k + 1, · · · , Ma - 1, 

(31) 

rAe dp'-rrpouonon1,u1,1e ~YHKD;BH q Hp, ne pasn1,1e nyrr10 Ha rronepxno

CTH CB.Hoeii :E. To eCTJ:, Mhl IIOlIY'IHlIH rrpOTHBOpe'IHe C ycrroniieM Heoa

BHCHMOCTH crume:e:. liTax, AOKaoaHo, 'ITO BbIIIleOIIHCaHHaJl HTepan;HOHHa.!l 
rrpon;eAypa BcerAa BbIDOlIHHMa. 
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